
Íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû, õàîñ è

÷èñëåííûå ìåòîäû

Ï÷åëèíöåâ Àëåêñàíäð Íèêîëàåâè÷

Òàìáîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

Òàìáîâ, 2019

Ï÷åëèíöåâ Àëåêñàíäð Íèêîëàåâè÷ Íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû



Ïîíÿòèå äèíàìè÷åñêîé ñèñòåìû

Ïîä äèíàìè÷åñêîé ñèñòåìîé ïîíèìàþò ëþáîé îáúåêò èëè
ïðîöåññ, äëÿ êîòîðîãî îäíîçíà÷íî îïðåäåëåíî ïîíÿòèå
ñîñòîÿíèÿ X (t) (âåêòîðíàÿ ôóíêöèÿ) êàê ñîâîêóïíîñòè
íåêîòîðûõ âåëè÷èí x1(t), . . . , xn(t) (ïåðåìåííûõ ñîñòîÿíèÿ �
ñêàëÿðíûõ ôóíêöèé) â ìîìåíò âðåìåíè t, è çàäàí çàêîí,
êîòîðûé îïèñûâàåò èçìåíåíèå íà÷àëüíîãî ñîñòîÿíèÿ X (0) = X0

ñ òå÷åíèåì âðåìåíè.

Âðåìÿ t ìîæåò ïðèíèìàòü ëþáîå äåéñòâèòåëüíîå çíà÷åíèå
t ∈ R, ÷àùå ðàññìàòðèâàþò ñèñòåìû, êîãäà t ≥ 0.

X (t) ∈ Rn.

xi íàçûâàåòñÿ ôàçîâîé êîîðäèíàòîé, ẋi � ïðîèçâîäíàÿ ôàçîâîé
êîîðäèíàòû ïî âðåìåíè, n � ïîðÿäîê ñèñòåìû.
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Çàäàíèå äèíàìè÷åñêèõ ñèñòåì â âèäå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé



ẋ1 = f1(x1, . . . , xn),

ẋ2 = f2(x1, . . . , xn),

. . . . . . . . . . . . . . . . . .

ẋn = fn(x1, . . . , xn),

èëè â îáùåì âèäå
Ẋ = F (X )

ñ íà÷àëüíûì óñëîâèåì X (0) = X0 (èìååì çàäà÷ó Êîøè), ãäå

F (X ) = [f1(X ) . . . fn(X )]T .
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Ëèíåéíàÿ ñèñòåìà ïåðâîãî ïîðÿäêà

ẋ1 = ax1,

ãäå a � ïîñòîÿííàÿ âåëè÷èíà, X (0) = X0 = x1,0. Ïðèìåðû:
ïðîöåññû ðàäèîàêòèâíîãî ðàñïàäà, ðàçìíîæåíèå îäíîãî
áèîëîãè÷åñêîãî âèäà, ðîñò (óìåíüøåíèå) âÿçêîé äåôîðìàöèè
ñî âðåìåíåì ïðè íàëîæåíèè (èëè ñíÿòèè) íàãðóçêè. Ðåøåíèå:
X (t) = x1(t) = X0eat .

Ðèñóíîê 1 � Äèíàìèêà ñèñòåìû ïðè

a < 0.

Ðèñóíîê 2 � Äèíàìèêà ñèñòåìû ïðè

a > 0.
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Ëèíåéíàÿ ñèñòåìà âòîðîãî ïîðÿäêà � ïðóæèííûé ìàÿòíèê

Óðàâíåíèå äâèæåíèÿ: mẍ1 = −kx1.
Ââåä¼ì âòîðóþ ôàçîâóþ êîîðäèíàòó � ñêîðîñòü äâèæåíèÿ
ìàÿòíèêà x2 = ẋ1.

Ðèñóíîê 3 � Ïðóæèííûé ìàÿòíèê.

Ïîëó÷èì ñèñòåìó
ẋ1 = x2,

ẋ2 = − k

m
x1

ñ íà÷àëüíûì
óñëîâèåì X (0) = [x1,0 x2,0]T.
Ðåøåíèå:  x1(t) =

x2,0
ω

sin(ωt) + x1,0 cos(ωt),

x2(t) = x2,0 cos(ωt)− x1,0ω sin(ωt),

ãäå ω =

√
k

m
� ñîáñòâåííàÿ ÷àñòîòà êîëåáàíèé.
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Âðåìåííàÿ äèàãðàììà è ôàçîâàÿ òðàåêòîðèÿ

Ðèñóíîê 4 � Âðåìåííàÿ ðàçâ¼ðòêà äëÿ ãàðìîíè÷åñêèõ êîëåáàíèé.

Ðèñóíîê 5 � Ôàçîâàÿ òðàåêòîðèÿ ñèñòåìû ¾Ïðóæèííûé ìàÿòíèê¿ � ìíîæåñòâî

òî÷åê ôàçîâîé ïëîñêîñòè x1Ox2 ñ êîîðäèíàòàìè (x1(t), x2(t)), t ∈ R.

x1,0 = 0, x2,0 = −A, x1(t) = −A sin t, x2(t) = −A cos t,

ãäå A � àìïëèòóäà êîëåáàíèé, ϕ = ωt, ω = 1.
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Îñîáûå òî÷êè äèíàìè÷åñêèõ ñèñòåì

Îñîáàÿ òî÷êà X ∗ (íåïîäâèæíàÿ òî÷êà, ïîëîæåíèå ðàâíîâåñèÿ,
ñòàöèîíàðíàÿ òî÷êà, òî÷êà ïîêîÿ) äèíàìè÷åñêîé ñèñòåìû �
òî÷êà ôàçîâîãî ïðîñòðàíñòâà, â êîòîðîé

f1(X ∗) = 0,

f2(X ∗) = 0,

. . . . . . . . . . . .

fn(X ∗) = 0.
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Óñòîé÷èâîñòü îñîáîé òî÷êè

Ðèñóíîê 6 � Ôàçîâûå òðàåêòîðèè ñèñòåìû ñ òðåíèåì.{
ẋ1 = x2,

ẋ2 = −γx2 − ω2x1.

Ïîëîæåíèå ðàâíîâåñèÿ óñòîé÷èâî ïðè γ > 0 (ÿâëÿåòñÿ
ïðèòÿãèâàþùåé òî÷êîé � àòòðàêòîðîì), ïðè γ < 0 íåóñòîé÷èâî, ïðè
γ = 0 îáëàäàåò íåéòðàëüíîé óñòîé÷èâîñòüþ.
Ïðè ïåðåõîäå çíà÷åíèÿ ïàðàìåòðà γ ÷åðåç 0 ïðîèñõîäèò ïåðåñòðîéêà
õàðàêòåðà ôàçîâûõ òðàåêòîðèé ñèñòåìû, ò.å. áèôóðêàöèÿ.

γ = 0 íàçûâàåòñÿ òî÷êîé áèôóðêàöèè.
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Êëàññèôèêàöèÿ îñîáûõ òî÷åê

Ðèñóíîê 7 � Ïðèìåðû ôàçîâûõ ïîðòðåòîâ äëÿ ðàçíûõ òèïîâ îñîáûõ òî÷åê:

à) óñòîé÷èâûé óçåë, á) ñåäëî-óçåë â ïðîñòðàíñòâå R2, â) íåóñòîé÷èâûé ôîêóñ,

ã) öåíòð, ä) ñåäëî-óçåë â ïðîñòðàíñòâå R3, å) ñåäëî-ôîêóñ â ïðîñòðàíñòâå R3.
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Ñèñòåìà Âàí äåð Ïîëÿ

Ðèñóíîê 8 � Ôàçîâûé ïîðòðåò ñèñòåìû

Âàí äåð Ïîëÿ, b > 0.

O(0, 0) � íåóñòîé÷èâîå ïîëîæåíèå ðàâíî-

âåñèÿ.

{
ẋ1 = x2,

ẋ2 = b(1− x2
1 )x2 − x1.

Ìîæíî óñòàíîâèòü ñóùåñòâî-
âàíèå, åäèíñòâåííîñòü è óñòîé-
÷èâîñòü çàìêíóòîé òðàåêòî-
ðèè â ñèñòåìå � ïðåäåëüíîãî

öèêëà, ñîîòâåòñòâóþùåãî ïå-
ðèîäè÷åñêîìó ðåøåíèþ.
Ôàçîâûå òðàåêòîðèè, ðàñïî-
ëîæåííûå êàê è âíå, òàê è
âíóòðè öèêëà, àñèìïòîòè÷å-
ñêè ñòðåìÿòñÿ ê íåìó. Òàêèì
îáðàçîì, óñòîé÷èâûé öèêë �
åù¼ îäèí ïðèìåð àòòðàêòîðà.
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Ñâîáîäíàÿ êîíâåêöèÿ â ïëîñêîì ñëîå æèäêîñòè

Ðèñóíîê 9 � Ïðîôèëü òå÷åíèÿ ïðè êîíâåêöèè â ïîäîãðåâàåìîì ñíèçó ñëîå æèäêîñòè.

Ðèñóíîê 10 � Êîíâåêòèâíàÿ ñòðóêòóðà óïîðÿäî÷åííûõ âàëîâ (âèä ñâåðõó).

Êîíâåêöèÿ ñîçäàíà â ñëîå ñèëèêîíîâîãî ìàñëà òîëùèíîé 2,5 ìì ñ ðàçìåðàìè

ïëàñòèí 98×60 ìì. Âåðõíÿÿ ïëàñòèíà ïðîçðà÷íà, à â êà÷åñòâå íèæíåé âçÿòà

ïîëèðîâàííàÿ ìåäü (êàê ïîâåðõíîñòü, îòðàæàþùàÿ ñâåò). Êîíâåêòèâíûå âàëû

çäåñü âèçóàëèçèðîâàíû çà ñ÷åò ïðåëîìëåíèÿ ñâåòà [1, ñ. 104].
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ñâîáîäíîé êîíâåêöèè

T (x , y , t) = T0 + ∆T − ∆T

h
y + θ(x , y , t),

∂vx
∂t

+ vx
∂vx
∂x

+ vy
∂vx
∂y

= − 1

ρ0

∂p

∂x
+ ν

(
∂2vx
∂x2

+
∂2vx
∂y 2

)
,

∂vy
∂t

+ vx
∂vy
∂x

+ vy
∂vy
∂y

=

[
γ

(
θ + ∆T − ∆T

h
y

)
− 1

]
g−

− 1

ρ0

∂p

∂y
+ ν

(
∂2vy
∂x2

+
∂2vy
∂y 2

)
,

∂vx
∂x

+
∂vy
∂y

= 0,

∂θ

∂t
+
∂(θvx)

∂x
+
∂(θvy )

∂y
− ∆T

h
vy = a

(
∂2θ

∂x2
+
∂2θ

∂y 2

)
.

Íà âåðõíèé è íèæíèé êðàÿ ñëîÿ íàëîæèì ãðàíè÷íûå óñëîâèÿ,

âûðàæàþùèå ïîñòîÿíñòâî òåìïåðàòóðû è îòñóòñòâèå ïîòîêà æèäêîñòè

÷åðåç ãðàíèöó:

θ(x , 0, t) = θ(x , h, t) = 0, vy (x , 0, t) = vy (x , h, t) = 0,
vx(0, y , t) = vx(l , y , t) = 0.
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Äèíàìè÷åñêàÿ ñèñòåìà Ëîðåíöà

vx(x , y , t) ≈ −x1(t)β sinαx cosβy ,

vy (x , y , t) ≈ x1(t)α cosαx sinβy ,

θ(x , y , t) ≈ x2(t) cosαx sinβy − x3(t) sin 2βy ,

ãäå α = π/l , β = π/h.
ẋ1 = σ(x2 − x1),

ẋ2 = rx1 − x2 − x1x3,

ẋ3 = x1x2 − bx3.

Îáû÷íî ñèñòåìó Ëîðåíöà èññëåäóþò ïðè êëàññè÷åñêèõ çíà÷åíè-
ÿõ åå ïàðàìåòðîâ, òî åñòü ïðè σ = 10, r = 28 è b = 8/3.
Âñå ðåøåíèÿ ýòîé äèíàìè÷åñêîé ñèñòåìû îãðàíè÷åíû.
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Äèíàìè÷åñêèé õàîñ

Â ñèñòåìå ñ n > 2 ìîæåò ñóùåñòâîâàòü òàê íàçûâàåìûé ñòðàí-

íûé àòòðàêòîð, ñîñòîÿùèé èç âñþäó ïëîòíûõ ñåäëîâûõ òðàåêòî-
ðèé, âäîëü êîòîðûõ áëèçêèå òðàåêòîðèè ýêñïîíåíöèàëüíî ðàçáå-
ãàþòñÿ. Ïðè ýòîì èìåþòñÿ îáëàñòè ïðèòÿæåíèÿ, âîçâðàùàþùèå
òðàåêòîðèè ê àòòðàêòîðó. Ýòî è ñîçäàåò èõ õàîòè÷åñêîå ïîâå-
äåíèå. Èç-çà íåóñòîé÷èâîñòè ðåøåíèé íà àòòðàêòîðàõ ñèñòåìû
ïðàâèëüíûé ÷èñëåííûé ïðîãíîç èõ ïîâåäåíèÿ íà çàäàííîì îò-
ðåçêå âðåìåíè âàæåí â ïîíèìàíèè, íàïðèìåð, ïðîöåññîâ ýâîëþ-
öèè (íàïðèìåð, åñëè ðàññìàòðèâàåòñÿ ìîäåëü [2] ðîñòà ðàêîâûõ
îïóõîëåé) è ñíèæåíèÿ íåîïðåäåëåííîñòè.
Êëàññè÷åñêèå ÷èñëåííûå ìåòîäû ïîñòðîåíèÿ ÷èñëåííûõ ðåøå-

íèé äèíàìè÷åñêèõ ñèñòåì (íàïðèìåð, ìåòîä Ýéëåðà, Ðóíãå-Êóòòû

4-îãî ïîðÿäêà, Àäàìñà) äàþò çíà÷èòåëüíûå îøèáêè íà áîëüøèõ

âðåìåííûõ ïðîìåæóòêàõ èç-çà íåóñòîé÷èâîñòè õàîòè÷åñêèõ ðå-

øåíèé.
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Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà Ýéëåðà

Ðèñóíîê 11 � Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà Ýéëåðà.
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Äóãà òðàåêòîðèè ñèñòåìû Ëîðåíöà

Ðèñóíîê 12 � Äóãà òðàåêòîðèè, ïîñòðîåííàÿ íà îòðåçêå âðåìåíè [0, 6.827] äëÿ

x1,0 = 13.41265629, x2,0 = 13.46430003, x3,0 = 33.46156416.
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Ñåäëîâîé öèêë â ñèñòåìå Ëîðåíöà

Íà ðèñóíêå x = x1, y = x2 è z = x3.

Ðèñóíîê 13 � Ñåäëîâîé öèêë â ñèñòåìå Ëîðåíöà.

Ï÷åëèíöåâ À. Òðè öèêëà â àòòðàêòîðå Ëîðåíöà, Õàáð, 2017.
https://habr.com/ru/post/329578/
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Âîçâðàòû Ïóàíêàðå è óñòîé÷èâîñòü ïî Ïóàññîíó

Åñëè ðàññìàòðèâàåòñÿ ïðåäåëüíàÿ òðàåêòîðèÿ, îòëè÷íàÿ îò îñîáîé òî÷êè, òî îíà
íàçûâàåòñÿ óñòîé÷èâîé ïî Ïóàññîíó, åñëè îíà îáëàäàåò ñâîéñòâîì âîçâðàùàòüñÿ
â ñêîëü óãîäíî ìàëóþ îêðåñòíîñòü êàæäîé ñâîåé òî÷êè áåñêîíå÷íîå ÷èñëî ðàç.
Âîçâðàò òðàåêòîðèè â ε-îêðåñòíîñòü ïðîèçâîëüíî âûáðàííîé íà íåé íà÷àëüíîé
òî÷êè íàçûâàþò âîçâðàòàìè Ïóàíêàðå.

Ðèñóíîê 14 � Âîçâðàòû Ïóàíêàðå äëÿ ïåðèîäè÷åñêîãî, êâàçèïåðèîäè÷åñêîãî è
õàîòè÷åñêîãî ðåæèìà äèíàìèêè.
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Äèíàìè÷åñêàÿ ñèñòåìà îáùåãî âèäà

Ðàññìîòðèì àâòîíîìíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

Ẋ = B0 + B1X + ϕ(X ), (1)

ãäå X (t) = [x1(t) . . . xn(t)]T � âåêòîðíàÿ ôóíêöèÿ âðåìåíè t
ñî çíà÷åíèÿìè â ïðîñòðàíñòâå Rn, B0 ∈ Rn � çàäàííûé âåêòîð-
ñòîëáåö,

ϕ(X ) = [ϕ1(X ) . . . ϕn(X )]T ,

ϕp(X ) = 〈QpX ,X 〉, B1 è Qp (p = 1, n) � ìàòðèöû (n × n) äåé-
ñòâèòåëüíûõ ÷èñåë.
Àíàëèç ñîâðåìåííîé ëèòåðàòóðû ïîêàçàë, ÷òî ôîðìóëû îáùåãî
ðåøåíèÿ ñèñòåì âèäà (1) â êëàññå êàêèõ-ëèáî èçâåñòíûõ ôóíêöèé
ïîêà íå íàéäåíî.
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Ïðèìåðû ñèñòåì ñ êâàäðàòè÷íûìè íåëèíåéíîñòÿìè

Ñèñòåìà Ëîðåíöà 
ẋ1 = σ(x2 − x1),

ẋ2 = rx1 − x2 − x1x3,

ẋ3 = x1x2 − bx3.

Äëÿ äàííîé ñèñòåìû ìàòðèöû èìåþò âèä:

B0 = 0, B1 =


−σ σ 0

r −1 0

0 0 −b

 , Q1 = 0,

Q2 =


0 0 −1

0 0 0

0 0 0

 , Q3 =


0 1 0

0 0 0

0 0 0

 .
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Ïðèìåðû ñèñòåì ñ êâàäðàòè÷íûìè íåëèíåéíîñòÿìè

Ñèñòåìà ×åíà 
ẋ1 = a (x2 − x1) ,

ẋ2 = (c − a)x1 − x1x3 + cx2,

ẋ3 = x1x2 − bx3,

Äëÿ äàííîé ñèñòåìû ìàòðèöû èìåþò âèä:

B0 = 0, B1 =


−a a 0

c − a c 0

0 0 −b

 , Q1 = 0,

Q2 =


0 0 −1

0 0 0

0 0 0

 , Q3 =


0 1 0

0 0 0

0 0 0

 .
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×èñëåííî-àíàëèòè÷åñêîå ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

Ïóñòü

X (t) =
∞∑
i=0

Λi t
i ,

ãäå Λ0 = X (0) � âåêòîð çíà÷åíèé íà÷àëüíûõ óñëîâèé äëÿ ñèñòå-
ìû (1), Λi ∈ Rn.

ϕp(X ) =
∞∑
i=0

Φi ,pt i , Φi ,p =
i∑

j=0

〈QpΛj ,Λi−j〉, p = 1, n.

Ïóñòü
Φi = [Φi ,1 . . . Φi ,n]T .

Λ1 = B0 + B1Λ0 + Φ0. (2)

Ðåêóððåíòíîå ñîîòíîøåíèå ïðè i ≥ 2

Λi =
B1Λi−1 + Φi−1

i
. (3)
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Îöåíêà îáëàñòè ñõîäèìîñòè ðÿäîâ

h1(Λ0) = ‖Λ0‖ , µ = n max
p=1,n

‖Qp‖ ,

h2(Λ0) =

{
‖B0‖+ (‖B1‖+ 2µ)h1 + µh2

1, åñëè h1 > 1,

‖B0‖+ ‖B1‖+ µ â ïðîòèâíîì ñëó÷àå.

Ðÿäû ñõîäÿòñÿ ïðè t ∈ (−τ ; τ), ãäå τ = 1/h2.
Âûáåðåì

0 < ∆t < τ

èëè
−τ < ∆t < 0.

Êðèòåðèé îêîí÷àíèÿ ñóììèðîâàíèÿ

‖Λi‖ |∆t|i < εp.
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Àëãîðèòì ÷èñëåííîãî ðåøåíèÿ

1 Çàäàòü çíà÷åíèÿ ìàøèííîãî ýïñèëîí εm è way (1 èëè −1).
2 Çàäàòü çíà÷åíèÿ T , εp è Λ0 = X (0).
3 t := 0.
4 Âû÷èñëèòü çíà÷åíèå ∆t êàê ôóíêöèþ îò Λ0.
5 t := t + ∆t.
6 Åñëè t > T , òî flag := 1; ∆t := ∆t − (t − T )
Èíà÷å åñëè t < T , òî flag := 0
Èíà÷å flag := 1.

7 p := 1; i := 0; x := Λ0.
8 i := i + 1; p := p · way ·∆t. Âû÷èñëèòü Λi ïî ôîðìóëå (2)

èëè (3).
9 x := x + Λi · p.
10 L := ‖Λi‖ · |p|.
11 Åñëè L > εp, òî ïåðåéòè ê øàãó 8.
12 Λ0 := x .
13 Âûâîä Λ0.
14 Åñëè flag = 0, òî ïåðåéòè ê øàãó 4.
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Îáîçíà÷åíèÿ

Ïîëîæèì, ÷òî

Ω = [t0; t1] ∪ [t1; t2] ∪ . . . ∪ [tN−1; tN ],
t0 = 0, tN = T ,
∆tl = tl − tl−1,

nl � ñòåïåíü ïîëèíîìà, ñîîòâåòñòâóþùåãî ìîìåíòó âðåìåíè tl ,
l = 1,N,

nmin = min
l

nl , nmax = max
l

nl , lmin = indmin
l

nl ,

lmax = indmax
l

nl , ∆tmin = min
l

∆tl ,

∆tmax = max
l

∆tl , dmin = indmin
l

∆tl ,

dmax = indmax
l

∆tl .
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Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà äëÿ ñèñòåìû ×åíà

� t x1(t) x2(t) x3(t)

1 0 −10.3391 −11.1003 23.8488

2 3.695 −10.4283 −10.7454 23.3929

3 8.411 −10.5177 −10.7434 23.5557

� t ẋ1(t) ẋ2(t) ẋ3(t)

1 0 −26.6412 8.14097 43.2213

2 3.695 −11.0986 16.0749 41.8775

3 8.411 −7.89935 20.561 42.3287
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Ïðÿìîé ïðîõîä ïî âðåìåíè

T 3.695 8.411

N 7549 16869

nmin 18 19

lmin N N

nmax 27 27

lmax 2304 2304

tlmin 3.69487 8.41082

tlmax 1.26107 1.26107

∆tmin 0.000129384 0.000179493

dmin lmin lmin

tdmin tlmin tlmin

∆tmax 0.00124324 0.00124324

dmax 2299 2299

tdmax 1.25485 1.25485
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Îáðàòíûé ïðîõîä ïî âðåìåíè

−T −3.695 −8.411

N̂ 7549 16869

n̂min 18 19

l̂min N̂ N̂

n̂max 27 27

l̂max 5206 14526

tl̂min
−3.69489 −8.41083

tl̂max
−2.38689 −7.10279

∆tmin −0.000109911 −0.000165672

d̂min l̂min l̂min

td̂min
tl̂min

tl̂min

∆tmax −0.00124325 −0.00124325

d̂max 5252 14572

td̂max
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Ïðîâåðêà

x1,0 = −10.33913519761, x2,0 = −11.10031188035,
x3,0 = 23.84877914089.

εp = 10−53, εm = 2.54895 · 10−57 (bm = 189).

Òàêàÿ òî÷íîñòü îáåñïå÷èâàåò ñîâïàäåíèå âñåõ çíàêîâ ïîñëå
çàïÿòîé íà÷àëüíûõ óñëîâèé ïðè îáðàòíîì ïðîõîäå ïî âðåìåíè.

N = N̂, tlmax +
∣∣∣tl̂max

∣∣∣ ≈ T , dmax + d̂max ≈ N, tdmax +
∣∣∣td̂max

∣∣∣ ≈ T .
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Äóãà òðàåêòîðèè â àòòðàêòîðå è óñòîé÷èâîñòü ïî Ïóàññîíó

Íà ðèñóíêå x = x1, y = x2 è z = x3.
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