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JNIETEPMUHAHTHBIE CJIYYAVHBIE TOUEYHBIE ITOJIS

A. CONIHUKOB

Crarns COmepKUT KaK XOPOIIO N3BECTHLIE, TAK U HOBLIE PE3YILTATHI O IeTEPMIHAHT-
HLIX CIyYailHbIX MOJIAX. B mepBoM pasnesne CTaTbu M3I0KEHO NOKA3ATeILCTBO TEOPEeMDI
0 HEOBOXOMIMOM ¥ IOCTATOYHOM YCJIOBUY IUISI CYIECTBOBAHIS I€ TEPMUHAHTHOIO CIIyJaii-
HOT'O IOJISl C 9PMUTOBLIM APOM I TAKKe HEKOTOPEIE CMeKHbIe TEXHIIECKHe Pe3yIbTaThL.
Bropotii pasnen nocBsineH IpuMepaM JeTePMUHAHTHLIX CIYYAUHLIX MOJeH 13 KBAaHTOBOM
MEXaHUKU, CTATUCTIYIECKON MEXaHUKY, TEOPUU CIIyJaiHBIX MATPHII, TEOPHH BEPOATHOC-
Teil, TEOPUM IPENCTABIEHII 1 PTOATIECKO Teopun. B ¢BA3U ¢ Teopueit mponeccos BOC-
CTAHOBJIEHNA MBI OXaPaKTEePU30BAIN BCEe SPMUATOBLI JeTEPMUHAHTHEIE CIIyYaliHLIe IIOJIA C
He3aBUCUMLIMI OIVHAKOBO PACIpeNeNIeHHLIMN ClelicHHraMu. B TpeTheM paszmese mccire-
IYIOTCA ProariecKue CBOICTBA TPAHCIAIMOHHO MHBAPUAHTHBIX JeTePMUHAHTHLIX CIIY-
YafHLIX TOYEUHLIX NoJiell. B 9acTHOCTH, MOKA3LIBAIOTCSA CBOMCTBO NE€PEMEIIMBAHNS JIO-
6ot kpaTHOCTH 1 aDCOJIOTHAS HEIIPEPLIBHOCTDL CieKTpa. B mocnemuell cexipm o6cyx na-
€TCSI TOKA3ATeILCTBO EHTPAILHON IpeIeIbHON Te0peMEI VI UICJIA YACTUIl B PACTYIIEM
UHTEPBaJe U (PYHKINOHAJILHON HEeHTPAJILHON MPemeILbHOM TeopeMDl NI SMINPUIECKOR
(PYHKIIUM pacIpeneIe s CleiiCHHIOB.

Bubmuorpagus: 92 Ha3BaHus.
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108 A. COLIHUKOB

1. OnpeneiieEue u obIIUe CBOMCTBA
MeTepMUHAHTHLIX CJIyUYalHLIX TOYEUHBIX MOoJeH

O6o3raumM uepes E pa30Boe IPOCTPAHCTBO YACTHII 1 yepe3 X — IPOCTPAHCTBO KOHEU-
HBIX WJIM CYETHBIX KOH(Qurypamwii yactr B E. B obmewm ciyuae E sBisercs npon3BoJIb-
HBIM CenapabeaLHbIM XayCaopOBLIM IPOCTPAHCTBOM, HO MJIA HAIIMX LEJel JOCTATOUHO
[IPEII0JIaraTh, YTo

m
(1.1) E = H E;, rme Ej =R (wmZ?).
Jj=1

Eciu1 He OroBOPEeHO IPOTUBHOE, MBI GyIeM BCETIa PEMIoIarars, uro £ = R?, mockoabky
B cayuae (1.1) Bce paccy kK IeHUs 1 DOKA3aTEILCTBA OCTAIOTCS Oe3 n3Menenust. Mol npen-
noslaraeM, uTo Kaskaas Koupurypams & = (z;), z; € E,i € Z' (wm ZL , ecmu d > 1),
SIBJISIETCS JIOKAJILHO KOHEUHOM, T.€. UIA Ka¥K 00 KOMIIAKTHOro MHOXKecTBAa K C E umcio
vactun, nonaBumx B K, # i (§) = #(x; € K), xoneuno. Yactuiwt B £ ynopsiaoyeHnl Ka-
KUM-HIOY AL eCTeCTBEHHLIM 00pa30oM, HAIpuMep, T; < Tiy1 migtd = lueciund > 1, 10
Ty = Tj41, AN

d (N2 1/2 d () 12 1/2
| = J , — J
(12) it = (L)) <ol = (X))
i=1 i=1

1 d j
roe r; = (335 ) ad )), wmt |25 = |i41| m cymectsyer 1 < r < d Taxoe, uro #1) <

(4 : (r) (r)
i, I<j<r—lnz ’ <z;).

s TOro UTOOLI TOCTPOUTE O-aJaredpy M3MEPUMLIX MOMIMHOKECTB X , MBI OIPEIeTNM
CHAYAJIA TAK HA3LIBAEMDIE IIMIMHIPUYECKEe MHOXKeCTBa. 1lycth B C F — npom3BonHOE
6opeseBckoe MEHOKeCTBO U 1 > 0. [uarHAPUIECKUMY MHOKECTBAMU HALIBAIOTCA MHO-
wectsa Buna C2 = {¢ € X : #5(£) = n}. Onpenemv % xak g-anre6py, TOPOK IEHHYIO
[IAJIVH APUYECKUMUA MHOKECTBAMU (T.€. 9B ABIIACTCA MAHUMAJILHOA 0-anre0polt, comepika-
meit sce C2).

OnPENEJEHUE 1. Hycts P ectn mekoTopas BeposaTHOCTHAA Mepa Ha (X, %B). Torma
rpurter (X, %8, P) Ha3nBaeTcs ciryyaliHbIM TOUEUHLIM TI0JIEM.

B cBs3u c onpenenenriem 1 BOZHUKAET €CTECTBEHHLIN BOIIPOC O CITOCODE 33, IaHUS BEPOST-
HOCTHBIX Mep Ha (X, B). CoorBeTcTByIOmAasn Teopus 6buta noctpoena Jlenapmoom B [1]-[3]
UL IIPOU3BOJILHOIO JIOKAJILHO KOMITAK THOI'O IPOCTpancTBa Xaycnopda E co Bropoii akcu-
OMO# cueTHOCTH. B TOI Miu MHOI CTemeHy Ppaccy K IeHus ONUPAIOTCS Ha () YHIAMEHTA b=
Hy10 TeopeMy KoaMoroposa B Teopuu CiIy4aiHBIX MIPOLECCOB [4] U CTAHOBATCS 0COBEHHO
npoctomvy B caydae (1.1). Ilycrs ¢t u s — mBa BekTopa u3 F ¢ paloHAILHLIMEA KOODIVHA-
TaMu, ¢t = (t(l), R t(d)), s = (5(1), cee s(d)). OB603HAUNM OTKPLITLIN APAJIIIETEIAIIEN
{a: = (a:(l), . ,x(d)) € E:z() =) +9j(s(j) —tl), 0 < 0;<1,j=1,.. .,d} uepes
Mg, s. OBGO3HAUNIM CeMECTBO KOHEUHDBIX O0LEIMHEHN (OTKPLITHLIX, 3AMKHY TLIX MLV IIOJTY-
3aMKHY TBIX ) TAPAJIIEJIENUIIEN0B C PAIMOHAILHLIMY ¢, § uepe3 Z. [Ipemmonoxum, 4To Mul
[TOCTPOMJI COBMECTHOE PACIIPeeIeHIEe HEOTPULIATEILHBIX [IEJIOUNCIICHHBIX CJIy YalHBIX Be-
v np, D € % (unentudgmmpyemoe masee ¢ # p ), TAKUM 00PA30M, UTO BLIIOJHACTCS
CJIEMYIOIIEE CBOMCTBO KOHEUHOM AU TUBHOCTH:

(1.3) np = np, (nB),
=1
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ecm D = ||' | D;,D,D; € ®,i =1,...,n. U3 xoneunoit anmrusroctr (1.3) Hemen-
JICHHO BLITEKAET CYCTHAS A IIUTUBHOCTD

(1.4) D = ZﬂDi (m.B.),
i=1

D=||2,D;,D,D; € R,i=1,2,.... (Koneuno, 31ect CylmecTBeHeH TOT PAKT, UTO 1)p
IPVMHYMAIOT TOJILKO HEOTPHIIATEJILHLIE HEeJIOYCJICHHLIE 3Ha‘~IeHI/IH!)

Ilasee, HETPYMHO IMPOBEPUTL, UTO COBMECTHOE PACIPENE/ICHNE CIYYANHLIX BEJYUMH
#p =np, D € &, c ycnouem (1.3) (nnu (1.4)) emvECTBEHHLIM 0DPA30M ONPENEJIAET
BEPOSITHOCTHOE pacpenesnenyve Ha (X, ).

ITockobKy BO MHOTMX CUTYALMAX PACIPEIESICHE CIIYYANHLIX BEJIUUMH ya0OHO 3a1a-
BaTL Yepe3 MOMEHTHI, BIIOJIHE OOOCHOBAHO CJIEIYFOIIEE OMPEICTICHIE.

ONPEJAEJEHUE 2. JlokaanHO mHTErpUpyeMas OVEKIMA p: BF — RY maspmaercs
pUpy y Pk ¥

k-TOYeuHO KOPPEIAIMOHHON (hyHKIMeH ciryyaiiaoro Toueunoro moss (X, B, P), eciau nust

IPOM3BOJILHLIX HEMIEPECEKAIOMUXCA OOPEIeBCKUX TOAMHOKECTB A1, . . ., Ay, mpocTpancT-
Ba F mipum mpousBOJLHLIX k; € Z}l-’ i=1,...,m, > " k; = k, mmeer MecTo cremyomee
PaBEHCTBO:
(1.5) EH /k pk(xl,...,xk)dm---dzk,

#A _k) A11><.~><Afnm

rae uepes E Mot 0603HaqaeM MaTEeMaTUYIECKOE OXKUIaHE.

B uactaOCTH, p1 () ABIAETCA OMHOUACTUUHOM IIIIOTHOCTHIO, TAK KAk

E#4 = /Apl(a:) dz

1L IPpor3BOJILHOTO GopesieBckoro A C E. B obmem cayuae k > 1 pg(z1,. .., 2k ) yoosie-
TBOPSIET CJIEYIOMIEl BEPOATHOCTHOM MHTEpIpeTalmu: IyCTh (21, ¢; + dz;], i = 1,...,k,
€CTh DECKOHEUHO MAJIble MapaJIIeNEIUIETHLIE OKPECTHOCTH T4, TOraa pk (T1, T2, - .., Tk)

dx1 - - - dzj, — BEPOSITHOCTD HAMTY MO YaCTUIIe B KAXKIOM U3 [21, Z; + dx;]. IIpobiaema cy-
MECTBOBAHUA U EIMHCTBEHHOCTY CJIYYAMHOrO TOYEUHOTO TOJIA, 33JAHHOTO €ro KOppess-
MOHHLIMY (DyHKIMAMY, u3ydanacs B [1]—-[3]. He ymsurennuo, uro B paborax Jlemapna
MPOCJIEKMUBAIOTCS OTUETIIMBLIE TAPAJIIIENH C KITACCUUECKON TpobiieMoit MoMeHTOB [5], [6].
B uacTHOCTH, COydaiHOE TOUEUHOE MOJIE eIMHCTBEHHLIM 0DPa30M ONPENesIAeTCA CBOUMU
KODPPEJIAIMOHHLIMY ()yHKIIVAMU, €CIIA PACIPEIENEHNE CIIy YAlHLIX BenuurH {# 4 } emHCeT-
BEHHBIM 00pa30M ompeznesseTcs MoMenTamu. B pabote [1] JlerapmoMm GLLIO HOIyUYeHO 10~
CTATOUHOE YCJIOBUE ISl €INHCTBEHHOCTIL

o0 —
1
1.6 Z —_— Pk+i(T1, ..., Tpyi)dey - - drgy =0
( ) (k?+])' Akt +]( ) ) +J) +J
k=0
UL TIPOM3BOJILHONO OCPAHMYEHHOTO DOPEJIEBCKOro noaMHokecTBa A C E v mpou3BoJIL-
moro mesoro j > 0. Ha camoMm mese HETPYIHO 3aMETUTDL, UTO M3 PACXOAMMOCTH PAIA, IIPU

J=0,

[ _1
1 %
(16/) E (y/ pk(xla"'azk)dxl"'dwk) = 00,
- J Ak

k=0

el

caenyeT pacxomamocTs (1.6) msmponssossroro j > 0. B pa6orax [2], [3] JlerapmoM 6b1m0
IIOJIyY€HO HeO6XOI[I/IMoe 1 OOCTATOYHOE YCJIOBHE CYHMICCTBOBAHISA Cﬂyqaf/i}IOFO TOYEYHOI'O
TIOJIA € 3aJAHHBIMU KOPPEJIAIMOHHLIMY () yHKISAMI.
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TEOPEMA 1 (Jlenapm). Jokaavno urnmezpupyemoie Gynkyuu p: EF - R k =

1,2,..., A64410MCA KOPPEAAYUOHNBLMYU PYNKUUAMU HEKOMOPOZO CAYHANOZ0 MOYe-
HO20 NOAT 0204 U MOAYKO M020a, K020G BVINOAHEHb, NPUBLOCHHBLE HUNCE YCAOBUT
a), b).

a) Yeao8ue cuMMempuuHOCTU: Pk UHBAPUAHRMHNO OMHOCUMEbrho delicmeusd alo-
6ot 2pynnw cummempuu Sy, m.e.

(1.7) Pk (To(1ys - To(ry) = Pr(E1,. .., Tk)

0T NPOU3BOALHO20 T € S

b) Yenosue nosoxmcumenvrocmu: 0T NPOUIBOALHOZO KOHEUH020 HAOOPA UIMEPU-
MO GYHEUYUT ¢ KOMNAKMHBLM HOCUMENEM P, : E¥ - RY k =0,1,...,N, maxuz,
wmo

N
(18) (,00+Z Z @k(xila--'awik)>0

k=1i1#-#i}

Onst acex & = (z;) € X, 00AMCHO 8UNOANAMBCA HEPABEHCMBO

N
(1.9) <P0+Z/k<Pk($1,---,ﬂfk)l)k(ﬂ?l,---,wk)dwl'"dwk > 0.
k=1 E

Jloka3aTeanCcTBO HeOOXOMIMOCTH YCIOBUH a) 1 b) 2/ieMeHTapHO, MOCKOILKY 064 yCJIo-
BUS UMEIOT IPOCTYIO BEPOATHOCTHYIO UHTEPIIPETAIIMIO. B UaCTHOCTU, YCIOBUE MOJIOKM-
TEJILHOCTY O3HAYAET, UTO IJIS OMPENETIEHHOTO KIIACCA HEOTPUIIATENLHLIX CIIyYAAHBIX BEJIV-
ur (1.8) MaTeMaTIUeCKoe OKUAAHIE NOJIIKHO OLITH HEOTPUIATENLHBIM. JJ0Ka3aTeIhCTBO
JOCTATOYHOCTH YCJIOBUIA ) 1 b) HAMHOrO 60J1ee HeTPUBUAJILHO U OCHOBAHO HA AHAJIOTE Te-
opemot Prcca o mpencraBieHry HeO TPUIIATENLHOTO JIMHEHHOTO ()Y HKIOHAJIA U HA TEOPEME
Pucca—Kpeiina ( mamanuem poncrsennuke teopemnt Xana-Banaxa). Ciaenyer oTMeTUTD emre
pa3, uTo pe3yanraril JIeHapaa CrpaBemivBLI A MPOU3BOJILHOTO JIOKAJILHO KOMIAKTHOTO
mpocrpancTBa Xaycmopha E co BTopoii akcroMoil C4e THOCTH.

Heckonnko Gosee cinaboiii (HO mo-npexueMy Ge3HANEKHO Hed(P(PEKTUBHLIA!) BapuaHT
YCJIOBUSA MOJIOKUTENLHOCTY MOXKET OLITEL TOJNyYeH TPUDIIMKEHUEM (), CBEPXY JIUHENHLI-
MU KOMOMHAIMAMYA UHIMKATOPOB. O003HaUMM uepes Py, KIacC MHOrOWIEHOB (0T k mepe-
MEHHDIX ) , IPUHUMAIONX HeoTpuiaTensHnie 3aavenusa va N X -+ x N; N ={0,1,2,...}.

«—— k paz —>

HOCKOJIBKy MHOI'OYJIECHDLL
k m;—1
{H 11 i i), Wo}
=1 j5=0

00pa3yIoT JUHEHHLIT 6a31C B BEKTOPHOM IIPOCTPAHCTBE BCEX MHOTOUWJIEHOB OT K IIepeMeH-
HDIX, MBI MOYKEM [IPEACTABUTL IPOU3BOJILHLIA MHOTOWIEH (21, . . ., Tk) € Py, B Bune

m;—1

k
(1.10) g@r, .z = > amym ] ] @)
i=1 j=0

my,...,mp 20
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Yenosue noaoncumenvrocmu®. s mpousBonnuoro ¢ € Py, k > 1, 1 IpOU3BOIIL-
HBEIX OIPAHMYEHHLIX DOPEIEBCKUX MHOXKECTB A1, ..., A C E m0mKHO OLITL BLITOJHEHO
CIIenyIOIIee YCIOBLe:

(1.11) ao,..0+ Y. S mym

m>1mi+-+mp=m

X pm(T1,. . xy)dey - - dxy 2 0.
Tk, AT

B camom mesne, neBas uactn HepasencTsa (1.11) paBaa

(112) Eq(#Alﬂ"'a#Ak) = E|:a0,...,0+ Z Z Umy,...,my,

m>1my+-Fmp=m

X E XA’;'LIX,,‘XAZ’%(:UH;'"7a:im)
F e Fim

[Tosezno 0TMETUTD, YTO YCJIOBHE MOJIOKUTENLHOCTA ™ aHAJIOTUYHO YCIOBUIO HA MOMEHTLI
HEOTPHUIIATELHON IEJIOUNCIEHHON CIIYYafHON BEJIMUHDL.

B mammo#t paboTe MBI M3yUaeM CIenaiIbHLIA KIACC CIYYaiHLIX TOUEUHLIX TOJIel, ompe-
nenermbix Mawan B [7] (om. Taxoke [8]). Myers K: L2(R?) — L2(R?) — mexoTopuiit HeoT-
pHUIATENLHLIA OIepaTop, KOTOPLIH JTOKAILHO ABJIAETCA OIEPATOPOM C KOHEUHLIM CJIEIOM.
[Tocennee ycnoBue 03HaAYAET, UTO IS IPOM3BOILHOIO DOPEIEBCKOrO OI'PAHITYEHHOTO MHO-
xectBa B C R onepatop K - xp (rae x p(z) — mmmixarop B) ABIAETCA OMEPaTOPOM C
KOHEYHLIM CJIEZIOM, TAK UTO

(1.13) K >0, Tr(xpKxB)< +oo.

Anpo K (z,y) oneparopa K ompenesieHO ¢ TOUHOCTLIO [0 MHOXKECTBA JIEGErOBCKON MepLI
mymn B RY x RY. Jlna mammix meneit yno6uo BLibpats K (z,y) TaK, YTOOLI IUTs TPOU3BOJL-
HOI'O OIDAHMYEHHOT0 M3MEPUMOro B 1 IPOM3BOJILHOIO HOJIOKUTEILHOTO IEION0 N

(1.14) Tl"((XBKXB)n) = K(z1,72) - K(22,23) - ...  K(Tp,71)d21 - dTp.
Bn

JlokazaTesanCTBO BO3MOXKHOCTY TAKOI'O BEIOOPA ciaemyeT n3 temM 1 u 2.

JIEMMA 1 ([9], [10; 3ameuamme 3.4]). ITyems K — onepamop na L2(RY) ¢ womeunim
caedom. Tozda ezo onepamoproe A0po Moxcem bums 8uOPAHO MAKUM 00PA30M, MO
M(z,y) = K(z,z + y) Aeagemca nenpepuenoi fynkyued om y co 3HAYEHUAMY 8

LY(R?). Boaee mozo, ecau m(y) = /M(a:,y) dx, mo Tr K = m(0) = /K(a:,a:) dzx.

IOKA3ATEJTBCTBO. MLI IPpMBOIVM NOKA3aTEILCTBO TOJILKO IJIA CIyyas, Korna K ue-
orpumarested. Obmwii ciyyait amanoruden. Ilycrn {A;},>1 — Habop HemyseBLIx cober-
BEHHDIX 3HaueHnit 1 {(; } j>1 —HabOP COOTBETCTBYIOMIMX COOCTBEHHLIX BEKTOPOB OIEPaTO-
pa K. Kanomuueckas popma onepatopa K (Kak CaMOCONPSKEHHOTO KOMITAK THOTO OTIEePa-
TOpA) MeeT BUI

(1.15) K= X (¢j) ;-
i>1
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Sapuxcupyem y € Re u pacemorpum M (z,y) = 21 A @i(@) - pj(x +y) Kak Gynk-
o x. Ilockonnky

lei(-)-wi(- +y) = /Rd 0 (@) - (z +y)ldz < llpjll2 - llpjll2 =1,

T0 pam, onpenensommit M(-,y), cxomtea B LY (R?) mpu kasxnom y u |[M(-,y)|1 <
27212 = Tr K < +oo. Pacemorpum dymxmmio K (z,y) = M(z,y — z); 2Ta pyHKms
ompeneera, as moutu Beex (z,y) € R x R? u3amaer anapo onepaTopa K. L!-menpepnis-
HOCThL M (-, y) Clemyer U3 HepaBeHCTBA

S (i )iy =i () 0 +y2))
ji>1 1
N
<N lgsllz - les (- +y1) =95 +y2)lla+ D Age
j=1 =N

Bribupas N D0CTATOYHO GOMNLIMAM, MOTYyUAEM Y >N Aj < 5. Buibupas y1 mocraTowso
OJIM3KUM K Y2 TaK, YTOOLI mpu iiobom 1 < j < N

g
loi(+) =0 +y2 =yl € s
Y

MELI ITIOJIyYaeM, UTO IepBasd CyMMa TaKKe MEHLITIEe UeM %

Ucnonb3ys memmy 1, MBI IPUXOIMIM K CIIEAYIOMIEMY Y TBEDK IEHUIO.

JIEMMA 2. ITycmp K — neompuyamensbublii onepamop Ha Lz(Rd), AOKAADHO UMEIW-
wul Konwewnwl caed. Tozda ezo unmezpansvroe A0po Moxcem 6vMb BLLOPAHO MAKUM
06pazoMm, wmo 0as Kaxc0020 ozpanuuennozo bopereackozo mmuoxcecmaa B C R u
NPOU3BOALHOZO NOAOHCUMEAbHOZ0 Uen020 k PynKyusTs

M (@,y) = (K -xB) .- (K -xB)) (@2 +y)

«—— k paz —

Asagemces nenpepuenoll pynkyuell om y co 3HAUERUTMY 8 L?(B). Boaee mozo,

Tr(xpKxB)* = / . K(z1,22) ... - K(zg,z1) dxy - - - dxg,.
B

IIOKA3BATEJNBLCTBO. Ilycts K, = X[—n,n]dKX[—n,n]d- Cormnacuo nemme 1 MBI MOKEM
BLIGpaTL s11po K, (2, y) Taxoe, uto K, (-, - +y) menpepuBro 1o y B L ([—n, n]?)-ropMme.
O6ozuaunm My, (x,y) = Ky (z,2+y). ockonbky Kpy1(2,y) = Ky (%, y) wignodry Beex
(z,y) € [-n,n]? x [-n,n]¢, Mu1 3akTI09aeM, UTO MUTA TOUTH BCex |y| < N CIPaBETHBO pa-
BencTBo M, 11(z,y) = My (z,y) anans. |z| <n — |y|. L -menpepumroctn My, 11(-,y),
My, (-, y) nosBosasier 3amenuTs “muist mouty Beex |y| < n” ma “ma Beex |y| < n”. Tem
CaMBIM, [T KK I0TO Y 1 IUIS IOUTY BCEX & MpenenbHLle 3Hauerus My, (z, y) coOBIANAIOT.
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O6o3naunm 310 npenesnsHoe 3Havenue yepes M (z,y). ®yukms M (-, y) macnexyer jo-
kambayto Ll-mempeprumroctn hymkmr { M, (-,y)}. Hdamnee, mycTn, kax u pamee, B — He-
KOTOPOE OrPAHNUEHHOE DOPEIEBCKOE TOAMHOKECTBO R4, Torma, monarasts Kp = xpKxB,
MEI IOy YaeM

(1.16) /‘(KBu.uKB)(a:,a:-l-yl)(KB~...~KB)(a:,x+y2) dx

«— k paz — «—— k paz —

< /|K3($,$1)| oo |KB(Tk—2,7K-1)]
X |Kp(xp—1,2+y1) — Kp(xp—1,2 + y2)|dxy - -drp_1 do

k—2
< /(H KB(zi,wi)) Kp(z,2)'? Kp(zg_1,25-1)"?
=1

X |KB($I€717:E + yl) — KB(zk,1,£E + y2)| dzri---dxy_1dx

(B mOCTEMHEM HEPABEHCTBE MDLI BOCIOJIBL3OBAJUCL MOJOKUTEILHON OMPEIETEeHHOCTLIO
Kgp(z,y)). Uaterpupya mo 1, . . . , T2, TOIyIaeM

(1.17) (TrKB)k_Q-/KB(w,w)1/2 Kp(zp_1,25_1)"?
X |KB($]C,1,$ + y1) — KB(ﬂfk—l,w + y2)| dr dry_1.
3ameTnM, uTo moabHTerpathbHas GyHKImA B (1.17) orpannuena cBepxy BeJIMUMHON

(1.18)
Kp(z,2)'? Kp(rp_1,76-1)"/2 - (KB(wkhwkl)l/z Kp(z +y1,z+y1)'/?

+ Kp(@p_1,25-1)"? - Kp(x + y2,2 + y2)1/2>
1 1
< Kp(Tr—1,Tp—1)- <§KB(1'71') + §KB(1' +y,z+y1)
1 1
+ §KB(33,:1:) + §KB(:1: + Y2, + y2)
1
=Kp(rp_1,71-1) Kp(z,2) + §KB(93k—1,93k—1) -Kp(z +y1,2+ y1)

1
+ §KB(3319—1,3319—1) -Kp(x +y2,2 + y2).

Buibepem npoussonnao Goanmoe N. Wurerpan B (1.17) npeacraBisercs B Bume CyMMbI
IBYX MHTErPAJIOB, IEPBLIA — IO MHOXKECTBY

{(z,25-1) : Kp(z,2)"/?  Kp(z—1,76-1)"* < N},

BTOPOI — [0 €r0 AOMOJHEHNIO. 3HAUEHUE IEPBOrO MHTErPAJIA OTPAHNYEHO BEIUUUHON

(1.19) (TrKB)k_Q-N-/|KB(35k—1733k—1 +(z —2K-1) + Y1)

— Kp(wp—1, 761 + (# — 2p—1) + y2)| dws—_1 da.
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Mockomky Kp( -, - +y) paBEHOMepHO HempepbBHa B Ll-HOpMe, KOrma y MpUHIMAET
3HAUEHUSA B KOMIIAK THOM MHOXKeCTBe B, Mut 3akmrouaem, uto (1.19) crpemures K HyI1r0 ipu
Y1 — Y2. BTOpOIl MHTErpaJi OrpaHNYeH CBEPXY 3HAUEHMEM UHTErPAJIA OT BLIPAYKEHUS B
npasoii uactu (1.18) mo MuHOKECTBY

(1.20) {(z,251) : Kp(z,2)"/?  Kp(zg_1,76-1)"/> > N}.

IIpu nocrarouno Goabmom N mepa Jlebera muoxectsa (1.20) npoussoasuo Magua. U3 vm-
rerpupyemoct K g(z,z) - Kp(zp_1,%k—_1) Cieayer, 4To BTOPOI MHTErPAJL TaKKe CTPe-
MUTCA K HyJT0. VI3 IpUBENEHHOro HIKe 3aMedanus 2 BoiTekaeT, uto (1.14) asiserca cuen-
crBreM L'-HempepLIBHOCTH AIpa B OKPECTHOCTH AUATOHAJIIL.

OnPENEJEHUE 3. Ciyualinoe Toueunoe nosie B F HA3LIBAETCSA AETEPMUHAHTHLIM (M
()EPMUOHHBIM ), €CJIU €70 N-TOYEUHDIE KOPPEJISIIIMOHHEIE ()YHKIN MEIOT BILI

(1.21) pr(T1, .., Tn) :det(K(xi,zj))Kign.

— m ~ md o
Bcayuae E = | | =1 E;, E; = R?, 570 onpenesnenre IpUHAMACT Caedyfommii sua. Iyctn K
— MHTerPaJILHBI OIepaTOp ¢ KOHEUHDBIM c1enoM, aeficteytonti a L2 (R?) @ - - - @ L2(RY).
«—— m pa3z —

Torma K mveer marpuarosHauuoe npo (Kps(z,y)) z,y € R%,

1<r,s<m’

OnPENENEHUE 3’. Cryuaiiroe Toueunoe nose B F HA3LIBACTCA NETEPMUHAHTHEBIM (A
()EPMUOHHDBIM ), €CJIM €10 N-TOUEUHDLIE KOPPEJIAIMOHHLIE ()Y HKIIAA UMEIOT BU

/
(121 ) Pn($11,$12, <o Tligy - Tml, Tm?2, - - -7$mim)
= det(Krs(Tri, Tsj))1<j<is, s=1,...,m>
1<i<iyp, r=1,....m

rmen =iy +is+ -+ im, Tr; € Er, 1 <r<m, 1 <0< iy,

3AMEYAHUE 1. B ciayuae, Korma sapo sSBIISETCS SPMUTOBO-CUMMETPUYHLIM, HEOTPU-
HATEILHOCTD 71-TOYEUHBIX KOPPEJAIMOHHLIX ()yHKIAA BJIEUeT HEOTPULATEILHYO OMpee-
nerHocTb sapa K (z, y) u, Kak ciaencTsue, HeOTpULATENLHOCTL oneparopa K. Caenyer oxn-
HAKO OTMETUTL, UTO CYIECTBYIOT JETEPMUHAHTHLIE CJLyYANHBIE TOUEUHLIE TTOJIA, COOTBET-
CTBYIONIE HEDPMUTOBLIM AnpaM (cM. 3amedanve nocie (1.36) u mpuvepnt B pasnenax 2.2
n2.5).

3AMEYAHUE 2. Ycaosue (1.13) BLIIOJHEHO AJIs1 BCEX HENPEPLIBHLIX HEOTPUIATEILHO
ompeneneHHsIx sinep (cm. [11; pazmen 111.10] wim [12; 7. 3, paznen X1.4]). B obweii curya-
m, korna K (x, ) I0KaILHO CyMMUPYEMO, U3 HEOTPUIIATENLHON onpenenersoct K (1, y)
cienyer, uro K p —oneparop I'minbepra—IlIMuara 1 MbI MOXKEM BOCIOJIL30BATLCA TEOPe-
mott [oxBepra—Kpetina [11; pasnen I11.10, Teopema 10.1], koTopas yTBepK naeT, 4ro He-
oTpunaTenLHLH onepaTop I'minbepTa—IlIMuara A MeeT KOHEUHLIM CJIeI TOT A U TOILKO
TOr &, KOT' 1A

d
1 . )
roe ty = max(t,0), z = (z%,...,2%,y = (y*,...,y?%), npuuem Tr A B 5TOM CiIyUae

pasen B Tounoctu (1.22). Herpymo Bumets, uto L!-mempepnmrocTs A( -, - +y) Baeder
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TrA = / A(z,z)dz. CormacHo xmaccrdeckoit popmyne Ppemroabma (cM., HampuMep,

[13; ra. 3]), eci onepaTop A mMeeT HempephIBHOE (B OOBIMHOM CMBICJIE) SIIPO Y KOHEUHLIA
CJIeI, TO CIIPABEIINBA (POPMYJIIA

1
(1.23) Tr(A™(A)) = = /det(A(a:i,a:j))Ki’jgndxl cedEy,.

B obmmem ciayuae sinpo K (x, y) MOKeT He OBITE HempepLBHON ¢yHKImeit. Onxako n3 (1.14)
u Teopemol Jlunckoro (cum., manpumep, [12; 7. IV, paznesn XII1.17] wim [13; Teopema 3.7])
CJIeyeT, uTo

(1.24) . K(z1,22) ...  K(zp,21) duy - doy = > NH(Kp),
(1.25) Tr(A™(Kp)) = Y. Xy (Kp)-...- X, (KB).
J1<--<Jjn

KomGrrmipys (1.24) u (1.25), Mbl mosmyuaem

1
(1.26) Tr(A™(KB)) = ~ / ) det(K(wi,xj))Ki’jgndm ~day.
Mockosmky L (B)-menpeposrocTs K (-, - +¥) BiIedeT Taksxe
Tr(K-xB,) - (K-xB,)= / K(z1,22) ... - K(zpn,z1)dz1 - - dzyy
By XX By

(moKa3aTenLCTBO AHAJIOIMYHO IOKA3ATEILCTBY JIEMMBI 2), MBI TaK3Ke MOy JaeM

(1.27) Tr((K - xB,) A A (K- xB,))

= %/det(K(wi,ﬂfj) " XB; (351'))1<i

<i,J<n

OuPENENEHUE 4. [lycts sapo K yaIoBIeTBOPSET MPEMOI0ReHusiM teMMe 2. Mt Oy-
ZIeM FOBOPUTD, UTO STO SAAPO 330aeT JeTEPMUHAHTHOE CalyJaiinoe Toueunoe moue (X, %8, P),
eci cnpasemusa popmyina (1.21).

TEOPEMA 2. ITyems (X,B,P) — demepmunanmmoe caywaiinoe mouwewnoe nose ¢
aopom K. Toeda 0ad 4100020 KOHEUHO20 “UCAG HENEPECEKANVULUTCA 02DANUYEHHbLL
bopenescrur mroxcecme B; C E, j = 1,...,n, npouzsodawas Pynsyus eeposm-
HOCTMHOZ0 PACTPEOCAEeHUT #Bj = #{z; € B;} sadaemca gopmynrol

(1.28) E]] szf = det (Id +xB Y (75— 1) K- xBj).
7j=1 Jj=1
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3AMEYAHUE 3. ®opmyia (1.28) ecTh paBeHCTBO mBYX LesbIxX GyHKIwiA. [IpaBas yacTn
(1.28) KOPPEKTHO OpenesieHa KaK OIpenenTens $pearonanbma onepaTopa ¢ KOHEUHLIM CIIe-
oM (cM., HarpuMep, [12; 7. IV, paznesn X111.17] nim [13; pazzmen 3)).

Hanommriv, UTO 10 OnpenesIeHuo

n o0 n
(20)  E[[*7 = > P(#m =k i=1m)- [
Jj=1 ki,...,kn=0 j=1

(1.30) det (Id +xB Y (5 —1)- K- XBJ.)

i=1

oo n m
:1+Z Z H(ijfl)'Tr(XB'K'Xle/\'-'/\XB~K~xBjm).

IIOKA3ATEJNBCTBO TEOPEMBI 2. Pasznoxernme Tefinopa npousBonsmeii pyHKIMM B
OKpecTHOCTHU (21, - - -, 2n) = (1,..., 1) 3amaerca popmymoi

;= 1™

(1.31) EHszf =1+ Y Z+: Hl
m=1 my 1=

n
j=1 -

B; — ]) m] -

7 1

Pamyc cxommoctu (1.30) paBen GeCKOHEUHOCTH, IOCKOJILKY

1 n
(1.32) Tr(K - xB;, A AK-xB;, ) < — Tr(K - xp)™, rze B = | | B;.
! -

CienoBaTesbHO, JOCTATOUHO IPOBEPUTD, 4T0 KoaddurmenTsr B (1.30) 1 (1.31) coBnanaror.
Iscmyvasin = 19710 cnenyer us (1.5), (1.21) u (1.26). Vicnom3ys (1.27) smecto (1.26),
JAHHOE yTBEPIK IEHVE MOXKHO IOKA3aTh U IUIs caydasan > 1.

SAMEYAHUE 4. Teopema 2 XOPOIIO U3BECTHA B TEOPUM CJLYYANHLIX TOUEUHLIX TOJIel
(cM. [8; c. 140, ymp. 5.4.9]) u B Teopum cayvaiinsix Marpui (cum. [14]).

Kak MoI yke oTMeuasu BLIme, ecau omepatop K 3amaeT meTepMUHAHTHOE CIIyUJaiHOe
TOUeUHOe ToJie, TO K ABJIAETCA HEOTPUIATEILHBIM BCICACTBIE HEOTPUIIATENLHOCTY €T0
KOPPeJLIMOHHLIX (yHKIwii. 13 Teopemer 2 (popmyia (1.28)) Takxke crenyer, uto K mos-
JK€H OLITL OrPAHMYEH CBEPXY eIMHMYHLIM oneparopoM, T.e. K < 1. B camom mene, mpen-
HOJIOXKUM OT IIPOTUBHOIO, uTo || K || > 1. Torma cymecTByeT orpaHideHHoe GOPEIEBCKOe
nomvaOXKecTBO B C E Takoe, uro | Kp|| > 1+ % > 1. Ilycte A\ (KB) > A2(KB) >
A3(KB) > - -+ — cobcrBennbie 3uauenus oneparopa K g. Boibepem 0 < zp < 1 Takoe, uto
1+ (20—1)-A\1(Kp) = 0. Torma EZ#B =322 P(#5 =k)zf = det(Id +(20—1)-Kp) =
(cornacno teopeme XII1.106 m3 [12]) = ;5 1 (14 (20— 1) -A;(K)) = 0. CrenosatemHo,
P(#B = k) = 0 mua axo6oro k, T.e. Mbl npunumm K npoTrsopeuno. C Apyroit CTOPOHLL,
npemmonoxkum, uto 0 < K < 1, unycts (1.28) 3azaer HEUTO, UTO, KaK MBI HAAEEMCS, SIB-
JISIETCS PACIpeIeeHeM HeOTPUIIATELHLIX IIeIOUNCIICHHBIX CIIyYaHLIX BeanuuH {# g }.
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JIEMMA 3. ITyems 0 < K < 1 w K — onepamop ¢ A0KAABHO KOHEUHBIM CAECOOM.
Tozda (1.28) 3adaem pacnpedenenue HEOMPUYAMEALHIL U§EAOUUCAECHHBE CAYSATHOLT
senuvun {#p} maxuz, wmo ecauw B = || | B;, mo

(1.33) #p=> #p, (1B.).
=1

Ham meoOxomMo moKasaTh Tpu yTBEPKICHUA: BO-NepBLix, uto (1.28) 3amaeT HeKOTO-
PLIE KOHEUHOMEPHBIE PACTIPEIEIIEHI; BO-BTOPLIX, YTO 3T KOHEYHOMEPHLIE PACIPEIETCHIS
YIOBJIETBOPSAIOT YCJIOBUIO ammaTuBHOCTH (1.33); 1, B-TPETHLUX, UTO 9T KOHEUHOMEPHLIE
PACIIPENEJICHs COTIACOBAHDI U, CIEAOBATENLHO, MbI MOYKEM MPUMEHUTD ()yHIAMEHTAJIL-
HyI0 Teopemy Kosmoroposa s noka3aTenncTBa CyIiecTBOBAHMS pacnpenesnenus {# 5 }.
Mockonbky onpenesmrens Ppemrosanma B (1.28) pasen 1 npu z; = 1,¢ = 1,...,n, nep-
BOE yTBEpIKIEeHNe DYIeT HOKA3aHO, eCIM MBI TOKAYKEM HEOTPUIATEILHOCTE KOS PUIIEH-
toB Teltnopa paznoxernus onpenenuresns Ppemronsma npu z; = 0,4 = 1,...,n. Ilycts
0 <2z <1,i =1,...,n, nnpemonoxum caauaua, uro ||K|| < 1 (yreepxnenue B
cayuae ||K|| = 1 Gyzmer mokazaHO majee ¢ IOMOIIBIO HPENENLHOO mepexona). Ilycrs
B = ||, B;. Torma |Kp| < 1u (Id—Kp)~' - orpaH/ueH LIl IMHEHHLIA onepaTop
takoit, uto (Id —Kpg)~! —Id = Kp - (Id —K ) ! — oneparop ¢ komednnm caenom. Ilpu-
MeHss Teopemy X11Tus [12; . 4, . 105], MuI mostyuaem

(1.34) det(ld+XB Z(ZJ -1)-K- XBj>

j=1
:det<(1d—KB)-(Id+ZZj'(Id—KB)_l-XB-K-XB].))
j=1
= det(Id —Kp) - det (Id-{—z,zj -(Id-Kp) ™" xp- K- XB]-)
j=1
=det(Id—Kp) - ZTr(/\k<Z -(Id-KpB)~ 'XB'K'XBj))
k=1 =1
_ (k1+ °
= Z kl—H -det(Id —K )
ki,....,kn=0 j=1

x Tr(Aj=y (A% (xB, - 1d—Kp) ™" - xB-K - XB,))).

Kax cienyerus (1.34), ¢ TOUHOCTBIO IO HEKOTOPBIX TOJIOKATEILHBIX MHOKUTEIEH KO3 Pri-
1meHTo! Tefinopa ABIIAIOTCSA CJIeIOM BHENIHErO IPOM3BEIEHN HEOTPUIIATEILHLIX OepaTo-
POB U, CIENOBATENLHO, HeoTpunaTennant. OTcrona caenyer, uto (1.28) 3amaer HekoTopnie
KOHEUHOMEPHLIE DACTIPEeNeIeHII.

BTopoe yTBepik neHue ecTh IPOCTOE CIEACTBUE TEOPEMDI 2, TAK KaK

n n
EJ[2#5 =det (Id +xB Y (2 — l)KxBi> =det(Id+(z— 1) - Kp) = Ez#B,

i=1 i=1
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U, CIENOBATENLHO, #pB = »..~ 4 #p, (1.B.). Popmyna (1.28) 3amaeT KOHEUHOMEPHLIE
PACOPEIESICHUs CIIYYARHLIX BEJIUUNH {# Bi} UL HETIEPECEKAOMINXCS KOMIAKTHLIX MHO-
JKECTB {Bl} B cayuae nepecekarommxcs {Bl} MGI IIpencTasisieM B; B Bume o0nLemHe-
mua UCY, Hemepecexarommxcsa MEHOXKeCTB Cl, 3a0aeM pacipenesenus # ¢, U, HOIb3yAch
coficTBoM ammitvBHOCTH (1.33), 3a/1aeM pacipeneIeHys CIIy YaiHLIX BeINYVH # B, .

Jloxazkem Termepn COrIaCOBAHHOCTDL PACIpPeNeIeHMit CIy JaiiHbLIX BemurH # B, . Benen-
CTBUE yCJIOBUA AmATUBHOCTH (1.33), ZOCTATOUHO NOKA3ATL 9Ty COMIACOBAHHOCTD MU He-
nepecexkaronmxcs By, . .., By41. Ilociensee yTBep:k nenvie oueBrAHLIM 0OPA30M CIIEAYeT
13 COOTHOIIEHSA

n
det(Id+XB Z:(zJ -1)-K-xp; +x(l-1)- K- XBn+1)
j=1

= det(Id+XB Z(z] -1)- K'XB]-)-

i=1

OTUM 3aBepIIaeTcs DOKa3aTeILCTBO JeMMbl 3 mis caydasa ||K|| < 1. Iycts tenepn
| K| = 1. O6osmaum K(*) := K - (1 —¢), e > 0, 1 mycrh ciyJyaiiHLIe BeMduHLL 538)
COOTBETCTBYIOT IETEPMUHAHTHOMY CJIyYaiHOMY ToueuroMy oo ¢ sapom K (). Tlockon-
ky ||K(®)|| < 1, u3 MpUBEIEHHEIX BLIIE APIYMEHTOB CHEYeT CPABELTABOCTL JTEMMEI 3

nisa K (9) . HerpymHo mposeputs, 9to npu £ — 0

n

#5) > "
EJz " =1+ > E'l_[l(#
J:

=1 m=1mij+---+myp=m

(#50)! n

LG -nm™
=1

—m) - (m)!
B](s) m)! - (my)! j

PAaBHOMEPHO CXOONTCS (BMeCTe CO BCeMMN l'IpOI/I3BOm-ILIMI/I) Ha KOMITIQKTHLIX MHOXKECTBAX K

#B.
E H?:l z; ‘. Jlemma 3 moka3zaHa.
I/I3 Hoﬂyqe}mblx BLIIIIE pe3yﬂbTaTOB BLITEKaeT CﬂeﬂyIOH.[ee yTBep}KI[eH:[/Ie_

TEOPEMA 3. ITyemy K — spmumoe onepamop na L2(E), seasouuiica aoxaivro
onepamopom ¢ Koneunvim caedom. Tozda K szadaem demepmunanmmuoe caysaiinoe
moueunoe noae 8 E mozoa u moavko mozda, xoeda 0 < K < 1. Ecau coomeemcmay-
VULEE CAYUATHOE MOYEUHOE NOAE CYULLCMBYEM, MO OHO EOUNCTMBENHO.

ITOKA3ATEJBCTBO. Heobxomimoe 1 OCTaTOYHOE YCJIOBUE CYIIECTBOBAHUA CJIyUaii-
HOTO TIOJIA A0KA3aHO Boime. EmHcTBeHHOCTD caenyet u3 obmero kpurepus (1.6), Tak kak

1
k!

Tr(K4)F 1
P, op) iy - day = Tr(AF (K 4)) < 20 ¢ L

PaccymoTpum npousBosnbHOE orpanunyeHHOe OopeseBckoe MuoxkecTBo B C E. Torma
Tr(Kpg) = E#p < 00, 1, CIEIOBATENLHO, YACIIO YACTUIL B B KOHEUHO C BEPOATHOCTLIO 1.
— B B _ . —

Monoxum X = U0<k<oo C}.,rae, kak u panee, C)° = {£ € X : #p(§) = k}. Cornacxo
seMMe 1 MBI MOXKeM BLIOpATL 1Apo onepaTopa X B + K - X B Tak, YTOOLI

[e o]

(xB-K-xB)(,z+y) =Y X(B)-¢i(r) - pi(z +y)
=1
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oLIa HempepoiBHOi GyEkmmeit y B L1 (B)-mopme. [IpemmomnoxuM cHagasa, uto Kp < 1.
Tormna

(1.35) LB(:c,a:er):Z%'%(x)'%(ery)
=1 ¢

TaKIKe ABJIACTCA HePePLIBHOM (hyrKImeii y B L1 ( B)-opMe 1 3amaet aapo oneparopa Lp =
(Id - K 5) 'K p. Buibupasa mapamtenemmmens: B ;B (1.34) GeCKOHEUHO MAJILIMU, MOXKHO

TTOKA3aThL, YTO IS KayK IO C’,f pacmopenesenve k vacti 1 < o < --- < T B B
abCOJIIOTHO HEMIPEPLIBHO MO OTHOIMIEHUIO K Mepe JleGera. O6Go3HaUas COOTBETCTBY IOILY IO
IJIOTHOCTD 4epe3 Pg (T1, . . ., Tk ), MBI IOy YaEM

(1.36) pr(x1,...,25) = det(Id—Kp) - det(LB(CEi, wj))lgi,jgk'

(Crnenyet 3ameTuts, uro Gyuxims (1.36) MoxKeT OLITL HEOTPUIATEILHON HaKe ISl HEDP-
MUTOBOrO A1pa K ; HeTpyIHO BUNETL, UTO Takue Aapa K MOJKHLI IMeTh HeOTPUIIATEILHLIE
MuHODGLL) W3 onpenesnenis k-TOUEUHBIX KOPPEIIAIMOHHLIX ()YHKIWIA CIEIYeT, UTO

(137) pk(wl,...,wk)

o0

> 7

- Hi

=7

ITa cuCTeMa yPABHEHUIA MOXKET OLITL 0OparneHa:

(1.38) pr(z1,...,21)

/,pk+j(ﬂ71,---,93k,$k+1,---,$k+j)dﬂ7k+1"'d$k+j-
BJ

oo .
(1)
= — Photj(T1y e oy Thy Tl 1y -+ vy Thopg) ATh41 -~ AT gy -
— J- Bi
7=0
Sy py(z1,...,Tr) HA3LIBAIOTCA BEPOATHOCTHLIME ILIOTHOCTAMU Jlxkanoccu (CM.

[8; c. 122]) MM UCKIIIOUAIOMMMY BEPOSTHOCTHLIMY INOTHOCTAME (cM. [7]). Jlerxo mpo-
BEPUTDL, UTO

— 1
(1.39) Z—|/ pi(x1,...,xj)der---de; = 1.
j=0?" /B;

[Ipasas yacrte (1.36) xoppekTHO onpenenera u npu ||[Kp|| = A (B) = 1 (Tem cambim,

BEPOSATHOCTHBIE ITIOTHOCTH P, (X1, - . - , T}, ) KOPPEKTHO OIPEIENIEHBI Y1 B 9TOM CIIyYae TOXKeE).
oo

B camom nere, onpenemrens det(Id —Kp) = [[72;(1 — A;(B)) xax ¢yskms Ay uveer

HyJIL TIEPBOTO TOPANKA B Touke A1 = 1. Moxkuo mokazats, uro det(L(zs, T5))1<i,j<k

MMEET IOJIIOC B TOUKE A1 = 1 TOXKe IepBOro mopsamka. ATodnl yOemTLCAa B 9TOM, 3aIMIIeM

L:i-l-i,rne

= Ai(B) z Ae(B)
L= . A . L= . A .
2,9 1— /\1(B) 501(23'2) 501(1'])7 DZZ 1— /\Z(B) w(a:z) wg(xj)
Torma
det(L(xiaxj))1gi,jgk = A* (L(xiaxj)léivjék)’

U MBI BOCIOJIbL3YEMCSA TE€M, UTO rank(IN/) = 1. Ecau 1 sBasercsa KpaTHLIM COOCTBEHHLIM
sHauenvieM K g, Hanpumep, A1(B) = Aa(B) = -+ = A\ (B) = 1 > Apy1(B), TO MOXKHO
TIOJIOKUTD

INJi,j = e; % we(i) - pe(y)

Y IOBTOPUTL BLIMEIPUBEICHHLIE PACCY K TEHUS.
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SAMEYAHUE 5. Caenyst Mauuu, MLl HA30BEM CIIyYaHOE TOUEUHOE MOJIE PEryIIAPHLIM,
eci wis r000ro 6openesckoro MuoxkecTsa B C F Taxoro, urto # g < oo (P-m.B.), mpous-
BOIAIMIASA (YHKIIA Ez#B mpnaercs memoii. V13 MOy UeHHBIX HAMY D3y ILTATOR (cM. Takxe
TeopeMy 4 HUKe) CJIeyer, YTo Kazk [0e IeTEPMUHAHTHOE CJIyYafHOe TOYEYHOE [OJIe PEery-
JISIPHO.

3AMEUYAHUE 6. B pabore [7; Teopema 12, c. 113] (cm. Takxe [8; ¢. 138]) Mayun o cy-
mecTBy yTBepxK maer, uro ycaosue 0 < K < 1 sBiseTcss HEOOXOMMMBIM U JOCTATOUHBIM
VCJIOBMEM TOT'O, UTO WHTErPAJILHLIN omepaTop K, nMerommii JTOKAJILHO KOHEUHLIA CJIe,
3a1aeT PeryspHoe (pepMUOHHOEe (IeTePMUHAHTHOE, B HAIIEH TEPMUHOJIOIMH) CJIyJaiHOe
Toueuyroe nojsie. Kaxk ciremyer u3 mOKa3aHHOI BBIIE TEOPEMBI 3, 9TO YCJIOBUE ABJISAETCS
ZOCTATOYHLIM, HO HE HEOOXOMAMDLIM (KAK YTBEPKIAETCA B TeOpeMe 3, HeOOXOMIMOe U 10~
craTounoe ycaosue coctouT B ToM, uto 0 < K < 1). lis mOJHOTLI U3JI0KEHUs CIELyeT
orMeTuTn, yto Mauun n3yuasna ciaydail venpeposHoro sapa K (z,y) ¢ Tr K < oo.

3AMEUYAHUE 7. Popmyia (1.36) Gbura ycraHoBieHa B [7; ¢. 113] (cM. takxe [8; c. 138]
u [14; c. 820]).

Mz 3akaHurBaeM § 1 mOKa3aTEILCTBOM IBYX YTBEPIK IEHMIT OOIIEr0 XapaKTepa OTHOCH-
TEJILHO NeTEPMUHAHTHLIX CJIYYalHEIX TOUEUHLIX HOJIEH.

TEOPEMA 4.

a) Bepoammuocmb mozo, wmo wucao wacmuy koneuwno, ecmb aubo 0, aubo 1, e
za8ucumocmu om mozo, xKorwewen Tr K uau nem.

b) Yucao wacmuy menvue uat pasro n ¢ eepoasmmuocmyvio 1 mozda u moavko moz-
0a, x0z0a K sessemcsa onepamopom xoneuwnozo pawea c¢ rank(K) < n.

c) Yucao wacmuy paeho n ¢ seposmuocmuio 1 mozda u moavko mozda, xozda K
AeATEMCT 0PMO2ONANbHILM Npoexmopom ¢ rank(K) = n.

d) s npouszeosvroeo 0emepMURGHMHKOZO CAYHATHOZO MOUEUHOZ0 NOAT C 8EPO-
amuocmyvio 1 nukaxue 0se wacmuyb, He co8nadaiom.

e) as mozo wmobw ymeepucoenus a)—d) ocmasasuce 8 cuae npu B C E, neob-
zodumo samenums K na Kp.

IIOKA3ATEJBCTBO. a) YTBepkKIeHre OUeBIIHO B OIHY CTOpoHy. B camom mese, ecom
TrK = E#p < 400, 10 #5 < 400 ¢ BeposTHOCTLIO 1. IIpemmonoxum Temepn, uTo
Tr K = +o00. PaccMOTpuM MOHOTOHHOE ITOTJIOMIAOIIEe CEMEACTBO KOMIAK THLIX MHOYKECTB
{B;}32; (r.e. Taxux MaOIecTB, ut0 B; C Bit1ulJ;Z) B; = E). TormaTr K, j::o+oo.

3apurcupyem mpousBoiLbEo 6oibmoe N. [To nocrpoermio cemelicrsa { B; } ML nmeem

P(#r < N) = lim P(#p; <N).

J—0o0

Tak kax

_ 1 _1
P(#B]‘ <N) <2NE2 #Bj :2Ndet(ld_§KB]) <2N6 QTI'(KBj) _)0,

j—o0

TO yTBEPXK IOCHUE CJIeayeT.
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b) Mycts rank(K) = n. Torma, npencrasusaa K (z,y) = >0 1 Ai - pi(x) - i (y) (wB.)
U osaras pp (1, - . ., &n) = det(K (24, 25))1<4,j<n, MBI BILINM, UTO Py (T1, ..., Tm) =0
(m.B.) mWisi Ipon3BOJILHOTO M > n. CrenoBaTesLHo,

E#p-(#e—-1)-...- (#£—n) :/pn+1($1,---,ﬂ3n+1)dﬂ71"'d$n+1 =0,

OTKYZa CJIEAYeT, uTo #£ g < N ¢ BEPOATHOCTDLIO 1.
B o6paTnyto cropony, mycth # g < n (n.B.). Torna Mot umeem

/ " pn+1(a:1, N ,a:n+1) d:l’,‘l [N da:n+1 =0
Bn

JUTA TPOM3BOITBHOTO OrpaHmdeHHoro 6opeesckoro BCE, seaenctaue uero Tr(A" T (K g))
= 0. Hockomky K > 0, Mot mosyuaem, uro rank(K p) < n mis 1pOM3BOILHONO KOMIIAKT-
Horo B, otkyma caenyert, uro rank(K) < n.

¢) BoITeKaeT u3 b) u popMyInt

n

D(#m) = Tr(K — K?) = [ X - (1= X).
=1

d) Mycts B,, = [-n,n]¢. IlocTaToumo mokasaTs, 4To A1 IFOBOTO 11 ¢ BEPOATHOCTHIO 1
HUKAKVE OBE YaCTUIILI HE COBIIAOAI0OT BHY TPpU Bn . HyCTL € MPOM3BOJILHO MaJIO. TOFﬂa

P{Hi;ﬁj:zi:xjeBn}gP{3i7éj:|a:i—zj|<5, r; € By, a:jEBn}

A

Mockonbky p2(x,y) TOKAILHO CyMMUpYy€eMa, ITOCIEAHNNA MHTErPAJL MOKHO CAEIATDH CKOJID
YTOHO MaJILIM, YCTPEMJIAA € K HYJIIO.

Crenyromuii pe3ynbTaT DaeT KPUTEPUiA CIa00i CXOAMMOCTY PACIPENETIEHIA e TEPMU-
HAHTHDBIX CJIYYAMHLIX TOYEYHDLIX IOJIel Ha IUIMHAPUYECKX MHOKECTBAX.

TEOPEMA 5. IIyems P u P,,, n = 1,2,..., — gepoamnocmuue mepu na (X, B),
COOMBEMCMBYVULUE OEMEPMUHAHMHBLM CAYSATHBLM MOUEUHIM NOATM, 360GHHDIM
apmumosvimu g0pamu K u K,,. ITyemv K, crodumes x K e caaboli onepamoproi
MONOAO2ZUY U

Tr(XBKnXB)n::O Tr(xBKxB)

0nd Kaxuc0ozo ozpanuvennozo bopeneackozo B C E. Tozda eeposmmocmubie Mepb
P, caabo cxodames x P na yusundpuueckus mMroxcecmear.

IOKA3ATENBCTBO. Kak Boitekaer n3 [13; Teopema 2.20, c. 40], B IpemmoroxeHusax
HaIllell TEOpeMbI CIIPABEIINBO CJIEMYIOIIee CBOMCTBO

(1.40) Tr|(Kn—K)B|:||(Kn—K)B||1n:>>OO.
Kax cnencrsre (1.40) M1 umeem
(1.41) Tr(Kp-xB, - Kn .XBm)njo)o Te(K -xB,----- K -xB,,)

TSI TFOOBIX KOMIIAKTHLIX By, ..., Byy,.
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W3 (1.26) u (1.27) BBITEKAET, YTO COBMECTHLIE MOMEHTEL CIIyJYaiiHbIx BesmuvH {#p}
OTHOCUTEJILHO MepEI Py, CXOMATCS K COBMECTHBIM MOMEHTaM OTHOCUTENLHO P. TTockoimn-
Ky MOMEHTEI # p B CJIy4ae NeTEPMUHAHTHBIX CJIYUYAHHLIX TOUEUHBIX MOJIeH eIMHCTBEHHBIM
06pa30M OIPENENAIOT BEPOATHOCTHOE PACHPENETICHNE F B, HETPYIHO OOKA3aTh (yIpaK-
HEHVIE IULSl IUTATEIIST) ¥ CXOOMMOCTD BEPOATHOCTHLIX PACIPENCICHNA Ha [IIMHAPUIECKIX
MHOKEeCTBaX.

OcranpHbie pa3nesnas JaHHOR pabOTLI OPraHn30BAHLI caemy oM obpasom. [laparpag 2
TIOCBSIIIEH PA3HOOOPAZHLIM IIPUMEPAM IETEPMUHAHTHLIX CJIY YANHBIX TOUEUHBIX [TOJIEI, BO3-
HUKAIOUIMX B KBAHTOBOU MEXAHUKE, CTATACTUYECKON MEXAHUKE, TEOPUM CJIYUANHLIX MAT-
pHI, TEOPUU [IPEACTABJIEHNH U Teopuu BepoaTHOcTell. B § 3 0bcyk narorces spromryeckue
CBOMCTBA TPAHCJIANMOHHO NHBAPUAHTHLIX JETEPMUHAHTHLIX CIYYafHBIX TOUEYHDIX ITOJIeH.
w. B §4 mux

m(z —y)
0DOCy K 1aeM HEHTPAJILHYIO [IPENEILHYI0 TEOPEMY LA CUNTAIOMINX MHOMXKECTB U () yHKIWIO-
HAJILHYIO HEHTPAJILHYIO IPEIeILHYI0 TEOPEMY IS SMIMPITUECKON GYHKIWI PACIpenese-
HUA CIIEHICUHTOB.

AmTop cuuraer cBoelt mpuATHON 0613aHHOCTLIO obMaronaputh f1. . Cunasn 3a unero
Harmcanus gauuaoi crateu, b. Caiivona 3a 00bscaenue pesyabrara gemmer 1, I . Oub-
IIIAHCKOT'O 38 MHOTOUMCJIEHHLIE IeHHnie 3ameuanusa, A. M. Bopomma, B. A. Xopy:xenko,
P. Kusmuna u FO. T. Konnparnesa 3a nosessnie 00Cy K IeHUs.

Mui Tak:ke OTMEUAEM CIEIMAJILHY O POJb cuHyc-anpa K (z,y) =

2. IIpuMepbI TeTepMUHAHTHLIX CJIyUalHBIX TOUEUHBIX MoJel

2.1. ®epmu-ras. Ilyctn H = f% + V (z) — oneparop HIpémuurepa, nefictByommit
Ha L2(E), u{p¢}$2 ) — opTOHOpMUpPOBAHHLILH Gasuc cobeTserHbIx pyrkmit, Hpp = A+ g,
Ao < A1 < A2 < ---. Pacemorpum n-1o srermioio crenenn H, A"(H): A" (L2(E)) —
A™(L3(E)), rme A™(L?(E)) = A,L?(E™) — mpocTpaHCTBO KBAAPATUYHO UHTEI PUDYe-
MBIX AHTMCMMMETPUYHLIX (yHKIWiL 0T n nepemersbix u A" (H) = Y (— j—; + V(z;)).
B kBanTOBO# Mexanuke A"(H) omucnBaer ®epMmu-ras n yacTHIL. OcHOBHOE COCTOsHME
Pepmm-raza 3amaercs ) yHKIwed

1 n
(2.1) (@1, an) = —= Y (D7 [] ei1(@oe)
\/H oESy i=1
1
= —\/77 det(soifl(xj))lgi,jgn'
(Crnemyer ormerutn, uto (21, . . . , Ty ) COBHAIAET C TOYHOCTBIO MO 3HAKA (L1, ..., Ty ) C

2
OCHOBHEIM COCTOSIHIIEM OIIEPATOPA | iw 4 (—% + V(z;)), neiicreytomero na S, L?(E™)
i
C I’PAHNYHLIMU YCJIOBUAMU 1/J|m_m = 0.) CorsacHo OCHOBHOMY IOCTYJIATY KBAHTOBOR
i=Tj

MEXAHUKU KBAIPAT ADCOTIOTHON BEIMUMHEI OCHOBHOI'O COCTOSHIS 33,13€T BEPOSITHOCTHOE
pacnpeneserre n gactul. B Hamewm ciaydae

(2.2) p(z1,...,x0) = |¢(az1,...,zn)|2

1 -
m det (@l—l(wj))1<17]<n : det(@j—l(wi))lgiv‘jgn

1
a det(Kn(w’Lax]))lnggn’



IETEPMUHAHTHBIE CJIYYAWHBIE TOUEYHBIE TTOJIA 123

roe Kp(z,y) = Z?;()l wi—1(z)pi—1(y) — AAPO OPTOrOHAILHOIO MPOEKTOPA Ha OMIPO-
CTPAHCTBO, IOPOXKIEHHOE nepBeiMU 1 cobcTBeHHbIMEU (yHKImaMu H. Mur yrBepxknaem,
uto (2.2) 3amaeT IeTEPMUHAHTHOE CIIydaliHoe ToueuHoe moJe. B camom nene, k-Toueunsie
KOPPEeJIAIOHHLIE () YHKIIY PABHLI

n n!
(2.3) PSC )(wla"'axn) = m/pn(x1,...,zn)da:k+1---dzn

= det (Kn(i,75)) < i p

Mocaensee paBeHcTBO B (2.3) BhITEKAET U3 CIIEoYIOMIEH JIeMMBI, XOPOLIO U3BECTHOR B TEO-

PUU CITyYAMHLIX MATPUIL.

JEMMA 4 ([15; c. 89]). ITycms (E,dp) — uamepumoe npocmpancmeo u gopo K : B2
— R ydosaemeopsem ycaoeusm

(2.0 [ K@) K.2) duty) = K(a.2),
(2.5) /E K(z,x)dp(z) = const.
Toz0a

(2.6) /Edet(K(a:i,xj))lgi’jgnd,u(a:n) = (const —n + 1) - det(K(wi’xj))lgi,jgnfl'

Mu1 paceMoTpumM HoJtee HOAPOOHO IBa CHEMMANLHLIX crydad. [lepBriii caydait oTHOCKT-
Cs1 K TAPMOHIYECKOMY OCLIILIISITOPY.

__d> 2 _ ml
a) H=——— + 2% E =R". Torma pyrxmm

-1 L 1‘2 dﬁ
(2.7) po(z) = W eXP<7) W(exp(*ﬁ))

U3BECTHLI Kak QyHKimm Bebepa—dpmura. s TOro 4tobnl IepefTl K TePMOIMHAMIIEC-
KOMY IIPenejiy n — 00, CIeJaeM MacIITabHOe Ipeobpa3oBaHue

™

(2.8) Z; = @iz Yi,

1=1,...,n.

Torma u3 popmynsr Kpucropdens—dapby ¢ yuerom acummvororuku [lnanmepens-Pore
MHOrowseHoB 9pmuta (cM. [16]) crenyer, uro aapo

n—1 1/2
e zo) — e on(zs) = [ Pn(21)Pn-1(72) — on(22)on—1(21)
Kn(71,72) KE_O pe(z1)pe(z2) (2) [ o1 —

VMeeT IIpenes Ipmu n — +0oo

sin7(y1 — y2)

2.9 Kp(z1,20) — K(y1,y2) =
(2.9) (z1,22) — K(y1,92) e p——
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CxomMOCTD sIep BiIeYeT CXOAMMOCTDE k-TOUEUHLIX KOPPEJIAIMOHHLIX (YHKIMIA, YTO B CBOIO
ouepenn BiedeT caabyio CXOIUMOCTL PACIpeneIeHII

™ ™

™ \" dy, - - d
W Dn Wyly---,wyn Yi - aYn

K TPAHCJIAIMOHHO MHBAPUAHTHOMY JeTEPMUHAHTHOMY CIIyYaiiHOMY TOYEYHOMY MOJIIO C CH-
sinm(y1 — y2)

m(y1 — y2)
b) B kagecTBe APyrOro mpuMepa paccMOTpmM ciydaii, korma E = S = {z = e?
2

uyc-anpom K (y1,y2) =

d
0 < 0 < 27T},H = _W TOFﬂa

1 .
QOK(G) = E elﬁa,

1 n—1 1 y
— = (0 —0k)
(2.10) pulBr,-82) = pden (3 et )1<-k<
£=0 SVELA YU

1
rme
(2 11) K (9 0 ) 1 sin (% ' (92 - 01))

. n\Y1,92) = =— - 9,—0
2T sm(%)

[ocae macmrabrOl 3aMeHL 5-0; = y;, 1 = 1,...,n, nepeMacmTabIPOBAHHLIE KOPPeJIs-

MOHHLIE (YHKIIMU UMEIOT TOT K€ Ipenes, uto u B (2.9), B uacTHOCTH,

2 2 2 i —
i 2k (2, 2,) S
n—oo n n n m(y2 — y1)

3a momoHNUTEILHONM HHYOPMAaImel MBI OTCHLTaeM YnTaTes s K paboTam [17]-[22].

2.2. Kynonosckuii a3 nipu 3 = 2. llpumeprt a) u b) uz pazmena 2.1 momyckaioT
VHTEPIPETAIIO KAK PABHOBECHOE PACIIPENENIEHE N € IMHAYHEIX 3aPAN0B HA IPAMOH (Ipu-
Mep 2.1a)) niau Ha envHUYHOM OKpy2KHOCTH (mprMep 2.1h)), OTTanKuBaIOUWXCA APYT OT
Ipyra coryiacHo 3akoHy KysioHa mByMEpHON 3J1eKTPOCTATUKU. 3aNUCHLIBASA MO TEHIINAIb-
HYIO SHEPTUIO B BUIE

n
H(z1,.oozm) =— Y loglzi — 2|+ Y V(z),

1<i<ji<n i=1

rae V — BHEIHUIT MOTEHIMAIT, MBI BUIUM, 4TO QyHKIWs Boabivana

%exp(fﬂH(zl,---azn))a =2,

1.2

Bcmyuae V() = 52 €CTh B TOYHOCTU Ppy (21, - - - , 2n) IPUMepa 2.1a), a B caryuae V(z) = 0,

zj = ei j=1,...,n,ects p,(61,...,0,) mpumepa 2.1b).
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O IHOKOMIIOHEHTHDIM IBYMEPHLIA KYJOHOBCKUI ra3 (IByMepHas OZHOKOMIIOHEHTHAs
IIa3Ma) M3yYaJics MHOTUMY aBTOpaMU, B TOM uncie B [23]-[28]. DTo nampassexve nc-
CJICNIOBAHUIA TECHO CBA3AHO C TEOPUEN HEDPMUTOBLIX Iy CCOBCKUX CIIy YAMHLIX MATPHIL ( CM.
nmasee pasnen 2.3d). JIByXKOMIOHEHTHLIN [BYMEPHLIA KYJIOHOBCKU ra3 (T.e. crucTeMa Io-
JIOKUTEJILHO 1 OTPULIATENHLHO 3aPAKEHHBIX YaCTIIl) U3ydaJcs B paborax [29]-[34]. Mu
HAQUHEM HaIlle pACCMOTPEHUE C HeRTPAJILHONM CUCTEMBI, COCTOSIIIEN U3 1 TIOJIOKUTEILHO U 1
OTPUILIATEILHO 3apAKeHHLIX yacTuil. ()003HAUAS KOMIITIEKCHBIE KOOPIVHATLI 9TUX YaCTUIL
COOTBETCTBEHHO uepe3 u; U vj, j = 1,...,n, MbI 3amiceBaeM pyEKmmo Donbivana mpu
[ = 2 B BUIE

exp<2 Z (log|uiuj|+log|vivj|)2Zlog|uivj|>

1<i<j<n
Thicicjen lui —ugl? - lvi — v —‘det( 1 ) >
Hi,j |ui — v;[? Ui — V5 /1<i,5<n

B muckpeTHOM ciIyuae HOJOKUTENLHLIM YACTULAM PA3PEIIaeTCa 3aHNMATL TOJILKO TOUKY
pemeTky 7y - Z2, a OTpUIATEMLHLIM YaCTUIIAM — TOMLKO ToUKH pemetku v - (Z2 + (3, 1)).
Boabmoit kanormueckuit ancaMOJInL 33,.0aeTCs DOJILINON CTATUCTUIECKON CYMMOM, KOTOPAs
npu v = 1 nmeet Bun

Z=1+3 A (v) —

u—oP?
2
+ -,

. (%) 50 Avlunhe s (o) oa) - der ()

UL,U2,V1,V2 1<2,5<2

rme Ay (u) = e~V u)_(u) = V(") — jeryuecrn, a V — Brenmuit norerrmanr. Mocen-
Hee MPeCTABJIEHNE MOXKHO IEPEINCATE B CJIEAYIONIEM BUIE:

1 -
Z:da<m+<A+ ZUZ+A, 2”0

y am+iay. 1 +am—iay. 1_ ’
2 z—2 2 72

rIe oy, Oy, 05 — (2 X 2)-marpuwt [laymu. B wacteocTH, MBI BUmM, 9TO GOIBLIION KAHO-
HUYECKU aHCAMOJIL SBJIAETCS IMCKPETHBIM (PEPMUOHHLIM CJIYYAMHBIM TOUEUHBIM ITOJIEM.
(IlosB.eRMe MATPYMHO3HAMHOIO AIpa OTpasKaeT ToT pakT, uro B = Z2 U (Z* + (1, 1)).)
[lepexons k HenpepomrOMY mpezneny (v = 0), HETPYIHO BULETH, YTO k-TOUEUHLIE KOppPe-
JIAIVOHHLIE (YHKIVM IpU Kk > 2 MMEIOT KOHEUHLIH Ipenesl U IpefennbHoe aapo K Moxer
OLITL BLIpAsKeHO B TepMuHax (pyHkimu ['pura mipdepermansHoro oneparopa Jupaka, a

VIMEHHO,

140, 1—o0,
K=|my ——+m_ .- ——
(+ 2 2
1+0 1—0,\ '
X <axax + 0y0y +my TZ +m_ - Tz) )
rIe M4, M_ — IepeMaCITabMPOBAHHLIE JIETYYECTH. B CIEIMAILHOM CIIydae my = m_ =
K++, K+—

const (t.e. V = 0) ssnpo K = ) MOKET OBLITh BLIDAYKEHO B TEPMUHAX

K-+ K- —
MOIMPMIMPOBAHHLIX QyHKImMi Beccens (monpobHee cM., HamprMep, [32]).
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2.3. CuyuyaliHble MaTPUILI.

a) YHUTApHO MHBapUAHTHBIE aHCAMOJIM CJIydYaWHBIX MaTpull. BeposTHocTHOE
pacnpeneserre B 2.1a) (popmysst (2.2) u (2.7)) momyckaer eimre OIHY MHTEPIPETALMIO.
B Teopun ciydaiHBIX MATPUIL 9TO PACIPENeseHIe XOPOIIIO M3BECTHO KaK PACIpEeneseHIe
COOCTBEHHLIX 3HaUeHUI B rayccoBckoM yaurapaom adcambie (G.U.E.). Hamomuanm ompe-
JIeJIeHVie TayCCOBCKOI'O YHUTAPHOro aHcambusg. PaccMOTprM mpoCcTpaHCTBO 3PMUTOBLIX
(n X n)-mMarpun

{A = (Aij)1<ij<n Re(Aij) = Re(Aj;), Im(A;5) = —TIm(A4 )}
G.U.E.-cayualinas MaTpuia 3a1aeTCs CBOMM BEPOATHOCTHBLIM PACIPENETIEHIEM
(2.12) P(dA) = const,, -exp(— Tr A?) dA,

rae dA —vepa Jlebera, T.e.

dA = H dRe(Aij) dIm(Aij) H dAkk.
1<j k=1

Omnpenenenue G.U.E.-cayyaliHOi MATPUIIBI SKBUBAJIEHTHO TPEOOBAHUIO,, UTOOLI HADOD
{Re(4ij), Im(4;5), 1 < i < j < n,Agg, 1 < k < n} ssasacs HaGOPOM He3aBUCH-
MBIX corydaitanx Bemrav 1 Re(A;5) ~ N(0, 1), Im(A;5) ~ N(0,3), Agr ~ N(0,3).
CoBCTBEHHDIE 3HAUEHUSA CIIYy YAMHON 9PMUTOBON MATPUIILI SIBJLAIOTCS BEIIECTBEHHO3HAYHDI-
MU CJIyYAAHLIMYA BEJIMUMHAMEA. BLIBOI X COBMECTHOTO PACIIPENEJIEHUA UATATENL MOXKET
Haiitu B [35; pasnesnst 5.3-5.4] u [15; ro1. 3 u 5]. OkasLBaeTcs, YToO IIOTHOCTL COBMECT-
HOTO PACIIPENEIEHIA OTHOCUTENLHO Mephl Jlebera 3anaeTca B TOUHOCTH (opmyaamu (2.2)
u (2.7).

3amerum, uto pacnpenenerve G.U.E.-cayualinoit MaTpUInI MEBADUAHTHO OTHOCUTE -
HO yHUTapHOrO mpeobpasopamua A — UAU L, U € U(n). EcrectBeHHBIM 0600MICHN-
eM (2.12), COXpaHAIOIIMM YHUTAPHY IO UHBAPUAHTHOCTD, ABJIACTCS

(2.13) P(dA) = consty, -exp(—2-TrV(4))dA

rne V(x) MoxKeT OLITL, HAPUMED, MHOTOUJIEHOM UYETHOM CTEMEHN C MOJIOKUTEILHLIM MIIaB-
HbIM KO3 puimenToM (cM. [35; paznexn 5]). Bomoxn gopmysnt asist coBMecTHOro pacuperne-
JIeHUsT COOCTBEHHBIX 3HAUCHUI aHAJOTMYEH CIYYaIO IayCCOBCKOIO YHAUTAPHOIO aHCAMOJIA.
II70THOCTE Pp (A1, - - ., An) 3amaeTcs hopuyoit (2.2), rae {pg(z) - e~ V(@) }":_01 — n mep-
BLIX OPTOHOPMUPOBAHHBIX MHOrOuWIeHOB € BecoM exp(—2V (z)). IIpu atom sinpo K, (z,y)
MO-IIPEXKHEMY ABJISETCA AAPOM IPOEKTOPA U BCIEACTBUE STOIO YAOBJIETBOPAET YCIOBIAM

JIEMMEI 4.

b) Ciryualinbie yEMTapHBIE MATPUIBL. PaccMOTpuM rpymimy (n X n)-yHATAPHLIX
marpun U (n). UssectHo, uto Ha U (n) CyImecTBYeT eIMHCTBEHHAA TPAHCIIAIMOHHO NHBAPU-
AHTHAS BEPOATHOCTHAS Mepa (cM. [36]), HaspiBaemas Mepoit Xaapa u 0003HAUaeMas HaMI
aJIee KaK [iHaar- BEPOATHOCTHAA IJIOTHOCTL MHIYIMPOBAHHOTO PACIPEIETICHUA CODCT-
BEHHLIX 3HAUEHUI 33, 1aeTCs POPMYIOi

_ 1 ) )
Pn(01,...,0n) = (2m) n'ﬁ' H i _ ife|2,
T 1<k<Ugn
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uto coBrazmaer ¢ hopmynamu (2.10) u (2.11) (em. [15; ror. 9 m 10], [17]-[19]). B nocaenueit
(OpMyJIe MBI UCTIOIIH30BAIN 0603HAUEHNS

A1 :eiel, ey An :ew”.

Ecnu Ha yEUTapHOI IpyImie BMeCTO MepLl Xaapa MLI 6yIeM UCXOMTL U3 BepOATHOCTHOM
: 1
MepLI const,, - e~ I V(U)d,uHaar(U) U 3aMEHIM MOHOMBI % e ma 1, @) -e 2 V(e), roe
s

{g[;g}?;[)l — HaBOP N MEePBLIX OPTOHOPMUPOBAHHLIX MHOroUIeHOB 0T e'f ¢ Becom e~V (9) dp),
MBI TOJTY UrM aHAJTOT (opMyJIn (2.10) mis k-TOUEUHLIX KOPPEJIAIMOHHLIX ()Y HKIA.

c) Ciyuyaliabie OpTOTOHAJIbHBIE VI CUMILIEKTUYECKe MaTpuibl. Pacripenese-
Hyie COOCTBEHHLIX 3HAUCHUI CITyYaliHOH (pacipenesieHHoi mo Mepe Xaapa) OpTOrOHAILHOM
UM CUMILIEKTUYIECKON MATPHUIILI TOXKe UMeeT (pOPMY NETEPMUHAHTHOI'O CIYUAUHOTO TO-
YEUHOr'O MMOJIA C PUKCUPOBAHHLIM YMCJIOM YacTull. [l ynobcTBa unTaTesis Mbl MPUBOIIM
HUKe TabJInIly sIep, BOZHMKAIOMMX B AHCAMOJIAX CIyYalHLIX MATPUIL U3 KJIACCUUECKIIX
KOMITAKTHBLIX I'DYTII.

Kn(z,y)
U(n) L. % E = [0,27]
50(2n) L. (Sin(::z(%(z)y)) N Sin(::rf(;;z;—y))); E=0,7]
SO@n+1) | - (Sigfj('g;yg” - Sigfg('%jgﬂ); E = [0,7]
Sp(n) L. <sin(;2+(lw-2(:)y)) B sin(gﬁ(f;—y))» E=1[0,7]
0_(2n +2) | o xe,uyrou mwua Sp(n)

3a [OMOIHUTEILHON NHPOPMAIWell MBI OTCBHLIAEM YnTATeN A K paboram [37]-[42].

d) KoMmniiekcHbIE HEDPMUTOBBI TayCCOBCKME CJydalHble MaTpunbl. B [23]
Kunnbp paccmorpen aHCaMOJIb KOMIIIEKCHBIX HESPMUTOBBIX AYCCOBCKUX CJIYJaNHBIX
(n X n)-MaTpum, y KOTOpLIX Bce 2n? mapameTpos {ReAij, ImA;;, 1 <i,j < n}
SIBIISIIOTCST HE3ABUCUMBIMU T'ayCCOBCKUMU CJIYUYANHLIMU BEJIMUMHAMU C HYJIEBLIM CPEIHIM
U aucrepcreil, paBHOM % B sToM ciyuae coBMecTHOE BEPOATHOCTHOE DACIPENEIICHIIe
MATPUYHBLIX SJIEMEHTOB 330aeTCA POPMYyIOi

P(dA) = consty, - exp(— Tr(A* - A)) dA,

(2.14) dA= [ dReAj - dImAj.
1<j,k<n

OKBUBaJEHTHOe onpenesenve ancambis (2.14) zakmouaercs B ToM, uto A = A + 17 - A,

roe A u A — MaTprIb U3 IBYX HE3aBUCUMBIX TayCCOBCKUX YHUTAPHLIX ancambieir. Cob-
CTBEHHDIE 3HAYEHUSA A1, . . . , Ay, MATPULILL A FBIAIOTCS KOMILIEKCHLIMY CILy YAMHLIMY BEJIV-
unHAMU. BLIIO OKA3aHO, YTO MX COBMECTHOE DACIPEIEICHNE 33 MACTCS e TePMIHAHTHLIM
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CITyYaiHBIM TOUeUHBIM MoJIeM B R? ¢ (MKCHPOBAHHLIM WACIOM YacTHI (# = 1) 1 KOppeJis-
LIMOHHLIMU ()YHKITSMU

(2.15) P (21, 2k) = det(Kn (2, 5m)) e

roe

—1
B 1 21 2 29 2 n ZEZE
Kn(Zl,ZQ):;exp<%% . E ].K'Z
=0

Mot ormeTrM 31ech ke, 9o AIpo K, (21, Z2) CXOIMTCA K APy

1 21 el .
(216) K(Zl,ZQ) = ;exp(T - T +2z1-%22 |,

3aaI0MeMy IpenesbHoe ciaydaiinoe Todeunoe mose. [Ipobsema obobmenus popmysibt

(2.14) u3yuanace B [43]-[47]. Mycrs A= A+i-v-A rme Au A — kak u Bomme, mBe

uezapucumbie G.U.E.-MaTpuIt 1 v — HEKOTOPLIA BEIECTBEHHLIA mapaMeTp (I0CTATOYHO
2
v

paccemorpers cayvaii 0 < v < 1). Beenem HOBLIA mapaverp 7 = Pacnopenenenue

1402
MAaTPUUHBIX SJIEMEHTOB 3a1a€TCS (POPMYJIION

(2.17) P(dA) = consty, ~exp<;7_2 Tr(A*A - TRe(A2))> dA.

1—

(2.17) vrmymmpyer pacupeneseHie COOCTBEHHDLIX 3HAUECHUA
n 1 n T
(2.18) pn(z1,---,2n) H dzj dz; = const,, - exp [_ﬁ . Z (|zj|2 - §(ZJ2 + z?))}
j=1

Jj=1

n

2 _

X H|Zj—2’k| -Hdede.
Jj<k Jj=1

Crenyer OTMETUTE, UTO BEIpaskeHue (2.18) Ouuto momyueHo Takke B paborax [27] n [28] kak
¢yuxmma boabuMana IByMepHOI OTHOKOMIIOHEHTHO! Ia3MbI. U TO KaCaeTCs BLIMMCICHIS
COOTBETCTBYIONMX KOPPEJIAIMOHHBIX (YHKIWA, MBI OTCBIIIAEM YnTaTess K paboram [27],
[28], [46], [47]. B >TuX BLIUKMCIEHMAX PEITAOMAS POJIL COCTOMT B BBEIEHUN OPTOHOPMUPO-
BAHHLIX MHOT'OUJIEHOB C BECOM

(2.19) w?(2) = exp {_1 sz (|z|2 - 22 +z2))}

DTU MHOTOUJIEHLI MOT'Y T OLIThL MIPEACTABJIEHLI B TEPMUHAX MHOTOUJIEHOB DPMUTA,

£
2

Bl

(220 YT TR <\7) =0

roe
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Ormerum, uto mpu 7 = 0 (coayuali, coorBercrBytoumii ancambiio 2Kummbpa) ve(z) =
(w12 (e)1/2) ~'. 2¢. CootetcBytomasn (opMyJIa I KOPPEJSAIMOHHBIX (PYHKIMH (TIput
POU3BOJILHOM T ) 0606maer popmyiy (2.15):

o = det(Kn (23, 2)) 1 < je

(2.21) n-1
Kn(z1,22) = w(z1)w(z2) - Y ve(z1)te(22).
=0

B npenese n — oo anpo K, (21, Z2) cxomarcs K

(222) K(Z]_,fz) = lim Kn(zl,fz)

n—oo

1 1 |21 2 N |22]? _
= ——5- €X — — 21z .
-2 P\T1o2\ 2 2 2

3amernm, YTO NOCHemHsA HOPMYIIa OTIMIAETCA OT (2.16) TONLKO TPUBUAILHON 3aMEHOM
KoopmHaT 2 — 2 - /1 — 72, CHelmabHBI pexkuM, HA3LIBAEMBIN B (DM3MUIECKOM JUTepa-
TypPe PEKUMOM CIa00R HESPMUTOBOCTH, OLLT OGHAPYKeH i Moneau (2.17) PemoposbiM,
Xopyxenko u Commepcom B paborax [46] u [47]. Hyctn

Re(z1) = nt/2. ¢+ n_%xl,
Re(z) =n'/? .z + n_%xg,
Im(z1) = n=2 Y1,
Im(z9) = n_% - Ya.

[IpennooKuM, U4To TapaMeTpLl &, 1, T2, Y1, Y2 3aQUKCUPOBAHLL, I PACCMOTDIM IIPEeT
n — oo mpu yesouu, ato lim, o n - (1 — 7) = a?/2. Torma

1 1 2 2 _
(223) i L K (e1,22) = o cexp| L5 g 0
n—oo n mTo « 2
% y1+y27i.331*332
Jo 5 5 ,
rme
1_% du au?
(2.24) 9a(y) =/ ; = exp[—— - 2uy}
,\/q 2 2

(mpu = > 2 npenensHOe BoIpakenue B (2.23) pasuo uymo). Popmyner (2.23) u (2.24) 3ana-
0T IeTePMUHAHTHOE CTydaiHoe Toueunoe mose B R2, ormranoe ot (2.16).

e) IlosmoxuTenLHEbBIEe >PMUTOBLI cirydabiabie MaTpunbl. Cienya Bpounky [48],
onpenesarM ancam6in Jlareppa MoIoKUTeNLHLIX 9PMUTOBLIX (1 X n)-Marpur. Kak us-
BECTHO, IPOM3BOJILHASA MOJIOKUTENLHAS SPMUTOBA, MATPUIa M MOKET OBITL 3aIMMCAHA B
Bune M = A* A, roe A — HeKOTOpas KOMILIEKCHAA MATPUIIA. BepOATHOCTHOE paciIpeneie-
Hue ciydalinoi matpust M 3amaercs popmyItoi

(2.25) consty, - exp(— Tr A*A) - [det(A" A)]* dA,

5 YMH, T. 55, BrIn. b
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rne dA onpenenera kak B (2.14) u a > —1 (0ocoBulii nHTEpEC IPEACTABIAIOT 3HAYUECHIS
a = +1,0). VnaymposasHOe >THM BEPOATHOCTHOE PACTIPeIe TeHE TOTOKUTEILHLIX CO0-
CTBEHHBIX 3HAUEHUIT NIMEeT BUI

n n
(2.26) consty, - exp (— > /\i) I T e =A% dha - dan.
i=1 i=1 1<i<j<n
C moMoIn10 acCOIMMUPOBAHHBLIX MHOTOUIeHOB Jlareppa

LY (x) = Lemazfo‘ﬂ(e*ma:m*'“) m=0,1
mT ml dz™ ’ I

MOKHO Iiepenucarh (2.26) B Buze

(2.27) %det(Kn(a:i,a:j))KLKW
roe
n—1
(2.28) Kn(z,y) = Y o7 (@) - o{™ ()
=0
u

1

{0 = (Ta+ 1) (”;a»%f(m};

— OPTOHOPMUPOBAHHLIN 0a3uc ¢ BecoM e~ ¥ - £% Ha BEMIECTBEHHOM moayocu. Mcmomn3ys
CHOBA JieMMy 4, MBI MOXKEM TOUYHO BBIUKCJINTL k-TOYEUHBIE KOPPEJIAIMOHHbIE () YHKIWL 1
MOKA3aTh, YTO OHI 3a0AI0TCA AeTepMuHAHTaMu (k X k)-MaTprm ¢ sapom (2.28).

f) Ilens KoppeMpPOBaHHBIX SPMUATOBLIX MaTpum. Ilycrs Aq, ..., A, —koMmIexc-
HBIE SDMUTOBLI CIIyYalHbIe (1 X 7 )-MaTPULLI ¢ COBMECTHON BEPOATHOCTHOM IIIOTHOCTLIO

(2.29)
1 1
consty, - exp [ ’I‘r(ivl(Al) +Vo(A2) + -+ Vp_1(Ap-_1) + iv,,(A,,)

+c1A1As + oA A3+ + cplAplAp)] .

Mrr 0603HaUAEM BENIECTBEHHO3HAUHLIE COOCTBEHHLIE 3HavueHna A depe3 Aj = (Aj1,...,
Ajn),J = 1,...,p. Torma cooTBETCTBYOMAN NHAYIIIPOBAHHAS BEPOATHOCTHAS INIOTHOCTE
COBMECTHOI'O PACIPEIeIeHNsI COOCTBEHHBIX 3HAYCHIH 33,0aeTCs POPMYJIOi

(2.30)  pn(Ai,...,Ap) = const, [ [T O =)0 - Aps)}

1I<r<s<n

p—1
X [ H det [wk(/\kra/\k+1,s)]r75217_“7n]a
k=1

roe

RED ) = exp( = 3(0) - 5V () + ).
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Aitnapa u Mexra ycranosuiu [49], 4o KOPPEILSIMOHHLIE ()Y HK LI

Phyy.odepy (AN115 5 Alky 55 Apts s Apky)
P

_ Hm_"i;])!/pn<xl,...,xp).n I

Jj=1 rj :k:] +1
9TON MOIEIN MOr'yT OLITL 3aIlICAHLI KAK (k X k)-OHpeI[eJII/ITeJIB

(2.32) det I:KZJ()\ZT'a AJS):I r=1,...,k;; S:l,...,k}]‘; i,j=1,...,p
ck =k + -+ kp. 3amBubivu popmysnamu ms anep K (2, y) MBI OTCBIIaeM YITaTes
k pabore [49] (cu. Taxxe [50]). 3amerin, uTo (2.32) 3amaeT NETEPMUHAHTHOE CIIyJYalHOE
TOYEYHOE TI0JIE, OIHOYACTUYHOE MPOCTPAHCTBO KOTOPOro, F, saBisercsa obbemHeHreM p
kormit RT.

g) YHuBepcaJabHOCTH B TeopyM ciydaiaeix matpun. Ciyualinbie ToueuHbIe
noss dupu, Beccesa u cuayc-mosda. Mol HauHEM PacCMOTPEHMe ¢ OBIIero Kaacca
Anep BUOA

(2.33) K(z,y) = ;

roe

m(z)¢ (z) = A(@)p(z) + B(z)¥(),
m(z)y(z) = —C(x)p(x) — A(z)¥()

nm(x), A(z), B(x), C(x) — maorounenst. Tpeiicu n Bunom nokasasmu [51], uro onpene-
aureny Ppenronsbma MHTErPAJILHBIX OEPATOPOB ¢ siapamuy Buaa (2.33) u (2.34), orpanu-
UEHHBIMU HA, 00'LEIMHEHE KOHEUHOTO UMCIIA MHTEPBAJIOB, YAOBIETBOPAIOT OMPEICICHHLIM
() pepeHIMAILHBIM YPABHEHVSIM B UACTHLIX Npor3BomHbLIx. flaopa Ditpu, Deccens u cu-
HyC-S1IPAa SBJLSIIOTCSA YacTHLIMU cirydasMu (2.33) u (2.34). s onpenesnenus CUHyC-s1apa
TIOJTOKIM

(2.34)

¥ HaAKOHEII I aOpa Beccemnsa momoxmm

o(@) = Ja(Vr), (@) =29 (x)

5%
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3necy o;(x) — Gpysxumsa Diipu u Jo () — pyskima Beccens mopsanka o (cm. [16]). s
COOTBETCTBYIONIUX SAED CIPABEUIUBLI CIEAYIONIME TOUHEIE TpencTasienus (cm. [51]-[53])

sinm(z —y)

m(z —y)

() - Al (y) — i(y) - ] (x)
Ty

/ Adi(x+t) - o (y +t)dt,

Ja(VT) - VY- To(VY) = Ve - To(VE) - Ja (VYY)
2-(z—y)
\/E ’ Ja+1(\/5) ’ Ja(\/y) — Ja(ﬁ)\/@ ’ Ja+1(\/?7)
2-(z—y) '

Kak ormeuasnocn Boiie, CUHyC-AApO BO3HUKAET KAK CKEMIMHINOBLINA IIPEIes BHY TPU CIIEKT-
pa B rayCcCoBCKOM yHUTapHOM aHcambie [15; ru. 5]. B cBoo ouepens ssapo Diipu BOZHUKAET
KaK CKeMJIMHIOBLIN IPENET Y KPas CIIEKTPA B [y CCOBCKOM YHUTAPHOM AHCAMOJIE U Y TIPABO-
ro (“msrkoro”) kpas cnekrpa B ancambie Jlareppa, a sinpo Deccens Bo3HuKaeT Kak CKeli-
JIMHTOBLIM mpenest y sesoro (“reepmoro”) xpas cmekrpa B ancambie Jlareppa [52]-[54].
T'umoTesa yHUBEPCAILHOCTY B TEOPUU CIYUARHLIX MATPUI] MIPEINOIATAET, UTO TAKUE TIPe-
IIeJTLI SIBJISTIOTCST YHUBEP CATILHBIMI IS IIIMPOKOTO KJIACCA SPMUTOBLIX CIIYUARHBIX MATPUIL.
HenmasHo runoresa yHUBEpCAJLHOCTH ObLIA HOKA3AHA IUIf YHUTAPHO MHBAPUAHTHLIX AH-
camoueit (2.13) BuyTpu ciektpa [55]-[57], [35] 1 wIs HEKOTOPLIX KIACCOB MaTpul Bureepa,
BHYTDHU CIeKTpa [58] u Ha Kpaio [59].

B cienyromeM pazmese Mbl MOJHOCTLIO OXapPAKTEPU3YEM IeTEPMUHAHTHLIE CJIyYaHLIe
toueunsie oA B R (Z!) ¢ He3aBUCHMLIMI OMMHAKOBO PACIIPEIEICHHLIMI CIICHACHT M.

(2.35) Kine(z,y) =

)

(2.36) Kairy(z,y) =

(237) KBessel(wa Z/)

2.4. JleTepMuUHAHTHLIE CJOydJalHbIe TOYeYHbIe MOJIA C He3aBUCUMBLIMM OIU-
HAKOBO pacOpeneljIeHHLIMHU clelicuaramMu. IIpomecchkI BoccTaHOBJIeHMA. Mul
HAYHEM C HEKOTOPBIX OCHOBHLIX ()AKTOB TEOPUM TPOMECCOB BOCCTAHOBJIEHUA (CM., Ha-
npumep, [60], [8]). Ilyctn {74}32,; — mocrenoBaTeqLHOCTL HE3ABMCHMLIX OIMHAKOBO
PACIPENEICHHBIX CIyJaliHBIX BEJIUUMH U Tg — HEKOTOpas HeOTPUIATEIbHAA CIydaiiHas
BEJIMYMHA, HE3aBUCUMAA OT {7y } 72, (B obmIeM ciIyJae pacupeneseHue Ty OyaeT ApyruM).
Omnpenesnv

(2.38) =Y 7, k>0

DTV 3a.0€TCA CITyJaifHAg IOCIeN0BATENLHOCTE {2 72 o B RY . B Teopum BeposTHOCTEI
CILy JaifHAA IOCTEN0BATENLHOCTD { T } 72 ) M3BECTHA KK IIPOLECC BOCCTAHOBJIEHVA C 3aIIa3-
muBarveM. [[pemmooxuM, uto pacupenenenue T, k > 1, umeer muotaocTs f(2), HA3LI-
BACMY IO ITIOTHOCTHIO PACTPEIICICHIA MHTEPBATIOB, 1 KOHEUHOE MATEMATHICCKOE OXKVIAHMe

Er = / zf(x) dz. Torna mioTHOCTL BOCCTAHOBIIEHVSA 32 HA€TCS CIIEY FOIIMM 00Pa30M:
0

(2.39) u(a:):ka*(ac): / flz—1y)f(y)dy

/ / fl@x—y1—y2) f(y1) f(y2) dyrdy2 + - - - .
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Koppensiwontbie (yHKIMY BBICIIX TOPSIKOB IPOIECCA BOCCTAHOBJIEHUSA HETPY/IHO BLIPa-
3UTL Yepe3 COOTBETCTBYIONIYIO OTHOTOUEUHYIO KOPPEJIAIMOHHYIO (YHKIAO U MIIIOTHOCTD
BoccTaHoBeHus. B camowm neme (cM. [8; ¢. 136]), ity <t < -+ < tpmk > 1 cpasen-
JIMBa cienyomas popmysia:

(240) pk(t]_, e ,tk) = pl(t]_) . u(tg - tl) . u(t3 - t2) Cae u(tk — tk—l)-

/3 BLUnenpuBeneHHLIX ONpeneIe il HeMeIUIEHHO CJIEYeT, UTO CIyUYaiiHOe TOUeUHOe MoJIe
B Rﬁ_ UMeeT He3aBUCHMLIE OIMHAKOBO PACIpeNesIeHHble CIIeICMHIY TOrIa U TOJILKO TOr A,
KOI'ZIa OHO fBJLAETCS IPOIeccoM BoccTranoBienus (2.38). lusa Toro, urobnl 3TOT mpouecce
OLLT TPAHCJAIMOHHO MHBAPUAHTHLIM, BEPOATHOCTHAS IVIOTHOCTDL T AOJIXKHA 331aBATLCS
COOTHOIIEHIEM

1 +oo

(2.41) Bl f@&)ydt  ([8; c.72],[60; pazmen X1.3]).

IIpu >TOM OMHOTOUEUHAA KOPPEJIAMOHHASA (DYHKIMA TOXKICCTBEHHO PaBHA KOHCTAHTE,
pi(x) = p > 0, u, tem campv, uz (2.40) cienyer, YTO pacHpeneieHEe MPOIECCa
OIHO3HAYHO OMNPENEJACTCA MIOTHOCTLI) BOCCTAHOBJICHUA (B YACTHOCTY, KOHCTAHTA, p
onpenenserca mo u(z), Tak kak p = (E71) ! u npeobpazosarmsa Jlamnaca gysxmit f u u
CBfI3AHLL MeKIy coboit). Mauun [7] paccMOTpela CHeIMAJILHLI KIacC TPAHCIIIAOHHO
VHBAPUAHTHLIX TPOIIECCOB BOCCTAHOBJEHVA C MIOTHOCTLIO PACIIPENEICHAA CIEACUHTOB,
3a1aBaeMol popmyIoit

(2.42) f(z) =2p(1 — 2pa)*% e - sinh((l - 2pa)% . <£>),
a

rze

(2.43) 2pa <1, p>0, a>0,

U OKAa3aJI1a, YTO TaKMe MPOIECCLI ABIAIOTCA JeTEPMUHAHTHLIMU CJIYUANHLIMU TOUEUHLIMI
TIOJIIMU C SIOPOM

(2.44) K(z,y) = p-exp(—|z —yl|/a)
(ycnous (2.43) osHauaroT B TouHOCTH TO, uTo 0 < K < Id).

B caenyrormeii Teopeme Mbl KIaCCHYUIMPYEM BCE IPOLIECCHI BOCCTAHOBIEHIISA C 33IA3IbI-
BaHMEM, KOTOPLIE OTHOBPEMEHHO ABJIAIOTCA NeTEPMUHAHTHLIMU CJIYYaHHLIMU TOUSUHBIMI
IIOJISIMU B R}I—'

TEOPEMA 6. Jemepmunanmnoe cayuaiinoe moveunoe nose 6 RL ¢ apmumosvim
A0POM UMEEM, HE3a8UCUMBLE 00UHAKOB0 Pacnpedesenubie cnelicunzy mozoa 1 moabko
mozda, k0204 COOMBEMCMBYOULUT eMY UNMEZPAAbHBLE ONEPAMOpP, AOKAABHO C KO-
HeunM caedom, 8 donoanenue k yeaosuo 0 < K < Id ydosaemeopsem caedyouum
08YM YCAOBUIM.

a) Jasg noumu scex v1 < To < T3

(2.45) K(:El,xg) -K(.Tz,:l?g) = K(xl,wg) -K(CEQ,.TQ).
b) Jas noumu ecex x1 < T2 Pymxyus
K(a?]_,aﬁg) . K(:L‘Q,a?]_)
K(arg,xl)

308UCUM MOADKO O PA3ZHOCTU T2—T7] . Ecau ()emepmummmnoe cny"mﬁﬂoe mouwevyHoe

noAe AEATEMCA K MOMY HCE MPAHCATYUOHNKO UHEAPUAKMHELM, MO ONKO 3a0aemcsd
dopmyramu (2.42)—(2.44).

(2.46) K(z2,x2) —
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S3AMEYAHUE 8. Pa3symeercs, TpaHCIIAIMOHHO MHBAPUAHTHOE IETEPMUHAHTHOE CJIyYaii-
HOE TOYEYHOe TI0JIE B Rﬁ_ MOXKET OBIThL EIMHCTBEHHLIM 00Pa30M IPOMOIKEHO IO TPAHCIII-
ITMOHHO MHBAPUAHTHOTO IeTePMUHAHTHOTO CIYUAHHOro Touednoro mos B RL.

IOKABATEJILCTBO TEOPEMBI 6. CHagaJa MBI TOKaxKeM c(OPMYIMPOBAHHOE B TEO-
peMe yCJIOBUEe HeOOXOMMMOCTH. [IpemmostoRumM, uTo IeTepMUHAHTHOE CIIYYaiHOE TOUEUHOe
nosne ¢ simpoM K (, y) sIBIIsSieTCs MpOoLieccoM BOCCTAHOBIIEHVS ¢ 3ana3npBammeM. Kak cuen-
crBue coorHommenus (2.40) ¢ k = 2,3 Mol noyuaeMm GOPMYILy AJLS IIIIOTHOCTY BOCCTAHOB-
JIeHVIs

K(z,y) - K(y, )
K(z,z)
<

(2.47) uly —z) = K(y,y) — .y,

Y BLIpazkeHve i p3 (1, T2, T3) IpU L1 < T2

(2.48)

I3:

p3(1, w2, 23) = K(z1,21) - u(za — 21) - u(zs — 22)
— K(z1,21) - (K(xz,@) | K(z1,22) K(@,xl))

K(wl,wl)
(o2, 23) - K(aa.ro)
x (K(ars,m) - K (z2,72) )

[Mockonbky ¢ BeposTHOCTBLIO 1 uacTumn orcyTeTByIoT BHe MEOKecTBa A = {7 : K (=, 1)
> 0}, MBI BCerza MOXKeM PacCMaTPUBATL CJLyJaHHOEe TOUEUHOE HIOJIe, OrPAHIMYeHHOe Ha A.
CpaBauBas

(2.49) p3($1,a?2,x3) = det(K(xi’xj))lgi,j<3
¢ (2.48), Mbl HoyUaeM
1
K(z1,22) - K(22,21) - K(22,23) - K(73,72) - m

= —K(z1,23) - K(23,71) - K(22,22) + K(21,72) - K(x2,23) - K(23,71)
+ K(71,23) - K(23,72) - K(22,71),

UTO 3KBUBAJIEHTHO PAaBEHCTBY

1

m . <K($1;$2) . K(Z‘Q,ﬂ?z;) - K(,’L‘Q,a’;2) . K(af]_,a','?,))

X (K(:L‘3,a?2) . K(arg,xl) — K(a:3,a:1) . K(Z‘Q,ﬂ?g)) =0.

[TocKOMLKY TPeTHi MEOXKUTEIND B TIOCJEIHEM PABEHCTBE ABJIACTCA KOMILIEKCHO COMPAKEH-
HBIM KO BTOPOMY MHOXKUTEIIO, MBI ostydaeM (2.45). Yemosue b) Teopemor caenyer us (2.47).
B ciryuae TpaHCIAIMOHHO MHBAPUAHTHOTO AETEPMUHAHTHOTO CIIYUYARHOTO TOUEUHOTO OIS
a1po K (&, y) 3aBUCKT TOJILKO OT PAsHOCTH Z — Y, BeaencTsue uero K (z,y) = p-e~ 12— vl/e.
e'P(*=Y) 3 yuurapuo skpuBasenTHOE sapo e BT K (2,y) - €AY copnamaer c (2.44). Ilo-
KayKeM TeMeph yCIOBUE NOCTATOYHOCTY TeopeMbl. VITak, ecau aapo ynosiaeTBopset (2.45)
1 (2.46), TO (YHKIWA IIOTHOCTY BOCCTAHOBJIEHIISI NOJPKHA YIOBIETBOPATE COOTHOIIEHITIO

K(Z‘l,aﬁg) . K(arg,xl)
K(x1,71)

u(ze —x1) = K(x2,22) —
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IULSI TOUTU BCeX 1 < X2. Ilycth 21 < 29 < -+ - < 7. Ham meobxommo BuiBecTH ajiredbpa-

MYECKOE TOK IECTBO

(2.50)  det(K (i, xi))lgi,jgk
k—1

= K(z1,21) - H <K(ﬂ7i+1,ﬂ?i+1) -

=1

K(zi,Tit1) 'K($i+1,$i))
K(wia xl)

13 GA3MICHBIX TOXK IECTB UL KOMMY THPYfommx e K (x4, x;) n K (x;, ¢ ), ynoBreTso-
PSAIOMIMX CJIELYIOMUM COOTHOIICHUSIM:

K(zs,25) - K(zj,x0) = K(z4,20) - K(zj,2;
K(zi,25) = K(zj, )
Brenem ¢yrxmm a(z) = K(z,z) - K(0,2) "' ub(z) = K(0,2)"!. Torna mnai < j
K(zi,z;) = a(zi) - b(z;) "1,
K(j,2:) = a(e;) - bzj) .

OTO HO3BOJIAET HAM 3aICATD OEeTEePMUHAHT B BLIOE

I1<i<j<e<k,

)

)
;).

@ : @j, a(z1) -b(z2)~Y, ... ,a(z1)-bzn)~"
(2.51) a(z1) - b@a) , a(ze) b(z2)"t, ... a(za) - blzn) !
a(zl) b(.’l?n) 1’ a’(x2)'b(zn)_17 ,a(a:n) b(flfn) !

—1

( 371 -t H ( $z+1 b($i+1) . (a($i+1) . b($i+1) — a(a:i) . b(zl))),

UTO B TOUHOCTU COBIANAET € MpaBoii yacTnio (2.50). TToCKOILKY MBI yCTAHOBUIIU, UTO

pr(T1, ..., xk) = p1(w1) HU$1+1_371 T1 < T2 < - < Tk,
OCTABLIASACA YACTL IOKA3ATELCTBA He IPeICTaBiser Tpyaa. Ilycts pg(z1,. . . , Tg) —10T-
HOCTDL ,Z[}KaHOCCI/I, T.€. IINIOTHOCTDL BepOHTHOCTI/I VMIMETDhL YaCTUIILL B TOUKaX Z']_, ceey T 11 HA-

Uero Mex my H1MU. HaHOMHI/IM, 9To

Pr(Z1,. .., TK) = '/Pk+j(3517---awk;yk+1a---ayk+j)dyk+l'"dyk+ja

[II€ UHTErPUPOBAHNE IS j-T'0 UJIEHA, IIPOU3BOMATCA IO obnactu (z1, Tg) X -+ X (z1,Tk).
«—— j pa3 —>

M&! yTBepK maeM, UTo
k—1
(2.52) pr(@1,... 2) = pr(z1) - H f(@ig1 — z3),
i=1
e IJIOTHOCTDL PacCIpeneJIeHrsa MHTEPBAJIOB f U IIJIOTHOCTL BOCCTAHOBJIEHMA U CBA3AaHDLL
YPpaBHEHUEM CBEPTKU

(2.53) u=f4+uxf

Teopema 6 nokasasa.
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SAMEYAHUE 9. Anasior TeopeMsl 6 CIPaBeIuIiB U B MUCKPETHOM ciayuae. Jlokazaresn-
cTBO aHasoruuHo. HeobxomMo TOMLKO 3aMEHUTD (2.42) peleHrueM IMCKPETHOrO Y paBHe-
mus ceeprru (2.53) cu(n) = 1—p-e= 28" K(ny,ng) = p-e Plmi—m2l 0 < p<1,8 >0,
TaK 4TO

S int _ (1—p)— (P —p)-e?

(2.54)

3AMEYAHUE 10. Teopema 6 momyckaer o6o0ImeHe Ha Cayyail, KOraa MyJIhTALIAKA-
TUBHOE TOXKIECTBO (2.45) Ho-npexHeMy CIPABEIINBO, HO IFIOTHOCTL BOCCTAHOBJICHIS

K(:L‘l,aﬁz) ~K(£L‘2,£L‘1)
K(wl,xl)

u(zy,x2) = K(z2,22) —

y2Ke He ABJIAeTCs ()YHKIEH TOJILKO OT PA3HOCTY £ U To. 1aKye MPOecChl UMEeIOT He3aBU-
CUMBIE, HO He 0053aTeIbHO ONMHAKOBO PACIPENeIEHHbIE MHTEPBAJILL, TAK KAK Paclpenesie-
Hye vHTepBaJoB f(z,y) dy 3aBUCAT OT KOOPAMHATEI & JeBOA yacTuinl. Taxum o6pasom,

(2.55)  wu(zi,z2) = f(r1,22) + /I2 f(x1,y1) - fy1,22) dy
xr2 Y2
+/ / f@i,y1) - flyr,y2) - fy2, 22) dyr dyz + - - -,

rze f(x,y) — omHOmapaMeTpUJIecKoe CeMeCTBO BEPOSITHOCTHLIX [IIIOTHOCTEA TAKUX,, UTO

supp f(z, -) C [z, 400, f >0, /f(a:,y) dy =1.

Hamomarm popmysty obpammenvs st ypasHenus (2.55):

2

(2.56) f(z1,22) = u(z1, 72) */ u(z1,y1)u(y1, z2) dys

1

T2 Y2
+/ / u(@s,y1) - ulys, y2) - uyz, v2) dyy dyz — - -
Tr1 Tr1

. _ _ K(z,x) . 1
SanucoBasn Kl(a:,y) = a(z)by)~Y z < y, roe a(z) = KO, 2)’ bly) = X0.9) u
u(z,y) = ——= - (a(y)b(y) — a(z)b(z)), ML1 BrmAM, UTO B MpUHIMTE ypaBHeHVe (2.56)

lb(y)[?

OIUCLIBAET KJIACC COOTBETCTBYOIIMX IO THOCTEN PACIPENEIICHNA UHTEPBAJIOB U (X, ).

2.5. Mepa I1naHniepesisa Ha pa3oMeHNAX U €€ 0000IEeHNA — 2-MePbI I MEPhI
HTypa. [ox pasbueruem umcnan = 1,2, ... MLI HOHIMaeM HAOOP HEOTPUIATEILHLIX I1e-
apix unce A = (A1,...,Am) TAKOH, UTO A1 + -+ Ay = N AL 2 Ao = -+ 2 Ay
MmuozxkecTBo Beex pa3buenuii n Mol o6o3uauaem uepes Par(n). OcHoBHbIe pe3yabTaTot, Ka-
carommecs pa3OUeHnii, YNTaTeIL MOKET Haiiti B MoHOrpadusax [61]-[64]. B uacrroctw,
HAITOMHIIM, UTO Kaxk IOMy pa3buenuio \ uucia n (o6o3Havaercs Kak A b 1) MOxHO mocTa-
BUTL B OMHO3HAUHOE cooTBeTcTBUe maarpammy FOmra ¢ |A| = n xuaerkavm. Pa3dnenue A’
COOTBETCTBYET TPAHCIIOHNPOBaHHOH muarpamme. [lycTs d — urico mraroHaLHLIX KJIETOK
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B A (T.e. uMCIIO IMAroHANLHLIX KJIeToK B miarpamme FOura, coorsercrayromeit A). Ko-
opmHaTnl Ppobenuyca pasbuenus A 06o3HavaOTCA uepes (p1,...,04 | qi,---,qk), TAE
D =X —j,q; = /\;- —7j,j =1,...,d. Baxuyo poss pasbueHuii B TEOPUM IPEICTABIIE-
HUIIf HETPYIHO YBUIETE U3 TOrO (JAKTa, UTO 3J1eMeHTEI Par(n) OMHO3HAYHO COOTBETCTBYIOT
HEINPUBOIVMBIM [IPEACTABJIEHISIM CUMMETPUYECKOA rpymint Sy, (cM., Hanpumep, [64], [62]).
Mepa nanmepens M,, ua muaoxectse Par(n) Bcex pa3duenuil uncia n 3a1aeTCs CIenyo-
meil popMyJIOit:

(dim \)?

(2.57) Ma(N) =

)

rae dim A — pa3sMepHOCTL COOTBETCTBYIOMIErO NPEACTABIIEHUS Sy, . PazmeprocTs dim A mo-
JKeT OLIThL BEIPDAYKEHA B TEPMUHAX KOOpmHAT $Ppobennyca mocpencTBOM JeTepMUHAHTHOR

(opMyJIIBL

dim A\ 1
T = det 1 1 ?
nl Pit+a;+1) v ail]1¢; j<a

(2.58)

rze |A| = n [65; npemtoxerue 2.6, popmyina (2.7)]. Iycrs Par = | |77, Par(n). Pac-
cvoTpuM Mepy MY ma Par, KoTOpyro 1Mo aHAIOIMM CO CTATUCTITYECKOH MEXAHUKON OyIeM
HA3LIBATHL OOJILIINM KAHOHIMUECKUM QHCAMOJIeM:

0”
(2.59) MG()\) =e ¥ — (A, ecm X € Par(n), n=0,1,2,..., 0<6 < oc.

P

Mepa M? mazumaercs Taxsxe myaccomuzammeis mep M,,. 13 (2.59) crenyer, uro || pac-
npenesnena 1o 3axony Ilyaccona co cpemsm 8 u M), ectn yemosuas mepa MY mpu ycmosrm
|A| = n. Ucnomnn3ys koopammarnt Ppobenuyca, mepnt M % 1 M,, MOT'YT GBLITD IPEICTABIICHLL
KaK CJIydaiHbIe Todeunsle mous Ha pemetke Z'. Henarao Bopomn, OxyrbkoB u QJIniman-
ckuii [66] 1, HesaBuciMo o Hux, Moxamccon [67] mokasamu, uro M? apnsercs merepmu-
HAHTHLIM CJLyYafHLIM TOYeuHBIM HosteM (Gosiee TOUHO, B [67] M3y4asioch TOILKO OrpaHrde-
mme M? ma nepeyio monosimy xoopmmar ®poGermyca. (p1, - .-, Pa(y)), ¥, KaK CIEICTBHE,
OLLIa 0Ty YeHa TOILKO Ta JacTh Gpopmydst (2.60), koropas coorBercrayer zy > 0). s
TOro UTOOLI CPOPMYIMPOBATL PE3YILTATLL paboT [66], [67], onpenemmt Momapummposan-
HbIE KOOPIMHATHI Ppoberumyca pa3Omenus \:

1 1 1 1
FI‘()\) = {p1+ 5,...,pd+ §,fq1 — 5,...,7qd7 5}
Myctn pz (z1,...,2k) — k-Toueunas koppesMOHHAs pyHKIwsA M ¥ B MOmIGYIAPOBAHHLIX

koopmHaTax Ppobenuyca, rae

1
{zl,...,xk}czl+§.

Torna

(4
pr(T1,. .., xE) = det[K(aji,xj)]lgi’jgk,
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rme K — tax Ha3niBaeMmoe mickperHoe sapo beccests,

(2.60)
Vo Tiol=3 @VE) - Ty 1 V) = Jig 1 2VE) - Ty (2VE)
| ER ’
K(z,y) = ecmz -y >0,

/i a1 @VO) - Ty 1 (2V0) = T 1 (2VE) - Ty 1 (2VF) |

r—y

ecmz -y <0,

u J; () — pyskimsa Beccens mopsimka x. 3ameTnM, uto anpo K (z,y) He SBIAETCS 9pMU-
TOBO cuMMETprIHLIM. O)IHAKO Cy?KEHUA STOTO ANPA, HA MOJOKUTENLHYIO U OTPUIIATE -
HYIO [OJIyOCHU ABJLIIOTCS ®PMUTOBO cuMMeTpruuHbiMu. Popmyua (2.60) moxer paccMar-
PUBATLCS KaK MPEeLHLIA Cydaii 60see 00Iero pe3yianLTaTa, NoJyYeHHOr0 BopomHbM
7 QUILIIAHCKYIM UL TAK HA3LIBAEGMEBIX z-Mep (cM. Teopemy 3.3 B [68], a Takke [69]-[71] u
NPUBEEHHBIE B 3TUX PaboTax cCuuikm). IycTn 2, 2’ — KOMILIEKCHEIE UMCIIa TAKKE, UTO U

(2.61) Z=zeC\7Z,

nm
[2] < min(z,2") < max(z,2’) < [z] + 1,

rue z, z' — BemecTBeHHBI U 2] — Hesasa JacThb 2. ObosmaunM (z); = z-(x+1)-...-(z+j—1),

(z)o = 1. Ilasee, BBeIEM IBYIAPAMETPUAUECKOE CEMEHCTBO BEPOATHOCTHLIX Mep é"z)/ Ha

)

Par(n). 9T MepLl BO3HUK N B TAPMOHITUECKOM AHAJI3E Ha GECKOHEUHON CUMMETPIUYECKOM
rpymne [71], [65]. ITo ompenesIeHio OHM 33010 TCI KaK

. JVIY OIS,
(2.62) w0 = EE L 6+ 0 7+ 1)
n =1
dim? A
X (=2 g (2 4 Dy =

CopmympoBaHHBIE BBILIE yCJIOBUA HA 2 1 2’ 9KBUBAJIEHTHLI TPeGOBAHUIO, UTO (2); - (27)

u (—z); - (—2'); monoxuremsusi mpu j = 1,2,.... OTveTnM, uro Minz), CXOIUTCS K MEPE

n 1Y)
[Inammepens M, npu 2,2’ — oco. Mepa M i Z), HA3LIBAETCA 2-MepOit n-ro ypoBHsa. Pac-
b

CMOTPHUM TeENepnL OTPpUIIaTEJILHOE OMHOMMAILHOE pacnpeneseHre Ha HEOTPUIIATEJILHLIX I1e-

JIBIX YKCIIAX
r (22

yAYA n
(1-96) —<¢", n=0,1,...,
n!
rae £ — nomosHUTENLHLI mapameTp, 0 < € < 1. CooTBeTcTByOMIAN CMECH 2-Mep YPOBHEH
n = 0,1,2,... 3anaer mepy M, ./ ¢ na Par. 3ametm, uto mepa M, ./ ¢ BLIDOXKIACTCA

B MY ecnm 2,2 — cou ¢ — 0 Tak, uro zz'¢ — 6. B pabote [68] 61110 IOKA3aHO,UTO B
MOMIQUITPOBAHHLIX KoopmuHaTax $poberuyca M, ./ ¢ ABIACTCA NETEPMUHAHTHLIM CJTY-
YaMHBIM TOYEUHBIM HoJIeM Ha, Z - + % CoOOTBETCTBYIOIIEE eMY AP0 MOKET OLITH BLIPAYKEHO
B TepPMUHAX FMAIepreoMeTpUdecKoil pyHKmuy ["aycca 1 Ha3LIBaeTCA TUIIepreoMeTPUYECKIM
sapoM. OKa3bIBAETCS, UTO MHOTUE U3BECTHLIE SAPA MOT'Y T OLIThL MOJYYEHLI KAK BLIPOK I6-
HUsA TUMEPreOMEeTPUUECKOTO ANpa; B 4aCTHOCTH, Anpo dpmuta, ((2.2), (2.3), (2.7)), amxpo
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Jlareppa ((2.2), (2.28)), snpo Melikcuepa (cm. magnee (2.67)), snpo Hlapase. Uepapxus
BBIPOZK IEHMIT TUIIEPreOMeTPUUECKOrO sapa Gosee monpobHo n3nokeHa B [69; pasmer 9].
Henapuo OxyHbKOB oKa3as [72], uto Mepnt M, ./ ¢ ABISIOTCA CEIMATLHLIM CITydaeM Gec-
KOHEYHO IIaPAMETPUYECKOr0 CeMeCTBa BePOATHOCTHLIX Mep Ha Par, Ha3pBaeMbIx MepaMu
[Typa u onpenesseMbIMU CIIELYIOMIM OOPA30M:

(263) M) = Zx(@) - 5x(0),

rze sy — ¢yukmmm lypa (onpenenenue dpyuxmmii [lypa npusomarcs B [61] u [63]), x =
(z1,22,...)uy = (y1,y2, ... ) — HAOOP MAPAMETPOB TAKUX , UTO BEIUUNHA,

(2.64) Z=> sa@)-saly) =[]Q-wiy) "

AEPar 2,7

KOHe A 1 {z:}52,4 :m{yi}fil. Meprt M, ./ ¢ HOPMAILHO COOTBETCTBYIOT » oo L7 =
€2 -2,y 2y =¢£2 -2/, m=1,2.... Bosee T04HO, CllefyeT PACCMATPUBATL CTEIEH-
Hble paanl HLI0TOHA KaK BEIeCTBeHHBIE HapaMeTpLL U BepasuTh Gyrkiu [lypa xax MHEO-
TOUJIEHBI TIO ®TUM CTEHIeHHLIM PAgaM. BepoaTHo, Teneph UMTaTeh He CIUIIKOM YAMBUTCA,
y3HaB, uTo Mephl Ilypa Tak:ke MOTYT pacCMATPUBATLCA KAK JETEPMUAHAHTHLIC CJIy YafHbIC

ToYeuHbIe 05 [72; Teopemst 1, 2!

2.6. Momesn AIByMepHOTO c/IydalilHOro pocTa. B KadecTBe mocieaHero mpuMepa,
MBI PACCMOTPHM OIHY MOIeIL IByMepHOro ciaydaimoro pocta [73]. Ilycers {a;j}s j>1
— CEMEACTBO HE3aBUCUMBLIX OIMHAKOBO T€OMETPUYECKU PACIPENEJEHHBIX CIIyJaiHbIX
BEJIMINH

rne0 < g < 1,p = 1—q. Pacnpenesenue (2.65) MOKET paccMaTPUBATLCA KAK PACIPEnesie-
HUE MOMEHTA [IEPBOTO YCIeXa B MOCIENOBATENLHOCTY UcnbiTanuii Bepuysau. Oupenesmm

(2.66) G(M,N)=max Y aij,
(inj)eﬂ'

rae MakcuMyM Gepercs mo BceM “BBepx /HampaBo” mytam 7 u3 (1,1) B (M, N), apyruvu
CJIOBAMU, TIO BCEM Iy TAM

7= {(i1,j1) = (1, 1), (i2,52), (i3,53), - - ., (inr4N—1, 4+ N-1) = (M,N)}

TakuM, 4t0 (ig+1,Jk+1) — (i, Jk) € {(0,1),(1,0)}. IomyTHO OTMETIIM, UTO pacHperne-
JseHve caryvaiHeix BenuuvH { G(M, N)} MoxKeT OBIThL MHTEPIPETUPOBAHO B TEPMUHAX PAC-
Tyomx CIydafHeiM 06pazom marpaMm HOHra ¥ HOJTHOCTLIO aCUMMETPUYHBIX IIPOIECCOB
VICKJTIOUEHVS C MUCKPETHBIM BpeMeHeM (6oJiee metasnbHo oM. [73]). Bes morepn obumocTr
MOKHO MIPEATOIONKUTL, uTo M > N > 1. [lis Toro yto0nl yCTAaHOBUTL DOJIEE SIBHO CBA3L
¢ IETePMUHAHTHBIMU CIYIAMHLIMYA TOUCUHLIMY TOJIAMY, ML BBEIEM HA HEOTPULIATEILHDBIX
nesbix uncnax ¢ = 0,1,2. .. mickpernsii Bec wi- (z) = (“’I;*l) q*, K =M —-N +1.
OPpTOHOPMUPOBAHHLIE C BECOM W 3 MHOTOUWIEHLE { My, (2) }1,> 0 MPONOPIMOHAILHDL KTACCH-

uveckuM MEOorowreHaM Metikcuepa [74]. S apo

N-—1
(2.67) Kun(@y) = > Mj(e)M;(y) (wh (2wl (v) "

Jj=0
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VIOBIETBOPSET YCJIOBUAM JIEMMEI 4 C CUNTAIONIel MepOii Ha HEOTPUIIATEILHLIX IEJIBIX YLIC-
sgax. CienoBaTesnHo,

2.68 ! det (K
( . ) pN(wla"'awN)_m et( M,N(wzaxj))1<17]<N
3a0aeT MUCKPETHOE JeTEPMUHAHTHOE CIIyYaliHOe ToueuHoe mose. VoXaHCOH moKa3as, uro
pacrpenesenve caydaiinoi seavuvant G(M, N) coBmanaeT ¢ pacupeneseHreM CaMoi mpa-
Boit vactuiwt B (2.68). Ilocse moaxomsimieil HOPMUPOBKA 3TO PACIPENEIEHNe CXOMUTCS B

npeneiae N — oo, M — 0o, — — const K pacnpenesennio caMoil mpaBoii YaCTUIILI B

caIyvaiiHoM ToueyHOM moste Diipn (2.36). JIOmONHUTEILHY 10 MHOOPMALIIO TI0 TEME IBYX
HOCJIEHVX PA3IEJIOB MOXKHO HAATY B HEIABHUX paboTax [75]-[88].

3. TpaHCaANIMOHHO MHBAPUAHTHLIE
JmeTepMUHAHTHBIE CJIyUalHbIe TOUeUHbIe M0JIA

Kax u panee, o6o3naumm uepes (X, 4, P) cayuaiinoe Touednoe mOJIE ¢ OMHOYACTUUHLIM
IIPOCTPAHCTBOM F, T.e. X —IIPOCTPAHCTBO JOKAJILHO KOHEYHLIX KOH(QUI'Y panyii uacTui B I,
P — BopeneBckas g-aaredpa u3MepuMbIX ToAMHOXKECTB X u P — BepoAaTHOCTHAS Mepa Ha,
(X,%). B mamHOM pasmese MbI Bcerma mpemosaraem, uto £ = RY wmu Z9. eiictaue
nenpepbBHLIX cmBuros {1} p anmitusHOl rpymmnt E Ha X OMpenesvM CJIemy oM ec-
TECTBEHHLIM 00Pa30M:

(3.1) TH X — X, (T%); = (€); +t.

ONPENEJEHUE 5. Cayuaiinoe Toueunoe mode (X, %, P) HasnBaeTCsa mpancasyuorHo
UHBAPUAHMHIIM, ecT IiIABcex A € But € E

P(T~tA4) = P(A).

TpaHC.TIﬂIH/IOHHaH MHBAPUAHTHOCTL cnyqaﬁHoro TOYEYHOTI'O ITOJIA BJICUET TPAHCJIIAIIMOH-
HYIO MHBaPUAHTHOCTDL k-ToueuHnIx KOPPEIAIMOHHLIX (byHKIH/Iﬁ

(3.2) pr(ri+t,... 2 +1t) =pr(z1,...,25) wB., k=12,..., t€kE.

C npyro#t cToposdt, eciu { py } vEBapuanTHLI on neticteuem {1}, To cymecTByeT coot-
BETCTBYIOLIEE CIIyYafHOE TOUEUHOE I0JIE, IBJIAIONICECS TPAHCIIANMOHHO NHBAPMAHTHLIM [3].
B wacTHOCTH, €C/IM TPAHCIIANMOHHO MHBAPIAHTHLIE KOPPEJISIIOHHLIE (yHKIWY 3a0210T P
€MIVHCTBEHHBIM 06Pa30M, TO CIIyUaiHOE TOUEUHOE [OJIE TPAHCIIAIMOHHO NHBAPUAHTHO. DTO
MPUBOINT K CJIEAYIOMEMY KPUTEPHIO B CIIyYae IeTePMIHAHTHLIX CIIYYafHBIX TOUEUHBIX [0-
Jel: NeTEPMUHAHTHOE CILy9afiHOE TOYEYHOE MOJIe TPAHCIIAIVOHHO MHBAPUAHTHO TOrA, 1
TOJILKO TOTIA, KOrIa AAp0 K TPaHCIAIMOHHO uHBapuanTHO, T.¢. K (z,y) = K(z —y,0) =:
K(z — y). B mamsOM paszmese Ml 6yIeM M3ydJaTh TPAHCJIAIMOHHO MHBAPUAHTHEIE I€TED-
MUHAHTHBIE CJIy9JafHbIe TOYEUHbIE IOIA. B mepsyo ouepems Mol GyAeM MCCIenoBaThL Sp-
romueckue cBoiicTsa mmammaeckoit cuctemst (X, %, P, {Tt}). Ilna ynobera unrtatens
HAIIOMHVIM OCHOBHBIE OTIPENEIIEHVIS 9PTOINIECKO Teopun [89].

— JumaMuueckast CCTeMa HA3LIBAETCS SProAMUIEcKoi, eciu mepa P(A) kax noro rasa-
puanTHOTO MHOXKeCTBa, A pasua 0 rmu 1.
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— Jlvmamuyeckas cucTeMa 006JIamaeT CBOMCTBOM MEepEMEIUBAoIIei KpaTHocTu r > 1,
ec s MOOLIX GyHKIWL fo, f1,..., fr € L™TH(X, %, P) cnpaBennuso cooTHOMIE-
HUe

63, lm [ QAT e fo T dF :Z.:HO/XL-(@ p.

t

— JInHaMUJeCcKasa CUCTEMA UMEET abCOTIOTHO HEPEPBIBHOM CIIEKTP, €CJIU IJIA BCEX (Y HK-
mit f € L?(X, %,P), OpTOrOHAILHLIX OTHOMEPHOMY TIOMTTPOCTPAHCTBY KOHCTAHT,

(3.4) /X (& FT) dP = / N s (3) dA,

I'Zle IHTEIPUPOBAHKE B IPABOM YaCTH IPOM3BOmATCs 10 R? B HEIpepLIBHOM Cirydae
1o [0, 27]¢ B mackpersoM cyuaae u h £ (\) d\ — KoHedHAS Mepa, ABCOTIOTHO HEPEPHIB-
Hast 1o Mepe JleGera. PaBenctso (3.4) MOXKHO HHTEPIPETUPOBATE CJIELYFOMUM 00pa-
3oM. Ompenesman d-mapaMeTpUYecKyo TPYIITy YHUTapHLIX onepaTtopos {Ut}c g ma
L?*(X,%,P):

U f)(©) = F(T79).

OBLIUHO TaKOe CEMEHCTBO YHUTAPHLIX OMEPATOPOB HA3LIBACTCA CONPSKEHHLIM K V-
HaMMUecKoii cucteMe. JIerko mokasarn, uto omepartopnt { Ut} koMmvyTupyioT apyr ¢
apyrom. Iockomnky L2(X, B, P) — cemapabemnso u (U1, ) — uamepuvas ¢ysxmms
t ma Beex ¢, p € L2(X,%,P), no Teopeme pon Hoitmama [12; T. 1, Teopema VIIL.9)]
zaxmiodaeM, uto Ut cumbao HempepssHo. B cnyuae F = R? vt nveem h t(N)dXx =
d(f,Qxf), rme dQ\ — IPOEKTOPHO3HAUHAS MEPA, OLIEPATOPLI

d
Qx = Qoo a)xx(—oong) = L X(—o0n;)(45)
j=1

u{A; }?:1 ABIIAIOTCA FeHepaTopaMy omHonapaveTprdeckux rpyr U (0-+:£i:0,-50) 1y
X(—oo0,t) — XapakTepucTudeckasn pysxims (—oo, t) [12; T. 1, reopema VIII.12]. B mac-
kpetHoM ciiydae B = 7%, dQ  — IpoeKTOpHO3HAUHAL Mepa Ha. d-MEePHOM TOpe,

d
Qe xeivay = [ X oy (Us), - Uy = UOti=het),
Jj=1

TEOPEMA 7. ITycmb (X, B, P) — mpancasyuonto uH8apuanmmoe 0emepmuranm-
noe cayuaiinoe moueunoe noae. Tozda dunamuweckas cucmema (X, B,P,{Tt}) ap-
200unHa, 0baadaem cE8OTUCMBOM NEPEMEULUBANUT A1000T KPAMHOCTU U uMeem abco-
AOMHO Henpepuenbll cnexmp.

3AMEYAHUE 11. Hamomunm, uto u3 abCOTIOTHON HENMPEPLIBHOCTU CIIEKTPA CJIEIYEeT
CBOMCTBO MEPEMeNMBAHKA KPATHOCTU 1, OTKyZa B CBOIO OYepedh CJIEAYeT SPrOmmd-
HOCTEL [89)].
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ITOKA3ATEJBCTBO TEOPEMBI 7. 3aMeTuM, 4TO JIMHEAHLIE KOMOUHAIIAY ()Y HKIIAA
N
(35)  f©O=]]54©). N>1 56 =) glxi), g; € C*(RY), j=1,...N,
Jj=1 i

mroran B L2(X, %, P). CienosatesL,HO, TOCTATOUHO YCTaHOBUTS (3.3) 11 (3.4) TOMLKO mts
Takux pyHKIMiL. HadgneMm noKa3aTernLCTBO € JIEMMBI, TO3BOJIAIOMIE BLIUACINTEL MATEMATH-
Jeckoe oKugaHve Wi (3.5).

JIEMMA 5. a)

N N m - #(Cy)
36 Er[[S, 0= X H[ > >
Jj=1 m=1 1o pazbueHnsam /=1 k;[:l 1o pazbueHnsam
|_|’[L:1 Cp={1,..., N} Llfil Bp;=C,
=D [T
Z o H 9B, (To(i)) - K(To(ig1) — To()) dr1 - dag, ¢ |,
o’ESkl ¢ =1

20¢ gB,; (%) = [l ep,, 9i(®)-
Ni+---+N, 1 Ni+---+N,
b) E[T;2; S (€) — TILEL(E [IN T TN 4156, (6) = eupancenue, ana-
aozuunoe (3.6), ¢ eOUNCMBENNBLM OMAUNUEM, COCTNOAULUM 6 MOM, WMO Pasduenuss

m r+1
(3.7) UCg:{l,Q,...,ZNS}
=1 s=1

yoosaemeopsiom ycaoguio (x), zoe
(x) Cywecmeyem no xpaiineti mepe ooun aaemenm Cyp pasbuenud maxol, 4mo

nepecevenus Cy ¢ no xpatineld mepe deyms uz nabopos {1,...N1},...,{N1 +
oo +Ng_14+1,...,Ni1+---+Ng},...,{N1+---+Np.+1,...,N1+-- -+ Npj1}
HE NYCTNDL.

IIOKA3ATEJBCTBO. Jloka3aTeanCTBO YacTU a) HE COCTABJIET TPYAA U MOJHOCTLIO
AHAJIOTUYHO OKA3ATENLCTBY, IPUBEIEHHOMY B Hauaute § 2 B [42] (eM. popmyant (2.1)—(2.7)
yKazaHHO# paboTol). JlokazarenncTBo yacTu b) caenyer us a).

Ilns1 BLIBOMA CBOVCTBA MepeMerBarus (3.3) 3amerym B popmye (3.7) g;( - ) mmsa Ny +
o+ Ne1+1<j<Ni+--+Ngys=1,...,r+Lnagj(- +t1+ - +ts-1).
Bagukcupyem pasouerne | ;2 Cp = {1,2,..., N1 + -+ + Ny41}. Hockonpky (yHKImm
{ gj} Or'PAHMUYEHLI ¥ UMEIOT KOMITAKTHLI HOCUTENH, KAXK LI 13 17 MHOKUTEJEN B IIPABOM
yvactu (3.6) orpamuyeH. YTBEPKAAETCA, YTO TOrAa {-Ii MHOXKUTENL (COOTBETCTBY FOLIMIA
Cy, e £ — 10T 3Ke VHIEKC, YTO U B YCJIOBUU (*)) CTPEMUTCA K HyJII0. [I71s1 mpoBepKy 5T0r0
(axTa 3ahUKCHpyeM IPOU3BOJILHOE pasdbuenue Cy, |_|fi 1 Bei = Cy. Ilo mpemmomnoxenuro,
C'y comepxur mHmekcel 1 < u < v < Ny + --+ + Npj1 Takue, 4T0 4 U U IPUHAIUIEKAT
pazmuHbiM nommeoxkecTBaM {1, ..., N1}, ... {N1+-- - +Ng_1+1,..., N1+ - -+Ns},...,
{Ni+--++N,+1,....,N1 + -+ Nyp11}. Hokaxewm, uro

ke
(3.8) /H 9B,; (To(i)) * K(To(it1) — To(iy) dar - - day,
=1
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crpeMuTcs K Hymmo mpumin{ts, 1 < s < r} — oo. B camom mene, ecmu min{ts, 1 < s < r}
IOCTATOYHO BEJIVK, TO MHIEKCHI U U U IPUHAIEKAT PA3IMYHLIM By, vim, Hade, cOOT-
BETCTBYIOIIAA BEJIMUNHA §B,; TOXKICCTBEHHO PABHA HyJIIO (HOCUTEIM MHOKUTENCH B g,
He OyayT mepecekaTncs). Eciu ke u 1 v IPUHAUIEXKAT PA3IMIHLIM By;, TO apryMeHT B
K(Zg(i41) — To(s)) VA HEKOTOPOTO 4 Bobime yem min{ts, 1 < s < r}. ockoanky mpeot-
N 1 )
pasosanue Pypre snpa K (), K(t) = Py e K (z) dx, — HeOTpUIIATEILHAA CYMMUpYe-
T
Mas GYHKIWs (OrpaHNYeHHAs CBEPXY eIVHMIEH), To no teMMe Prvana—JleGera momyuaem,
ut0 K (T4 (j41) — To(s)) CTPEMATCA K HyTIO0. OCTaMbHbIE MEOKUTEN B (3.8) OrpaHiIdeHtt,
VI MHTErPUPOBAHKE [IPOM3BOIUTCA O OrPAHUUEHHOMY MHOXkKecTBy. CirenoBaresnnho, (3.8)

CTPEMUTCA K HYJTIO, U3 UETO CJICAYET CIPABEIIMBOCTL CBOMCTBA TIePEMENMBAHNS.
it oK a3aTebCTBA ADCOIIIO THOM HEMPEPLIBHOCTY CIEKTPa, ipuMeHuM (3.7) K CIyJaro,

kormar =2, N1 = No = N, gn4j(z) = gjlxe+t),j =1,...,N, f(§) = H;.Vzlsgj(g),
f(T%) = HN 7 (TH6) = H?ﬁNH Sg7(€)- Vimeem

#(Cp)
(3.9) E(f(&) —Ef)- (f(T%)—Ef) = Z Z H[ Z
o pasbreHusam ko=

|_|[71 cyp={1,...,2N}

Z { /H 9By (@i) - K(wig1 — @) day - 'dﬂfkl}]a

o pazbuenusam Sk[
k
LI;%, Bei=Cy
T7Ie MBI IPETONIATAEM, UYTO B UHTETPAJE Tg,+1 = 21, 1 CYMMUDOBAHVE B >=* npousso-
murcst no pasbuenuam {C1, . . ., Cy, } TakuM, dro 10 KpaliHeld Mepe AJIst OMHOT'O SJIEMEHTa,

Cy pazbuermsa kak Cy N {1,2,...,N},taxu Cy N {N + 1,...,2N} — HemycTLIE MHO)KEC~
TBa (BbIMIE MBI 0603HAYMIIV IOCIIEAHEe YCIoBUe Yepes (*)). Muoxurenu B mpousseneHm
[17%,, coorBercTByIOMmMeE TeM ¢, KOTOPLIE He YIOBJIETBOPAIOT YCJIOBHIO (%), KK ()yHKIWN
OT ¢ ABJIAIOTCA KOHCTAHTAMU. 3a(UKCUPYeM Teneph £, YIOBJIETBOPIOMEE YCIOBUIO ().
YTBepK IAETCA, UYTO BLIPAIKEHUIE

(3.10) /HgBia(i)(xi) - K(xi41 *xi)dxywdxk[
=1

1 ke ko R
= (%) H /g\Bla-(i) (yi—l-l - yZ) . K(yz—l-l) dyl . dykl
=1

MOKET OBIThL 3AICAHO B BUIE / e* N R(X\) d), roe h(\) — HeKOTOpas HHTErpUpyeMAasa

¢yukuws. [IpoBepka 9TOro yTBep:K IeHVs He COCTABJISET TPYAA U OCTABJISIETCS YATATEIO.
Mur zakmouaeM, uto (3.9) aBiAeTcs auHEHHON KoMOUHAIMEHR TpeobpazoBarmii Pyphe vH-
TerpupyeMnIx ¢pyHKIwiL. Tak Kak mporsseneHue mpeoodpas3oBanmii Pypne ecTh npeobpaso-
Banve Pypre cBepTKY, OTCIONA CIIemyeT aDCOMIOTHAS HEIIPEPHIBHOCTL CrieKTpa. Teopema 7
IOKA3aHA.

HeTpymHo BLIMMCAUTL CHEKTPAILHYIO IIOTHOCTDL IIEHTPUPOBAHHON JMHEHHON cTaTHC-

Sq(€) =ESg =D _g(@i) —EY _g(w:).
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A nmvenno,

(3.11) hs,(A) = (K(0) — [K[>(V)) - gl?@\)lg
Orcrona MBI 3aKTIOUAEM, UTO
(3.12) p(dX) = (K(0) — [K2(N) dA

ABJIAETCA CTIEK TPAJILHOM Mepoit orpamaerus { U } #a MOATPOCTPaHCTBO IEHTPUPOBAHHBIX

mmeiinLx cratuctuk. Hockomky 0 < K(\) < 1, K(0) = o K(X\) d\, M1 momyuaen
T

0< = KO) - [KPO) = K©) - 5- [ R - N dy < KO,

d d ~
3amernm, 4To ﬁ >0ma A #0un d—'t;(O) = 0 Torma u ToJbKO Torma, Korma K (\) —

nHmMKAaTOp. B yacTHOCTH, CHEKTpaJIbHAS Mepa [t SKBUBaJIeHTHA Mepe Jlebera.
ITpesxk ne yeM MBI CHOPMYIIPYEM CIIELYONLY IO JIEMMY, HAITOMHIM, UTO Uepe3 #[7 L,L)d €3)

MLI 0G03HaUAeM unco yacTum B [— L, L)%,

JIEMMA 6.

(3.13) D(#;_r,je) = Vol([-L, %) - (d—'u(O) + 0(1)> npu L — oo.

JIIOKA3ATEJBCTBO. CHemmaaucTh IO TEOPUM BEPOATHOCTEN XOPOIIO 3HAKOMLI C aHa-
JIOTOM 3TOTO PE3y/TLTATA B TEOPUH CITYJYaHLIX TPOIECCOB: yCTh {1, } — L2-cTammonapmas
CITyJaiiHaA MOCIEN0BATENLHOCTDL U A () — ee CIeKTpaILHAA IOTHOCTD,

1

ENnlim = b(n —m) = o

27
/ eI R(N) dA.
0

Torma D(np, + -+ + npn) = (h(0) 4+ o(1)) - n [90; paznen XVIIL.2]. na noxaszareascrsa
JIEMMBIL 3aIIVIIEM

D)= [, e —m@aw)ddys [

- /[ : L]d/[ Loy |K|2(33 —y)dxdy + K(0) Vol([fL,L]d)

— (KO- [ IKP@ s+ o)) - VoI, 1)

= (K(0) = [K[2(0) + o(1)) - Vol([—L, L]%).

i
Ustensr MeHbIIero nopsanka B (3.13) Takike 3aBUACAT OT IOBEICHUA PN okou1o HyJ1s1. Ha-

TIpUMEP, Ty CTh I?(/\) — UHIMKATOP, I?(/\) = x5(\),u B C R?. Kak GbI10 MOKa3aHO BLIIE,
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d
9TO KBUBAJEHTHO TOMY, UTO ﬁ(O) = 0. [pemmonoxum wis npoctoTsl, uto d = 1. Ecan

B ectn 00bemmHeHNe m HellepeCceKaIoMUXCs MHTEPBAJIOB, TO

BN =KO - o [ KWKy -V dy

_ % . [length(B) — length(B N (B + \))]

(3.14)

m
Al (T+0(1), A—0,

u boJtee TIDaTeJILHAA OLIEHKA aCUMIITOTUKY BLIP A?KECHIA

/LL/LL|K|2(33y)dxdy:%./o;@()‘). (M)Qd)\

IIOKAa3bIBAET, YTO
m
(3.15) D(#_r,Lj¢) = 2 log L - (1+0(1)),

sinw(x — y)
m(z —y)
OcoBas pomm, mpuCymas CHHyC-AAPY, TPOSBJIAETCA B TOM, UTO CKOPOCTL pocTa — log L

T

Bribupaam = 1, I?(/\) = X[_# ] (A), Murmonmyuaem cunyc-anpo K (z—y) =

A D(#[_ L, L]) SIBJISIETCST HAVMEHDLITIEH Cpeu BCeX TPAHCIIIMOHHO MHBAPUAHTHLIX SIIEP.-

d _1 N
Ecm B = [ |,>,[n,n+1/n7],y > 1,10 d_l; ~ |/\|1 " uD(#[_1,1]) ~ L7. Y BooOIe,
d
ﬁ ~ A%, 0 < a < 1,smeger D(#[_r 1)) ~ Ii—o

4. IlerTpanbHAs NpeneibHAA TeopeMa VI CIUTAI0Ne ¢y EKINN
U IJIS SMIUpUYecKoll pyHKINU paclipeneieHIsS NHTePBaJIOB

B [91] KocTum r JTuGoBwIT H0KA32T MEHTPATLHY IO TPEIeNLHY 10 TeOPeMy T #[_ 1, 1]
B cayuae cuHyC-anpa. CTaThsa comepKuT Takxke 3aMeuanue (cMm. ¢. 71), crenarnoe Bu-
ZOMOM, UTO MOJIYUEHHBIA Pe3yJILTAT OCTAETCS CIPABEIJIUBLIM I DOJIee MUPOKOro KIac-
Ca CIIyJYalHBIX MATPUUYHBIX Mozeseil. B obmelt popme cooTBeTcTByIOMmAs Teopema ObLia
omy0bimkoBana B [41].

TEOPEMA 8. ITyems E onpedeasemes max xce, kak 6 (1.1), {0 < K¢ < 1} — ce-
medicmeo onepamopoe e L2(E), nokaavro umewuuz caed, {(X,B,P:)} — cemeticmeo
CO0MEEMCMBYULUT OENEPMUKGHMNRE CAYwalinnr moveunnx nosell 6 E u {I;} —
cemelicmeo usmepumns noomroxcecne 8 E maxux, wmo

(4.1) Di#r, = Tr(Ky - x1, — (Kt - x1,)%) — 00 npu  t — oo.

Tozda pacnpedeaenue HOPMaAU308aHH020 “ucaa wacmuy 6 Iy (ommnocumenvno Pt)
CTOOUMCT K HOPMAABHOMY 3AKONY, M.€.

#t*E#It LN

b7 (0,1).
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3AMEUYAHUE 12. B [41] 6b110 nokazaso, uro ycuaosuo (4.1) reopemst 8 (poct mucmep-
crm) yIoBIeTBOpsAoT anpo Jitpu (K = K uz (2.36), ¢ pacmmpstonmvcs I3 ), snpo Becce-
as1 (K¢ = K us (2.37), ¢ pacumpstiomives I ) u cemelictsa sinep { K, }, COOTBETCTBYIOIIMX
CITyYafHBIM MATPULIAM U3 KJIACCUYECKUX KOMITAKTHLIX rpym (§2.3b, §2.3¢). Bo Bcex aTux
ciayqasax Di# 1, pacrer morapupmuaeckn o Ex# 7, .

3AMEYAHUE 13. Il Toro utobnr moctpouth npumep sapa 0 < K < Id raxoro,
ur0 E#_pn] = Tr K - X[—p,n] — 00 mpu . — 00, HO D[y, ) = Tr(K - X[—p,p] —
(K - X[—n,n])2) OCTAeTCs OTPAHNYEHHON, PAcCMOTPUM Habop QyHrumiz {p, (z)}oL _ ),
YIOBJIETBOPAIOIMX Y CIIOBUAM
a) supp ¢n, € (n,n +1),
b) llenllze = 1.

Tormna oo
K= 3 (1= g ) - al) -2l

n2+1

n=-—oo

ABJIAETCA NCKOMBIM S IPOM. B camom nene,

" 1
E#nm = D (1 T2 +1) a0 O

k=—n

5 O . 1 1 = . 1 1
Hl—n,n] = Z T2 'k2+1n_,ooz T2 F1 -k2+1<oo.
— o0

k=—n

C mpyroii cropornt, ecam 0 < K < Id — KoMImax THLI onepaTop, JTOKAJILHO UMEIOIMIA CIIE,
uTr K - X[_p,p] — +00, T0 Tr K - X[_p 5] — (K - X[_n7n])2 — 400.
Pesymnrar Teopembr 8 moxer ObITh 0DOOLIEH HA CiIydail KOHEYHOI'O YKCJIA WHTEP-
1
BaJIOB. A wmmenHo, eciu It( ), .. .,It(m) — HEMEPEeCeKAOMIEecs MOIMHOXKECTBA TaKue,
uTOo COVt(#Igi),#It(j))/‘/t — bjj mpun t — oo, 1 < i,j < m, rme V3 — HexkoTopas
¢yHKIMA ¢, pacTymas Ha OECKOHEYHOCTL, TO DPACIOpeleseHMe CIyJaliHOrO BEKTOPa
(1) yy/1/2
(0 — Eedt i L7 /VETT)
t t
MaJILHOMY BEKTOPY € MaTpuIeit koBapramwii (b;;)1<4,j<m [41]-

OGpaTum Tenepn HaIle BHUIMAHUE HA, IIPODIeMy ri100aILHOrO PACIPEIEICHNST MHTEPBaA-
noB. Ilycts E = R? wm 2%, {B it ;?:1 — HEKOTOPLIE OrPAHNYEHHLIE N3MEPUMBIE TIOIMHO-

k1. . g CXOIATCA K /M-MEPHOMY HEHTPUPOBAHHOMY HOD-

xkectBa F u {n;} ;?:1 — HEKOTOPLIE HEOTPUIATENLHLIE IeJbie unciaa. Mol Oymem usydarn
CUMTAIONME CTATUCTUKY CIIEY IOIIErO BUIA:

(4.2) nL(Bi,...,Brina,...,ng) = #wi € [-L, L)% #opm; =nj, j=1,...,k).

Be3s orpaHrueHys OBIMHOCTY MBI MOXKEM IIPEANOJIOKUTEL, 4To { B} He mepecekaioTcs u
He comepikaT Hauajuo koopmHat. Ecmd = 1, k = 1, By = (0,s], To n((0, 5], 0)
ecThL uncyo uaTepBanos B [—L, L], Gompmmx, wem s: 1z ((0,s],0) = #{x; € [-L,L] :
Tiv1 — x5 > s}h,unr((0,s],n) — uncno n-uaTepBasoB, bobmumx, ueMm s: N ((0, s],n) =
#{x; € [-L,L] : Ti4nt+1 — x; > s}. B [40] MBI DOKA3aIM CXOMMMOCTD TIO PACIPEIETEHITIO
nz((0,s],0) — Enr((0, s}, 0)
L1/2
sinw(xz — y)

mporecca K [IPeneaLHOMY IayCCOBCKOMY IIPOLIECCY B CIIydae

K(z,y) = e —— Hanmomuum, 4To cX0mmMOCTD 10 pacnpenesieHuio ((yHKIMOHAIL-

Hasl IEHTpPAJIbHadA IpeneabHasa TeopeMa) O3HaYaeT He TOJLKO CXOMMMOCTL KOHEYHO-MEPHLIX
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paCIpenesIeHnii, HO U CXOAMMOCTD BCEX ()YHKIMOHAJIOB, HEIPEPLIBHLIX B IOAXOLIEH (Ha-
npuMep, JIOKAJILHO PABHOMEPHO ) TOMOIOr MY HA IIPOCTPAHCTBE BLIDOPOYHLIX TPAEKTOPUHA.
JlokazaTeanCTBO HEHTPAJILHOM IPeaeILHOM TeOpeMbl 1711 KOHEUHOMEPHBIX PACTIPee e i
1L ((0, 5], 0) MOXKeT GLITEL MEpPEHECEHO IPAKTUUECKY JOCIOBHO HA CIIyYali MPOU3BOILHOTO,
He 00513aTeJILHO TPAHCISIIMOHHO MHBAPUAHTHOTO, sapa K (z,y) u pasmepuoctud > 1, B
MPEITOJIOKEHNN, UTO BBIIONHEHH! yeiaoBus (4.33), (4.34) u (4.35). MoxkHO TakKe 3ame-
HuTh (0, S| Ha MPOM3BOJILHOE ONPAHNYEHHOE N3MepuMoe MHOXKecTBO B C E. Jlna ynobeTa
UMTATEJIA MBI KPATKO IPUBOIMM HUKE OCHOBHBIE UIEU TOKA3ATENLCTBA IIEHTPAJILHOM Ipe-
[IEJILHOU TeOPEMBI B KOHEUHOMEPHOM caydae. Sagukcupyem By, ..., Bg; ni,...,ng. Io-
CTPOMM HOBOE (HA3LIBAEMOE MOM(PUIMPOBAHHLIM) CIyUaHOE TOUEUHOE MOJIE TAKOE, UTO
nr(B1,...,Bg;n1,...,Nk) €CTH YACIO BCEX YACTUL MOMAPUIIMPOBAHHOTO CILy YaHOTO TO-
weuroro nosis B [—L, L]%. A umerHO, 0CTaBUM TOMILKO Te YACTHUIIL UCXOTHOTO CITyIARHOrO
TOYEYHOTO MOJIST, NJIS KOTOPLIX

(43) #xi-l-Bj =nj, Jj= 17"'7k7

u ybepeM Te YaCTUIbI, I KOTOPLIX ycuosue (4.3) napymaercsa. B obmem ciyuae Mom-
(UIPOBAHHOE CJIyYalHOE TOUEUHOE [0JIe YIKe He ABJIAETCS NeTePMUHAHTHLIM CJIy YaiHLIM
ToueyHbIM H0o1eM. OIHAKO BaXKHO OTMETUTD, UTO €r0 KOPPEJIAIMOHHLIE ()YHKIWN 1 KJIaC-
TepHBIe QYHKIMY (CM. OmlpeznesieHye 6 HuKe) MOTyT OLITh BHIPAYKEHEI B TEPMUHAX KOPPEJIs-
IMOHHBIX (YHKIMI MICXOMHOT'O IeTePMUHAHTHOI'O CIIyYaiiHOr0 ToueyHoro noJst. )Go3naunm
uepes pg(Z1,...,20;B1,...,Bg;ni,...,ng) {~-TOUEUHY IO KOPPEIIALMOHHYIO ()yHKIINIO MO~
MU(UIMPOBAHHOIO CIYYaiHOro ToYeuHoro noJs. Ilpenmomxoxmm, uto

(4.4) ;i ¢xj+By, 1<i#j<{ 1<p<k.
Torzma Mo IPUHITAITY BKIIOUCHUSA-UCKTIOUCHIA

(45) pﬁ(xla-'-7xK;B17-'-7Bk;n17--'7nk)

-3

(*1)’”/ /
-1 m! (z1+B1)"1 XX (21 +By )"k (zg+B1)™1 XX (wg+By )"k

m
«—— { paz —
/ & A P£+Z-n+m($1a---a3712§
((w1+l7= Bj)u---U(ze+L5=; Bj)™
xlla-"7x1n7x217-"7x2n7--'7x€17-"7a:ﬁn7y17"'7ym)

X dyy - dym drer -+ - dzgp - drr1 - drig,

n=ni+---+ng.

Ecnu (4.4) me BomosmsaeTcs, TO (OPMYIIa IMEET IIOXOKUIA BUL, C TON JIMIIL PA3HULEH, YTO
MOKA3aTeNn CTeneHn n; B (2,4 Bj)™ = (x; + Bj) x -+ x (z; + B;),1 <i < (,1 < j <k,
—— nj paz —
caenyer 3aMeHnTL Hanj — F#(1 < r # i < k : &, € 2;+ B;). Hecmorpsa aa 10, 9T0 opmy-
sa (4.5) BBIVIAINT HOCTATOYHO MPOMO3IKOM 11 AJIMHHOM, OHA TEM He MEHee OUeHb [OJIE3HA
[P BLIUUCIIEHAY ACUMITOTUK MOMEHTOB 7)r,(B1, . - ., Bg;n1, - . . ,ng). (Koreuno, kiroue-
BOE 3HAUEHNE IPY STOM UMEET IIPEITOJIOKEHNE, UTO KOPPEJSIIMOHHLIE ()YHKIWI NCXOIHOTO
CJTyJafiHOrO TOYEYHOI'O [OJIS ABJLAIOTCS AeTePMUHAHTaMU. ) HanoMumM onpeznenenue Kiiac-
TEPHLIX (DYHKIINIA.
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ONPENEJEHUE 6. (-TOueunole KiacrepHble OyHKmd ro(T1,...,T¢), £ = 1,2,...,
CJIyYalHOIO TOYEUHOI'0 MOJIs ONPENeIIOTCA HOpMYIon

(4.6) re(@s,..,x0) =Y (=)™ Hm =D [] o, @@
j=1

G
rze cymMmma 6epeTcs o BceM pasbuennam G muoxectsa [(] = {1,2, ..., £} HamOMMHOXKECTBA
Gi,...,Gm,m=1,... l,uz(G;) ={z;:i € G;},|G}| = #(Gj).

Knacreprple (yHKIMI N3BECTHLI TAKKE B CTATUCTITYECKOM MEXAHVKE KAK yDPE3AHHLIE
KOPPEeJISIMOHHBIE ()YHKIM 1 PYHKIMY Y peesiia. VIHOrna B inTepaType moCpeacTBOM IIpa-
Boit uactu (4.6) onpenensmor ¢yuxmmm (— 1)~ 1r,. Koppenaimmonsnre ¢yHKImAM MOry T GLITE
HOJLY9€HDI 113 KJIACTEPHLIX ()yHKIWA ¢ TOMOIIBIO (POPMYJILI OODAIIEHN:

m
(4.7) pe(xr,..me) =Y [ rie, (@(Gy)
G j=1
(Popmyna (4.6) ectn He uTO MHOE, Kak (popMmysa obparmenus Meébuyca IpUMEHNTEILHO

K (4.7).) UnTerpasst o K1acTepHuIx dyEKimm ¢ (21, . . ., 2¢) 10 [~ L, L]% x - - - x [~ L, L]?

«—— {paz —

= [~ L, L]* tecno caszanmt ¢ kymymnsaravu Cj(L) wacna sactim s [— L, L%

Vl(L):/ LI (xl)dafl—Cl( )—E# —L,L]d>

/ / :I’,‘l, 1‘2) da?]_ dafg
L L]d L L]d

= 02 ) D#[ L L]d - E# _L L]d,

/ / / .271,.272,.273) d:l?l dwg da:3
L,L}d L,L}d L L]d

—03 )*302 +201(

B obmem ciryuae
o~ Cn(L) ,,  ~=Va(L
n=1 n=1

(cMm. [91], [40]). B cyuae meTepMUHAHTHBIX CIIyUARHLIX TOUEUHBIX IO

— 1"

(4.9) re(z1,...,20) = (-1)*T > K(z1,22) - K(22,23) - ... K(z¢,71),

uukandeckue o €Sy

rze cymma GepeTcs o BCeM LK JIMTIECKIM IIEPECTAHOBKAM V1 BLIDAZKEHUE IO 3HAKOM CyMMBI
coorBercrByer 0 = (123...¢). Popmyna (4.9) MOKeT OBITE HEPEMUCAHA B BILIE

1

(4.10)  re(xy,...,x) = (1)L 7

X > K1), T0@) K(Te@),03) - K@) To(1))-
ocEeS)
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OT™MeTuM, UTO PA3HUIA MEK Iy (4.9) 1 POPMYIIOH miis £-TOUSUHBIX KOPPEIAIMOHHDIX () yHK-
17171

411)  pe(@r,..me) = Y (1)K (21, 80(1) - K(22,0(2) - - K (2,20(0)
O'GS[

COCTOUT B TOM, YTO CyMMUpPOBaHUe B (4.9) MPOM3BOIMTCA TONLKO MO IUKJIIMYECKUM II€Pe-
cTaHoBKaM, Toraa Kak B (4.11) —mo Bcem o € S;. Oxa3nIBaeTCs, YTO COOTHOIIEHVE MEXK-
oy pe(z1,...,2¢;B1,-..,Bg;ni,...,ng) ure(x1,...,xe; B1,...,Bg;ni, ..., ng) AMeer
AHAJIOTMYHLIN BU.

JIEMMA 7. IIpednoaooxcum, wmo ycaosue (4.4) evinoaneno. Tozoa

(4.12) re(z1,...,20;B1,...,Bg;ni, ..., ng)

sy -
m=0 m! (z14+B1)" XX (21+Bg)"k (zg+B1)"1 X=X (z¢+Byg)"k

«—— { paz —

/ . . Pettmtm,e(T1y. ., 205
((x1+|_|j:1 Bj)U"'l—’(xl‘HJj:l Bj))m

xlla-"7$1n7$217-'-7$2na--'7$1317"'7$Znay17"'7ym)
X dyy - dym drer -+ - dzpp - dr11 - dzig,
20e PYNKYUT Poyg.ptm,¢ Onpedeagsemes nuace 6 (4.13).
17151 TOrO UTOOLI OIPENEIATD P4 f. 1,4 m, ¢, HATTOMHIM, UTO

pﬁ-l—ﬁ'n-l-m(xla"'aym) = Z (*1)0K($1,U($1)) K(ym,a(ym)),

€SIt tntm

TI€ 0 — TEePeCTAHOBKA HA MHOMKECTBE BEJUUUH (L1, ..., L0, L11,--->LonsYly-- -y Ym)-
Momoxrm
#
(413) prgensme@,-ym) = > (=) K(x1,0(@1)) .. K(Ym,0(ym)),
TESi4tnt+m

r7e CyMMUDOBAHVE B Y . TTPOM3BOIMTCA IO BCEM MEPECTAHOBKAM O, YIOBIETBOPSIONIAM
CJIENTY IOIIEMY YCJIOBUIO.

IIycrs 7 — MHOrO3HAUHOE OTOOpaXKeHue, onpenenerHoe Ha {1,..., ¢}, co 3HAUEHVAMU
B{l,...,0}:
k
(4.14) 7(i) = {j : a<{a:i,a:i1,...,a:in}l_l ({yl,...,ym}ﬂ <a: + B,,)))
p=1
k
N ({wj,wjl,...,a:jn} U ({yl,...,ym} N (ajj + |_| Bp>)> # @};
p=1

torma misi Beex 1 < 4, < £ cymectsyer N = N (i, j) Takoe, 4T0

(4.15) ™ (i) 2 j.
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sinm(z —y)
Tz —y)
B1 = (0, s],n1 = 066110 maso B § 3 pabotst [40]. B obmenM ciayuae apryMeHTAIVIs OCTaeTCs

6e3 namenenuii. Kax ciaencrBre geMMBbl 7 MBI [IOJIyYaeM CJIeLy IOl Pe3yIbLTaT.

3AMEYAHUE 14. JTokazareancTBo JemMnt 7 B caydae d = 1, K(z,y) =

)

JIEMMA 8. ITycmp

(4.16) K (z,y)| < ¢(z —y),
20e 1 — HeKomopad ozpanuvennad Pynkyud, u ycaosue (4.4) swnoangemed Oad na-
bopa (z1,...,2¢). Tozda das npouzeoavhozo 6 > 0 cnpasedausa caedyouas ouenKa:

(4.17) |re(x1,...,x0;B1,...,Bg;ni, ..., ngl
< const (£, d) Z (¢(w2 —x1) - p(e3 —22) ... (21 — w))1—5_

nuKJInJeckne o€ Sy

3a moKa3aTeabCTBOM JIEMMBL 8 MBI OTChIIaeM unTaTels K §3 paborsr [40]. Kirouesoit
nneell IOKA3aTeILCTBA ABJIAETCS OLEHKA CBEPXY aOCOJIIOTHON BEJIMUMHLI 1M-I'0 YIeHa Pi-
na (4.12) uepes

1
consty (n, £) - — consty’ ~min{c0nst3 (n,0); (£ + €n +m)!
m

X Z ((w2 —21) - (23 — 22) - ... - (21 M))}-

uuKanJeckue o €Sy

Ecmua '~ € L?(E) mna sexoroporo 0 < § < 1, 0

/[ LL]d.../[ LL]ddj(m73:1)175""'1/}(371*xﬁ)lf‘;daﬁmdme

< const(t}) - /[L ey P dedy = 0,

U, CJIEIOBATEILHO, U3 JIEMMEI 8 BLITekaeT, uto misa f = 1,2, ...
(4.18) ( :B By; )dzy - --dzg = O(LY)
. re\r1y...,T¢5D1,-..,Df;N1,...,NE)AT1 Ty -
[—L,L]9N(4.4)

B uacrrOCTH,

(419) EnL(Bl,...,Bk;nl,...,nk)
:Vl(L):/ ri(x; By, ..., By;ni,...,ng) de = O(L?).
[_LvL]d

[IpenmomoxuM, YTO MBI MOYKEM MMOKA3ATD, UTO

(420) DnL(Bl,...,Bk;nl,...,nk):Vl(L)+V2(L)

:/[ LL]drl(a:;Bl,...,Bk;nl,...,nk)da:

+/ / ro(z1,22; By, ..., Br;na, ..., ng) dry deo
[7L7L]d [7L7L]d
= const -L%(1 + o(1)),

(4.21) re(z1,...,2¢;B1,...,Bg;ni,...,ng)dey -+ -dzg

/[L,L1M\(4-4)
=o(LY), £>2.
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Mockonbky £~ KyMysaaT 17, ecTh nuHelnas komOumamma Vi (L), i = 1,2, ..., ¢ (cm. (4.8)),
n3 oreHok (4.18)—(4.21) cnemoBasio 6bl, uto f-if KyMmynaaT 1z, BeneT cebsa kak const -L -

(14 0(1)) mpu £ = 2 u pacTeT MenJIEHHEE, YeM L% mpu £ > 2. DTO B CBOIO OUEpEIh O3HAYA-
nr — Enc
vDnr

crpemsarcs K mymio npu I — 4o00. Ilocaemnee yrBepxKmeHmne sx-

J10 OBLI, YTO TOTIa KaK BTOPOH KyMYJLIHT TOXK IECTBEHHO PaBeH 1, Bce OCTaILHLIE

nr — Enr
vDnr
nr — Enc

BUBAJICHTHO yTBep}KIIeHI/IIO, YTO MOMEHTLI ————— CXOIATCA K MOMEHTAaM HOPMaJILHOT'O
nr

KYMYJIAHTDI

pacpenesieHus, U, B YaCTHOCTH,

ne—Enr w
I — 0L W, N(0,1).
o, VO

Koneuno xe, mpu 605166 D€ TAILHOM PACCMOTPEHMY BO3HUKAIOT TPYMHOCTH. [lo-Bummomy,
He CYIEeCTBYeT yIOOHBIX BhIpaxkeHuit mis popmy (4.12) un (4.13) nprMeHnTeIHHO K CIIy-
uaro, Koraa yciuaosue (4.4) ue BumouasaeTcs. Humke Mbl oKasKeM, KaK IPEOI0JIeTh 3TO [MPe-
warcteue s 1 (B;0) (Te. B caywae k = 1, ny = 0). Onpemenuy nueHTPUPOBAHHLIE
{-TOYeUHDIE KOPPEAIMOHHBIE ()YHKIN (OPMYIOR

(4.22) P (@1, w0 =D [ e, @GH),
G j=1

rae ». " 6eperca mo Beem paszbueruam G = {Gq,...,Gn},m = 1
{1,...,¢} Ha mBYX- 1 Goiee 3ieMeHTHLIE HONMHOXKecTBa (T.e. |G| >
U3 (4.7) u (4.22) caenyer, uto

,2,..., MHOXECTBa,
1,7 =1,...,m).

(423) p%c) (af]_, . .,:I’,‘g) = pg(:l’,‘l, N ,afg)

¢ p
+ Y (=P > i) pep((@r,..sm)\ (@i, .., wi,))
p=1

1<i < <ip<L s=1

= pe(e1,- - 20)

£ p
,Z Z Hpl(xis)péclp((xl,---awﬁ)\(xiu""xip))'

p=11<i1 < --<ip<l s=1

O6o3uaunm uepes M, ((g)) (L) mHTErpas OT UEHTPUPOBAHHON ¢-TOYEUYHON KOPPEJIAIMOHHON

(yHKIMY MOIUOUIIPOBAHHOTO CJIY YAAHOTO TOUEUHOro HoJLs 110 [— L, L]Ed,

(4.24) M) (L) :/ / p$ (21, ..., m0; B1;0) day - - - day.
[_L7L]d [_L7L]d
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Nnmeem
oo tg P
(4.25) siE(z —Enr)
=0
tE ot 14
— ,—tEnL | -
=e L Z 7 Ent
=0
3 o et — 1 l
— e tEnL 'Z%EUL'(UL*U'---'(”L*“'l)
=0
— eti > et - ]- ¢ C
—=e tEng, . 6( 1)E77L . Z %M((e)) (L)
=0

Ecnu Ob1 MBI CMOTJIM TOKA3ATh, UTO

. (2n — 1! const? -L™? - (1 + 0(1)) anal = 2n,
(4.26) ML) = u
0(L2) mral = 2n + 1,
n
(4.27) Enz = consta-L%- (1+ o(1)),

To u3 (4.25) cnenoBaJio OLL, UTO

(2n — 1)!! (consty + constz)" L™ - (1 + o(1))
(4.28) E(nz, — Enz)t = sl = 2n,

o(L%d) sl =2n + 1,

u
—E

nLLd# % N (0, consty + constz).
B mpusnme, MBI MOMKEM BLIUICIIATE Méc) (L) m3 (4.12) u (4.13). B camom merne, eciu
(4.29) Ty — Ty ¢ B
(3amermM, uro yciosue (4.29) ects B Tounoctu yeaosue (4.4) mis cnydaa k = 1,ny = 0),
TO BLIPAYKEHUE ST pszc) (x1,. ..,z B;0) MoxkeT GBITH Oy ueHo u3 (4.22), (4.12) u (4.13).
B nporusnom cayuae po(z1, . . ., x¢; B;0) = 0, uu3 (4.23) caenyer, uro

0 P
(4.30) pgc)(zl,...,w;B;O) = Z(—l)p- Z Hrl(zis;B;O)

p=1 1< < <ip<L s=1
X pg—P((x17‘ .. ,ilfg) \ (xila' . -,Z'ip)).

Ecmu ns (¢ — p)-aaementroro mabopa (w1, . . -, ze) \ (T4, - - -, Ti,) yemosue (4.29) e Bo-
TIOJTHAETCS, TO COOTBETCTBYIOMEe BLIpakerue pe—p((w1, ..., 2e) \ (Tiy,- - -,24,)) B (4.30)
pasmro Hymo. Ecm xe (4.29) spmosmasercs nus (21, ..., 2¢) \ (Tiy, - -+, T4, ), TO MBI CHOBA
urepupyem (4.23),

po—p((T1,...,m¢) \ (a:il,...,a:ip)) = pgcjp((xl,...,xg) \ (xil,...,a:ip)) +Z .

B pesynbnTaTe MLI IPUXOIUM K CIEAYIOMIEMY YTBEPIK JEHIIIO.
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JIEMMA 9. IIpednoaoacum, wmo ycaosue (4.29) ne sunoanerno oad £-aasemenmmozo
wabopa (1,...,x0). Tozda

431)  p?(@r,..,25B;00= > Cp- [[ ri@is B;0) ol (2(D)),
@CDC{1,...,0} i¢D
20e
(4.32) Cp = > (—1)1Al
ADD

(4.29) BemosHmeTCA Muts T (A)

B wacmnocmu, Cp = 0, ecau yeaosue (4.29) ne swnoangemcs oad T(D) uau ecau
cywecmeyem 1 < i < L, i ¢ D, makxoe, wmo x; —x; ¢ BU (—B) dax ecex 1 < j < L.

Jloka3aTesnCTBO HEITOCPEACTBEHHO CJIEAYET U3 IPUBEIECHHBIX BBIIIE aPIyMEHTOB.

TEOPEMA 9. ITyems (X, B,P) — demepmunanmnoe caywaitnoe mouwewnoe noae c
A0pOM

(4.33) |K (z,y)] < ¢z —y),

1 n
20€ Y — 02PANULEHNAT HEOMPUYAMENLNAT PYNKYUT MAKAT, ¥MO - <log (%) > €
L?(E) 0as ecexn > 0. ITyems das np(B;0) = #(x; € [-L,L]* : #(x; + B) = 0)
UMEEM MECmo 0YeHKa

(4.34) Dnr(B;0) =02 - L (1 + o(1)).
Toz0a cnpasedrusa 4,ewMPAIbHAT NPEOCALHAT MEOPEMA:

ne(B,0) — Enp(B;0) w 2
Ta72 — N(0,0%).

3AMEYAHUE 15. Eciu Cov(nz(B;;0), 7L (B;;0)) = bij- LY (14 0(1)),1 <4, j < p,
TO

(4.35) == N(0, (bij)1<i,i<p)-

(nL(Bi;O) — EﬂL(Bi;O))
Ld/? 1<i<p

Hanmomumm, uto

Cov(nz(Bi;0);nL(Bj;0)) = E(nz(Bi;0) — Enr(Bs,0)) - (nz(Bj;0) — Enz(Bj;0))

e} _1)m
> S

m=0

/[_L,L]2dm{z1—xzﬁéBiU(—BJ‘)} (

X / pP24m,2(T1,T2;Y1, -+, Ym) dy1 - ~dym> dzy dro
((z1+B;)U(xz2+Bj))™

—/ rl(xl;Bi;O)-/ r1(z2; Bj;0) dzo dxy
[-L,L)? (z1+B;)U(z1—Bj)

+/ 7“1(.27;31 UBQ,O) dz.
[7L7L]d
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S3AMEYAHUE 16. Jlemma 8 npeanosaraet 6osiee JKeCTKOe OrPAHIYEHIE HA 1),  UMEHHO,

Y179 € L?(E) mnauexoroporo 0 < § < 1. Ommaxo, 06pamanch K IOKA3ATELCTBY JTeM-

1 n
MBI 6, HeTPYIHO 3aMeTHTh, uto 1)1 ~0 B (4.17) MOKHO 3aMEHUT HA, 1) - (log <—¢ ;_ ) ) ¢
n > 3¢.

IJOKA3ATEJIBCTBO TEOPEMBI 9. Kak cienyer u3 (4.25)-(4.28), mocraTrodso moxa-
3aTb, 4TO

(4.36) / pgiz (z1,.-.,T2n; B;0)dxy - - - dxay
[_L7L]2nd

=(2n— 1! (/ ro(z,y; B; 0) dz dy
[-L,L1*n{z—y¢BN(—-B)}

—/ rl(x;B;O)/ r1(y; B;0) dyda:) +0(L”d),
[-L,L)4 (z+B)U(z—B)

n=12,...,
2n+1
(4.37) /[LL](QnH)dchrZH(xl,---,$2n+1;B;0)d331"'d$2n+1ZO(L 2 d)a
n=12....

JIEMMA 10.

(4.39) / pgcn) (z1,--.,T2n; B;0)dxy - - - dxoy
[—L,L]2ndN(4.29)

=(2n — 1! (/ ro(z,y; B;0) dx dy) + o(L™9),
[-L,LPdn{z—y¢ BU(-B)}

2n+1
(4.38) /[ L. LCr+ D 4.20) ,0;24_1(:171, co oy Tong1; By 0) dri---drony1 = O(L p) d).
—L,L]@n+Dd (4.

Hanomumum (cM. (4.17)), uro Bce pyHrmmm ¢ (21, . . . , ¢¢; B; 0) IBAAOTCS OrpaHITIeHHBL-
mu. 3anvinem (4.22) B Buze

o (@, ze) =3 [[rian@G)) + 3" T rie, 1 @(G)),s
G j=1

G j=1

rae ' — cymvano Beem pazbuenmsam {1, . .., £} Hamapniu Y — CyMMa IO BCeM OCTAJILHBIM
(mByx- 1 Gosee saeMeHTHLIM) pazbuenusam. Jlomyctum, uto £ — yetno, £ = 2n. Varerpu-
pyst > 1o [—L, L]>"4 N (4.29), MBI moTy M B TOYHOCTY TpaByio dacTh (4.38) (cymect-
Byer posHO (2n — 1)!! pasbuenntii {1, . ..,2n} Ha MIByX2J1eMeHTHLIE MHOXKECTBA). Beaenct-
Bue (4.17) 1 IPUBEIEHHLIX MOCJIE JTEMMEIL 8 OLIEHOK

/[ ya Ire(z1,...,x¢; B;0)| day - - - dzg = O(LY).
—L,L

CrenoBaTesbHO, MHTErPal Y g 110 [— L, L]>™4 N (4.29) ects o(L™?). $opmyma (4.39) mo-
Ka3bIBACTCA AHAJIOTYHLIM OOPA30M.
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L7151 TOro YTOOL! OLIEHNTD
(4.40) / pécn) (z1,--.,%2n; B;0)dzy - - - drapy,

[—L,L]?nd\(4.29)
BBeZIeM OTHOIIEHNE SKBUBAJIEHTHOCTH Ha {21, .. ., Top }, HA3LIBAA &; U T, “cocemsMu’”, ec-
JIX CYHMIECTBYET MOCJIEI0OBATEIHLHOCTL MHACKCOB 1 < 40,%1,...,0y < 2n, 1 < u < 2n,
TaKas, 9To ig = i, iy = jU T, — Ty, € BU(=B),s = 0,...,u — 1. YrBepx-
naetcs, uto Baamr mopsmka O(L™?) B (4.40) COOTBETCTBYIOT TOMLKO TEM MHOMKECTBAM
(z1,...,T2n), MUIA KOTOPLIX KAYKILIA KJIACC SKBUBAJIEHTHOCTH “COCEneil” COMEPIKUT TOJIb-
KO OIHY WJIM IBE MIepEMEHHLIE. B KauecTse mpuMepa pacCMOTPUM CJIydaii k By X2/ IeMeHT-
HDLIX KJIACCOB 9KBUBAJIEHTHOCTU {1, X2}, . . ., {Tok—1, T2k } ¥ (2n — 2k) ODHODIEMEHTHBIX
KJIACCOB DKBUBAJEHTHOCTU {Zok+1},. .-, {T2n . AHAIOIMYHO BLIYMCIEHUAM, IPUBENCH-

(

HbIM Ha ¢. 596-597 B [40], MBI IpOBEpsieM, YTO UHTErPAJL OT piz) (z1,...,T2n; B;0) mo non-
MHOKecTBY [— L, L]?™¢, cooTBeTCTBYyIOmEMY YKAa3aHHOMY BLIIe pa3breHnio, paBeH

k
(441) (2n—2k— 1! </ r1 (a:;B;O)/ r1(y; B; 0) dy da:)
[(-L,L]* (z+B)U(z—B)

n—k
X (/ ro(z,y; B;0) dx dy) + o(L"™?).
[-L,LI*"n{z—y¢BN(-B)}

[ocne cyMMUPOBAHMS [0 BCEM PA3OUEHMAM HA OTHO- U IBYXDJIEMEHTHLIE KJIACCLI DKBI-
BaJsieHTHOCTH “coceneil” (ormermM, uto (4.38) cooTBeTCTBYET Pa3bMEHMIO HA ONHODIIE-
MEHTHBIE KJIACCHL), MBI osty4daeM B Touocty (4.36). W3 memmer 7 u (4.17) caenyer, uro
BCe OCTaJILHLIE PA3OUEHNs HA KJTACCH! SKBUBAIEHTHOCTHU NAlOT BKJIAI MEHLIIETO MOPSIKA.
Ouenka (4.37) MOXKeT OBITL MOKA3aHA AHAJOTMUHLIM OOPa30M.

YenoBus TeopeMil 9 HOCSIT MAJIOOT DAHUMUNTEILHLIA XapakTep B CIyUae TPAHCIIAIIMOH-
HO MHBAPUAHTHLIX sep. 1Ipy 9TOM (yHKIWIT KOBAPUAHTHOCTY NPENEILHOIO rayCCOBCKO-
nL((0,5],0) — Enz.((0, 55 0)

Ld/2

ro mmporecca w-lim 3a1aeTCsI d-MEepPHBIMI aHAJIOraMU (POPMYIT

sinm(x —y)
Tz —y)
nasee Ml 0003HauaeM uepes (0, 5] mapasnenermmmen (0, s1] X - - - X (0, 4], § = (81, .-+, 54)-
B uactaocTy, ecin K () HenpepnBHO mudpepeHimpyema, IpenebHLIA rayCCOBCKUA Ipo-
IIeCC HempepnIBeH 1o ['énnaepy ¢ JMI0OLIM MOKA3aTe eM, MEHDLIIM, YeM % N3 ocrann-
HLIX XapaKTEPUCTUK MOIMYUIMPOBAHHOIO CIYYANHONO TOUEUHOrO MOJS (IPUMEHUTEIH-
HOK B = (0,5], n = 0) 0co0bIii MHTEpEC MPEenCTaBIsAeT CIEKTPAILHASI MePa OrDaHV-
yerms rpymn {U?} Ha mommpocTpaHCTBO IEHTPUPOBAHHLIX JTUHEHHLIX cTaTUCTUK. O6O-
3HAUM BTy CIEKTPAJILHYIO MEPYy uepes u(s)(d/\). HamomunmM, 4To CrieKTpasnLHAS Mepa
19 (d)\) = p(d)\) MCXOMHOTO AeTEPMITHAHTHOTO CJTyYAifHOrO TOYEUHOTO TOJIA 3a.1aHa, (Op-

myutoii (3.12). B uactroCcTH, ML MY C-simpa,

Al

AL < 2,
My <or
1, |\ > 27

(37), (38) 1 (26) u3 [40] (koHEUHO, CIIEIYET 3AMEHUT Ha K(z —vy)). 3mech

du _
ax
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s curyCc-sapa, MoCcie OITUX, HO IPSAMOJIMHEHHBIX BLIKIAI0K, IOy YaeM

(s) 2.3 4
A _7s + AL (1 - §7r2.93) + 0(s*) + O(|A] - s*) + O(]\?] - 5%).

4.42
( ) d\ 9 2T

dp(s)
d\

3aMeTuM, uTo (0) # 0 mpu MasLix s # 0, YTO COMIIACOBAHO C OLIEHKOM

Dnz((0, s];0) ~ L.

3a moKa3aTennLCTBOM ()yHKIMOHAILHOM HEHTPAILHOM NPeneIhbHOM TeOPeMbl MBI OTCLITAeM
unratess K pabore [40; c. 577]. [Ipemonoxkum, uro

(43) L ((0,30), L Covlns ((0,51:0)5me((0,7:0))

PABHOMEPHO OTPAHWYCHEI TI0 L, § 1 £, rae § u ¢ IpuHALIeKAT KOMIAK THBIM TOIMHOMXKECT-
say RY (Z4). Crnaxusas §-¢pyrxmmo C°°-ammpoKCHMAIMOHHO (yHKIMEH, ML MOKeM
HOCTPOUTDL HenpepoBHy o ammporcnvarmio 7z, ((0, §]; 0) Takyto, uro

|ﬁL((07 g]; 0) - nL((Oa §]; 0)

< 1.

B pesymnrare

7. ((0,5]; 0) — Efr((0, 5); 0)
d/2

€CTb CiyJaiiHas HenpephIBHAA QYHKIA OT §, U

(4.44) ﬁL((O:§]§0)L_d/E2ﬁL((Oa§]§O) B nL((O,5];0)L—d/|527n((0,§];0) < Ld2/2 _

1L ((0,5];0) — Eqr ((0,5];0)
La/2

ayto Mepy Ha C(]0,00)?%). Ilox cXOmAMOCTBIO CIYUAMHEIX IPOIECCOB IO PACIIPEIETICHAIO

MBI OHMMAEM C1abyio CXOMIMOCTD MHIyIMPOBAHHLIX BeposaTHOCTHLIX Mep Ha C'([0, 00)?)

(cM. [92]; B 06wmeM ciryuae MOKHO PACCMATPUBATE PA3JIMUHBIE TPOCTPAHCTBA BLIOOPOUHBIX

TPaEKTOPUiA, HAIIPUMED, IPOCTPAHCTBA (DYHKIMIA, MIMEIOIIUX PA3PLIBLI IEPBOCO POAA).

Pacmopenenenre ciayuaiiroro mporecca 3a1aeT BEPOATHOCT-

TEOPEMA 10. Ipednosoxncum, wmo sunoasnentt ycaosus (4.33)—(4.35), (4.43). Toe-
0a cayualinud npouecc
iz ((0,3];0) — Bz ((0, S]; 0)
L1/2

cTo0uUmeT no pacnpeaenenmo K 2aYycco8CcrOMY npouyeccy.
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