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On bounded projections on Bloch and Lipschitz spaces
over the real ball

K. L. Avetisyan

Yerevan State University

E-mail: avetkaren@ysu.am

Over the unit ball B in Rn (n ≥ 2), we de�ne Bergman type

projection operators Tβ (β > 0) with a special Poisson-Bergman type

kernel. We prove that operators Tβ continuously project various weighted

and nonweighted spaces such as Bloch and Lipschitz into their harmonic

subspaces.

Î áîëåå ìîùíîì, ÷åì íüþòîíîâî, öåíòðàëüíîì
âçàèìîäåéñòâèè òåë è ÷àñòèö è ïðîáëåìà ÷åðíûõ äûð

Ë. À. Àãàëîâÿí

Èíñòèòóò ìåõàíèêè ÍÀÍ ÐÀ

E-mail: lagal@sci.am

Ðàññìîòðåí âàðèàíò öåíòðàëüíîãî âçàèìîäåéñòâèÿ òåë, êîòîðûé

ïðè êîðîòêèõ ðàññòîÿíèÿõ îïèñûâàåò áîëåå ìîøíîå, ïî ñðàâíåíèþ

ñ íüþòîíîâûì, ãðàâèòàöèîííîå âçàèìîäåéñòâèå. Âûâåäåíû óñëîâèÿ

ïðè êîòîðûõ òðàåêòîðèÿ äâèæåíèÿ ÿâëÿåòñÿ êîíè÷åñêèì ñå÷åíèåì.

Ïîêàçàíî, ÷òî ïðè òàêîì âçàèìîäåéñòâèè âòîðàÿ êîñìè÷åñêàÿ ñêî-

ðîñòü (escape velocity) ñóùåñòâåííî áîëüøå íüþòîíîâñêîé.

Óñòàíîâëåíà ñâÿçü ðàññìàòðèâàåìîãî öåíòðàëüíîãî âçàèìîäåé-

ñòâèÿ ñ ãðàâèòàöèîííûì ðàäèóñîì �Òåìíîãî òåëà� (×åðíîé äûðû).

Ïîêàçàíî, ÷òî ãðàâèòàöèîííûé ðàäèóñ ×åðíîé äûðû ìîæåò áûòü

ñêîëü óãîäíî áîëüøèì, ïî ñðàâíåíèþ ñ ñîîòâåòñòâóþùèì ðàäèóñîì

ïî òåîðèè Íüþòîíà. ×åðíàÿ äûðà ñîçäàåò âîçëå ñåáÿ âåñüìà ñèëü-

íîå öåíòðàëüíîå ïðèòÿæåíèå, äëÿ ïðåîäîëåíèÿ êîòîðîãî íà÷àëüíàÿ

ñêîðîñòü äîëæíà áûòü ïîðÿäêà ñêîðîñòè ñâåòà. Ìîæåò ñóùåñòâîâàòü

ñ÷åòíîå ìíîæåñòâî ×åðíûõ äûð.
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Distribution of two random points in convex domain

N. G. Aharonyan

Yerevan State University

E-mail: narine78@ysu.am

In the last century German mathematician W. Blaschke formulated

the problem of investigation of bounded convex domains in the plane

using probabilistic methods. In particular, the problem of recognition of

bounded convex domains D by chord length distribution. Let G be the

space of all lines g in the Euclidean plane. Random lines generate chords

of random length in convex domain D. The corresponding distribution

function is called the chord length distribution function

FD(x) =
1

|∂D|
µ{g ∈ G : χ(g) = g ∩ D ≤ x} (1)

where |∂D| is the perimeter of D, and µ is invariant measure with respect
to the group of Euclidean motions (translations and rotations). The chord

length distribution function FD(y) are independent of the positions of

the domains in the plane, thus it coincides for congruent domains. Let

P1 and P2 be two points chosen at random, independently and with

uniform distribution in D. We are going to �nd the density function

of the distance ρ(P1, P2) between P1 and P2. The present problem was

stated in [3]. Firstly, we �nd the distribution function Fρ(x) of ρ(P1, P2).

By de�nition,

Fρ(x) =
1

‖D‖2

∫∫
{(P1,P2):ρ(P1,P2)≤x}

dP1 dP2, (2)

where dPi, i = 1, 2 is the Lebesgue measure in the plane R2 and ‖D‖
is the area of D.

We obtain a formula for the density function fρ(x) = F ′ρ(x) of the

distance ρ(P1, P2):

fρ(x) =
1

‖D‖2

2π x ‖D‖ − 2x2 |∂D|+ 2x |∂D|
x∫

0

FD(u) du

 , (3)
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where FD(·) is the chord length distribution function for the domain D.

The obtained formula permits to calculate the density function by means

of the chord length distribution function of D (see also [1]). Therefore

if we know the explicit form of the chord length distribution function

for a domain, using (3) we can calculate density function fρ(x) of the

distance between two random points in D. In [2] the explicit form of

the chord length distribution function is given for any regular polygon.

Consequently, density fρ(x) can be calculated for any regular polygon by

applying the result of [2].

References

[1] N. G. Aharonyan, V. K. Ohanyan, Calculation of geometric

probabilities using Covariogram of convex bodies, Journal of

Contemporary Mathematical Analysis (Armenian Academy of

Sciences), 53 (2), pp. 112�120, 2018.

[2] H. S. Harutyunyan and V. K. Ohanyan, Chord length distribution

function for regular polygons, Advances in Applied Probability, No.

41, 358�366, 2009.
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Optimal uniform approximation on the angle
by the harmonic functions

S. H. Aleksanyan

Institute of Mathematics of NAS RA

E-mail: asargis@instmath.sci.am

In this talk we discuss the problem of the optimal uniform

approximation on the angle ∆α = {z ∈ C : |Arg z| ≤ α/2} by harmonic
functions. The approximable function is a harmonic on the interior of ∆α



VII Ðîññèéñêî-Àðìÿíñêîå Ñîâåùàíèå ïî ìàò. ôèçèêå, êîìïëåêñíîìó àíàëèçó è ñìåæíûì âîïðîñàì 9

and satis�es some conditions on the boundary of ∆α. The estimations

of the growth of the approximating harmonic functions on R2 depend on

the growth of the approximable function on ∆α and it's di�ereentiable

properties on the boundary of ∆α.

The problem of uniform approximation on the sector by the

entire functions was investigated by H. Kober [1], M. V. Keldysh [2],

S. N. Mergelyan [3], N. U. Arakelian [4] and the other authors.The analog

problem in the case for the meromorphic functions was discussed in work

[5].

References

[1] H. Kober, Approximation by integral functions in the complex plane,

Trans. Amer. Math. Soc., 1944, 54, 7-31.
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English transl in Amer. Math. Soc. Transl. (1) 3 (1962), 294-391.

[4] N. U. Arakelian, Uniform approximation by entire functions with

estimates of their growth (in Russian), Sibirski Math. Journ., 1963,
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[5] S. Aleksanyan, Uniform and tangential approximation on an angle

by meromorphic functions, having optimal growth, Journal of

Contemporary Mathematical Analysis NAS of RA, 2014, 49, 4, 3-

16.
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Îá îäíîðîäíîì äâóìåðíîì èíòåãðàëüíîì óðàâíåíèè
Âèíåðà-Õîïôà â êîíñåðâàòèâíîì ñëó÷àå

Ë. Ã. Àðàáàäæÿí

ÀÃÏÓ èì. Õ. Àáîâÿíà

Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÐÀ

E-mail: arabajyan@mail.ru

Äîêàçûâàåòñÿ, ÷òî äëÿ ñóùåñòâîâàíèÿ íåîòðèöàòåëüíîãî íåíó-

ëåâîãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ

S(x, y) =

∞∫
0

∞∫
0

K(x−x′, y−y′)S(x′, y′) dx′ dy′, (x, y) ∈ R2
+, (1)

ãäå R+ ≡ [0,∞), R2
+ ≡ R+ × R+, ñ ñèììåòðè÷åñêèì ÿäðîì K:

K(−x, y) = K(x,−y) ≡ K(x, y), ∀(x, y) ∈ R2, (a)

â êîíñåðâàòèâíîì ñëó÷àå

0 6 K ∈ L(R2),

∫∫
R2

K(x, y) dx dy = 1, (b)

äîñòàòî÷íî âûïîëåíèå äîïîëíèòåëüíûõ óñëîâèé:∫∫
R2

+

xn · ym ·K(x, y) dx <∞, (c)

ïðè n = 2, m = 0; n = 1, m = 2; n = 0, m = 3, à òàêæå∫
R+

xK(x, y) dx <∞ è

∫
R+

yK(x, y) dy <∞, (d)

äëÿ ïî÷òè âñåõ y è x èç R.
Ïðè óñëîâèÿõ (a)− (d) ñòðîèòñÿ ðåøåíèå S óðàâíåíèÿ (1), óäî-

âëåòâîðÿþùåå íåðàâåíñòâàì

x·y+a1 ·x+b1 ·y+c1 6 S(x, y) 6 x·y+a2 ·x+b2 ·y+c2, (x, y) ∈ R2
+,
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ãäå aj, bj, cj (j = 1, 2) � íåêîòîðûå íåîòðèöàòåëüíûå êîíñòàíòû.

Ïðè ïîñòðîåíèè óêàçàííîãî ðåøåíèÿ S ñóùåñòâåííî èñïîëüçóþòñÿ

ñâîéñòâà ðåøåíèé îäíîðîäíûõ è íåîäíîðîäíûõ ñêàëÿðíûõ êîíñåð-

âàòèâíûõ óðàâíåíèé Âèíåðà-Õîïôà (ñì. [1]).

Äîêàçàííîå óòâåðæäåíèå äîïîëíÿåò ðåçóëüòàòû ðàáîò [2, 3, 4] ïî

ðàçðåøèìîñòè ìíîãîìåðíûõ îäíîðîäíûõ èíòåãðàëüíûõ óðàâíåíèé

Âèíåðà-Õîïôà â êîíñåðâàòèâíîì ñëó÷àå.

Óðàâíåíèå âèäà (1) ïðè óñëîâèÿõ (a) − (d) âîçíèêàåò â òåîðèè

ïåðåíîñà èçëó÷åíèÿ â ñâÿçè ñ ïðîáëåìîé Ìèëíà (ñì. [2]). Â îòìå-

÷åííîì ñëó÷àå ÿäðî K óðàâíåíèÿ èìååò âèä

K0(v) =
1

2π · v
·
∞∫

1

exp(−tv)

t ·
√
t2 − 1

dt,

K(x− x′, y − y′) = K0(
√

(x− x′)2 + (y − y′)2.

Íåòðóäíî óáåäèòüñÿ, ÷òî ýòî ÿäðî óäîâëåòâîðÿåò óñëîâèÿì (a)−
(d).
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A Flag representation for a n-dimensional convex body

R. H. Aramyan

Russian Armenian University

E-mail: ra�karamyan@yahoo.com

The cosine representation of the support function of a centrally

symmetric convex body plays a fundamental role in integral geometry. In

this article a new so-called �ag representation for the support function

of an origin symmetric n-dimensional convex body in terms of surface

curvature functions of the convex body is found. Using the representation

we propose a su�cient condition for an origin symmetric n-dimensional

convex body to be a zonoid. The condition has a local equatorial

description.

A general class of �nite di�erence schemes arising in
numerical analysis of Reaction-di�usion systems

A. G. Arakelyan, R. H. Barkhudaryan

Institute of Mathematics NAS RA

E-mail: rafayel@instmath.sci.am

This talk is devoted to the general class of �nite di�erence schemes

developed for a numerical approximation of solutions to a certain type

of reaction�di�usion systems with m population densities. Let Ω ⊂ R2

be a connected and bounded domain with smooth boundary and m be

a �xed integer. We consider the steady-states of m competing species

coexisting in the same area Ω. Let ui denotes the population density of

the ith component with the internal dynamic prescribed by Fi.

We call the m-tuple U = (u1, · · · , um) ∈ (H1(Ω))m, a segregated

state if

ui(x) · uj(x) = 0, a.e. for i 6= j, x ∈ Ω.
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The problem amounts to minimize

E(u1, · · · , um) =

∫
Ω

m∑
i=1

(
1

2
|∇ui(x)|2 + Fi(x, ui(x))

)
dx (2)

over the set

S = {(u1, . . . , um) ∈ (H1(Ω))m : ui ≥ 0, ui·uj = 0, ui = φi on ∂Ω},

where φi ∈ H
1
2 (∂Ω), φi · φj = 0, for i 6= j and φi ≥ 0 on the boundary

∂Ω.

First of all we construct �nite di�erence schemes with standard

discretization (uniform and a standard 5 point stencil approximation of

Laplacian). These schemes themselves happened to be non-linear and

implicit systems.

The main issues for these schemes were discussed in [3, 2, 1, 4], i.e.

the schemes solution's existence, uniqueness and convergence.
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The dependence of solvability of inverse problem on some
new properties of spectral data

T.N. Harutyunyan

Yerevan State University

E-mail: hartigr@yahoo.co.uk

We �nd some new connections between the eigenvalues and norming

constants of Sturm-Liouville problems. Besides, we describe some new

properties of norming constants and their in�uence to constructive

solution of inverse Sturm-Liouville problem. Similar connections we �nd

in direct and inverse problems for Dirac systems.

Ðåøåíèå îäíîé çàäà÷è áåðåãîâîé ðåôðàêöèè
ýëåêòðîìàãíèòíûõ âîëí

À. Ã. Áàðñåãÿí

Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÐÀ

E-mail: anibarseghyan@mail.ru

Èçó÷åíèå ðàñïðîñòðàíåíèÿ ýëåêòðîìàãíèòíûõ âîëí íàä áåñêî-

íå÷íîé ïëîñêîñòüþ, ñîñòîÿùåé èç äâóõ îäíîðîäíûõ ïîëóïëîñêîñòåé

ñ íåîäèíàêîâûìè ýëåêòðè÷åñêèìè ñâîéñòâàìè îòíîñèòñÿ ê êëàññè÷å-

ñêèì çàäà÷àì ìàòåìàòè÷åñêîé ôèçèêè. Ïðè íåêîòîðûõ óïðîùåíèÿõ

çàäà÷à áåðåãîâîé ðåôðàêöèè ñâîäèòñÿ ê èíòåãðàëüíîìó óðàâíåíèþ

Ãðèíáåðãà-Ôîêà:

f (x) = g (x) +
α

π

∫ ∞
0

K0 (|x− t|) f (t) dt, (1)

ãäå α ∈ (−∞,∞), à K0 -ôóíêöèÿ Ìàêäîíàëüäà:

K0 (x) =

∫ ∞
1

e−|x|t
dt√
t2 − 1

, x > 0 .

Èçâåñòíî çàìêíóòîå àíàëèòè÷åñêîå ðåøåíèå óðàâíåíèÿ òèïà

Âèíåðà-Õîïôà (1) â íåîñîáîì ñëó÷àå α /∈ [1,∞), â âèäå èíòåãðàëîâ
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îò áûñòðî îñöèëèðóþùèõ ôóíêöèé (ñì. [1, 2]). Ïðèìåíåíèå ïîëó-

÷åííîé ôîðìóëû â ïðèêëàäíûõ âîïðîñàõ ïðîáëåìàòè÷íî.

Óðàâíåíèþ (1) ñîîòâåòñòâóåò ñëåäóþùåå íåëèíåéíîå óðàâíåèå

Àìáàðöóìÿíà (ÓÀ):

ϕ (s) = 1 +
αϕ (s)

π

∫ ∞
1

ϕ (p)

s+ p

1√
p2 − 1

dp. (2)

È. Í. Ìèíèí ñäåëàë ïåðâûå øàãè ïî ïðèìåíåíèþ ÓÀ ê óðàâíå-

íèþ (1).

Â íàñòîÿùåé ðàáîòå ðàçâèâàþòñÿ äâà ñïîñîáà ÷èñëåííî - àíàëèòè-

÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (1).

Îòäåëüíî ðàññìàòðèâàþòñÿ: äèññèïàòèâíûé ñëó÷àé 0 <α< 1 ;

êîíñåðâàòèâíûé (êðèòè÷åñêèé) ñëó÷àé α = 1 ; ñóïåðêðèòè÷åñêèé

ñëó÷àé α > 1 ; è ñëó÷àé α< 0. Êîíñåðâàòèâíûé è ñóïåðêðèòè÷å-

ñêèé ñëó÷àè îòíîñÿòñÿ ê îñîáûì (ñèíãóëÿðíûì) ñëó÷àÿì óðàâíåíèÿ

(1).

Ïåðâûé ñïîñîá ðåøåíèÿ óðàâíåíèÿ (1) îñíîâàí íà ôàêòîðèçàöè-

îííóþ òðàêòîâêó ÓÀ (ñì. [3]) â ñî÷åòàíèè ñ ìîäèôèöèðîâàííûì ìå-

òîäîì äèñêðåòíûõ îðäèíàò èç [4]. Àíàëîãè÷íûé ïîäõîä ê ÷èñëåííî-

àíàëèòè÷åñêîìó ðåøåíèþ íåêîòîðûõ äèññèïàòèâíûõ è êîíñåðâàòèâ-

íûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè áûë ïðèìåíåí À. Õ. Õà÷àòðÿíîì.

Ïðè α< 0 äîïîëíèòåëüíî ïðèâëåêàþòñÿ ìåòîäû ðàáîò [5, 6]. Â ñó-

ïåðêðèòè÷åñêîì ñëó÷àå ïðèìåíÿåòñÿ òàêæå ìåòîä ñäâèãà àëüáåäî â

âåðñèè ðàáîòû [7].

Âòîðîé ñïîñîá ðåøåíèÿ (1) îñíîâàí íà ìåòîäå óñðåäíåíèÿ ÿä-

ðà(ÌÓß) ðàáîòû [8]. Ïðèìåíåíèå ÌÓß ñâîäèò (1) ê äèñêðåòíîìó

óðàâíåíèþ Âèíåðà-Õîïôà ñ ìàòðèöåé (ak−m)∞k,m=0, ãäå

ak =
α

π
·

(2k+1)h∫
(2k−1)h

K0 (x) dx,

a h ïîëóøàã äèñêðåòèçàöèè. Ýòî óðàâíåíèå ðåøàåòñÿ ñ ïðèìåíåíè-

åì íåëèíåéíûõ óðàâíåíèé ôàêòîðèçàöèè áåñêîíå÷íûõ òåïëèöåâûõ

ìàòðèö (ñì. [3]).
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Îáà ïîäõîäà ïîçâîëÿþò ðåøèòü óðàâíåíèå (1) ñ íàïåðåä çà-

äàííîé òî÷íîñòüþ, èñïîëüçóÿ ïðè ýòîì èçâåñòíûå (êîëè÷åñòâåí-

íûå) àïðèîðíûå îöåíêè ïîãðåøíîñòè, â áàíàõîâûõ ïðîñòðàíñòâax

L1 (0,∞), L2 (0,∞), M (0,∞) è äð. Ïðèâåäåíî íåêîòîðîå ñðàâíåíèå

äâóõ ñïîñîáîâ ðåøåíèÿ ñ öåëüþ êîíòðîëÿ òî÷íîñòè è âûÿâëåíèÿ ñòå-

ïåíè ýêîíîìíîñòè êàæäîãî èç ìåòîäîâ â âîïðîñå ðåøåíèÿ óðàâíåíèÿ

(1).
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Ñëîæíîñòü àíàëèòè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ

Â. Ê. Áåëîøàïêà

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì. Â. Ëîìîíîñîâà

E-mail: valery@beloshapka.ru

Â ðàçëè÷íûõ îáëàñòÿõ ìàòåìàòèêè èìåþòñÿ ïðåäñòàâëåíèÿ î

ïðîñòîòå è ñëîæíîñòè îáúåêòîâ òåîðèè. Ýòè îïðåäåëåíèÿ, â îñíîâ-

íîì, ñòðîÿòñÿ ïî ñëåäóþùåé èíäóêòèâíîé ñõåìå. Èìååòñÿ íåêîòî-

ðàÿ áàçîâàÿ ñîâîêóïíîñòü îáúåêòîâ (ïðîñòûõ, íóëåâîé ñëîæíîñòè)

è ýëåìåíòàðíûõ îïåðàöèé. Èç íèõ îäíîêðàòíûì ïðèìåíåíèåì îïå-

ðàöèé ñòðîÿòñÿ îáúåêòû ñëîæíîñòè îäèí, èç îáúåêòîâ ñëîæíîñòè

îäèí - îáúåêòû ñëîæíîñòè äâà è ò.ä. Âñå, ÷òî íå ìîæåò áûòü ïî-

ñòðîåíî òàêèì îáðàçîì çà êîíå÷íîå ÷èñëî øàãîâ îáúÿâëÿåòñÿ îáåê-

òàìè áåñêîíå÷íîé ñëîæíîñòè. Ïðè ýòîì ñàìûé èíòåðåñíûé âîïðîñ

ýòî êàê ðàçëè÷àòü êîíå÷íóþ ñëîæíîñòü îò áåñêîíå÷íîé? Ò.å. îáåêòû

êîòîðûå ïîïàëè â äàííóþ èåðàðõèþ îò òåõ, ÷òî â íå¼ íå ïîïàëè. Ê

òàêèì âîïðîñàì îòíîñÿòñÿ âîïðîñû: "ßâëÿåòñÿ ëè íåêàÿ ôóíêöèÿ

ýëåìåíòàðíîé? Ïðåäñòàâèìà ëè íåêàÿ ôóíêöèÿ ñ ïîìîùüþ ðàäè-

êàëîâ è àðèôìåòè÷åñêèõ äåéñòâèé?"Ê âîïðîñàì ýòîãî òèïà îòíî-

ñèòñÿ ñëåäóþùèé âîïðîñ. Â êàêîì ñìûñëå ôóíêöèÿ áîëüøåãî

÷èñëà ïåðåìåííûõ ñëîæíåå ôóíêöèè ìåíüøåãî ÷èñëà ïå-

ðåìåííûõ? Ýòîò âîïðîñ, êàê âîïðîñ î ïðåäñòàâèìîñòè íåêîòîðîé

àëãåáðàè÷åñêîé ôóíêöèè òðåõ ïåðåìåííûõ ñ ïîìîùüþ ôóíêöèé äâóõ

ïåðåìåííûõ, ôèãóðèðóåò â ñïèñêå Ä. Ãèëüáåðòà (1900) ïîä íîìåðîì

13 (ïðîáëåìà î ñóïåðïîçèöèè). Ãèëüáåðò, âèäèìî äëÿ ïðèäàíèÿ âî-

ïðîñó ïîëåìè÷åñêîé îñòðîòû, íåîæèäàííî ðàçðåøèë èñïîëüçîâàòü

âñå íåïðåðûâíûå ôóíêöèè. Íî, êàê ïîêàçàëè Àðíîëüä è Êîëìîãîðîâ

(1957), íåïðåðûâíûå ôóíêöèè íåñêîëüèõ ïåðåìåííûõ - ýòî èëëþçèÿ.
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Âñå îíè ïðåäñòàâèìû â âèäå íå î÷åíü ñëîæíîé ñóïåðïîçèöèè ôóíê-

öèé îäíîãî ïåðåìåííîãî è ñëîæåíèÿ. Ïðè ýòîì ÿñíî, ÷òî êîíòåêñò

íåïðåðûâíûõ è äàæå ãëàäêèõ ôóíêöèé ñîâåðøåííî íåàäåêâàòåí âî-

ïðîñó ïðî àëãåáðàè÷åñêóþ ôóíêöèþ. À êàê òîëüêî ìû ïîêèäàåì

íåïðåðûâíóþ êàòåãîðèþ è ïîïàäàåì â ãëàäêóþ, àíàëèòè÷åñêóþ èëè

àëãåáðàè÷åñêóþ, âñå âîïðîñû îñòàþòñÿ áåç îòâåòîâ. Êîíêðåòèçèðó-

åì íàø ðèòîðè÷åñêèé âîïðîñ. Â êàêîì ñìûñëå àíàëèòè÷åñêèå

ôóíêöèè äâóõ ïåðåìåííûõ ñëîæíåå àíàëèòè÷åñêèõ ôóíê-

öèé îäíîãî ïåðåìåííîãî? Äëÿ åãî îáñóæäåíèÿ çàäàäèì èåðàð-

õèþ ñëîæíîñòåé ñëåäóþùèì îáðàçîì. Ïðîñòûå îáúåêòû - ýòî âñå

àíàëèòè÷åñêèå ôóíêöèè îò x è îò y. Ýëåìåíòàðíûå îïåðàöèè ýòî

ïîäñòàíîâêà ôóíêöèè â ôóíêöèþ (ñóïåðïîçèöèÿ) è îïåðàöèÿ ñëî-

æåíèÿ (ñëîæåíèå ìîæíî çàìåíèòü, íî õîòÿ áû îäíà áèíàðíàÿ îïå-

ðàöèÿ íåîáõîäèìà). Âîçíèêàþùàÿ ïðè ýòîì ñîâîêóïíîñòü Cl àíàëè-

òè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ (x, y) êîíå÷íîé ñëîæíîñòè ýòî

ïðåäìåò âåñüìà óâëåêàòåëüíîé òåîðèè, ó êîòîðîé åñòü àíàëèòè÷å-

ñêèå, ãåîìåòðè÷åñêèå è àëãåáðàè÷åñêèå àñïåêòû.

Ñîâîêóïíîñòü Cl óäîáíî ïðåäñòàëÿòü êàê îáúåäèíåíèå âîçðàñòà-

þùåé ïîñëåäîâàòåëüíîñòè äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ìíî-

æåñòâ (ò.å. ìíîæåñòâ àíàëèòè÷åñêèõ ôóíêöèé, çàäàííûõ íàáîðîì

äèôôåðåíöèàëüíî-ïîëèíîìèàëüíûõ ñîîòíîøåíèé) Cln, ñîñòîÿùèõ

èç ôóíêöèé ñëîæíîñòè íå âûøå n. Òàêèì îáðàçîì, åñëè ôóíêöèÿ

íå ÿâëÿåòñÿ äèôôåðåíöèàëëüíî-àëãåáðàè÷åñêîé, ò.å.íå óäîâëåòâî-

ðÿåò íèêàêîìó äèôôåðåíöèàëüíî-ïîëèíîìèàëüíîìó ñîîòíîøåíèþ,

òî îíà íå ïîïàäàåò â Cl è èìååò áåñêîíå÷íóþ ñëîæíîñòü. Ïðè-

ìåðû òàêèõ ôóíêöèé èçâåñòíû áëàãîäàðÿ À.Îñòðîâñêîìó (1920).

Ïñåâäîãðóïïà ëîêàëüíî îáðàòèìûõ ïðåîáðàçîâàíèé G = {z(x, y) →
c(z(a(x), b(y))} (êàëèáðîâî÷íàÿ ïñåâäîãðóïïà) ÿâëÿåòñÿ ñòðóêòóð-

íîé ïñåâäîãðóïïîé ïîñòðîåííîé èåðàðõèè. Îíà ñîñòîèò òåõ è òîëüêî

òåõ ïðåîáðàçîâàíèé, êîòîðûå íå ìåíÿþò ñëîæíîñòè. Êàëèáðîâî÷íàÿ

ïñåâäîãðóïïà ïîçâîëÿåò ðàññìàòðèâàòü ñëîæíîñòü êàê õàðàêòåðè-

ñòèêó íå ôóíêöèè, à å¼ îðáèòû (ýêâèâàëåíòíûå ôóíêöèè èìåþò îäè-

íàêîâóþ ñëîæíîñòü). Îòìåòèì, ÷òî âñå àðèôìåòè÷åñêèå äåéñòâèÿ,
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î÷åâèäíî, ýêâèâàëåíòíû è èìåþò ñëîæíîñòü îäèí.

Òåîðåìà 1 (2017): Ðàçìåðíîñòü ñòàáèëèçàòîðà ôóíêöèè äâóõ

ïåðåìåííûõ z(x, y) â G áîëüøå åäèíèöû òîãäà è òîëüêî òîãäà, êîãäà

z(x, y) èìååò ñëîæíîñòü îäèí èëè (÷òî òî æå ñàìîå) ýêâèâàëåíòíà

(xy). Ïðè ýòîì ðàçìåðíîñòü ñòàáèëèçàòîðà ðàâíà òðåì.

Íåòðóäíî ïîêàçàòü, ÷òî âñå ðåøåíèÿ óðàâíåíèé u′′yy ± u′′xx = 0

èìåþò ñëîæíîñòü íå âûøå äâóõ, îäíàêî èìååò ìåñòî

Òåîðåìà 2 (Ì.Ñòåïàíîâà, 2018): Ñóùåñòâóåò ðåøåíèå óðàâíå-

íèÿ òåïëîïðîâîäíîñòè u′y = u′′xx áåñêîíå÷íîé ñëîæíîñòè. Ïðè÷åì

ïðèìåð òàêîé ôóíêöèè ìîæíî ïðåäúÿèòü êîíñòðóêòèâíî â âèäå ðÿ-

äà ýêñïîíåíò.

Ðåçóëüòàò Ñòåïàíîâîé îçíà÷àåò, ÷òî ïîëå ôóíêöèé êîíå÷íîé

ñëîæíîñòè ýòî ñîáñòâåííîå ïîäïîëå ïîëÿ äèôôåðåíöèàëüíî-

àëãåáðàè÷åñêèõ ôóíêöèé (ò.å. äèôôåðåíöèëüíî-àëãåáðàè÷åñêîãî çà-

ìûêàíèÿ ïîëÿ ðàöèîíàëüíûõ ôóíêöèé îò (x, y)).

Vortex textures for doubly periodic planar nanomagnet
with inclusions

A. B. Bogatyrev

Marchuk Institute of Numerical Mathematics RAS

E-mail: ab.bogatyrev@gmail.com

We consider periodic states inside a thin �lm ferromagnetic element

with periodic nano-scale array of non-magnetic holes. The starting point

is the model [1], which is based on the existence of a well-de�ned energy

hierarchy within a nano-structured magnet with Heisenberg exchange

interaction being dominant. From a mathematical point of view the

metastable states are the harmonic maps of the domain to the sphere.

For the case of a continuous thin �lm A. A. Belavin and A. M. Polyakov

in 1975 and D. Gross in 1978 proposed a series of local solutions with

singularities modeling the magnetic vortexes. In the multiply-connected

case the solutions are similar, but there are additional constraints on the
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vortex positions [2, 3]. Here we present the full set of constraints for

the in�nitely-connected case (thin �lm with periodic array of inclusions).

We parametrize all the metastable states in terms of genus two Riemann

surfaces. For 6-parametric shapes of inclusions the exact solutions are

given(Joint study with K. L. Metlov).
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Ïîëüçóÿñü àïïàðàòîì èíòåãðîäèôôåðåíöèðîâàíèÿ Ðèìàíà - Ëè-

óâèëëÿ Ì. Ì. Äæðáàøÿí îáîáùèë êëàññ Ð. Íåâàíëèííû ìåðîìîðô-

íûõ â åäèíè÷íîì êðóãå ôóíêöèé, ââåäÿ â ðàññìîòðåíèå êëàññ Nα,

(−1 < α <∞). Ôóíäàìåíòàëüíóþ ðîëü â ýòèõ èññëåäîâàíèÿõ èãðà-

þò ïðîèçâåäåíèÿ Bα, êîòîðûå â ñïåöèàëüíîì ñëó÷àå α = 0 ïðåâðà-

ùàþòñÿ â ïðîèçâåäåíèÿ Áëÿøêå. Ì. Ì. Äæðáàøÿíîì áûë ïîñòàâ-

ëåí ñëåäóþùèé âîïðîñ: ñóùåñòâóåò ëè ïðîèçâåäåíèå Bα(z, {an}),
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−1 < α < 0, ÿâëÿþùååñÿ íåïðåðûâíîé ôóíêöèåé â çàìêíóòîì åäè-

íè÷íîì êðóãå? Â ðàáîòå ïðèâåäåí âñåñòîðîííèé àíàëèç ýòîé çàäà÷è.
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On invariants of normal forms of second order
linear partial equations in the plane

A. A. Davydov
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In 18-th century d'Alembert and Euler proposed forms of wave

equation and Laplas equation to describe the motion of the string and the

velocity potential of an incompressible �uid, respectively. Main symbol

of standard equation a(x, y)uxx + b(x, y)uxy + c(x, y)uyy = 0 with

smooth coe�cients a, b, c is reduced to these forms near any point,

at which the discriminant D, D = b2 − 4ac, is positive and negative,

respectively, by smooth change of coordinates and multiplication by a

smooth nonvanishing function. These forms have no parameters. For a

generic triplet (a, b, c) the level D = 0 is either empty or is smoothly

embedded curve (=type change line) in the plane. Near a point of this

line the equation is of mixed type.
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The systematic analysis of such equations was started in [9], where

the ideology and motivation for many studies in 20-th century were

proposed. In this work Tricomi also grounded a normal form uyy + yuxx
for the main symbol of a generic equation near a point with D = 0, but

his proof had a gap. The correct proof was done in [3]. This form also

has no any parameters.

Complete classi�cation of main symbols for such generic equations

was in [4]. All new forms in this classi�cation includes real parameter

as invariant. The respective model equations were used in applications

much earlier [8]. Recently some forms for parametric case were found

[2], [5].

In 2007 structural stability of characteristic net for typical linear

second order mixed type equation on the plane was proved for a wide

class of equations [6]. This result leads to the natural problem on nonlocal

normal forms of such equations and on invariants of such forms. The �rst

of such forms (besides Laplas and wave equations) urr−(r−1)uφ,φ = 0,

was proposed in [7] for the case with Cibrario�Tricomi type behaviour

of characteristic near circle r = 1 in r ≥ 1. Such a behaviour also

takes place for the equation for small bending of revolution surfaces near

the parabolic line and in the theory of momentless steady states of thin

elastic shell of revolution, see [1].

The talk is devoted to the theory of normal froms of mixed type

partial equation in the plane, recent results in this area and open problems

related.

The studies are supported by the Ministry of Education and Science

of the Russian Federation, project no. 1.638.2016/FPM.
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Î ðàçðåøèìîñòè çàäà÷è Äèðèõëå ñ ãðàíè÷íîé ôóíêöèåé
èç L2 äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

Â. Æ. Äóìàíÿí

Åðåâàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

E-mail: duman@ysu.am

Èññëåäóåòñÿ çàäà÷à Äèðèõëå â îãðàíè÷åííîé îáëàñòè Q ⊂ Rn,

n ≥ 2, c ãëàäêîé ãðàíèöåé ∂Q äëÿ îáùåãî ëèíåéíîãî ýëëèïòè÷åñêîãî

óðàâíåíèÿ âòîðîãî ïîðÿäêà

−div (A(x)∇u) + (b̄(x),∇u)− div(c̄(x)u) + d(x)u = (1)

= f(x)− divF (x), x ∈ Q,
u|∂Q = u0, (2)

ãäå u0 ∈ L2(∂Q), f ∈ L2,loc(Q), F = (f1, . . . , fn) ∈ (L2,loc(Q))n.

Ïðåäïîëàãàåòñÿ, ÷òî ñèììåòðè÷åñêàÿ ìàòðèöà A(x) = (aij(x)), ýëå-

ìåíòû êîòîðîé ÿâëÿþòñÿ âåùåñòâåííîçíà÷íûìè èçìåðèìûìè ôóíê-

öèÿìè, óäîâëåòâîðÿåò óñëîâèþ

γ|ξ|2 ≤
n∑

i,j=1

aij(x)ξiξj = (ξ, A(x)ξ) ≤ γ−1|ξ|2

äëÿ âñåõ ξ = (ξ1, . . . , ξn) ∈ Rn è ï. â. x ∈ Q, ãäå γ ïîëîæè-

òåëüíàÿ ïîñòîÿííàÿ, à êîýôôèöèåíòû b̄(x) = (b1(x), . . . , bn(x)),

c̄(x) = (c1(x), . . . , cn(x)) è d(x) ÿâëÿþòñÿ èçìåðèìûìè è îãðàíè-

÷åííûìè â êàæäîé ñòðîãî âíóòðåííåé ïîäîáëàñòè îáëàñòè Q ôóíê-

öèÿìè.

Ïîëó÷åíû òî÷íûå (ïî ïîðÿäêó ðîñòà) îãðàíè÷åíèÿ íà ðîñò âáëè-

çè ãðàíèöû îáëàñòè Q ìëàäøèõ êîýôôèöèåíòîâ óðàâíåíèÿ (1) ïðè

êîòîðûõ ðåøåíèå èç ïðîñòðàíñòâà W 1
2,loc(Q) îáëàäàåò ñâîéñòâîì

(n− 1)-ìåðíîé íåïðåðûâíîñòè.

Â òåðìèíàõ ñêàëÿðíîãî ïðîèçâåäåíèÿ â ñïåöèàëüíîì ãèëüáåðòî-

âîì ïðîñòðàíñòâå ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñó-

ùåñòâîâàíèÿ (n−1)-ìåðíî íåïðåðûâíîãî ðåøåíèÿ ðàññìàòðèâàåìîé
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çàäà÷è Äèðèõëå (1), (2) è óñòàíîâëåíî, ÷òî óñëîâèÿ ðàçðåøèìîñòè

çàäà÷è (1), (2) èìåþò âèä, àíàëîãè÷íûé óñëîâèÿì ðàçðåøèìîñòè â

îáû÷íîé îáîáùåííîé ïîñòàíîâêå (â W 1
2 (Q)). Â ÷àñòíîñòè, åñëè îä-

íîðîäíàÿ çàäà÷à (ñ ðàâíûìè íóëþ ãðàíè÷íîé ôóíêöèåé è ïðàâîé

÷àñòüþ) íå èìååò íåòðèâèàëüíûõ ðåøåíèé èç ïðîñòðàíñòâà W 1
2 (Q),

òî äëÿ âñåõ u0 ∈ L2(∂Q) è âñåõ f è F èç ñîîòâåòñòâóþùèõ ôóíê-

öèîíàëüíûõ ïðîñòðàíñòâ ñóùåñòâóåò ðåøåíèå íåîäíîðîäíîé çàäà÷è.

Ýòî ðåøåíèå ïðèíàäëåæèò ïðîñòðàíñòâó Ãóùèíà Cn−1(Q̄) è äëÿ íåãî

ñïðàâåäëèâà îöåíêà

‖u‖2
Cn−1(Q̄) +

∫
Q

r |∇u|2dx ≤

≤ C
(
‖u0‖2

L2(∂Q)+

∫
Q

r3 (1 + | ln r|)
3
2 f 2dx+

∫
Q

r (1 + | ln r|)
3
2 |F |2dx

)
,

ãäå r-ðàññòîÿíèå òî÷êè x ∈ Q äî ãðàíèöû ∂Q, ïîñòîÿííàÿ C íå

çàâèñèò îò u0, f , F .

Ïðè åñòåñòâåííûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà êîýôôè-

öèåíòû ïðè ìëàäøèõ ÷ëåíàõ óðàâíåíèÿ (1), äëÿ ïðàâûõ ÷àñòåé èç

W−1
2 (Q) ïîëó÷åííûå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøè-

ìîñòè çàäà÷è (1),(2) â W 1
2,loc(Q)-ïîñòàíîâêå çàïèñûâàþòñÿ â áîëåå

ïðîñòîì âèäå (â òåðìèíàõ èñõîäíîé çàäà÷è). Ïðè ýòîì äîêàçàíî, ÷òî

åñëè ãðàíè÷íàÿ ôóíêöèÿ u0 äîïóñêàåò ïðèíàäëåæàùåå W 1
2 (Q) ïðî-

äîëæåíèå â îáëàñòü Q, òî ðåøåíèå èç Cn−1(Q̄) ÿâëÿåòñÿ ðåøåíèåì

èç W 1
2 (Q) è â ýòîì ñëó÷àå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è (1),(2) â

W 1
2, loc(Q)-ïîñòàíîâêå ÿâëÿþòñÿ òàêæå óñëîâèÿìè ðàçðåøèìîñòè òîé

æå çàäà÷è â W 1
2 (Q)-ïîñòàíîâêå.
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Íåêîòîðûå ôàêòîðèçàöèîííûå ñîîòíîøåíèÿ
â íîðìèðîâàííûõ êîëüöàõ

Í. Á. Åíãèáàðÿí

Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÐÀ

E-mail: yengib@instmath.sci.am

Ìåòîäû ôàêòîðèçàöèè øèðîêî ïðèìåíÿþòñÿ â âîïðîñàõ èçó÷å-

íèÿ è ðåøåíèÿ ëèíåéíûõ àëãåáðàè÷åñêèõ ñèñòåì, äèôôåðåíöèàëü-

íûõ è èíòåãðàëüíûõ óðàâíåíèé. Àâòîðîì è åãî ñîàâòîðàìè ðàçðàáî-

òàíû íåêîòîðûå ïîäõîäû â äàííîì íàïðàâëåíèè. Îíè ñïîñîáñòâîâà-

ëè ïîëó÷åíèþ íîâûõ òåîðåòè÷åñêèõ ðåçóëüòàòîâ è êîíñòðóêòèâíûõ

ìåòîäîâ ðåøåíèÿ ðàññìîòðåííûõ êëàññîâ óðàâíåíèé â íåîñîáîì è

îñîáîì ñëó÷àÿõ. Ê èõ ÷èñëó îòíîñÿòñÿ: ìåòîä íåëèíåéíûõ óðàâíåíèé

ôàêòîðèçàöèè (ñì. [1]) ìåòîä ïîëóîáðàòíîé ôàêòîðèçàöèè (ñì.[2])

è ìåòîäû ðàáîò [3, 4].

Â äîêëàäå ïðåäñòàâëÿþòñÿ óêàçàííûå ìåòîäû è èõ îáîáùåíèÿ

íà íîðìèðîâàííûå êîëüöà. Ïðèâîäÿòñÿ àðãóìåíòû â ïîëüçó ïðèìå-

íåíèÿ ýòèõ ìåòîäîâ â íåêîòîðûõ ñëó÷àÿõ, ïðåäñòàâëÿþùèõ òåîðåòè-

÷åñêèé è ïðèêëàäíîé èíòåðåñ.
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A�ne rigidity of Levi degenerate tube hypersurfaces
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We consider connected smooth real hypersurfaces in the complex

vector space Cn with n ≥ 2. Speci�cally, we are interested in tube

hypersurfaces, i.e, locally closed real submanifolds of the form S + iV ,

where S is a hypersurface in a totally real n-dimensional linear subspace

V ⊂ Cn. One can choose coordinates z1, . . . , zn in Cn such that V =

{=zj = 0, j = 1, . . . , n}, so we always identify V with Rn by means

of the coordinates xj := <zj, j = 1, . . . , n. Tube hypersurfaces arise,

for instance, as the boundaries of tube domains, that is, domains of the

form D+ iRn, where D is a domain in Rn. We refer to the hypersurface

S and domain D as the bases of the above tubes.

The study of tube domains is a classical subject in several complex

variables and complex geometry, which goes back to the beginning of

the 20th century. Indeed, already Siegel found it convenient to realize

certain symmetric domains as tubes. For example, the familiar unit ball

in Cn is biholomorphically equivalent to the tube domain with the base

given by the inequality xn >
∑n−1

α=1 x
2
α.

The property that makes tube hypersurfaces interesting from the

complex-geometric point of view is that they possess an n-dimensional

commutative group of CR-symmetries, namely the group of translations

{z 7→ z + ib | b ∈ Rn}, where z := (z1, . . . , zn) ∈ Cn. Furthermore,

any a�ne automorphism of the base can be extended to an a�ne CR-

automorphism of the tube. In the same way, any a�ne transformation
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between the bases of two tubes can be lifted to an a�ne CR-

transformation between the tubes. This last observation, however simple,

indicates an important link between CR-geometry and a�ne geometry by

way of tube hypersurfaces. Indeed, they can be viewed either as objects of

a�ne geometry and considered up to a�ne transformations of the bases

or as objects of CR-geometry and considered up to CR-isomorphisms.

There has been a substantial e�ort to relate the two aspects of the

study of tubes. In particular, one would like to understand the interplay

between a�ne equivalence and CR-equivalence for tube hypersurfaces,

where M1 = S1 + iRn and M2 = S2 + iRn are called a�nely equivalent

if there exists an a�ne transformation of Cn of the form z 7→ Az + b,

with A ∈ GLn(R), b ∈ Cn, that maps M1 onto M2. Speci�cally, the

following two questions have attracted much attention:

(∗) When does local or global CR-equivalence of M1, M2 imply a�ne

equivalence?

(∗∗) For what kinds of tube hypersurfaces can one re�ne known CR-

classi�cation results to deduce a�ne classi�cations?

So far, the most comprehensive answers to the above questions

have been given for the class of Levi nondegenerate tube hypersurfaces

that are CR-�at, i.e., have identically vanishing CR-curvature as de�ned

below. For a CR-hypersurface M with Levi form of signature (p, q),

where p + q = n − 1, q ≤ p, the condition of CR-�atness means

that near its every point M is CR-equivalent to an open subset of

the real a�ne quadric <zn =
∑p

α=1 |zα|2 −
∑n−1

α=p+1 |zα|2. Thus, for a
�xed signature (p, q) of the Levi form, all CR-�at tube hypersurfaces are

pairwise locally CR-equivalent to each other. Nevertheless, the question

of classifying them up to a�ne equivalence is highly nontrivial. Details

can be found in monograph [1], which contains an up-to-date exposition

of the existing theory. In particular, there are explicit a�ne classi�cations

for q = 0, 1, 2 and an overall understanding of how results of this kind

can be obtained in general. Moreover, CR-�at tube hypersurfaces possess

remarkable properties. In particular, G. Fels and W. Kaup have discovered

a deep connection between such hypersurfaces and commutative algebra
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by showing that all CR-�at tube hypersurfaces arise, in a canonical way,

from real and complex Artinian Gorenstein algebras.

Our aim is to extend these results to classes of CR-�at tube

hypersurfaces for which Levi nondegeneracy is not assumed. First of all,

one has to ensure that the condition of CR-�atness is well-de�ned for

the CR-structures in question. In general, CR-curvature is introduced in

situations when the CR-structures are reducible to absolute parallelisms

with values in some Lie algebra g as explained below.

Let C be a class of CR-manifolds. Then the CR-structures in C are

said to reduce to g-valued absolute parallelisms if to every M ∈ C one

can assign a �ber bundle PM → M and an absolute parallelism ωM on

PM such that for every p ∈M the parallelism establishes an isomorphism

between Tp(M) and g and for any M1,M2 ∈ C the following holds:

(i) every CR-isomorphism f : M1 → M2 can be lifted to a

di�eomorphism F : PM1
→ PM2

satisfying F ∗ωM2
= ωM1

and

(ii) any di�eomorphism F : PM1
→ PM2

satisfying F ∗ωM2
= ωM1

is a

bundle isomorphism that is a lift of a CR-isomorphism f : M1 → M2.

In this situation one introduces the g-valued CR-curvature form ΩM :=

dωM − 1
2

[ωM , ωM ], and CR-�atness means that ΩM identically vanishes

on PM .
Reducing CR-structures (as well as other geometric structures) to

absolute parallelisms goes back to �E. Cartan who showed that reduction

takes place for all 3-dimensional Levi nondegenerate CR-hypersurfaces.

Since then there have been many developments, all of which require

Levi nondegeneracy. In particular, the famous work of Tanaka and,

independently, that of Chern and Moser established reduction to absolute

parallelisms for all Levi nondegenerate CR-hypersurfaces. On the other

hand, reducing the CR-structures of Levi degenerate CR-manifolds has

proved to be rather di�cult. Despite �E. Cartan's approach having been

known for over a century and Tanaka's work published almost half a

century ago, the �rst result on reduction to absolute parallelisms for

a large class of Levi degenerate manifolds only appeared in 2013 in

our paper [4]. Speci�cally, we considered the class C2,1 of connected
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5-dimensional CR-hypersurfaces that are 2-nondegenerate and uniformly

Levi degenerate of rank 1 and showed that the CR-structures in this class

reduce to so(3, 2)-valued parallelisms.

As explained in [4], a manifold M ∈ C2,1 is CR-�at if and only

if near its every point M is CR-equivalent to an open subset of the

tube hypersurface over the future light cone in R3, i.e., to M0 :=

{(z1, z2, z3) ∈ C3 | x2
1 + x2

2 − x2
3 = 0, x3 > 0}. This hypersurface had

been extensively studied prior to our work. In particular, it can be realized

as part of the boundary of the classical symmetric domain of type (IV3),

or, equivalently, of type (III2).

We are now ready to state our main theorem.

Theorem 1. [2] Let M be a tube hypersurface in C3 and assume

that M ∈ C2,1. Suppose further that M is CR-�at. Then M is a�nely

equivalent to an open subset of M0.

This theorem can be viewed as an a�ne rigidity result since it asserts

that if a tube hypersurfaceM in the class C2,1 locally looks like a piece of

M0 from the point of view of CR-geometry, then from the point of view

of a�ne geometry it (globally) looks like a piece of M0 as well. In fact,

M extends to a tube hypersurface in C3 a�nely equivalent toM0, which

is a complete answer to question (∗) in this situation. This surprising fact
is in contrast to the Levi nondegenerate case, where the CR-geometric

and a�ne-geometric classi�cations di�er even in low dimensions.

In fact, it turns out that in order to obtain the conclusion of Theorem

1, one does not need to assume that the full curvature form is identically

zero; it su�ces to require that only two particular coe�cients in the

expansion of just one of its components vanish.

Theorem 2. [2] Let M be a tube hypersurface in C3 and assume that

M ∈ C2,1. Suppose further that certain two coe�cients, called Θ2
21 and

Θ2
10, in the expansion of a certain component, called Θ2, of the curvature

form ΩM vanish identically on PM . Then M is a�nely equivalent to an

open subset of M0.
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Our proof of Theorem 2 in [2] is local, and for every x ∈M we only

utilize the vanishing of Θ2
21 and Θ2

10 on a particular section γ of PM over

a neighborhood of x: {
Θ2

21|γ = 0,

Θ2
10|γ = 0.

(1)

Each of the two conditions in system (1) can be expressed as a partial

di�erential equation on the local de�ning function of the hypersurface

M near x. These equations are quite complicated. The expression for

Θ2
10|γ is especially hard to �nd, and in our computation of Θ2

10|γ in [2]

some of its terms were only calculated under the simplifying assumption

Θ2
21|γ = 0. This was su�cient for our purposes as we were only interested

in solving system (1). Indeed, denoting by Θ2
10 the quantity arising from

the constrained calculation of Θ2
10|γ, we see that the system of equations{
Θ2

21|γ = 0,

Θ2
10 = 0

(2)

is equivalent to (1). Interestingly, if in suitable coordinates the base of

M is given locally as the graph of a function of two variables, the second

equation in (2) becomes the well-known Monge equation on this function

with respect to one of the variables.

To write system (2) more explicitly, recall that M is uniformly Levi

degenerate of rank 1 and 2-nondegenerate. Due to Levi degeneracy,

the graphing function of M satis�es the homogeneous Monge-Amp�ere

equation. Thus, the detailed form of (2) is
Θ2

21|γ = 0,

The Monge equation w.r.t. one variable: Θ2
10 = 0,

The Monge-Amp�ere equation,

(3)

where we additionally assume that certain quantities responsible for

the Levi form to have rank precisely 1 and for 2-nondegeneracy are

everywhere nonzero. System (3) is the centerpiece of the proof of

Theorem 2. In [2] we explicitly solved (3) and observed that every solution
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of this system de�nes a tube hypersurface a�nely equivalent to an open

subset of M0.

The next theorem establishes a surprising dependence between the

two local conditions in (2).

Theorem 3. [3] Let M be a tube hypersurface in C3 and assume

that M ∈ C2,1. Fix x ∈ M and a suitable section γ of PM over a

neighborhood of x. Then the condition Θ2
10 = 0 implies Θ2

21|γ = 0.

We stress that although the quantity Θ2
10 was computed in part under

the assumption Θ2
21|γ = 0, it is not at all clear a priori why the vanishing

of Θ2
10 should imply that of Θ2

21|γ. This fact is rather unexpected as it

has been believed for some time now that CR-�atness for manifolds in

the class C2,1 should be controlled by two conditions rather than one.

By Theorem 3, system (3) reduces to a system of two equations:{
The Monge equation w.r.t. one variable: Θ2

10 = 0,

The Monge-Amp�ere equation,
(4)

where, as before, we additionally assume that certain quantities

responsible for the Levi form to have rank precisely 1 and for 2-nondegen-

eracy are everywhere nonzero. This system is truly remarkable. Indeed,

it has a clear geometric meaning as it locally describes all CR-�at tubes

in the class C2,1. Moreover, all solutions of this system can be explicitly

found, and every solution yields a tube hypersurface a�nely equivalent to

an open subset ofM0. Next, each of the two equations in (4) has its own

geometric interpretation: the classical single-variable Monge equation

describes all planar conics, whereas the graphs of the solutions of the

Monge-Amp�ere equation are exactly the surfaces in R3 with degenerate

second fundamental form. Finally�and quite curiously�both equations

in (4) happen to be named after Gaspard Monge. It is rather satisfying to

see that the invariants constructed in [4] lead to an object so abundantly

�lled with geometric features. This indicates that the theory of the class

C2,1 is rich and deserves further exploration.
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Ãîâîðÿò, ÷òî ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð P (D)

(ìíîãî÷ëåí P (ξ) ) ìîùíåå ëèíåéíîãî äèôôåðåíöèàëüíîãî îïåðàòî-

ðà Q(D) (ìíîãî÷ëåíà) Q(ξ) è çàïèñèâàþò P > Q, åñëè ñ íåêîòîðîé

ïîñòîÿííîé c > 0 |Q(ξ)| ≤ c[|P (ξ)|1] ∀ξ ∈ Rn. Ãîâîðÿò, ÷òî îïåðà-

òîð (ìíîãî÷ëåí) P ñèëüíåå îïåðàòîðà (ìíîãî÷ëåíà) Q è çàïèñèâàþò

P � Q, åñëè P̃ > Q̃, ãäå R̃ ôóíêöèÿ Ë.Õëðìàíäåðà îïåðàòîðà R.

Åñëè P > Q > P ( P � Q � P ), òî ãîâîðÿò, ÷òî P è Q èìåþò

îäèíàêîâóþ ìîùíîñòü(îäèíàêîâóþ ñèëó).

Ìíîãî÷ëåí R íàçîâàþò îáîáùåííî - îäíîðîäíûì (λ - îäíîðîä-

íûì) λ−ïîðÿäêà dR. åñëè R(tλξ) := R(tλ1ξ1, ..., t
λnξn) = tdR(ξ) äëÿ

âñåõ ξ ∈ Rn, t > 0.
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Ñðàâíåíèå äèôôåðåíöèàëüíûõ îïåðàòîðîâ (ìíîãî÷ëåíîâ) ÿâëÿ-

åòñÿ âàæíûì ñðåäñòâîì äëÿ ðåøåíèÿ ðàçíûõ çàäà÷ òåîðèè îáùèõ

äèôôåðåíöèàëüíûõ óðàâíåíèé. Íàïðèìåð, èçâåñòíî (ñì. [1]), ÷òî åñ-

ëè îïåðàòîð P (D) ÿâëÿåòñÿ ãèïîýëëèïòè÷åñêèì, òî ëþáîé îïåðàòîð

Q(D), èìåþùèé îäèíàêîâóþ ñ îïåðàòîðîì P (D) ñèëó òàêæå ÿâëÿåò-

ñÿ ãèïîýëëèïòè÷åñêèì. Äðóãîé ïðèìåð òàêîãî ðîäà ýòî äîáàâëåíèå

ìëàäøèõ ÷ëåíîâ ê äàííîìó (ýëëèïòè÷åñêîìó, ãèïîýëëèïòè÷åñêîìó,

ãèïåðáîëè÷åñêîìó, ïî÷òè ãèïîýëëèïòè÷åñêîìó è ò.ä.) îïåðàòîðó, íå

íàðóøàþùèõ èõ õàðàêòåð, ò.å. ñîõðàíÿþùèõ èõ ýëëèïòè÷íîñòü, ãè-

ïîýëëèïòè÷íîñòü è ò. ä. Íàïðèìåð, â ðàáîòå [2] äîêàçàíà òåîðåìà:

ïóñòü ãèïîýëëèïòè÷åñêèé îïåðàòîð P (D) ïðåäñòàâëÿåòñÿ â âèäå ñóì-

ìû äâóõ λ - îäíîðîäíûõ îïåðàòîðîâ: P (D) = P0(D)+P1(D), à R(D)

λ - îäíîðîäíûé îïåðàòîð òàêîé, ÷òî R < P0. Òîãäà îïåðàòîð P +R

òàêæå ÿâëÿåòñÿ ãèïîýëëèïòè÷åñêèì.

Ïðèâåäåííûå è äðóãèå ïðèìåðû, ïåðå÷åíü êîòîðûõ ìîæíî ïðî-

äîëæàòü, ïîêàçûâàþò âàæíîñòü íàõîæäåíèÿ äîñòàòî÷íî øèðîêèõ

àëãåáðàè÷åêèõ óñëîâèé ñðàâíåíèÿ îïåðàòîðîâ è, â ïåðâóþ î÷åðåäü,

óñëîâèÿ ïðè êîòîðûõ λ - îäíîðîäíûé ìíîãî÷ëåí P ìîùíåå èëè ñèëü-

íåå λ - îäíîðîäíîãî ìíîãî÷ëåíà Q.

Äëÿ λ - îäíîðîäíîãî ìíîãî÷ëåíà R ÷åðåç <(R) îáîçíà÷èì åãî

ìíîãîãðàííèê Íüþòîíà, ÷åðåç Σ(R) ìíîæåñòâî òî÷åê 0 6= η ∈ Rn

òàêèõ, ÷òî R(η) = 0, äëÿ êàæäîé òî÷êè η ∈ Σ(R) îáîçíà÷èì

A(η,R) := {α : DαR(η) 6= 0} è ïîëîæèì ∆(η,R) := max
α∈A(η,R)

(λ, α).

Äëÿ ñðàâíåíèÿ ìîùíîñòè λ - îäíîðîäíûõ ìíîãî÷ëåíîâ äîêàçû-

âàåòñÿ

Òåîðåìà 1. Ïóñòü P è Q λ−îäíîðîäíûå ìíîãî÷ëåíû λ−ïîðÿäêîâ
dP è dQ ñîîòâåòñòâåííî. Òîãäà äëÿ Q < P íåîáõîäèìî è äîñòà-

òî÷íî âûïîëíåíèå ñëåäóþùèõ óñëîâèé

1) Σ(Q) ⊃ Σ(P ) è <(Q) ⊂ <((P ) ∩ {0});
2) äëÿ êàæäîé òî÷êè η ∈ Σ(P ) ñóùåñòâóåò îêðåñòíîñòü U(η) è

ïîñòîÿííàÿ c = c(η) > 0 òàêèå, ÷òî

|Q(ξ)|/|P (ξ)|
∆(η,Q)
∆(η,P ) ≤ c ∀ξ ∈ U(η);
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3)
dQ
dP
≤ ∆(η,Q)

∆(η, P )
∀η ∈ Σ(P ).

Àíàëîãè÷íîå ïðåäëîæåíèå äîêàçûâàåòñÿ äëÿ ñðàâíåíèÿ ñèëû λ -

îäíîðîäíûõ ìíîãî÷ëåíîâ. Èç òåîðåìû 1 è óêàçàííîé âûøå òåîðåìû

èç ðàáîòû [2] ñëåäóåò

Òåîðåìà 2. Ïóñòü ãèïîýëëèïòè÷åñêèé îïåðàòîð P (D) ïðåäñòàâ-

ëÿåòñÿ â âèäå ñóììû äâóõ λ - îäíîðîäíûõ îïåðàòîðîâ: P (D) =

P0(D)P1(D), à Q(D) λ - îäíîðîäíûé îïåðàòîð òàêîé, ÷òî ïàðà ìíî-

ãî÷ëåíîâîâ P0 è Q óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1. Òàãäà îïå-

ðàòîð P (D)Q(D) òàêæå ãèïîýëëèïòè÷åí.
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Îïåðàòîðû òèïà L-ñâåðòêè
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Ïóñòü L � ñàìîñîïðÿæåííûé îïåðàòîð Øòóðìà-Ëèóâèëëÿ íà

îñè ñ âåùåñòâåííûì ïîòåíöèàëîì p, óäîâëåòâîðÿþùèì óñëîâèþ

(1|x|)p ∈ L1(R), à U îïåðàòîð ïðèâîäÿùèé îïåðàòîð L ê îïåðàòîðó
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óìíîæåíèÿ íà ôóíêöèþ λ2. Â ñëó÷àå p = 0, îïåðàòîð U ñîâïàäàåò

ñ ïðåîáðàçîâàíèåì Ôóðüå.

Ïîä îïåðàòîðîì L-ñâåðòêè ìû ïîíèìàåì îïåðàòîð ïîëó÷àåìûé

çàìåíîé ïðåîáðàçîâàíèÿ Ôóðüå â îïðåäåëåíèè îïåðàòîðà ñâåðòêè

íà îïåðàòîð U . Ââîäÿòñÿ ïîíÿòèÿ îïåðàòîðîâ L-Âèíåðà-Õîïôà, L-
Ãàíêåëÿ. Ðàññìàòðèâàþòñÿ çàäà÷è ôðåäãîëüìîâîñòè è îáðàòèìîñòè

ýòèõ îïåðàòîðîâ.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå ÃÊÍ ÌÎÍ ÐÀÍ â ðàì-

êàõ ñîâìåñòíîãî íàó÷íîãî ïðîåêòà � YSU-SFU-16/1.

Îá îäíîé ãðàíè÷íîé çàäà÷å, ñâÿçàííîé ñ óðàâíåíèåì
Ãåëüìãîëüöà-Øðåäèíãåðà

Ì.È. Êàðàõàíÿí1, À. Ã. Êàìàëÿí2

1 Åðåâàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

E-mail: m_karakhanyan@ysu.am
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Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÐÀ

E-mail: armen.kamalyan@ysu.am, kamalyan_armen@yahoo.com

Ïóñòü β ∈ L2(R1), h+
0 ∈ H1/2(R1

+), h+
1 ∈ H−1/2(R1

+), h−0 ∈
H1/2(R1

−), h−1 ∈ H−1/2(R1
+), a±0 , a

±
1 , b

±
0 , b

±
1 , k� êîìïëåêñíûå ÷èñëà,

Im k > 0, Ω± = {(x, y) ∈ R2; y ≷ 0}.
Èññëåäóåòñÿ ñëåäóþùàÿ ãðàíè÷íàÿ çàäà÷à:

Òðåáóåòñÿ íàéòè ôóíêöèþ u ∈ L2(R2) òàêóþ, ÷òî

(∆ + k2 + β(y))u = 0 â Ω− ∪ Ω+,
a+

0 u(x,+0) + b+
0 u(x,−0) = h+

0 (x),

a+
1

∂u(x,+0)

∂y
+ b+

1

∂u(x,−0)

∂y
= h+

1 (x) íà R1
+ ,

è 
a−0 u(x,+0) + b−0 u(x,−0) = h−0 (x),

a−1
∂u(x,+0)

∂y
+ b−1

∂u(x,−0)

∂y
= h−1 (x) íà R1

− .
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Ïðåäëàãàåòñÿ ìåòîä ñâåäåíèÿ ðåøåíèÿ ýòîé çàäà÷è ê ðåøåíèþ íåêî-

òîðîé âåêòîðíîé êðàåâîé çàäà÷è Ðèìàíà.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå ÃÊÍ ÌÎÍ ÐÀÍ â ðàì-

êàõ ñîâìåñòíîãî íàó÷íîãî ïðîåêòà � YSU-SFU-16/1.

On restrictions of weighted classes of holomorphic functions
in the matrix discs to the unit bidisc

A. H. Karapetyan

Institute of Mathematics NAS RA

E-mail: armankar2005@rambler.ru

Let n ≥ 2 be an arbitrary natural number. Denote byM2n the space

of all complex 2× n− matrices η = (ηkj)1≤k≤2,1≤j≤n:

η =

(
η11 η12 η13 . . . η1n

η21 η22 η23 . . . η2n

)
. (1)

For arbitrary matrix η ∈ M2n denote by η∗ ∈ Mn2 its Hermitian

conjugate matrix. Further, I2 is the unit 2 × 2−matrix from M22. The

Lebesgue measure in M2n can be written in the following natural way:

dµ2n(η) =
2∏

k=1

n∏
j=1

dm(ηkj), η = (ηkj)1≤k≤2,1≤j≤n. (2)

The domain

R2n = {η ∈M2n : I2 − η · η∗ is positive definite} (3)

is called a matrix unit disc (Cartan classical domain of type I).

For 0 < p < ∞, α ≥ 0 denote by Hp
α(R2n) the space of all

holomorphic functions f(η), η ∈ R2n, satisfying the condition

||f ||p,α ≡

∫
R2n

|f(η)|p · [det(I2 − η · η∗)]αdµ2n(η)

 1
p

< +∞. (4)
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Further, let U2 = {(z, w) ∈ C2 : |z| < 1, |w| < 1} be the unit

bidisc. For 0 < p < ∞, α ≥ 0, β ≥ 0 denote by Hp
α,β(U2) the space of

all holomorphic functions g(z, w), (z, w) ∈ U2, satisfying the condition

||g||p,α,β ≡

≡

∫
U2

|g(z, w)|p · (1− |z|2)α · (1− |w|2)βdm(z)dm(w)

 1
p

<

< +∞.

(5)

De�nition. For a function

f

(
η11 η12 η13 . . . η1n

η21 η22 η23 . . . η2n

)

given in the domain R2n, denote by

f̃(η11, η22) ≡ f

(
η11 0 0 . . . 0

0 η22 0 . . . 0

)
(6)

the restriction of f to the unit bidisc U2.

Theorem. If f ∈ Hp
α(R2n), then f̃ satis�es the condition

∫
U2

|f̃(η11, η22)|p (1−|η11|2)
α+n+1

·(1−|η22|2)
α+n+1

(1−|η11|2·|η22|2)2 dm(η11)dm(η22) <

< +∞.

(7)

Remark. Functions from the weighted spaces Hp
α+n−1,α+n+1(U2),

Hp
α+n+1,α+n−1(U2), Hp

α+n,α+n(U2) satisfy the condition (7).
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Embedding theorems for multianisotropic Sobolev spaces

G. A. Karapetyan

Russian-Armenian University

E-mail: garnik_karapetyan@yahoo.com

Introduction. In the proof of all embedding theorems (in particular,

see [1]), two cases are distinguished. The �rst case, when the embedding

index is less than one; the second case when the exponent is one, that is

the boundary case holds. In previous papers, when embedding theorem

proving for functions from multianisotropic spaces (see [2, 3]), we studied

the case when the embedding index is less than unity. In this paper we

prove embedding theorems for multianisotropic function spaces in the

boundary case.

For any parameter ν > 0 and a natural number k denote

P (ν, ξ) =
(
νξα

1
)2k

+ · · ·+
(
νξα

n)2k
+
(
νξα

n+1
)2k

.

G0(ν; ξ) = e−P (ν,ξ).

G1,j(ν, ξ) = 2k
(
νξα

j
)2k−1

e−P (ν,ξ), (j = 1, . . . , n+ 1).

For any function f consider the regularization with the kernel

Ĝ0(t, ν):

fν(x) =
1

(2π)
n
2

∫
Rn

f(t)Ĝ0(t− x, ν)dt.

The following integral representation holds:

Theorem 1. Let the function f have the Sobolev weak derivativesDαif ,

(i = 1, . . . , n + 1), where αi are the vertices of the completely regular

polyhedron N and Dαif∈Lp(Rn), 1 ≤ p <∞, (i = 1, . . . , n+ 1). Then

for almost all x∈Rn it has the representation

f(x) = fh(x) + lim
ε→0

n+1∑
i=1

1

(2π)
n
2

h∫
ε

dν

∫
Rn

Dαif(t)Ĝ1,i(t− x, ν)dt.
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Let N be a completely regular polyhedron, then WN
p (Rn) = {f :

f ∈ Lp (Rn) , Dαif ∈ Lp (Rn) , i = 1, . . . ,M}.
The main result of this paper is the following boundary embedding

theorem for functions from a multianisotropic space WN
p (Rn) (p > 1):

Theorem 2. Let the numbers p and q satisfy the relations 1 < p ≤ q <

∞ and a multi-index β = (β1, . . . , βn) such that

χ = max
i=1,...,In−1

((
β, µi

)
+
∣∣µi∣∣ (1

p
− 1

q

))
= 1. (1)

Then DβWN
p (Rn) ↪→ Lq(Rn), i.e. any function f ∈ WN

p (Rn) has weak

derivatives Dβf , belonging to the class Lq(Rn), and for some constants

C1, C2 > 0 inequality holds

∥∥Dβf
∥∥
Lq(Rn)

≤ C1

M∑
i=1

∥∥∥Dαif
∥∥∥
Lp(Rn)

+ C2‖f‖Lp(Rn). (2)
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Construction of a approximate solutions of the Dirichlet
problem in Rn for regular hypoelliptic operators

G. A. Karapetyan, H. A. Petrosyan

Russian-Armenian University

E-mail: garnik_karapetyan@yahoo.com, heghine.petrosyan@rau.am

Introduction. In this paper we consider a Dirichlet problem in a

half-space for special (multihomogeneous) regular hypoelliptic equations

with zero boundary conditions. Problems of this type appear in the study

of multianisotropic processes and the di�culty of their study lies in the

fact that the corresponding characteristic polynomial is not generalized

homogeneous, as for elliptic or semi-elliptic equations (see [1]), but a

multihomogeneous one, and the construction of an approximate solution

for such equations is from itself di�cult. But, applying special integral

representations of functions (see [2]) through vertices of a completely

regular Newton polyhedron, it was possible to construct approximate

solutions in terms of integral operators. Similar questions in the whole

space Rn were studied in [3]. In this paper we study the question of

the solvability of the Dirichlet problem in Sobol'ev spaces in WN
p (Rn

+)

(1 < p <∞).

Consider the di�erential operator P (Dx, Dxn) in Rn
+ with constant

real coe�cients ai (i = 1, . . . ,M)

P (Dx, Dxn) = D2m
xn +

M∑
i=1

aiD
αi . (1)

Assume that the operator (1) is a regular operator, i.e. there exists

a constant number C > 0 such that for any ξ ∈ Rn inequality holds

|P (ξ, ξn)| ≥ C

(
M∑
i=1

∣∣∣ξαi∣∣∣+ ξ2m
n

)
. (2)

We also denote by χ = min
i=1,...,In−2

(
|µi|+ 1

2m

)
−
(
|µ1|+ 1

2m

)
1
p
, where

p > 1 is some number.
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In Rn
+ consider the following Dirichlet problem:

P (Dx, Dxn)U = f(x, xn), xn > 0, x ∈ Rn−1, (3)

∂iU

∂xin

∣∣∣∣
xn=0

= 0, i = 0, 1, . . . ,m− 1. (4)

In this paper we study the solvability of problem (3)-(4), namely,

the following theorems will be proved.

Theorem 1. If f ∈ Lp(Rn
+) (1 < p <∞) and has a compact support,

then χ > 1 problem (3)-(4) has a unique solution U from the class

WM
p (Rn

+), and for some constant C > 0 (independent of f) we have the

estimate

‖U‖WM
p (Rn+) ≤ C‖f‖Lp(Rn+). (5)

And when χ ≤ 1 the following theorem holds.

Theorem 2. Let χ ≤ 1 and f ∈ Lp(Rn
+)(1 < p < ∞)

with compact support satis�es the following orthogonality conditions:∫
Rn−1

xsf(x, xn)dx = 0 as |s| = 0, 1, . . . , N − 1, where N is a natural

number, determined from the inequalities χ + Nµi0min > 1 > χ +

(N − 1)µi0min, where µ
i0
min = min

j=1,...,n
µi0j , and i0 is the index for which

min
i=1,...,In−2

|µi| = |µi0|. Then for any such function f problem (3)-(4) has

a unique solution from the class Wm
p (Rn

+), for which the inequality (5)

holds.
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Â äîêëàäå ðå÷ü ïîéä¼ò î ìåòîäå àíàëèòè÷åñêîãî ïðîäîëæåíèÿ

àëãåáðàè÷åñêèõ ôóíêöèé (ìîíîìîâ ðåøåíèé ñèñòåì óðàâíåíèé) ñ ïî-

ìîùüþ ðÿäîâ Ïþèçî è èíòåãðàëîâ Ìåëëèíà�Áàðíñà ãèïåðãåîìåò-

ðè÷åñêîãî òèïà. Â ñëó÷àå îáùåãî àëãåáðàè÷åñêîãî óðàâíåíèÿ ýòîò

ìåòîä îïèñàí â ñòàòüå [1], ãäå ïðèâåä¼í ïîëíûé ñïèñîê ñòåïåííûõ

ðÿäîâ, öåíòðèðîâàííûõ â íóëå, ÿâëÿþùèõñÿ àíàëèòè÷åñêèìè ïðî-

äîëæåíèÿìè âûäåëåííîé âåòâè ðåøåíèÿ óðàâíåíèÿ. Èäåÿ ìåòîäà

ñîñòîèò â òîì, ÷òî êàæäûé øàã íåïîñðåäñòâåííîãî àíàëèòè÷åñêî-

ãî ïðîäîëæåíèÿ ðåàëèçóåòñÿ â ïåðåñå÷åíèè îáëàñòåé

Log−1
10 (D′) ∩ Arg−1(D′′),

ãäå D′ � îáðàç îáëàñòè ñõîäèìîñòè ðÿäà ïðè ëîãàðèôìè÷åñêîì ïðî-

åêòèðîâàíèè, à D
′′
� àðãóìåíòàëüíàÿ ïðîåêöèÿ îáëàñòè ñõîäèìî-

ñòè èíòåãðàëà Ìåëëèíà�Áàðíñà. Åñëè ðÿä ñõîäèòñÿ â ïîëèêðóãå

Log−1(D′), à èíòåãðàë Ìåëëèíà�Áàðíñà, ïðåäñòàâëÿþùèé ìîíîìè-

àëüíóþ ôóíêöèþ êîîðäèíàò ðåøåíèÿ ñèñòåìû, ñõîäèòñÿ â ñåêòîðè-

àëüíîé îáëàñòè Arg−1(D′′), ïðè ýòîì, ïåðåñå÷åíèå ýòèõ îáëàñòåé íå

ïóñòî, òî ñòåïåííîé ðÿä ïðîäîëæàåòñÿ â óêàçàííóþ ñåêòîðèàëüíóþ

îáëàñòü.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðàâèòåëüñòâà ÐÔ äëÿ ïðîâåäå-
íèÿ èññëåäîâàíèé ïîä ðóêîâîäñòâîì âåäóùèõ ó÷åíûõ â Ñèáèðñêîì ôåäåðàëüíîì
óíèâåðñèòåòå (äîãîâîð 14, Y26.31.0006)
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Ðàññìîòðèì ñèñòåìó n òðèíîìèàëüíûõ óðàâíåíèé

yω
(i)

+ xiy
ξ(i) − 1 = 0, i = 1, . . . , n, (1)

îò n íåèçâåñòíûõ y = (y1, . . . , yn), ãäå íàáîðû ïîêàçàòåëåé A(i) :=

{ω(i), ξ(i), 0} ⊂ Zn> ôèêñèðîâàííû, à âñå êîýôôèöèåíòû x :=

(x1, . . . , xn) ïåðåìåííûå. Ïðåäïîëîæèì, ÷òî ìàòðèöà ω, ñîñòàâëåí-

íàÿ èç âåêòîð-ñòîëáöîâ ω(1), . . . , ω(n) íåâûðîæäåíà. Ðàññìîòðèì ìî-

íîì ŷ(x) := y1(x) · . . . · yn(x) êîîðäèíàò âåòâè ðåøåíèÿ ñèñòåìû (1)

y(x) = (y1(x), . . . , yn(x)), âûäåëåííîé óñëîâèåì yi(0) = 1, i =

1, . . . , n. Èññëåäóåì ðàçëîæåíèå ôóíêöèè ŷ(x) â ðÿäû Ïþèçî, öåí-

òðèðîâàííûå â íóëå, ïðåäñòàâëÿþùèå àíàëèòè÷åñêèå ïðîäîëæåíèÿ

ðÿäà Òåéëîðà óêàçàííîé âåòâè ðåøåíèÿ ñèñòåìû (1), ïîëó÷åííîãî

ðàíåå â [2].

Òåîðåìà 1. Äëÿ ëþáîãî íàáîðà èç n ïàð µ(i), ν(i) ∈ A(i) ïîêàçàòå-

ëåé ñèñòåìû (1) ñ óñëîâèåì íåâûðîæäåííîñòè ìàòðèöû

κ =
(
κ(i)
j

)
:=
(
µ

(i)
j − ν

(i)
j

)
ñóùåñòâóåò ðÿä Ïþèçî, ïðåäñòàâëÿþùèé ìîíîìèàëüíóþ ôóíê-

öèþ ŷ(x), íîñèòåëü êîòîðîãî èìååò âèä

S =
{

(m1, . . . ,mn) : mi = −〈γi, k〉 − |κ−1
i |, k ∈ Zn>

}
,

çäåñü γi� i-ÿ ñòðîêà ìàòðèöû Γ := ω−1 ·κ, |κ−1
i | � ñóììà ýëåìåíòîâ

ñòðîêè ñ íîìåðîì i ìàòðèöû κ−1.

Ìåòîä íàõîæäåíèÿ íîñèòåëåé ðÿäîâ Ïþèçî îñíîâàí íà ñâîéñòâå

ïîëèîäíîðîäíîñòè ðåøåíèÿ ñèñòåìû. Èññëåäóåìûå ðÿäû ïðåäñòàâ-

ëÿþò âåòâü ìíîãîçíà÷íîé àëãåáðàè÷åñêîé ôóíêöèè ñ âåòâëåíèåì íà

ìíîæåñòâå íóëåé äèñêðèìèíàíòà ñèñòåìû. Ñëåäîâàòåëüíî, îáðàçó-

þùèå êîíóñîâ íîñèòåëåé ðÿäîâ îïðåäåëÿþò íîðìàëüíûå âåêòîðû ê

ãèïåðãðàíÿì ìíîãîãðàííèêà Íüþòîíà äèñêðèìèíàíòà ñèñòåìû (1).

Ðåçóëüòàòû, ïðåäñòàâëåííûå â äîêëàäå, ïîëó÷åíû ñîâìåñòíî ñ

È.À. Àíòèïîâîé è Â.Ð. Êóëèêîâûì.
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Â äîêëàäå ìû ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ çíà÷åíèé

ìíîãîçíà÷íîé àëãåáðàè÷åñêîé ôóíêöèè ñ ïîìîùüþ ïîëèíîìîâ

Ýðìèòà�Ïàäå 1-ãî ðîäà.

Áîëåå òî÷íî. Ïóñòü R � êîìïàêòíàÿ ðèìàíîâà ïîâåðõíîñòü,

π : R → Ĉ � (m + 1)�ëèñòíîå ãîëîìîðôíîå ðàçâåòâëåííîå íà-

êðûòèå ñôåðû Ðèìàíà Ĉ, m > 1, è Σ � ìíîæåñòâî êðèòè÷åñêèõ

çíà÷åíèé ïðîåêöèè π. Ïóñòü f � ìåðîìîðôíàÿ ôóíêöèÿ íà R è,

ôóíêöèè 1, f, f 2, . . . , fm íåçàâèñèìû íàä ïîëåì ðàöèîíàëüíûõ ôóíê-

öèé C(z). Ïóñòü ◦ � ïðîèçâîëüíàÿ òî÷êà íà R, êîòîðàÿ íå ÿâëÿåò-

ñÿ êðèòè÷åñêîé òî÷êîé ïðîåêöèè π. Áåç ïîòåðè îáùíîñòè ñ÷èòàåì,

÷òî ◦ ∈ π−1(∞), è îáîçíà÷èì ∞∞∞(0) := ◦. Ïðåäïîëîæèì, ÷òî íàì

èçâåñòåí ðîñòîê ôóíêöèè f â òî÷êå ∞∞∞(0). Òî÷íåå, ïðåäïîëîæèì,

÷òî ìû çíàåì òåéëîðîâñêîå ðàçëîæåíèå â îêðåñòíîñòè ∞ ðîñòêà

f∞(z) := f(π−1
0 (z)), ãäå π0 � áèãîëîìîðôíîå îãðàíè÷åíèå π íà

îêðåñòíîñòü òî÷êè∞∞∞(0).

Íàøà öåëü âîññòàíîâèòü çíà÷åíèÿ èñõîäíîé ôóíêöèè f ïî ðîñò-

êó f∞ êàê ìîæíî â áîëüøåé îáëàñòè íà R. Äëÿ óäîáñòâà ïðåäïîëî-



46 Òåçèñû äîêëàäîâ

æèì, ÷òî ðîñòîê f∞(z) ãîëîìîðôåí â ∞ è ∞ /∈ Σ. Îïðåäåëèì ïî-

ëèíîìû Ýðìèòà�Ïàäå 1-ãî ðîäà Qn,0, . . . , Qn,m ïîðÿäêà n ∈ N äëÿ

íàáîðà ðîñòêîâ [1, f∞, . . . , f
m
∞] â òî÷êå ∞ ∈ Ĉ ñëåäóþùèì îáðàçîì:

degQn,j 6 n, j = 0, . . . ,m, ïî êðàéíåé ìåðå îäèí èç Qn,j 6≡ 0 è â∞
âûïîëíåíî ñëåäóþùåå àñèìïòîòè÷åñêîå ñîîòíîøåíèå:

Qn,0(z) +
m∑
j=1

f j∞(z)Qn,j(z) = O

(
1

zm(n+1)

)
ïðè z →∞.

Ñëåäóÿ Íàòòîëëó (ñì. [1]), îïðåäåëèì ðàçáèåíèå ðèìàíîâîé ïî-

âåðõíîñòè R íà ëèñòû. Ðàññìîòðèì íà R ôóíêöèþ u(z) � ãàðìî-

íè÷åñêóþ â R \ π−1(∞) è èìåþùóþ â òî÷êàõ ìíîæåñòâà π−1(∞)

ëîãàðèôìè÷åñêèå îñîáåííîñòè ñëåäóþùåãî âèäà:

u(z) = −m log |z|+O(1), z→∞∞∞(0),

u(z) = log |z|+O(1), z→ π−1(∞) \∞∞∞(0),

ãäå z = π(z). Äëÿ òî÷êè îáùåãî ïîëîæåíèÿ z ∈ Ĉ \ (Σ ∪ ∞) åå

ïðîîáðàç π−1(z) ñîñòîèò èç m+ 1 ðàçëè÷íûõ òî÷åê íà ðèìàíîâîé

ïîâåðõíîñòèR. Ïóñòü u0(z), . . . , um(z) � çíà÷åíèÿ ôóíêöèè u â ýòèõ

òî÷êàõ, óïîðÿäî÷åííûå ïî íåóáûâàíèþ:

u0(z) 6 u1(z) 6 · · · 6 um−1(z) 6 um(z). (1)

Åñëè j-å è (j1)-å íåðàâåíñòâà â (1) ñòðîãèå, ìû âêëþ÷àåì âî ìíîæå-

ñòâî R(j) (j-é ëèñò ïîâåðõíîñòè R) òî÷êó z(j) ∈ π−1(z) òàêóþ, ÷òî

u(z(j)) = uj(z). (Â ïðîòèâíîì ñëó÷àå, íè îäíà òî÷êà èç ìíîæåñòâà

π−1(z) â R(j) íå âêëþ÷àåòñÿ.) ×åðåç Fj, j = 1, . . . ,m, îáîçíà÷èì

ìíîæåñòâî òåõ òî÷åê z, â êîòîðûõ j-å íåðàâåíñòâî â (1) îáðàùàåòñÿ

â ðàâåíñòâî.

Òåîðåìà. Ïóñòü wn,1(z), wn,2(z), . . . , wn,m(z) � m ðåøåíèé àë-

ãåáðàè÷åñêîãî óðàâíåíèÿ

wm +
Qn,m−1(z)

Qn,m(z)
wm−1 + · · ·+ Qn,1(z)

Qn,m(z)
w +

Qn,0(z)

Qn,m(z)
= 0. (2)



VII Ðîññèéñêî-Àðìÿíñêîå Ñîâåùàíèå ïî ìàò. ôèçèêå, êîìïëåêñíîìó àíàëèçó è ñìåæíûì âîïðîñàì 47

Òîãäà äëÿ ëþáîãî êîìïàêòà K ∈ C \ Fm èìååì

{wn,1(z), wn,2(z), . . . , wn,m(z)} cap−−→ {f(z(0)), f(z(1)), . . . , f(z(m−1))}, z ∈ K.

Ñèìâîë
cap−−→ îçíà÷àåò ñõîäèìîñòü ïî (ëîãàðèôìè÷åñêîé) åìêîñòè.

Òàêèì îáðàçîì ñ ïîìîùüþ ðåøåíèé óðàâíåíèé (2) ìû àñèìïòî-

òè÷åñêè âîññòàíàâëèâàåì çíà÷åíèÿ ôóíêöèè f íà ïåðâûõ m ëèñòàõ

ðàçáèåíèÿ Íàòòîëëà ïîâåðõíîñòè R (òî åñòü íà âñåõ ëèñòàõ êðîìå

ïîñëåäíåãî) âíå ïðîîáðàçà êîìïàêòà Fm.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ð. Â. Ïàëüâåëåâûì, Ñ.

Ï. Ñóåòèíûì è Å. Ì. ×èðêîé [2].
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íåíèÿ âèäà

yn + x1y
n−1 + . . .+ xn−1y − 1 = 0.
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Ýòîò èíòåãðàë èìååò íåïóñòóþ îáëàñòü ñõîäèìîñòè, îíà îïðåäå-

ëÿåòñÿ óñëîâèÿìè íà àðãóìåíòû θj = Arg xj. Ïîëíàÿ îáëàñòü ñõî-

äèìîñòè òàêîãî èíòåãðàëà áûëà ïîëó÷åíà ñðàâíèòåëüíî íåäàâíî â

ñòàòüå È.À. Àíòèïîâîé [3].

Â íàñòîÿùåé ñòàòüå ðå÷ü èäåò îá àíàëîãè÷íûõ èññëåäîâàíèÿõ â

ìíîãîìåðíîé ñèòóàöèè. Ðàññìîòðèì ñèñòåìó àëãåáðàè÷åñêèõ óðàâ-

íåíèé âèäà

yω
(j)

+
∑
λ∈Λ(j)

x
(j)
λ yλ − 1 = 0, j = 1, . . . , n, (1)

ãäå Λ(j) ⊂ Zn, à ω = (ω(1)| . . . |ω(n)) � íåâûðîæäåííàÿ n × n-

ìàòðèöà. Òàêæå ââåäåì îáîçíà÷åíèå Λ :=
n⊔
j=1

Λ(j) äëÿ äèçúþíêòíîé

ñóììû ìíîæåñòâ Λ(j). Ìîùíîñòü ìíîæåñòâà Λ îáîçíà÷èì N . Ìíî-

æåñòâî êîýôôèöèåíòîâ ñèñòåìû (1) ïðîáåãàåò âåêòîðíîå ïðîñòðàí-

ñòâî Cλ ∼= CN
x , â êîòîðîì êîîðäèíàòû òî÷åê x = (xλ) èíäåêñèðóþòñÿ

ýëåìåíòàìè λ ∈ Λ. Ãðóïïó êîîðäèíàò, ñîîòâåòñòâóþùóþ èíäåêñàì

λ ∈ Λ(i) ìû âûäåëÿåì çàïèñüþ x
(i)
λ , ïðè ýòîì îòîæäåñòâëÿÿ CΛ ñ

ïðîñòðàíñòâîì CΛ(1) × . . .× CΛ(n)
.

Ìíîæåñòâî Λ òàêæå áóäåì òðàêòîâàòü êàê ìàòðèöó

Λ =
(
Λ(1), . . . ,Λ(n)

)
=
(
λ1, . . . , λN

)
,

ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ âåêòîðû λk =
(
λk1, . . . , λ

k
n

)
èç ïîêà-

çàòåëåé ìîíîìîâ ñèñòåìû (1). Çäåñü èìååòñÿ ââèäó, ÷òî áëîê Λ(i)

ìàòðèöû Λ ñîîòâåòñâòóåò i-ìó óðàâíåíèþ ñèñòåìû (1), à íóìåðà-

öèÿ ñòîëáöîâ λk âíóòðè êàæäîãî èç áëîêîâ Λ(i) ïðîèçâîëüíàÿ, íî

ôèêñèðîâàííàÿ. Òàêæå, îáîçíà÷èì Λ(j) = (Λ(j)|ω(j)).

Íàñ áóäåò èíòåðåñîâàòü âåòâü ðåøåíèÿ y(x) = (y1(x), . . . , yn(x))

ñèñòåìû (1) ñ óñëîâèåì y(0) = (1, . . . , 1) , êîòîðóþ íàçîâåì ãëàâíûì

ðåøåíèåì. Ñëåäóÿ ðàáîòàì [2], [4], ìîíîìó yµ = yµ1

1 . . . yµnn ãëàâíîãî

ðåøåíèÿ y = y(x) äàííîé ñèñòåìû ïîñòàâèì â ñîîòâåòñòâèå èíòå-
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ãðàë Ìåëëèíà-Áàðíñà:

yµ → 1

(2πi)N

∫
γ+iRN

Γ(u)Γ(ω−1µ− ω−1Λu)

Γ(ω−1µ− ω−1Λu+ χu+ I)
Q(u)x−udu, (2)

çäåñü u = (u1, . . . , uN) � N -âåêòîð, à Γ(u) = Γ(u1) · . . . · Γ(uN), à

Q(u) � ìíîãî÷ëåí âûðàæàåìûé îïðåäåëèòåëåì.

Èíòåãðàë (2) ïîëó÷àåòñÿ ôîðìàëüíûì âû÷èñëåíèåì ïðåîáðà-

çîâàíèÿ Ìåëëèíà äëÿ yµ(x) ñ ïîìîùüþ ëèíåàðèçèðóþùåé çàìåíû

ïåðåìåííûõ.

Òåîðåìà 1. Èíòåãðàë (2) èìååò íåïóñòóþ îáëàñòü ñõîäèìîñòè

òîãäà è òîëüêî òîãäà, êîãäà âñå îïðåäåëèòåëè (λ(1)| . . . |λ(n)), ãäå

λ(j) ∈ Λ(j), èìåþò îäèí è òîò æå çíàê.

Â äîêàçàòåëüñòâå ñôîðìóëèðîâàííîé òåîðåìû èñïîëüçóåòñÿ ðå-

çóëüòàò Ë. Íèëüñîí, Ì. Ïàññàðå è À.Ê. Öèõà (ñì. [5, ðàçäåë 4.4.1]) î

ìíîæåñòâå ñõîäèìîñòè èíòåãðàëà Ìåëëèíà-Áàðíñà. Êðîìå òîãî âàæ-

íóþ ðîëü â äîêàçàòåëüñòâå èãðàåò òåîðåìà î ðàçáèåíèè ïðîñòðàíñòâà

Rn íà ìíîãîãðàííûå óãëû [6, ñ. 134].
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Î íåêîòîðûõ îáîáùåíèÿõ ôîðìóëû Ïëàíà

Â. È. Êóçîâàòîâ

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò

E-mail: kuzovatov@yandex.ru

Êëàññè÷åñêàÿ ôîðìóëà Ïëàíà [1] âûðàæàåò ñóììó çíà÷åíèé â

öåëûõ òî÷êàõ ãîëîìîðôíîé è îãðàíè÷åííîé (äëÿ âñåõ çíà÷åíèé z,

äëÿ êîòîðûõ x1 ≤ Re z ≤ x2, x1, x2 � öåëûå ÷èñëà) ôóíêöèè ϕ (z)

÷åðåç íåêîòîðûå èíòåãðàëû:

1

2
ϕ (x1) + ϕ (x1 + 1) + ϕ (x1 + 2) + . . .+ ϕ (x2 − 1) +

1

2
ϕ (x2) =

=

x2∫
x1

ϕ (z) dz+
1

i

∞∫
0

ϕ (x2 + iy)− ϕ (x2 − iy) + ϕ (x1 − iy)− ϕ (x1 + iy)

e2πy − 1
dy.

Äàííàÿ ôîðìóëà èìååò ñóùåñòâåííîå çíà÷åíèå ïðè íàõîæäåíèè

ôóíêöèîíàëüíîãî ñîîòíîøåíèÿ [2] äëÿ êëàññè÷åñêîé äçåòà-ôóíêöèè

Ðèìàíà.

Â ðàáîòå ïîëó÷åíî [3] íåêîòîðîå îáîáùåíèå ïðèâåäåííîé êëàñ-

ñè÷åñêîé ôîðìóëû Ïëàíà. Äîêàçàííîå îáîáùåíèå ôîðìóëû Ïëàíà

ìîæåò áûòü èñïîëüçîâàíî ïðè ïîëó÷åíèè ôóíêöèîíàëüíîãî ñîîòíî-

øåíèÿ äëÿ äçåòà-ôóíêöèè êîðíåé íåêîòîðîãî êëàññà öåëûõ ôóíêöèé

[4].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîí-

äà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (êîä ïðîåêòà 18-31-00019).
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Ïðîäîëæèìîñòü êðàòíûõ ñòåïåííûõ ðÿäîâ â
ñåêòîðèàëüíóþ îáëàñòü

À. Ä. Ìêðò÷ÿí

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò

E-mail: alex0708@bk.ru

Äëÿ êðàòíîãî ñòåïåííîãî ðÿäà ñ öåíòðîì â íà÷àëå êîîðäèíàò

ðàññìàòðèâàåòñÿ âîïðîñ î åãî àíàëèòè÷åñêîé ïðîäîëæèìîñòè â ñåê-

òîðèàëüíóþ îáëàñòü. Óñëîâèå ïðîäîëæèìîñòè ôîðìóëèðóåòñÿ â òåð-

ìèíàõ ñâîéñòâ ìåðîìîðôíîé ôóíêöèè, èíòåðïîëèðóþùåé êîýôôè-

öèåíòû ðÿäà. Äëÿ ðÿäîâ îäíîãî ïåðåìåííîãî óêàçàííûé âîïðîñ èñ-

ñëåäîâàëñÿ â ñòàòüÿõ Å. Ëèíäåëåôà, Í. Àðàêåëÿíà è äð.

Ðàññìîòðèì n-êðàòíûé ñòåïåííîé ðÿä

f(z) =
∑
k∈Nn

fkz
k, (1)

ãäå zk = zk1
1 ...z

kn
n . Ìû ãîâîðèì, ÷òî ôóíêöèÿ ϕ(ζ) èíòåðïîëèðóåò

êîýôôèöèåíòû ñòåïåííîãî ðÿäà ((1)), åñëè

ϕ(k) = fk äëÿ âñåõ k ∈ Nn ⊂ Cn.
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Êîìïëåêñíûå ïåðåìåííûå ζj çàïèøåì â âèäå ζj = ξjiηj, òàêèì

îáðàçîì ξ − ýòî âåêòîðû âåùåñòâåííîãî ïîäïðîñòðàíñòâà â Cn, à

η − âåêòîðû ìíèìîãî ïîäïðîñòðàíñòâà.

Ìû ïðåäïîëàãàåì, ÷òî íà ìíèìîì ïîäïðîñòðàíñòâå èíòåðïîëèðóþ-

ùàÿ ôóíêöèÿ ϕ äîïóñêàåò îöåíêó |ϕ(iη)| ≤ g̃(η) ñ êóñî÷íî-àôèííîé

ôóíêöèåé

g̃(η) =

p∑
m=1

εm|a1
mη1 + ...+ anmηn + a0

m|. (2)

Âìåñòå ñ íåé ðàññìîòðèì êóñî÷íî-ëèíåéíóþ ôóíêöèþ

g(η) =

p∑
m=1

εm|a1
mη1 + ...+ anmηn|+ π

n∑
k=1

(ηk − |ηk|), εm = ±1 (3)

êîòîðàÿ èìååò èçëîìû (òî÷êè íåëèíåéíîñòè) íà ìíîæåñòâå ãèïåð-

ïëîñêîñòåé

a1
mη1 + ...+ anmηn = 0, m = 1, ..., p è ηk = 0, k = 1, ..., n.

Ýòè ãèïåðïëîñêîñòè ðàçáèâàþò Rn íà êîíóñû, êîòîðûå îïðåäåëÿþò

âååð. Îáîçíà÷èì ±µ1, ...,±µd - îäíîìåðíûå îáðàçóþùèå ýòîãî âåå-
ðà. Ñ ïîìîùüþ èõ îïðåäåëÿåòñÿ äâîéñòâåííûé ê âååðó ìíîãîãðàííèê

P = {α ∈ Rn : (±µν , α) ≥ g(±µν)}, ν = 1, ..., d.

Òåîðåìà. Ïóñòü èíòåðïîëèðóþùàÿ ôóíêöèÿ ϕ(ζ), ãîëîìîðôíàÿ â

(−δ + R+)n + iRn, óäîâëåòâîðÿåò óñëîâèÿì

1) log |ϕ(reiθ)| ≤

≤
n∑
j=1

((π − δ)| sin θj|+ b cos θj) rj + C â Rn
≥0 + iRn; äëÿ b ∈ R+;

2) log |ϕ(ξ + iη)| ≤ g̃(η) â ζ ∈ [−δ, 0]n + iRn.

Òîãäà ñóììà ðÿäà àíàëèòè÷åñêè ïðîäîëæàåòñÿ â ñåêòîðèàëüíóþ îá-

ëàñòü Arg−1(P o), ãäå P o− âíóòðåííîñòü ìíîãîãðàííèêà P .
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Î ïîñòðîåíèè îáùåãî ðåøåíèÿ ëèíåéíîé ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé

Ì. Ã. Ìóðàäÿí

Àðìÿíñêèé ãîñóäàðñòâåííûé ýêîíîìè÷åñêèé óíèâåðñèòåò

E-mail: maxim_muradyan@yahoo.com

Ïóñòü ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé ëèíåéíîé ñèñòåìû ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè ñîñòîèò èçm ðåøåíèé, ñòðåìÿùèõñÿ

ê íóëþ â ∞ è k ðåøåíèé � íåîãðàíè÷åííûõ â ∞. Òàêóþ ñèñòåìó

óäîáíî çàïèñûâàòü â ôîðìå

dx

dτ
= Ax+By

−dy
dτ

= Cx+Dy ,

(1)

ãäå A, B, C, D � ìàòðèöû ðàçìåðíîñòè m×n, m×k, k×m è k×k
ñîîòâåòñòâåííî. x(τ) è y(τ) m-ìåðíûå è k-ìåðíûå âåêòîð-ôóíêöèè

ñîîòâåòñòâåííî.

Èç-çà íåóñòîé÷èâîñòè, ïîñòðîåíèå îáùåãî ðåøåíèÿ ñèñòåìû (1)

ñîïðÿæåíî èçâåñòíûìè òðóäíîñòÿìè. Â äîêëàäå ïðåäëàãàåòñÿ ñïîñîá

ïðåîäîëåíèÿ ýòèõ òðóäíîñòåé.

Íàðÿäó ñ (1) ðàññìàòðèâàåòñÿ ìàòðè÷íàÿ ñèñòåìà

dX

dτ
= AX +BY

−dY
dτ

= CX +DY ,

(2)

îòíîñèòåëüíî ìàòðèö-ôóíêöèé X è Y , ðàçìåðíîñòè m×m è k×m
ñîîòâåòñòâåííî. Ñëåäóþùèå äâå çàäà÷è äëÿ óðàâíåíèÿ (2) îäíîçíà÷-

íî ðàçðåøèìû.

Çàäà÷à a. Óðàâíåíèå (2) ðàññìàòðèâàåòñÿ íà ïîëóîñè [0;∞], ê íåìó

ïðîñîåäåíåíû óñëîâèÿ X(0) = I (I � åäèíè÷íàÿ ìàòðèöà), Y (τ)→
0, ïðè τ →∞.
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Çàäà÷à b. Óðàâíåíèå (2) ðàññìàòðèâàåòñÿ íà (−∞; r], r > 0, ê

íåìó ïðîñîåäåíåíû óñëîâèÿ Y (r) = I, X(τ)→ 0, ïðè τ → −∞.

Ïóñòü X+(τ), Y +(τ) � ðåøåíèå çàäà÷è a, à X−(τ), Y −(τ) �

ðåøåíèå çàäà÷è b. Ñ çàäà÷aìè a è b òåñíî ñâÿçàíû ñëåäóþùèå ìàò-

ðè÷íûå óðàâíåíèÿ îòíîñèòåëüíî ìàòðèöû ρ:

ρA+Dρ+ ρBρ+ C = 0, (3)

Aρ+ ρD + ρCρ+B = 0. (4)

Ëåììà 1. Ìàòðè÷íîå óðàâíåíèå (3) èìååò òàêîå ðåøåíèå ρ+ (ðàç-

ìåðíîñòè k ×m), ÷òî X+(τ) îïðåäåëÿåòñÿ èç çàäà÷è Êîøè

dX

dτ
= (A+Bρ+)X, X(0) = I, (5)

ïðè÷åì X+(τ)→ 0, ïðè τ →∞.

Ëåììà 2. Ìàòðè÷íîå óðàâíåíèå (4) èìååò òàêîå ðåøåíèå ρ− (ðàç-

ìåðíîñòè m× k), ÷òî Y −(τ) îïðåäåëÿåòñÿ èç çàäà÷è Êîøè

−dY
dτ

= (D + Cρ−)Y, Y (r) = I, (6)

ïðè÷åì Y −(τ)→ 0, ïðè τ → −∞.

Òåîðåìà. Îáùåå ðåøåíèå ñèñòåìû (1) íà ïðîìåæóòêå [0; r] ïðåä-

ñòàâëÿåòñÿ â âèäå

x(τ) = X+(τ)u+ ρ−Y −(τ)v,

y(τ) = ρ+X+(τ)u+ Y −(τ)v,
(7)

ãäå u è v ïðîèçâîëüíûå âåêòîðû ðàçìåðíîñòè m è k ñîîòâåòñòâåííî.

Íà îñíîâàíèè ñêàçàííîãî ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèé

ñïîñîá ïîñòðîåíèÿ îáùåãî ðåøåíèÿ ñèñòåìû (1).

1) Èç ìàòðè÷íûõ óðàâíåíèé (3) è (4) îïðåäåëÿþòñÿ ìàòðèöû ρ+

è ρ−;
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2) Èç óñòîé÷èâûõ çàäà÷ Êîøè (5) è (6) îïðåäåëÿþòñÿ ìàòðèöû

ôóíêöèè X+(τ) è Y −(τ) ñîîòâåòñòâåííî;

3) Ïî ôîðìóëàì (7) îïðåäåëÿåòñÿ îáùåå ðåøåíèå íà ïðîìåæóòêå

[0; r].

Îäíèì èç ïðåèìóùåñòâ ïðåäëîæåííîãî ìåòîäà ÿâëÿåòñÿ ìàëàÿ ðàç-

ìåðíîñòü ìàòðè÷íûõ çàäà÷. Îäíàêî åãî îñíîâíûì äîñòîèíñòâîì

ÿâëåòñÿ óñòîé÷èâîñòü çàäà÷ (5) è (6).

Îòìåòèì, ÷òî ôîðìóëû (7) î÷åíü óäîáíû äëÿ ðåøåíèÿ ðàçëè÷-

íûõ êðàåâûõ çàäà÷ äëÿ ñèñòåìû (1).

Ïîä îïèñàííóþ ñèñòåìó óêëàäûâàþòñÿ ãàìèëüòîíîâû (êàíîíè-

÷åñêèå) ñèñòåìû, åñëè ôóíêöèÿ Ãàìèëüòîíà åñòü âåùåñòâåííàÿ êâàä-

ðàòè÷íàÿ ôîðìà ïåðåìåííûõ x1, x2, . . . , xm è y1, y2, . . . , ym.

Óðàâíåíèåì (1) ìîäåëèðóåòñÿ òàêæå ñòàöèîíàðíàÿ çàäà÷à êî-

ãåðåíòíîãî ðàññåÿíèÿ â îäíîðîäíîì ïëîñêîì ñëîå. Â ýòîì ñëó÷àå

óðàâíåíèå (3) ïðåäñòàâëÿåò ñîáîé àíàëîã èçâåñòíîãî óðàâíåíèÿ Àì-

áàðöóìÿíà äëÿ ïîëóáåñêîíå÷íîé ñðåäû è ìàòðèöà ρ+ ÿâëÿåòñÿ ïðå-

äåëîì âîçðàñòàþùèõ èòåðàöèé.
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Ôîðìóëû Âàðèíãà äëÿ îäíîãî âèäà ñèñòåì
àëãåáðàè÷åñêèõ óðàâíåíèé

Å. Ê. Ìûøêèíà

Èíñòèòóò ìàòåìàòèêè è ôóíäàìåíòàëüíîé èíôîðìàòèêè ÑÔÓ
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Ðàññìîòðèì ñèñòåìó n óðàâíåíèé îò n íåèçâåñòíûõ

f1(z) = · · · = fn(z) = 0.

Ëåâàÿ ÷àñòü êàæäîãî óðàâíåíèÿ ñèñòåìû � ãîëîìîðôíàÿ â îêðåñò-

íîñòè íà÷àëà êîîðäèíàò ôóíêöèÿ. Ðàçëîæèì ôóíêöèè fj(z) â ðÿä

Òåéëîðà ñ öåíòðîì â íà÷àëå êîîðäèíàò

fj(z) = Pj(z) +Qj(z), j = 1, . . . , n, (1)

ãäå Pj(z) � ìëàäøàÿ îäíîðîäíàÿ ÷àñòü ñòåïåíè mj. Áóäåì ïðåäïî-

ëàãàòü, ÷òî ñèñòåìà ìíîãî÷ëåíîâ

P1, . . . , Pn (2)

íåâûðîæäåíà, òî åñòü åå îáùèì íóëåì ÿâëÿåòñÿ òîëüêî íà÷àëî êî-

îðäèíàò. Òîãäà èçâåñòíî, ÷òî äëÿ ïî÷òè âñåõ ìàëûõ r = (r1, . . . , rn),

rj > 0, j = 1, . . . , n ìíîæåñòâî

ΓP (r) = {z : |Pj(z)| = rj, j = 1, . . . , n}

ÿâëÿåòñÿ ãëàäêèì êîìïàêòíûì öèêëîì ðàçìåðíîñòè n.

Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ íà ñèñòåìó ìíîãî÷ëå-

íîâ ((2)) ìíîæåñòâî ΓP (r) íå ïåðåñåêàåò êîîðäèíàòíûå ïëîñêîñòè,

è îïðåäåëåí âû÷åòíûé èíòåãðàë

Jγ =
1

(2πi)n

∫
ΓP (r)

1

zγ+I

df1

f1

∧ df2

f2

∧ . . . ∧ dfn
fn
.

Òåîðåìà [2, Òåîðåìà 1].

Jγ =
1

(2πi)n

∑
‖α‖6‖γ‖+n

(−1)‖α‖
∫

ΓP

[
∆ ·Qα · dz
zγ+I · Pα+I

]
,
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ãäå ∆ � ÿêîáèàí ñèñòåìû ( (1)).

Ðàññìîòðèì òåïåðü àëãåáðàè÷åñêèé ñëó÷àé: êîãäà âñå ôóíêöèè

fj ÿâëÿþòñÿ ìíîãî÷ëåíàìè. Ñëåäóÿ ñòðàòåãèè ñòàòüè [1], ìû íà-

ëîæèì ðÿä îãðàíè÷åíèé íà ìíîãî÷ëåíû P è Q: 1) ñèñòåìà ((2))

íå èìååò îáùèõ áåñêîíå÷íî óäàëåííûõ êîðíåé â êîìïàêòèôèêàöèè

êîìïëåêñíîãî ïðîñòðàíñòâà Cn; 2) âåðíû íåðàâåíñòâà

degzj Pj < degzj Qj, degzk Pj > degzk Qj =: skj ïðè k 6= j.

Ñäåëàåì âî âñåõ ôóíêöèÿõ fj(z) çàìåíó zi =
1

wi
, i = 1, . . . , n,

ïðåäïîëàãàÿ, ÷òî âñå wi 6= 0. Ïîëó÷èì

fj

(
1

w1

, . . . ,
1

wn

)
=

1

w
m1
j

1 · · ·w
sjj
j · · ·w

mnj
n

·
(
P̃j(w) + Q̃j(w)

)
=

=
1

w
m1
j

1 · · ·w
sjj
j · · ·w

mnj
n

· f̃j(w).

Áóäåì òàêæå ñ÷èòàòü, ÷òî ñèñòåìà ìíîãî÷ëåíîâ

P̃1, . . . , P̃n (3)

íåâûðîæäåíà (äîñòàòî÷íîå óñëîâèå ýòîãî ôàêòà � Ëåììà 4 [2]). Ïðè

ñäåëàííûõ îãðàíè÷åíèÿõ èñõîäíàÿ ñèñòåìà èìååò êîíå÷íîå ÷èñëî

êîðíåé ([2, Òåîðåìà 2]), è èõ ñòåïåííàÿ ñóììà ñ îòðèöàòåëüíûìè ïî-

êàçàòåëÿìè ïðåäñòàâëÿåòñÿ âû÷åòíûì èíòåãðàëîì, êîòîðûé â ñâîþ

î÷åðåäü âûðàæàåòñÿ ÷åðåç êîýôôèöèåíòû èñõîäíîé ñèñòåìû. Òàêèì

îáðàçîì, âåðíà òåîðåìà.

Òåîðåìà [2, Òåîðåìà 6].

p∑
j=1

1

zγ1+1
j1 · zγ2+1

j2 · · · zγn+1
jn

=

=
∑

‖K‖6‖γ‖+n

(−1)‖K‖+n
n∏
s=1

(
n∑
j=1

ksj

)
!

n∏
s,j=1

(ksj)!
M


wγ+I · ∆̃ · detA ·Qα

n∏
s,j=1

a
ksj
sj

n∏
j=1

w
βjNj+βj+Nj
j

 ,
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ãäå p � ÷èñëî êîðíåé èñõîäíîé ñèñòåìû, íå ëåæàùèõ íà êîîðäè-

íàòíûõ ïëîñêîñòÿõ, K ïðîáåãàåò ìíîæåñòâî öåëî÷èñëåííûõ ìàòðèö

ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè ksj, ‖K‖ =
n∑

s,j=1

ksj, ∆̃ � ÿêîáè-

àí ñèñòåìû ( (3)), A � ïîëèíîìèàëüíàÿ ìàòðèöà èç ýëåìåíòîâ ajk
ïðåäñòàâëåíèÿ

w
Nj+1
j =

n∑
k=1

ajkfk, j = 1, . . . , n,

αj =
n∑
s=1

ksj, βs =
n∑
j=1

kjs, à ôóíêöèîíàë M ñîïîñòàâëÿåò ìíîãî÷ëåíó

Ëîðàíà åãî ñâîáîäíûé ÷ëåí.

Ïîñëåäíÿÿ ôîðìóëà ÿâëÿåòñÿ ìíîãîìåðíûì àíàëîãîì ôîðìóëû

Âàðèíãà äëÿ àëãåáðàè÷åñêèõ ñèñòåì óðàâíåíèé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò

18-31-00019).
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Î âçàèìîñâÿçè ýíåðãèÿ-âåðîÿòíîñòü â ìîäåëÿõ
êëàññè÷åñêîé ñòàòèñòè÷åñêîé ôèçèêè

Á. Ñ. Íàõàïåòÿí

Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÐÀ

E-mail: nahapet@instmath.sci.am

Â äîêëàäå èçëàãàåòñÿ íîâàÿ òî÷êà çðåíèÿ íà ìàòåìàòè÷åñêèå

îñíîâû ñòàòèñòè÷åñêîé ìåõàíèêè áåñêîíå÷íûõ ñèñòåì. Â êà÷åñòâå

áàçîâîãî ââîäèòñÿ ïîíÿòèå ôóíêöèè ýíåðãèè ïåðåõîäà ôèçè÷åñêîé

ñèñòåìû èç îäíîãî ñîñòîÿíèÿ â äðóãîå. Ýòà ôóíêöèÿ, â îòëè÷èå îò

ãàìèëüòîíèàíà, èìååò ÿñíûé ôèçè÷åñêèé ñìûñë è îïèñûâàåòñÿ ñâî-

èìè âíóòðåííèìè, ôèçè÷åñêè îáîñíîâàííûìè ñâîéñòâàìè. Ïðèâîäè-

ìàÿ â äîêëàäå àðãóìåíòàöèÿ íàïðÿìóþ ñâÿçàíà ñ ðåøåíèåì ïðîáëå-

ìû Äîáðóøèíà çàäàíèÿ ñïåöèôèêàöèé ñîãëàñîâàííûìè ñèñòåìàìè

îäíîòî÷å÷íûõ ðàñïðåäåëåíèé ñ áåñêîíå÷íûìè ãðàíè÷íûìè óñëîâè-

ÿìè. Ïðåäëàãàåìûé ïîäõîä ïîçâîëèë äàòü â îáùåé ôîðìå ñòðîãîå

ìàòåìàòè÷åñêîå îïðåäåëåíèå ãàìèëüòîíèàíà è íà ýòîé îñíîâå îáîñ-

íîâàòü ôîðìóëó Ãèááñà, ñâÿçûâàþùóþ ïîòåíöèàëüíóþ ýíåðãèþ ñî-

ñòîÿíèÿ ôèçè÷åñêîé ñèñòåìû ñ âåðîÿòíîñòüþ íàõîæäåíèÿ å¼ â ýòîì

ñîñòîÿíèè. Êðîìå òîãî, äàííûé ïîäõîä ïîçâîëÿåò èçëîæèòü îñíî-

âû òåîðèè ãèááñîâñêèõ ñëó÷àéíûõ ïîëåé áåç ïðèâëå÷åíèÿ ïîíÿòèÿ

ïîòåíöèàëà, ÷òî îòêðûâàåò âîçìîæíîñòü íàïðÿìóþ ïðèìåíÿòü âå-

ðîÿòíîñòíûå ìåòîäû êî ìíîãèì çàäà÷àì ñòàòèñòè÷åñêîé ôèçèêè.

Ðàáîòà âûïîëíåíà ñîâìåñòíî ñ Ñ. Äàøÿíîì, Óíèâåðñèòåò Ëèë-

ëÿ, Ôðàíöèÿ.
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Stochastic Tomography of convex bodies in Rn

V. K. Ohanyan

Yerevan State University

E-mail: victoohanyan@ysu.am

Let Rn (n ≥ 2) be the n-dimensional Euclidean space, D ⊂ Rn be

a bounded convex body with inner points, and Vn be the n-dimensional

Lebesgue measure in Rn.

Let Sn−1 denote the (n−1)-dimensional sphere of radius 1 centered

at the origin in Rn. We consider a random line which is parallel

to u ∈ Sn−1 and intersects D, that is, an element from the set:

Ω1(u) = {lines which are parallel to u and intersect D}. Let Πru⊥D

be the orthogonal projection of D onto the hyperplane u⊥ (here u⊥

stands for the hyperplane with normal u, passing through the origin).

A random line which is parallel to u and intersects D has an

intersection point (denoted by x) with Πru⊥D. We can identify the

points of Πru⊥D and the lines which intersect D and are parallel to

u, meaning that we can identify the sets Ω1(u) and Πru⊥D. Assuming

that the intersection point x is uniformly distributed over the convex

body Πru⊥D, we can de�ne the following distribution function.

De�nition 1. The function

F (u, t) =
Vn−1{x ∈ Πru⊥D : V1(g(u, x) ∩D) < t)}

bD(u)

is called orientation-dependent chord length distribution function of D

in direction u at point t ∈ R1, where g(u, x) is the line which is parallel

to u and intersects Πru⊥D at point x and bD(u) = Vn−1(Πru⊥D).

De�nition 2. The function

C(D, h) = Vn(D ∩ (D + h)), h ∈ Rn,

is called the covariogram of the body D. Here D+h = {x+h, x ∈ D}.
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Observe that each vector h ∈ Rn can be represented in the form

h = (u, t), where u is the direction of h, and t is the length of h.

The problem of �nding the measure of the segments of a constant

length that are contained in D has no simple solution and depends

on the shape of D. Note that explicit forms for orientation-dependent

chord length distribution function F (u, t) for triangles, ellipses, regular

polygons and parallelograms were obtained in the paper [1].

Denote by P(L(u, ω) ⊂ D) probability, that random segment

L(u, ω) (of �xed length l and direction u) entirely lying in body D.

Proposition 1. (see [2]). Probability P(L(u, ω) ⊂ D) in terms of

distribution function F (u, z) has the following form:

P(L(u, ω) ⊂ D) =
Vn(D)− l bD(u) + bD(u))

∫ l
0
F (u, z) dz

Vn(D) + l bD(u)
,

while in the terms of the covarigramm of body D has the form:

P(L(u, ω) ⊂ D) =
C(D,u, l)

Vn(D) + l bD(u)
,
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Àáåëåâû ìîäåëè Õèããñà íà êîìïàêòíûõ
ðèìàíîâûõ ïîâåðõíîñòÿõ

Ð. Â. Ïàëüâåëåâ

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â. À. Ñòåêëîâà ÐÀÍ

E-mail: palvelev@mi.ras.ru

Ïóñòü X � êîìïàêòíàÿ ðèìàíîâà ïîâåðõíîñòü, L → X � êîì-

ïëåêñíîå ëèíåéíîå (ò.å. îäíîìåðíîå) ðàññëîåíèå íàä X. Ïðåäïî-

ëîæèì, ÷òî íà X çàäàíà ìåòðèêà g, ñîãëàñîâàííàÿ ñ êîìïëåêñíîé

ñòðóêòóðîé, ïóñòü ω = ωg � ñîîòâåòñòâóþùàÿ êýëåðîâà ôîðìà (ôîð-

ìà îáúåìà). Ïóñòü òàêæå íà L ôèêñèðîâàíà ýðìèòîâà ìåòðèêà h.

Ñòàòè÷åñêàÿ àáåëåâà ìîäåëü Õèããñà â ðàññëîåíèè L çàäàåòñÿ

ôóíêöèîíàëîì ïîòåíöèàëüíîé ýíåðãèè V , îïðåäåëåííûì íà ïàðàõ

(A,Φ), ãäå A � U(1)-ñâÿçíîñòü (ýðìèòîâà ñâÿçíîñòü) â L, à Φ �

ãëàäêîå ñå÷åíèå ðàññëîåíèÿ L. Îáîçíà÷èì ÷åðåç dA âíåøíþþ êî-

âàðèàíòíóþ ïðîèçâîäíóþ, çàäàâàåìóþ ñâÿçíîñòüþ A, à ÷åðåç FA
ôîðìó êðèâèçíû ñâÿçíîñòè. Òîãäà

V (A,Φ) :=
1

2

∫
X

(
|dAΦ|2 + |FA|2 +

1

4
(|Φ|2h − 1)2

)
ω.

Ôóíêöèîíàë V èíâàðèàíòåí îòíîñèòåëüíî (ñòàòè÷åñêèõ) êàëèá-

ðîâî÷íûõ ïðåîáðàçîâàíèé, çàäàâàåìûõ ôîðìóëàìè

A 7−→ A− f−1df, Φ 7−→ fΦ,

ãäå f ∈ C∞(X,U(1)).

Áóäåì ïðåäïîëàãàòü, ÷òî ÷èñëî ×åðíà ðàññëîåíèÿ L � íàòó-

ðàëüíîå ÷èñëî: c1(L) =: N ∈ N, è ÷òî âûïîëíåíî óñëîâèå ðàçðåøè-

ìîñòè c1(L) 6
1

4π
V olg(X). Òîãäà, êàê äîêàçàë Ñ.Áðýäëîó â 1990ã.,

âñå ðåøåíèÿ ñòàòè÷åñêîé ìîäåëè ñ òî÷íîñòüþ äî êàëèáðîâî÷íîé ýê-

âèâàëåíòíîñòè çàäàþòñÿ íóëÿìè ñå÷åíèÿ Φ. Áîëåå òî÷íî, ïóñòü çà-

äàíû N òî÷åê Z1, . . . , ZN ∈ X (êàêèå-òî èç íèõ ìîãóò ñîâïàäàòü).
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Òîãäà ñóùåñòâóåò åäèíñòâåííîå ñ òî÷íîñòüþ äî êàëèáðîâî÷íîé ýê-

âèâàëåíòíîñòè ðåøåíèå (A,Φ) ñòàòè÷åñêîé ìîäåëè òàêîå, ÷òî íóëè

Φ � ýòî òî÷êè Zj (ñ ó÷åòîì êðàòíîñòè). Òî÷êè Zj íàçûâàþòñÿ ïîëî-

æåíèÿìè âèõðåé. Ïðîñòðàíñòâî ìîäóëåé ñòàòè÷åñêèõ ðåøåíèéMN

(òî åñòü ïðîñòðàíñòâî êàëèáðîâî÷íûõ êëàññîâ ðåøåíèé) åñòåñòâåíí-

íî îòîæäåñòâëÿåòñÿ ñ N -é ñèììåòðè÷åñêîé ñòåïåíüþ ïîâåðõíîñòè

X:

MN = SymNX.

Ïóñòü òåïåðü (X, g, L, h) � ñòàòè÷åñêàÿ ìîäåëü Õèããñà íà êîì-

ïàêòíîé ðèìàíîâîé ïîâåðõíîñòè X. Òîãäà ïðÿìîå ïðîèçâåäåíèå

L × R åñòü ðàññëîåíèå íàä X × R. Ïóñòü t � êîîðäèíàòà íà R.
Ðàññìîòðèì ïàðû (A,Φ), ãäå A � U(1)-ñâÿçíîñòü â L×R, à Φ � ñå-

÷åíèå ýòîãî ðàññëîåíèÿ. Òîãäà äëÿ ëþáîé ëîêàëüíîé êîîðäèíàòû z

íà X ôîðìà ñâÿçíîñòè A çàïèøåòñÿ â âèäå A(z, t) = A0(z, t)dtA(t),

ãäå A(t) ïðè êàæäîì t � ñâÿçíîñòü â L, à A0(·, t) � ôóíêöèÿ íà X.

Îïðåäåëèì ôóíêöèîíàë êèíåòè÷åñêîé ýíåðãèè T âûðàæåíèåì

T (A,Φ) :=
1

2

∫
X

{
|Ȧ− dA0|2 + |Φ̇− A0Φ|2

}
ω.

Çäåñü òî÷êà îáîçíà÷àåò ïðîèçâîäíóþ ïî âðåìåíè.

Ôóíêöèîíàë äåéñòâèÿ S(A,Φ) äèíàìè÷åñêîé àáåëåâîé ìîäåëè

Õèããñà çàäàåòñÿ ñòàíäàðòíîé ôîðìóëîé S =
∫

(T − V )dt. Äèíàìè-

÷åñêèìè ðåøåíèÿìè ìîäåëè íàçûâàþòñÿ ýêñòðåìàëè ôóíêöèîíàëà

äåéñòâèÿ S.
Ìîæíî ïîêàçàòü, ÷òî ôóíêöèîíàë êèíåòè÷åñêîé ýíåðãèè T çàäà-

åò ãëàäêóþ ðèìàíîâó ìåòðèêó íà ïðîñòðàíñòâå ìîäóëåé ñòàòè÷åñêèõ

ðåøåíèé MN (êèíåòè÷åñêóþ ìåòðèêó). Ïðåäïîëàãàåòñÿ, ÷òî â ìî-

äåëÿõ íà êîìïàêòíûõ ðèìàíîâûõ ïîâåðõíîñòÿõ âûïîëíåí òàê íàçû-

âàåìûé àäèàáàòè÷åñêèé ïðèíöèï, ñîãëàñíî êîòîðîìó ãåîäåçè÷åñêèå

êèíåòè÷åñêîé ìåòðèêè íà ïðîñòðàíñòâå ìîäóëåéMN ìîãóò ñëóæèòü

ïðèáëèæåíèÿìè ê ¾ìåäëåííûì¿ äèíàìè÷åñêèì ðåøåíèÿì ìîäåëè.

(Â íàñòîÿùåå âðåìÿ äîêàçàòåëüñòâî óêàçàííîãî ïðèíöèïà ïîëó÷åíî

ëèøü äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ.)
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Èñïîëüçóÿ ãåîäåçè÷åñêîå ïðèáëèæåíèå, ìîæíî ïîëó÷èòü îïðå-

äåëåííûå ðåçóëüòàòû î äèíàìèêå ïîëîæåíèé âèõðåé â ìîäåëÿõ íà

ðèìàíîâûõ ïîâåðõíîñòÿõ. Â ÷àñòíîñòè, óäàåòñÿ ïîêàçàòü, ÷òî ïîñëå

ñèììåòðè÷íîãî ñòîëêíîâåíèÿ âñåõ N âèõðåé â îäíîé òî÷êå ëîêàëüíî

ïðîèñõîäèò èõ ðàññåÿíèå íà óãîë π/N .

Îá îäíîé îáðàòíîé çàäà÷å íåëèíåéíîé òåîðèè
ïåðåíîñà èçëó÷åíèÿ

Î. Â. Ïèêè÷ÿí

Áþðàêàíñêàÿ àñòðîôèçè÷åñêàÿ îáñåðâàòîðèÿ

èì. Â. À. Àìáàðöóìÿíà ÍÀÍ ÐÀ

E-mail: hovpik@gmail.com, hovpik@bao.sci.am

Öåëüþ ïðåäñòàâëåííîãî äîêëàäà ÿâëÿåòñÿ èëëþñòðàöèÿ ýôôåê-

òèâíîñòè ïðèìåíåíèÿ ïðèíöèïà èíâàðèàíòíîñòè Àìáàðöóìÿíà [1] ñ

ñîâìåñòíûì èñïîëüçîâàíèåì ïîíÿòèÿ òàê íàçûâàåìûõ ¾ëèíåéíûõ

îáðàçîâ¿ [2] (ïåðâîå ñîîáùåíèå î ïîñëåäíèõ ñì. â [3]) â íåëèíåé-

íûõ çàäà÷àõòåîðèè ïåðåíîñà, íà ïðèìåðå àíàëèòè÷åñêîãî ðåøåíèÿ

îäíîé ïðîñòîé íåëèíåéíîé çàäà÷è.

Ïóñòü èìååòñÿ îäíîìåðíàÿ êîíñåðâàòèâíî ðàññåèâàþùàÿ-

ïîãëîùàþùàÿ ñðåäà êîíå÷íîé îïòè÷åñêîé òîëùèíû τ0 ñîñòîÿùàÿ

èç äâóõóðîâíåâûõ àòîìîâ, êîòîðàÿ ñî ñòîðîíû îáåèõ ñâîèõ âíåøíèõ

ãðàíèö (ëåâîé è ïðàâîé) íàõîäèòñÿ ïîä íåïðåðûâíîì âîçäåéñòâè-

åì ìîùíûõ âíåøíèõ âîçáóæäàþùèõ ïó÷êîâ èçëó÷åíèÿ èíòåíñèâ-

íîñòåé x è y ñîîòâåòñòâåííî. Òðåáóåòñÿ îïðåäåëèòü èíòåíñèâíîñòü

I± ≡ I± (τ, x, y, τ0) âíóòðåííåãî ïîëÿ èçëó÷åíèÿ íà ïðîèçâîëüíîé

ãëóáèíå τ ∈ [0, τ0] äàííîé ñðåäû,èäóùåãî â ñòîðîíó å¼ ïðàâîé ¾+¿

è ëåâîé ¾−¿ ãðàíèö. Èñêîìàÿ âåëè÷èíà îïðåäåëÿåòñÿ èç êèíåòè-

÷åñêîãî óðàâíåíèÿ Áîëüöìàíà çàïèñàííîãî äëÿ ¾ôîòîííîãî ãàçà¿

(óðàâíåíèå ïåðåíîñà èçëó÷åíèÿ)

dI±

dτ
= ±α±

(
I+, I−

)
, (1)
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ãäå ïðàâàÿ ÷àñòü ïðåäñòàâëÿåò çàäàííóþ ôîðìó ¾èíòåãðàëà ñòîëê-

íîâåíèé¿. Â ðàññìàòðèâàåìîì íàìè ñëó÷àå:

α±
(
I+, I−

)
= ∓ I+ − I−

2 [1 + b · (I+ + I−)]
, dτ = n (l)

h · ν
2
B12dl, (2)

b ≡ B12 +B21

2A21

=
c2

4hν3

(
1 +

g2

g1

)
,

ãäå âåëè÷èíà l ∈ [0, l0] � ïàðàìåòð ãåîìåòðè÷åñêîé ãëóáèíû â ñðåäå,

à îáîçíà÷åíèÿ ìèêðîñêîïè÷åñêèõ âåëè÷èí è õàðàêòåðèñòèê ýëåìåí-

òàðíîãî îáú¼ìà ñòàíäàðòíû (ñì. íàïðèìåð [4]).Äîáàâëåíèåìê óðàâ-

íåíèþ (1) ãðàíè÷íûõ óñëîâèé:

I+
∣∣
τ=0

= x, I−
∣∣
τ=τ0

= y, (3)

òðàäèöèîííî ôîðìóëèðóåòñÿ ãðàíè÷íàÿ çàäà÷à (1), (3). Åñëè æå çà-

ðàíåå èçâåñòíî ðåøåíèå áîëåå ÷àñòíîé çàäà÷è îá îòðàæåíèè è ïðî-

ïóñêàíèÿèçëó÷åíèÿ äàííîé ñðåäîé, òî äëÿ îïðåäåëåíèÿ ïîëÿ èçëó-

÷åíèÿ âíóòðè ñðåäû äîñòàòî÷íî, âìåñòî ¾äâóõòî÷å÷íîé¿ ãðàíè÷íîé

çàäà÷è (1), (3), ðàññìîòðåòü ëèøü îäíó èç äâóõ çàäà÷ Êîøè ñ íà-

÷àëüíûìè óñëîâèÿìè

I+
∣∣
τ=0

= x, I−
∣∣
τ=0

= v èëè I+
∣∣
τ=τ0

= u, I−
∣∣
τ=τ0

= y, (4)

ãäå v ≡ v (x, y) ≡ v (x, y, τ0) , u ≡ u (x, y) ≡ u (x, y, τ0). Ñ ïî-

ìîùüþ ïðèìåíåíèÿ íåëèíåéíîé ôîðìû ïðèíöèïà èíâàðèàíòíîñòè

Àìáàðöóìÿíà [1] è ââåä¼ííîãî íàìè ¾ìåòîäà ëèíåéíûõ îáðàçîâ¿[2,

3] ðåøåíèå çàäà÷è îòðàæåíèÿ-ïðîïóñêàíèÿ áûëî ñâåäåíî ê ðàññìîò-

ðåíèþ ôóíêöèîíàëüíîãî óðàâíåíèÿ òàê íàçûâàåìîé ¾ïîëíîé èíâà-

ðèàíòíîñòè Àìáàðöóìÿíà¿ çàïèñàííîãî äëÿ ¾ëèíåéíîãî îáðàçà¿

T ≡ T (x, y) ≡ T (x, y, τ0)èñêîìîãî ðåøåíèÿ çàäà÷è îòðàæåíèÿ-

ïðîïóñêàíèÿ u , v:[
k (x+ v)

∂

∂x
+ k (y + u)

∂

∂y

]
T = −T · k (x+ v)− k (y + u)

x− y
, (5)

k (ξ) =
k (0)

1 + bξ
, k (0) = n (l)

h · ν
2
B12. (6)
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Èíòåãðèðîâàíèåóðàâíåíèÿ (5) ïîêàçûâàåò, ÷òî ëèíåéíûé îáðàç Tâ

äàííîé çàäà÷å çàâèñèò ëèøü îò ñóììû ñâîèõ àðãóìåíòîâ T (x, y) ≡
T (x+ y) = T (ξ) è äà¼òñÿ ÿâíûì âûðàæåíèåì

T (ξ) = q
1 + bξ

1 + qbξ
=

2 (1 + bξ)

τ0 + 2 (1 + bξ)
, (7)

ãäå âåëè÷èíà q = 2/ (τ0 + 2)- ðåøåíèå ëèíåéíîé çàäà÷è î ïðîïóñêà-

íèè èçëó÷åíèÿ ñëîåì.

Ðåøåíèå íåëèíåéíîé çàäà÷è ¾îòðàæåíèÿ-ïðîïóñêàíèÿ¿ âûðàæàåòñÿ

÷åðåç íàéäåííûé ëèíåéíûé îáðàç ïîñðåäñòâîì âûðàæåíèé:

u (x, y) = y + (x− y) · T (x+ y) , v (x, y) = x− (x− y) · T (x+ y) ,

(8)

ãäå çàâèñÿùèå îò äâóõ ýíåðãåòè÷åñêèõ ïåðåìåííûõ âåëè÷èíû u (x, y)

è v (x, y) ýëåìåíòàðíî âûðàæàþòñÿ ÷åðåç íîâóþ âñïîìîãàòåëüíóþ

ôóíêöèþ îäíîé ýíåðãåòè÷åñêîé ïåðåìåííîé T (ξ) ≡ T (ξ, τ0) ïðè

ýòîì ξ ≡ x + y. Ëèíåéíûé îáðàç T (ξ, τ0) èìååò ïðîçðà÷íûé

ôèçè÷åñêèé ñìûñë - ïðåäñòàâëÿåò èç ñåáÿ âåðîÿòíîñòü ïðîïóñêà-

íèÿ ñëîåì ¾ïðåäåëüíîé¿ (ò. å. ñîîòâåòñòâóþùåé ëèíåéíîìó ñëó-

÷àþ - íåâîçáóæäåííîìó ñîñòîÿíèþ ñðåäû) îïòè÷åñêîé òîëùèíû

τ0ïàäàþùåãî íà íåãî åäèíè÷íîãî êâàíòà èëè èçëó÷åíèÿ ¾åäèíè÷íîé

ìîùíîñòè¿, êîãäà ýòîò ñëîé ñî ñòîðîíû ñâîèõ îáåèõ ãðàíèö íåïðå-

ðûâíî íàõîäèòñÿ ïîä âîçäåéñòâèåì âíåøíèõ âîçáóæäàþùèõ ïó÷êîâ

èíòåíñèâíîñòåé(x, y) ñîîòâåòñòâåííî.Ðåøåíèå ëþáîé èç äâóõ çàäà÷

Êîøè (1),(4)ñ èñïîëüçîâàíèåì ôîðì (8), (7) îêîí÷àòåëüíî ïðèâîäèò

ê âûðàæåíèÿì:

I+ = I− + (x− y) · T (x+ y) , A ·
(
I−
)2

+B·I− − C = 0. (9)

Êîýôôèöèåíòû è ñâîáîäíûé ÷ëåí â êâàäðàòè÷íîì óðàâíåíèè èìåþò

âèä (ξ± ≡ x± y) :

A = b
[
τ0 + 2

(
1 + bξ+

)]
, B = τ0 + 2

(
1 + bξ+

) (
1 + bξ−

)
,

C = τ0 (1 + bx)x− τ
(
1 + bξ+

)
ξ− + 2y (1 + bx)

(
1 + bξ+

)
. (10)
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Ôèçè÷åñêèìÿâëÿåòñÿ ðåøåíèå, ñîîòâåòñòâóþùåå ïîëîæèòåëüíîìó

çíàêó ïåðåä äèñêðèìèíàíòîì êâàäðàòíîãî òðåõ÷ëåíà (9), êîòîðîå

óäîâëåòâîðÿåò ëèíåéíîìó ïðåäåëó çàäà÷è.Ëèíåéíàÿ çàäà÷à ôîð-

ìàëüíî ñîîòâåòñòâóåò çíà÷åíèþ b ≡ 0 .

Òàêèì îáðàçîì èç ïðèíöèïà èíâàðèàíòíîñòè âûâîäèòñÿ ôóíê-

öèîíàëüíîå óðàâíåíèå ¾ïîëíîé èíâàðèàíòíîñòè Àìáàðöóìÿíà¿

(5), èç êîòîðîãî íàõîäèòñÿ ¾ëèíåéíûé îáðàç¿ ðåøåíèÿ çàäà÷è

¾îòðàæåíèÿ-ïðîïóñêàíèÿ¿ (7), ñ ïîìîùüþ ïîñëåäíåãî íàõîäÿòñÿ èí-

òåíñèâíîñòè âûõîäÿùåãî èç ñðåäû èçëó÷åíèÿ (8), à ñ èõ ïîìîùüþ

ôîðìóëèðóåòñÿ çàäà÷è Êîøè (1), (4) è ÿâíûì îáðàçîì ¾âîññòàíàâ-

ëèâàåòñÿ¿ ïîëå èçëó÷åíèÿ âíóòðè ñðåäû (9).
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Òîðè÷åñêèå öèêëû â äîïîëíåíèè àëãåáðàè÷åñêîé êðèâîé â
2-ìåðíîì êîìïëåêñíîì òîðå

Ä. Þ. Ïî÷åêóòîâ

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò

E-mail: potchekutov@gmail.com

Õîðîøî èçâåñòíî, ÷òî â ìíîãîìåðíîì êîìïëåêñíîì àíàëèçå ïðè

âû÷èñëåíèè è èññëåäîâàíèè ñâîéñòâ èíòåãðàëà∫
Γ

ω

îò çàìêíóòîé äèôôåðåíöèàëüíîé ôîðìû ω íà êîìïëåêñíîì ìíîãî-

îáðàçèè X, èìåþùåé îñîáåííîñòè íà ïîäìíîæåñòâå T ⊂ X, ïî öèê-

ëó Γ èç X \ T âîçíèêàåò íåîáõîäèìîñòü èçó÷àòü ñîîòâåòñòâóþùóþ

ãðóïïó ãîìîëîãèé äîïîëíåíèÿ X \ T (ñì. [1]). Äàæå â ñëó÷àå àë-

ãåáðàè÷åñêîãî ïîäìíîæåñòâà T êîìïëåêñíîãî ïðîñòðàíñòâà X = Cn

èëè X = (C×)
n òàêîå èçó÷åíèå óïèðàåòñÿ â ñóùåñòâåííûå òîïîëî-

ãè÷åñêèå òðóäíîñòè.

Â äîêëàäå ìû îáñóæäàåì òîò ôàêò, ÷òî íåêîòîðóþ èíôîðìàöèþ

î öèêëàõ èç äîïîëíåíèÿ (C×)
n\V àëãåáðàè÷åñêîé ãèïåðïîâåðõíîñòè

V ⊂ (C×)
n ìîæíî ïîëó÷èòü, ïðèâëåêàÿ ïîíÿòèÿ àìåáû(ñì. [2])

AV := Log(V), Log(z) := (log |z1|, . . . , . . . |zn|),

è êîàìåáû

A′V := Arg(V), Arg(z) := (arg(z1), . . . , arg(zn)).

Äîïîëíåíèå Rn \AV ñîñòîèò èç êîíå÷íîãî ÷èñëà êîìïîíåíò ñâÿçíî-

ñòè Eν .

Ïóñòü x ∈ Eν , òîãäà n-ìåðíûé âåùåñòâåííûé òîð Log−1(xν)

íàçîâåì òîðè÷åñêèì öèêëîì â (C×)
n \ V .

Ìû äîêàçûâàåì, ÷òî â äâóìåðíîì ñëó÷àå, åñëè êðèâàÿ V îïðå-

äåëÿåòñÿ ãàðíàêîâñêèì ìíîãî÷ëåíîì (ñì. [3]), òî òîðè÷åñêèå öèê-

ëû Log−1(xν) ñîñòàâëÿþò ãîìîëîãè÷åñêè íåçàâèñèìîå ñåìåéñòâî â

ãðóïïå H2((C×)
2 \ V ).
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Ðàçâèòèå ìåõàíèêè ñïëîøíîé ñðåäû òåñíî ñâÿçàíî ñ ïîÿâëåíèåì

îáîáùåííûõ ìàòåìàòè÷åñêèõ ìîäåëåé, ðàññìàòðèâàþùèõ ÷àñòèöó

ìàòåðèàëà íå êàê ìàòåðèàëüíóþ òî÷êó, à êàê áîëåå ñëîæíûé îáúåêò,

íàäåëåííûå äîïîëíèòåëüíûìè ñâîéñòâàìè ìèêðî - èëè íàíîñòðóê-

òóðîé ìàòåðèàëà.

Âûäàþùèìñÿ ýòàïîì â ðàçâèòèè ìåõàíèêè ñïëîøíîé ñðåäû ÿâ-

ëÿåòñÿ ìîíîãðàôèÿ (1909 ã.) áðàòüåâ Ýæåíà è Ôðàíñóà Êîññåðà, â

êîòîðîé îïèñàíà ìîäåëü, ïîëó÷èâøàÿ íàçâàíèå ìèêðîïîëÿðíîé ñðå-

äû èëè êîíòèíóóìà Êîññåðà. Â îòëè÷èå îò êëàññè÷åñêîé ìåõàíèêè

ñïëîøíûõ ñðåä â ñðåäå Êîññåðà äåôîðìèðóåìîå òâåðäîå òåëî õàðàê-

òåðèçóåòñÿ âåêòîðîì ïåðåìåùåíèÿ è âåêòîðîì íåçàâèñèìîãî ïîâî-

ðîòà, êðîìå òåíçîðà äåôîðìàöèè ââîäèòñÿ òåíçîð èçãèáà-êðó÷åíèÿ,

êðîìå òåíçîðà íàïðÿæåíèé-òåíçîð ìîìåíòíîãî íàïðÿæåíèÿ. Âñå òåí-

çîðû íåñèììåòðè÷íûå.
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Ýêñïåðèìåíòàëüíûå ðàáîòû ïîêàçûâàþò, ÷òî ìîìåíòíûå ýô-

ôåêòû âåñüìà ñóùåñòâåííû äëÿ òîíêèõ ïëàñòèí, îáîëî÷åê è ñòåðæ-

íåé. Ñ ýòîé òî÷êè çðåíèÿ àêòóàëüíî ïîñòðîåíèå ïðèêëàäíûõ òåîðèé

ìèêðîïîëÿðíûõ óïðóãèõ òîíêèõ îáîëî÷åê, ïëàñòèí è ñòåðæíåé.

Îñíîâíîé ïîäõîä [1,2] ïîñòðîåíèÿ ìîäåëåé òîíêèõ îáîëî÷åê,

ïëàñòèí è ñòåðæíåé, ïîëó÷àâøèé íàçâàíèå ïðÿìîãî ïîäõîäà, çàêëþ-

÷àåòñÿ â òîì, ÷òî îáîëî÷êà (ïëàñòèíêà) ñ ñàìîãî íà÷àëà ðàññìàòðè-

âàåòñÿ êàê ìàòåðèàëüíàÿ ïîâåðõíîñòü, ñòåðæåíü-êàê ìàòåðèàëüíóþ

ëèíèþ.

Ôàêòè÷åñêè ìåòîä ëèíèé è ïîâåðõíîñòåé Êîññåðà èãíîðèðóåò

ïðîñòðàíñòâåííóþ ñòðóêòóðó ñòåðæíåé, ïëàñòèí è îáîëî÷åê, îñòà-

åòñÿ â ñòîðîíå âîïðîñ î ðàñïðåäåëåíèè íàïðÿæåíèé è ìîìåíòíûõ

íàïðÿæåíèé ïî òîëùèíå èëè ïî ïîïåðå÷íîìó ñå÷åíèþ óêàçàííûõ

òîíêèõ òåë, êîòîðûå, ïîíÿòíî, íåîáõîäèìû ïðè ðàñ÷åòàõ íà ïðî÷-

íîñòü.

Â ðàáîòå [3], äëÿ òðåõìåðíîé êðàåâîé çàäà÷è ìèêðîïîëÿðíîé

òåîðèè óïðóãîñòè â òîíêîé îáëàñòè îáîëî÷êè, ïîñòðîåíà àñèìïòî-

òè÷åñêîå ðåøåíèå è îñíîâíûå ñâîéñòâà âíóòðåííåãî èòåðàöèîííîãî

ïðîöåññà ôîðìóëèðîâàíû êàê àäåêâàòíûå ãèïîòåçû.

Â äàííîì äîêëàäå íà îñíîâå ýòèõ ãèïîòåç, ïîñòðîåíà ïðèêëàä-

íàÿ òåîðèÿ ìèêðîïîëÿðíûõ óïðóãèõ òîíêèõ îáîëî÷åê. Äîêàçûâàþòñÿ

ýíåðãåòè÷åñêèå òåîðåìû è âàðèàöèîííûå ïðèíöèïû (òèïà Ëàãðàíæà,

Êàñòèëüÿíî è îáùèé âàðèàöèîííûé ïðèíöèï òèïà Õó-Âàøèöó).

Ñïèñîê ëèòåðàòóðû

[1] H. Altenbach, V. A. Eremeyev, On the linear theory of micropolar

plates, Z. Angew. Math. Mech., 2009, 89, �4, 242-256.

[2] V. Eremeyev, H. Altenbach, Basics of Mechanics of Micropolar Shells,

Shell-like Structures. CISM International Centre for Mechanical

Sciences, Courses and Lectures, 572, Springer, 63-112.



VII Ðîññèéñêî-Àðìÿíñêîå Ñîâåùàíèå ïî ìàò. ôèçèêå, êîìïëåêñíîìó àíàëèçó è ñìåæíûì âîïðîñàì 71

[3] S. H. Sargsyan, Asymptotically Con�rmed Hypotheses Method for

the Construction of Micropolar and Classical Theories of Elastic Thin

Shells, Advances in Pure Mathematics, 2015, 5, �10, 629-643.

Êâàíòîâîå èñ÷èñëåíèå è ñèíãóëÿðíûå
èíòåãðàëüíûå îïåðàòîðû

À. Ã. Ñåðãååâ

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â. À. Ñòåêëîâà ÐÀÍ

E-mail: sergeev@mi.ras.ru

Îäíîé èç çàäà÷ íåêîììóòàòèâíîé ãåîìåòðèè ÿâëÿåòñÿ ïåðåâîä

îñíîâíûõ ïîíÿòèé àíàëèçà íà ÿçûê áàíàõîâûõ àëãåáð. Ýòîò ïåðåâîä

îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ïðîöåäóðû êâàíòîâàíèÿ. Âîçíèêàþùåå â

ðåçóëüòàòå îïåðàòîðíîå èñ÷èñëåíèå íàçûâàåòñÿ, ñëåäóÿ Êîííó, êâàí-

òîâûì èñ÷èñëåíèåì. Â äîêëàäå áóäåò ïðèâåäåí öåëûé ðÿä óòâåðæäå-

íèé èç óêàçàííîãî èñ÷èñëåíèÿ, êàñàþùèõñÿ èíòåðïðåòàöèè èäåàëîâ

Øýòòåíà â äóõå íåêîììóòàòèâíîé ãåîìåòðèè. Îñíîâíîå âíèìàíèå

óäåëÿåòñÿ îïåðàòîðàì Ãèëüáåðòà�Øìèäòà.

Ýêñòðåìàëüíîå ñâîéñòâî òðèàíãóëÿöèè Äåëîíå è åãî
ïðèëîæåíèÿ â ìàòåìàòè÷åñêîé ôèçèêå

Ã. Ñ. Ñóêèàñÿí

Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÐÀ

E-mail: haik@instmath.sci.am

Àêòóàëüíûì ñïîñîáîì ÷èñëåííîãî ðåøåíèÿ ìíîãèõ íåëèíåéíûõ

çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ÿâëÿåòñÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ.

Ýòîò ìåòîä áàçèðóåòñÿ íà ïîñòðîåíèè ñåòêè èç òðåóãîëüíèêîâ. Ñõî-

äèìîñòü ïðîöåññà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïðè ÷èñëåííîì

ðåøåíèè çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ìåòîäîì êîíå÷íûõ ýëåìåí-

òîâ çàâèñèò îò ãåîìåòðè÷åñêîé êîíôèãóðàöèè òðåóãîëüíîé ñåòêè.



72 Òåçèñû äîêëàäîâ
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îêàçàëîñü âåñüìà ïîëåçíûì äëÿ èçó÷åíèÿ ñâîéñòâ ìåð, îðòîãîíàëü-

íûõ ðàöèîíàëüíûì ôóíêöèÿì íà êîìïàêòàõ â êîìïëåêñíîé ïëîñêî-

ñòè. Áóäóò ïðåäñòàâëåíû íîâûå ÿâíûå ôîðìóëû äëÿ àíàëèòè÷åñêîãî

âûìåòàíèÿ ìåð â ñëó÷àå, êîãäà íîñèòåëü èñõîäíîé ìåðû ëåæèò âíóò-

ðè äàííîãî êîìïàêòà Êàðàòåîäîðè è ðàññìàòðèâàåòñÿ âûìåòàíèå íà

ãðàíèöó ýòîãî êîìïàêòà. Ýòè ôîðìóëû îñíîâàíû íà íåäàâíèõ ðåçóëü-

òàòàõ î ãðàíè÷íîì ïîâåäåíèè êîíôîðìíûõ îòîáðàæåíèé åäèíè÷íîãî

êðóãà íà îáëàñòè Êàðàòåîäîðè (ñì. [4, ðàçä. 2]).

Ïóñòü X � êîìïàêò â C, à R(X) � ýòî ïðîñòðàíñòâî âñåõ ôóíê-

öèé, êîòîðûå ìîãóò áûòü ðàâíîìåðíî íà X ïðèáëèæåíû ðàöèîíàëü-

íûìè ôóíêöèÿìè êîìïëåêñíîãî ïåðåìåííîãî ñ ïîëþñàìè, ëåæàùè-

ìè âíå X.

Ïóñòü µ � ìåðà ñ óñëîâèåì Supp(µ) ⊂ X◦, ãäå X◦ � ýòî âíóò-

ðåííîñòü X. Àíàëèòè÷åñêèì âûìåòàíèåì ìåðû µ íà ãðàíèöó ∂X

êîìïàêòà X íàçûâàåòñÿ òàêàÿ ìåðà ν íà ∂X, ÷òî ðàçíîñòü µ−ν îð-
òîãîíàëüíà ê R(X) è äëÿ ëþáîé ìåðû ν̃ íà ∂X òàêîé, ÷òî ðàçíîñòü

µ− ν̃ îðòîãîíàëüíà ê R(X), âûïîëíåíî ‖ν‖ 6 ‖ν̃‖.
Íàïîìíèì, ÷òî îãðàíè÷åííàÿ îáëàñòü G ⊂ C íàçûâàåòñÿ îáëà-

ñòüþ Êàðàòåîäîðè, åñëè ∂G = ∂G∞, ãäå G∞ � ýòî íåîãðàíè÷åííàÿ

ñâÿçíàÿ êîìïîíåíòà ìíîæåñòâà C \G. Ëþáàÿ îáëàñòü Êàðàòåîäîðè
îäíîñâÿçíà è îáëàäàåò ñâîéñòâîì G = (G)◦. Îáîçíà÷èì ÷åðåç ∂aG

ìíîæåñòâî äîñòèæèìûõ ãðàíè÷íûõ òî÷åê îáëàñòè G.

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå: Ïóñòü G � îáëàñòü Êàðà-

òåîäîðè, f � íåêîòîðîå êîíôîðìíîå îòîáðàæåíèå åäèíè÷íîãî êðóãà

D íà G, è ïóñòü µ � ìåðà ñ óñëîâèåì Supp(µ) ⊂ G, à ν � ýòî àíàëè-

òè÷åñêîå âûìåòàíèå ν ìåðû µ íà ∂G. Òîãäà ìåðà ν ñîñðåäîòî÷åíà

íà ∂aG è èìååò âèä

ν =
1

2i
(η̂ ◦ f−1)ω − 1

2i
(h∗ ◦ f−1)ω, (1)

ãäå η = f−1(µ), ñèìâîëîì η̂ îáîçíà÷åíî ïðåîáðàçîâàíèå Êîøè ìåðû

η, à ôóíêöèÿ h∗ ∈ H1 (êëàññ Õàðäè â êðóãå D è íà åäèíè÷íîé
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îêðóæíîñòè T) � ýòî ðåøåíèå ýêñòðåìàëüíîé çàäà÷è

‖η̂ − h∗‖L1(T) = inf
h∈H1

‖η̂ − h‖L1(T). (2)

Â ðàññìàòðèâàåìîé ñèòóàöèè ôóíêöèè f è f−1 ïðîäîëæàþòñÿ äî

èçìåðèìûõ ïî Áîðåëþ âçàèìíî îáðàòíûõ ôóíêöèé íà D ∪ F(f) è

G∪ ∂aG ñîîòâåòñòâåííî, ãäå ñèìâîëîì F(f) îáîçíà÷åíî ìíîæåñòâî

âñåõ òî÷åê èç T, â êîòîðûõ ñóùåñòâóþò óãëîâûå ïðåäåëüíûå çíà÷å-
íèÿ ôóíêöèè f (ìíîæåñòâà F(f) è ∂aG ÿâëÿþòñÿ áîðåëåâñêèìè).

Íàêîíåö, äëÿ ëþáîé ôóíêöèè ϕ ∈ L1(T) îïðåäåëåíà ìåðà f(ϕdz|T),

ïðè÷åì f(ϕdz|T) = (ϕ ◦ f−1)ω, ãäå ω = f(dz|T) � êîìïëåêñíàÿ

ãàðìîíè÷åñêàÿ ìåðà íà ∂G.

Â äîêëàäå ïëàíèðóåòñÿ òàêæå îáñóäèòü îáùóþ çàäà÷ó îá îïèñà-

íèè p-ïëîõî ïðèáëèæàåìûõ ôóíêöèé, 1 6 p <∞, ò.å. òàêèõ ôóíêöèé

êëàññà Lp íà åäèíè÷íîé îêðóæíîñòè, äëÿ êîòîðûõ íàèëó÷øèì ïðè-

áëèæåíèåì ôóíêöèÿìè êëàññà Õàðäè Hp ÿâëÿåòñÿ íóëåâàÿ ôóíêöèÿ.

Â ÷àñòíîì ñëó÷àå, êîãäà ôóíêöèÿ η̂ ÿâëÿåòñÿ 1-ïëîõî ïðèáëèæàåìîé,

ôîðìóëà (1) äëÿ àíàëèòè÷åñêîãî âûìåòàíèÿ ìåðû ïðèîáðåòàåò íàè-

áîëåå ïðîñòîé è åñòåñòâåííûé âèä: ν =
1

2i
(η̂◦f−1)ω. Â ñâÿçè ñ ýòèì

ïðåäñòàâëÿåò èíòåðåñ ñëåäóþùåå óòâåðæäåíèå: Ôóíêöèÿ h∗ = 0 ÿâ-

ëÿåòñÿ (åäèíñòâåííûì) ðåøåíèåì çàäà÷è (2) â òîì è òîëüêî òîì

ñëó÷àå, êîãäà ìåðà µ � ýòî êîíå÷íàÿ ñóììà òî÷å÷íûõ ìåð, íîñèòå-

ëåì îäíîé èç êîòîðûõ ÿâëÿåòñÿ òî÷êà f(0).

Ñïèñîê ëèòåðàòóðû

[1] E. Abakumov, K. Fedorovskiy, Analytic balayage of measures,

Carath�eodory domains, and badly approximable functions in Lp,

C. R. Math. Acad. Sci. Paris, 356:8 (2018), 870�874.

[2] Ê. Þ. Ôåäîðîâñêèé, Ìíîæåñòâà Êàðàòåîäîðè è àíàëèòè÷åñêîå

âûìåòàíèå ìåð, Ìàòåì. ñá., 209:9 (2018), â ïå÷àòè.



VII Ðîññèéñêî-Àðìÿíñêîå Ñîâåùàíèå ïî ìàò. ôèçèêå, êîìïëåêñíîìó àíàëèçó è ñìåæíûì âîïðîñàì 75

[3] D. Khavinson, F. and M. Riesz theorem, analytic balayage, and

problems in rational approximation, Constr. Approx., 4:4 (1988),

341�356.

[4] J. J. Carmona, K. Yu. Fedorovskiy, Conformal maps and uniform

approximation by polyanalytic functions, Selected topics in complex

analysis, Oper. Theory Adv. Appl., 158, Birkh�auser, Basel, 2005,

109�130.

Î ãîëîìîðôíîì ïðîäîëæåíèè ôóíêöèé
â òîðè÷åñêèõ ìíîãîîáðàçèÿõ

Ñ. Â. Ôåêëèñòîâ, À. Â. Ùóïëåâ

Èíñòèòóò ìàòåìàòèêè è ôóíäàìåíòàëüíîé èíôîðìàòèêè ÑÔÓ

E-mail: feclistov.sergei@yandex.ru, alexey.shchuplev@gmail.com

Ïóñòü X � ñâÿçíîå êîìïëåêñíîå ìíîãîîáðàçèå. Áóäåì ãîâîðèòü,

÷òî X äîïóñêàåò ôåíîìåí Ãàðòîãñà, åñëè äëÿ ëþáîãî êîìïàêòíîãî

ìíîæåñòâà K ⊂ X, òàêîãî ÷òî X \K ñâÿçíî, ëþáàÿ ãîëîìîðôíàÿ

ôóíêöèÿ íà X \K ãîëîìîðôíî ïðîäîëæàåòñÿ íà X. Ìû ðàññìàòðè-

âàåì ýòî ÿâëåíèå äëÿ ãëàäêèõ òîðè÷åñêèõ ìíîãîîáðàçèé, è åãî ñâÿçü

ñ âååðàìè, êîòîðûå çàäàþò ýòî ìíîãîîáðàçèå.

Â ñâîåé äèññåðòàöèè Ì. Ìàðöèíÿê [1] ïîëó÷èëà óñëîâèå äëÿ ôå-

íîìåíà Ãàðòîãñà â ãëàäêèõ òîðè÷åñêèõ ïîâåðõíîñòÿõ â òåðìèíàõ âû-

ïóêëîñòè ñîîòâåòñòâóþùåãî âååðà è ñôîðìóëèðîâàëà ãèïîòåçó äëÿ

òîðè÷åñêèõ ìíîãîîáðàçèé ïðîèçâîëüíîé ðàçìåðíîñòè.

Ïóñòü Σ � âååð â Rn, êîäèðóþùèé ãëàäêîå òîðè÷åñêîå ìíîãîîá-

ðàçèå XΣ. Ñâÿçíóþ êîìïîíåíòó äîïîëíåíèÿ Rn \ |Σ| áóäåì íàçûâàòü

âîãíóòîé, åñëè îíà íå ÿâëÿåòñÿ âûïóêëûì ìíîæåñòâîì è ñîäåðæèò

ãèïåðïëîñêîñòü.

Òåîðåìà. Åñëè äîïîëíåíèå âååðà Σ ñîäåðæèò ïî êðàéíåé ìåðå îäíó

âîãíóòóþ ñâÿçíóþ êîìïîíåíòó, òî XΣ äîïóñêàåò ôåíîìåí Ãàðòîãñà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðàâèòåëüñòâà ÐÔ äëÿ
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ïðîâåäåíèÿ èññëåäîâàíèé ïîä ðóêîâîäñòâîì âåäóùèõ ó÷åíûõ â Ñè-

áèðñêîì ôåäåðàëüíîì óíèâåðñèòåòå (äîãîâîð �14.Y26.31.0006).
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Î ðàçðåøèìîñòè íåêîòîðûõ íåëèíåéíûõ çàäà÷,
âîçíèêàþùèõ â òåîðèè ãåîãðàôè÷åñêîãî

ðàñïðîñòðàíåíèÿ ýïèäåìèé

À. Õ. Õà÷àòðÿí

Èíñòèòóò ìàòåìàòèêè ÍÀÍ ÐÀ

E-mail: aghavard59@mail.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ ðàçëè÷íûå ìîäåëè, îïèñûâàþùèå

ðàñïðîñòðàíåíèå ýïèäåìèè. Â ðàìêàõ ýòèõ ìîäåëåé çàäà÷è ñâî-

äÿòñÿ ê èçó÷åíèþ íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíå-

íèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Îñîáîå âíèìàíèå áûëî óäåëåíî íà

ïðîñòðàíñòâåííî-âðåìåííîé ìîäåëè, îñíîâàííîé íà ìîäåëè Äèåê-

ìàíà ñ ó÷åòîì âûçäîðîâëåíèÿ, ðîæäåíèÿ è ñìåðòíîñòè ïîïóëÿöèè

ëþäåé. Óêàçàííàÿ çàäà÷à ñâîäèòñÿ ê ñëåäóþùåìó íåëèíåéíîìó èí-

òåãðàëüíîìó óðàâíåíèþ:

u(t, x) =

t∫
0

+∞∫
−∞

G(u(t−τ, y))S0(y)H(τ)V (x−y)dydτ+g(t, u, x)+f(t, x),

(1)

ãäå

G(u) = 1− e−u, (2)

f(t, x) =

+∞∫
−∞

t∫
0

J0(y)H(τ)V (x− y)dτdy, (3)
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g(t, u, x) =

t∫
0

χ(τ, x) + a(τ, x)

S0(x)
[eu(τ,x) − S0(x)]dτ. (4)

Çäåñü S0 è J0 -÷èñëî âîñïðèèì÷èâûõ è èíôèöèðîâàííûõ ëþäåé

ñîîòâåòñòâåííî â íà÷àëüíûé ìîìåíò âðåìåíè.

Ôóíêöèÿ H(τ)V (x − y) îïèñûâàåò èíôåêöèþ â òî÷êå x, îáó-

ñëîâëåííóþ èíôèöèðîâàííûì ÷åëîâåêîì, êîòîðûé áûë çàðàæåí áî-

ëåçíüþ τ âðåìÿ íàçàä â òî÷êå y.

V (x) ≥ 0; H(τ) ≥ 0;

+∞∫
−∞

V (x)dx = 1;

∞∫
0

H(τ)dτ < +∞. (5)

χ(t, x)�ñêîðîñòü ðîæäàåìîñòè è ñìåðòíîñòè, a(t, x)� ñêîðîñòü, ñ

êîòîðîé èíôèöèðîâàííûå ñòàíîâÿòñÿ âîñïðèèì÷èâûìè. Ïðè íàëè-

÷èè ïîðîãîâîãî óñëîâèÿ äîêàçûâàåòñÿ òåîðåìà ñóùåñòâîâàíèÿ ïîëî-

æèòåëüíîãî îãðàíè÷åííîãî è ìîíîòîííî âîçðàñòàþùåãî ïî âðåìåíè

ðåøåíèÿ äëÿ íåëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ (1). Íàéäåíû

àñèìïòîòè÷åñêîå ïîâåäåíèå, êàê ïî êîîðäèíàòå, òàê è ïî âðåìåíè, à

òàêæå äâóñòîðîííÿÿ îöåíêà äëÿ ïîñòðîåííîãî ðåøåíèÿ. Äîêàçàííûå

òåîðåìû íîñÿò êîíñòðóêòèâíûé õàðàêòåð. Â êîíöå ðàáîòû ðàññìîò-

ðåíû îòäåëüíûå ÷àñòíûå ñëó÷àè óðàâíåíèÿ (1).
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E-mail: Khach82@rambler.ru

Äîêëàä ïîñâÿùåí âîïðîñó ïîñòðîåíèÿ íåòðèâèàëüíûõ ðåøåíèé

äëÿ ñëåäóþùåãî êëàññà ìíîãîìåðíûõ èíòåãðàëüíûõ óðàâíåíèé íà

(−∞, T ]× Rn :

u(t, x) =

∞∫
0

H(τ)

∫
Rn

g(u(t− τ, y))λ(x, y)V (x− y)dydτ,

−∞ < t ≤ T, x ∈ Rn

(1)

îòíîñèòåëüíî èñêîìîé ôóíêöèè u(t, x).

Óðàâíåíèåì (1) îïèñûâàåòñÿ ãåîãðàôè÷åñêîå ðàñïðîñòðàíåíèå

ýïèäåìèè â ïðîñòðàíñòâå è ïî âðåìåíè, ãäå S(t, x) = S0e
−u(t,x) (S0 =

const) � ïëîòíîñòü âîñïðèèì÷èâûõ ëèö â ìîìåíò âðåìåíè t â òî÷êå

x ∈ Rn (ñì. [1]-[2]) (â ðåàëüíûõ ñèòóàöèÿõ n = 2 èëè n = 3).

Ôóíêöèÿ A(τ, x, y) := H(τ)λ(x, y)V (x − y) èìååò âåðîÿòíîñò-

íûé ñìûñë: A(τ, x, y)dτdy ïðåäñòàâëÿåò ñîáîé âåðîÿòíîñòü òîãî, ÷òî

âîñïðèèì÷èâûé ÷åëîâåê â òî÷êå x ïðèîáðåòàåò èíôåêöèþ îò èíôè-

öèðîâàííûõ ëèö, íàõîäÿùèõñÿ â èíòåðâàëå (y, y+ dy) è çàðàæåííûõ

dτ âðåìåíè íàçàä.

Â óðàâíåíèè (1) ÿäðà H,λ è V óäîâëåòâîðÿþò ñëåäóþùèì îñ-

íîâíûì óñëîâèÿì:

I) H(τ) ≥ 0, τ ∈ R+ := [0,+∞),
∞∫
0

H(τ)dτ = 1,

II) 0 ≤ λ(x, y) ≤ 1, (x, y) ∈ R2n, λ ∈ C(R2n),

III) V (x) ≥ 0, x ∈ Rn,
∫
Rn
V (x)dx = 1.
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Ïðè îïðåäåëåííûõ óñëîâèÿõ íà ôóíêöèþ g è ïðè äîïîëíèòåëüíûõ

îãðàíè÷åíèÿõ íà λ è V äîêàçûâàþòñÿ êîíñòðóêòèâíûå òåîðåìû ñó-

ùåñòâîâàíèÿ ìîíîòîííûõ è îãðàíè÷åííûõ ðåøåíèé.

Èç äîêàçàííûõ ðåçóëüòàòîâ, êàê ÷àñòíûé ñëó÷àé, ïîëó÷àåòñÿ

òåîðåìà Î. Äèåêìàíà èç ðàáîòû [1].

Îñíîâíûå ðåçóëüòàòû äàííîãî äîêëàäà ïðèíÿòû ê ïå÷àòè â æóð-

íàëå "Òðóäû ÌÈÀÍ"(ñì. [3]).

Â ðåàëüíûõ çàäà÷àõ ðàñïðîñòðàíåíèÿ ýïèäåìèé ïîëó÷åííûå ìà-

òåìàòè÷åñêèå ðåçóëüòàòû â òåðìèíàõ èõ ïðèëîæåíèÿ èìåþò ñëåäó-

þùèé ñìûñë:

• ñîãëàñíî ðåçóëüòàòàì òåîðåìû 1 (èç ðàáîòû [3]) ÷èñëî âîñ-

ïðèèì÷èâûõ ëèö S(t, x) ïî âðåìåíè óìåíüøàåòñÿ, ÷òî, â ñâîþ

î÷åðåäü, îçíà÷àåò äàëüíåéøåå ðàçâèòèå ýïèäåìèè;

• èç ðåçóëüòàòîâ òåîðåì 2 è 4 (ñì. [3]) âûòåêàåò, ÷òî èñêîìàÿ

ôóíêöèÿ çàâèñèò îò x. Ïîñëåäíåå îçíà÷àåò, ÷òî ñêâîçü íàñåëå-

íèå ðàñïðîñòðàíÿåòñÿ áåãóùàÿ (ýïèäåìè÷åñêàÿ) âîëíà;

• íàêîíåö, òåîðåìó 3 (ñì. [3]) ìîæíî èíòåðïðåòèðîâàòü ñëåäóþ-

ùèì îáðàçîì: ýïèäåìèÿ â îäíó ñòîðîíó ðàçâèâàåòñÿ, à â äðó-

ãóþ ñòîðîíó ïîñòîÿííî óãàñàåò.

Ñïèñîê ëèòåðàòóðû

[1] O. Diekmann, Thresholds and Travelling Waves for the

Geographical Spread of Infection, Journal of Math. Biology, 1978,

6, 109-130.

[2] O. Diekmann, Limiting behaviour in an epidemic model, Journal of

Non. Anal.- Theory Math. Appl., 1977, 1, 459-470.

[3] À. Õ. Õà÷àòðÿí, Õ. À. Õà÷àòðÿí, Î ðàçðåøèìîñòè íåêîòîðûõ

íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé â çàäà÷àõ ðàñïðîñòðàíå-

íèÿ ýïèäåìèè, Òðóäû ÌÈÀÍ, 2019, 304 (â ïå÷àòè).



80 Òåçèñû äîêëàäîâ

Î ðàçðåøèìîñòè îäíîãî êëàññà íåëèíåéíûõ óðàâíåíèé ñ
ìàòðèöàìè Òåïëèöà
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Äîêëàä ïîñâÿùåí âîïðîñàì èññëåäîâàíèÿ è ïîñòðîåíèÿ íåòðè-

âèàëüíûõ (íåïîñòîÿííûõ) ðåøåíèé ãðàíè÷íûõ çàäà÷ äëÿ íåêîòîðûõ

êëàññîâ äèñêðåòíûõ ìàòðè÷íûõ óðàâíåíèé.

Ñíà÷àëà ðàññìàòðèâàåòñÿ ãðàíè÷íàÿ çàäà÷à äëÿ íåëèíåéíîãî

ìàòðè÷íîãî óðàâíåíèÿ âèäà:

cX3 + (1− c)X = AXB (1)

îòíîñèòåëüíî ìàòðèöû X = (xij)i,j∈Z ïðè óñëîâèè

lim
|m|→∞

lim
|n|→∞

xmn = lim
|n|→∞

lim
|m|→∞

xmn =

{
1, åñëè m · n ≥ 0,

−1, åñëè m · n < 0

ãäå A = (a∗mi)
∞
m,i=−∞ è B =

(
b∗jn
)∞
n,j=−∞ � ìàòðèöû Òåïëèöà ñ

ýëåìåíòàìè

a∗mi := am−i, (m, i ∈ Z) è b∗jn := bn−j, (n, j ∈ Z)

ñîîòâåòñòâåííî, c ∈ (0, 1] � ÷èñëîâîé ïàðàìåòð. Ïðè ýòîì ïðåäïî-

ëàãàåòñÿ, ÷òî ÷èñëîâûå ïîñëåäîâàòåëüíîñòè {ak}+∞
k=−∞ è {bs}+∞

s=−∞
óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

ak, bs > 0 ∀k, s ∈ Z;
+∞∑

k=−∞

ak = 1,
+∞∑
s=−∞

bs = 1; (2a)

a−k = ak, b−s = bs ∀k, s ∈ N; ak, bs ↓ íàZ+ ≡ N ∪ {0}. (2b)

Äàëåå ïðè îïðåäåëåííûõ óñëîâèÿõ ðàññìàòðèâàþòñÿ ãðàíè÷íûå

çàäà÷è
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• äëÿ ñîîòâåòñòâóþùåãî íåîäíîðîäíîãî ìàòðè÷íîãî óðàâíåíèÿ:

cW 3 + (1− c)W = V + AWB, (3)

• äëÿ óðàâíåíèé ñ íåêîòîðûìè áîëåå îáùèìè ñëó÷àÿìè íåëè-

íåéíîñòè:

Q(X̃) = AX̃B (4)

Èíòåðåñ ê çàäà÷å î ïîñòðîåíèè êëàññè÷åñêîãî âåùåñòâåííîãî ðå-

øåíèÿ ðàññìàòðèâàåìîé çàäà÷è ñâÿçàí ñ âîçìîæíûìè ïðèìåíåíèÿ-

ìè â äèñêðåòíûõ çàäà÷àõ â p-àäè÷åñêîé òåîðèè ñòðóí, â êîñìîëîãèè

è â äðóãèõ îáëàñòÿõ åñòåñòâîçíàíèÿ (ñì. (1)�(4)).

Äëÿ ðàññìàòðèâàåìûõ çàäà÷ äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ

áåñêîíå÷íûõ ìàòðèö (ðåøåíèé) ñ ìîíîòîííî âîçðàñòàþùèìè è îãðà-

íè÷åííûìè ýëåìåíòàìè íà âñåé öåëî÷èñëåííîé ðåøåòêå Z×Z, ïðè-
÷åì äëÿ ïîñëåäíåé çàäà÷è (ñëåäîâàòåëüíî, è äëÿ ïåðâîé, êàê åå

îáîáùàþùåé) ðåøåíèÿ îáðàçóþò äâóõïàðàìåòðè÷åñêîå ñåìåéñòâî.

Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ íà çàäàííûå ìàòðèöû è íà

ôóíêöèþ Q äëÿ ñîîòâåòñòâóþùèõ çàäà÷ óñòàíàâëèâàåòñÿ àñèìïòî-

òè÷åñêîå ïîâåäåíèå ýëåìåíòîâ ïîñòðîåííûõ ìàòðèö (ðåøåíèé) ïðè

áåñêîíå÷íîì óäàëåíèè è ïî ñòðîêàì, è ïî ñòîëáöàì.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò èìåòü òàêæå ïðèêëàäíîé èíòå-

ðåñ ïðè èññëåäîâàíèè ñîîòâåòñòâóþùåãî íåïðåðûâíîãî àíàëîãà êàê

äâóìåðíîãî, òàê è îäíîìåðíîãî.

Ñïèñîê ëèòåðàòóðû

[1] Ë. Â. Æóêîâñêàÿ, Èòåðàöèîííûé ìåòîä ðåøåíèÿ íåëèíåéíûõ

èíòåãðàëüíûõ óðàâíåíèé, îïèñûâàþùèõ ðîëëèíãîâûå ðåøåíèÿ

â òåîðèè ñòðóí, ÒÌÔ, 146:3 (2006), 402�409.

[2] Â. Ñ. Âëàäèìèðîâ, Î íåëèíåéíîì óðàâíåíèè p-àäè÷åñêîé îò-

êðûòîé ñòðóíû äëÿ ñêàëÿðíîãî ïîëÿ. ÓÌÍ, 60:6(366) (2005),

73�88.



82 Òåçèñû äîêëàäîâ

[3] Â. Ñ. Âëàäèìèðîâ, ß. È. Âîëîâè÷, Î íåëèíåéíîì óðàâíåíèè

äèíàìèêè â òåîðèè pp-àäè÷åñêîé ñòðóíû. ÒÌÔ, 138:3 (2004),

355�368.

[4] Õ. À. Õà÷àòðÿí, Î ðàçðåøèìîñòè íåêîòîðûõ êëàññîâ íåëèíåé-

íûõ èíòåãðàëüíûõ óðàâíåíèé â òåîðèè p-àäè÷åñêîé ñòðóíû. Èçâ.

ÐÀÍ. Ñåð. ìàòåì., 2018, ò. 82, 2.
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Ïðåäåëüíûå òåîðåìû äëÿ ñóìì ñëó÷àéíûõ âåëè÷èí èãðàþò âàæíóþ

ðîëü âî ìíîãèõ ïðèêëàäíûõ çàäà÷àõ, â ÷àñòíîñòè, â çàäà÷àõ ìàòå-

ìàòè÷åñêîé ñòàòèñòè÷åñêîé ôèçèêè (âîïðîñû ýêâèâàëåíòíîñòè àí-

ñàìáëåé, ïîëó÷åíèå àñèìïòîòè÷åñêèõ ôîðìóë äëÿ ðàñ÷åòà çíà÷åíèé

òåðìîäèíàìè÷åñêèõ ôóíêöèé, èçó÷åíèå àñèìïòîòè÷åñêîãî ïîâåäå-

íèÿ ñóììàðíûõ ñïèíîâ è ò.ä.). Â ýòîé ñâÿçè ïðîáëåìà ðàñøèðåíèÿ

îáëàñòè ïðèìåíèìîñòè ïðåäåëüíûõ òåîðåì ÿâëÿåòñÿ âåñüìà àêòó-

àëüíîé.

Õîðîøî èçâåñòíî, ÷òî òåîðèÿ ïðåäåëüíûõ òåîðåì äëÿ ñóìì

íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ÿâëÿåòñÿ ïðàêòè÷åñêè çàâåðøåí-

íîé òåîðèåé. Îäíàêî óñëîâèå íåçàâèñèìîñòè ñëó÷àéíûõ ñëàãàåìûõ

íå ÿâëÿåòñÿ íåîáõîäèìûì, è îòêàç îò íåãî ïðèâîäèò ê âîçìîæíîñòè

ðàñïðîñòðàíåíèÿ ýòîé òåîðèè íà ñîâîêóïíîñòè çàâèñèìûõ ñëó÷àé-

íûõ âåëè÷èí (ñëó÷àéíût ïðîöåññû ñ ïåðåìåøèâàíèåì, ìàðòèíãàëû

è äð.). Ñóùåñòâóåò è äðóãîå íàïðàâëåíèå èññëåäîâàíèé, à èìåííî,

óñòàíîâëåíèå àñèìïòîòè÷åñêîé íîðìàëüíîñòè äëÿ ïîñëåäîâàòåëüíî-

ñòåé íåëèíåéíûõ ôóíêöèîíàëîâ îò ñëó÷àéíûõ âåëè÷èí.
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Â äîêëàäå ðàññìàòðèâàåòñÿ âîïðîñ î ðàñïðîñòðàíåíèè ñïðàâåä-

ëèâîñòè öåíòðàëüíîé ïðåäåëåüíîé òåîðåìû íà íåëèíåéíûå ôóíê-

öèîíàëû îò íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí. Ïðåæäå âñåãî, áóäåò

ïðåäñòàâëåí äîñòàòî÷íî øèðîêèé êëàññ íåëèíåéíûõ ôóíêöèîíàëîâ,

ñîõðàíÿþùèõ íîðìàëüíîå ðàñïðåäåëåíèå, ò.å. òàêèõ ôóíêöèîíàëîâ,

êîòîðûå, áóäó÷è ïðèìåíåíû ê íåçàâèñèìûì íîðìàëüíî ðàñïðåäåëåí-

íûì ñëó÷àéíûì âåëè÷èíàì, òàêæå èìåþò íîðìàëüíîå (ãàóññîâñêîå)

ðàñïðåäåëåíèå. Êðîìå òîãî, áóäóò óêàçàíû óñëîâèÿ, ïðè êîòîðûõ ïî-

ñëåäîâàòåëüíîñòü òàêèõ ôóíêöèîíàëîâ îò íåçàâèñèìûõ, íî íå îáÿ-

çàòåëüíî ãàóññîâñêèõ ñëó÷àéíûõ âåëè÷èí, ÿâëÿåòñÿ àñèìïòîòè÷åñêè

íîðìàëüíîé.

Ðàáîòà âûïîëíåíà ñîâìåñòíî ñ Á. Ñ. Íàõàïåòÿíîì, Èíñòèòóò Ìà-

òåìàòèêè ÍÀÍ ÐÀ, Àðìåíèÿ.
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