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O pa3I0XXKUMOCTH KOHEYHO MOPOXK JeHHBIX I'PYIIIT
B CBODOIIHOE MPOMU3BEICHNE C 00'LEIMHCHHON MOATPY 0N

B pabore uccnenyercs npobiema, KOria KOHEYHO NOPOXKAeHHAs rpymma [' pas-
JIOKVMA B HETPUBUAJILHOE CBOOOIHOE NPOM3BEIEHVE C 00LEMMHEHHON IOArPYIION.
Iloxazano, uro ecmu dim X *(T') > 2, rne X °(I') — MEOr00Gpasue xapakTepos He-
npusomMeix npencrasiaennii I' 8 SLa (C), To I ABIAETCA HOTPUBUAILHEIM CBOGOMHLIM
npousseneHreM ¢ o0LequHerHol noqrpymmoit. lasee, Mbl paccMarpuBaeM Cirydaii,
xorma I = (a,b | a™ = b¥ = R™(a, b)) sBasercs 0606merHOil TPeyTOMbHOM rPyT-
noit. Jloka3zano, 4o eciu oaga u3 oOopasyronwx I mveer GeckoHedHbI TOpsIoK, To I
SIBJIST€TCS HETPUBUAILHLIM CBODOIHLIM IPOM3BEIEHIIEM C 00 LEeIVHEHHON TOArPY IO,
B o6mem ciyuae HALTEHE HEKOTOPEIE NOCTATOUYHLIE YCJIOBYS IS TOr0, uro0nt I saB-
JISLIACHh HETPUBUAJBHBIM CBOOOIHBIM IPOM3BENEHNEM C O0beIUHEHHO MOArDYIIOL.

Bubmuorpadus: 26 HasBanuii.

Bsenenue

Bynem rosoputn, uto rpymmna G ABIAETCA HETPUBUAJILHLIM CBOOOMHLIM [TPOM3BEIE-
HUeM ¢ 00bearHeHHOH noarpymoi, eciu G = G1 %4 Ga,rne G1 # A # Ga (em. [1]).
Yo [2] nocraBui coenyonmi Bonpoc:

Kaxue zpynnuo ¢ 00MuM COOMHOULEHUEM TBATIOMCT HEMPUBUAALHOLM C80600-
HBLM npoussedenuem ¢ 0bsedunennoll nodzpynnol?!

Iycrs G = (g1,.-.,9m | R1 = -+ = Ry, = 1) — rpymma ¢ m obpa3syroummvu
u n cooTHomeruamu Takas, uto def G = m — n > 2. B [3] moxasano, uro G aB-
JISIETCS HETPUBUAJLHLIM CBOOOIHLIM IPOM3BEIEHIEM C O0LEMMHEHHON noarpymmoii. B
JacTHOCTY, ecau G — rpymma ¢ m > 3 00pasy oMMy U OJHUM COOTHOIIeHneM, T0 G —
HETPUBUAJILHOE CBODOIHOE IPOU3BENEHUE € 00 beamHeH O moarpynnoi. Ciryyaii rpyrm
C IByMs 00pa3yOIMMU 1 OIHUM COOTHOIIEHreM boutee citoxker. Hampuvep, ceobomHas
abenesa rpyma G = (a,b | [a,b] = 1) panra 2, rze [a,b] = aba~1b~!, oueBnmo, He
ABJIACTCSA HETPUBUAJILHLIM CBODOMHLIM TIPOU3BENCHUEM C 00LEIMHEHHON TTOMTPYIIION.
Jlpyroit npuvep maer rpyma Gy, = (a,b | aba™! = b"). Ilna mo6oro n rpyma Gy,
paspenmmMa, ¥, UCTIOJIb3Ys PEe3yIbLTATEL U3 [3], HETPYIHO MOKa3aTh, YTo mpu n # —1
rpymna (G, He ABJIAETCA HETPUBUAJILHLIM CBODOMHLIM IIPOU3BENEHUEM C OOLEeMHEHHON
TIOATPYIIIOH.

Cuaenyromas runoresa BoIcKaszasa B [4].

T'unote3a 1. yeme G = (a,b | R™(a,b) = 1), m > 2, — epynna c deyms
00pasyOUWUMY U 00KUM COOMMOWeHUEeM ¢ Kpywenuem. Tozda G Feagemes He-
MPUBUANLHBLM C80000HBLM NPou3sedenuem ¢ 065e0unenHoT No0d2pynnoi.

Pabora npodunancuposana Vucturyrom maremaruku HAH Bemapycu B paMkax rocynapcer-
BEHHOI TPOrPAMMEI ()Y HIAMEHTAJILHLIX NcCaenoBanuii “MaremMarndeckue CTpyKTypor” .
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Mvmuasr [5] ucciaenoBas npobieMy pasJiokKeHus B CBODOMHOE IPOU3BEAEHNUE C 00h-
€IMHEHHOMN TTOATPYINON MJIA BIOJHE PA3PLIBHLIX TPYIIT MPEOOPa30BAHUIA LIIOCKOCTHU.
On man moJHLIA OTBET HA BOIPOC, KOTAA TAaKas CPYIIA ABJSETCS CBODOMHLIM IPO-
M3BEIeHNEM ¢ OOLEIMHEHHOW MOATPYIIION, BO BCEX CIIYUAsAX, 33 MCKJIIOUEHNEM I'DYIII
Hy = {a,b | [a,b]” = 1) u Hy = {(a,b | a® = [a,b]™ = 1), n > 2. Pozenbeprep [6]
I0Ka3aJ1, uTo rpymmsl H1 u Ho ABIAIOTCA CBOOOMHLIM TPOU3BEIEHUEM C 00'HEIMHEHHON
HOArPYIION B Cilyyae, KOraa n He sIBJSETCs cTenennio 2. B menaBuux paborax [7], [8]
IOKA3aHO, uT0 H1 sBIs€TCA CBOOOMHLIM IPOU3BEIEHUEM C 00LEAMHEHHON MOI DY IO
Ui npou3BoiibHOrO 1 > 2. B [9], [10] maHo He3aBUCHMOE HOKA3ATEILCTBO BTOrO PAKTA.

B npemaraemoii pabore Mbt ucciemyem 6osiee OOIIMIA CITy Yali, 8 IMEHHO MBI DACCMAT-
PUBAEM TAK HA3LIBAEMLIE 0000ULeHHbBLE MPEY20AbNbLE 2PYNNBL, T.6. TPyl G, UMero-
IV KOTIPEICTABJICHUE BILAA

G = (a,b|a™ =b" = R'(a,b) = 1),

rael > 2u R(a,b) — mukImuecku peaymMpOBAHHOE CII0BO B CBOOOMHOM IPyIIIe, HOPOXK-
IeHHOM a, b. He Bce M3 9TUX rpynm pa3iokUMBI B HETPUBUAJILHOE CBODOIHOE TIPOU3-
Benenve ¢ oo bemurenHoi noarpynnoii. Hanpumep, [lmuanr [5] nokaszas, 9ato obsunas
MPEY20AbHAT 2PYNNa

T(m,n,l) = (a,b|a™ =b" = (ab)! = 1),

rme m,n,l > 2, He ABJISETCS CBOOOMHLIM MPOM3BENCHNEM C O0LEMMHEHHON MO PYIIION.
C mpyroit cToponnt, B [10] mokasawo, uto rpymma G = (a,b | a®™ = Rl(a,b) = 1),
rmem = 0,1 > 2, aBisgercs cBOOOMHBIM IPOU3BENEHNEM C 00bEIMHEHHON IO PYIIIOH.
TeopemnI 2 1 3 npennaraemMoii paboTLI comepKaT 0oIee OOIIME PE3YNILTATLI O PA3JIOKU-
MOCTH OBOOIIEHHBIX TPEYTONLHLIX IPYIIT B HETPUBUAILHOE CBOOOIHOE IPOU3BENCHUE C
00beIUHEHHO MOAT PYIIIIOH.

B Teopeme 1 MBI mOKa3BIBAEM, UTO KOHEYHO MOPOXK AEHHASA rpymia [ aBiasercs cBo-
GOmHLIM IPOU3BENEHNEM C 00 LEIMHEHHOM TOATPYIIIOH, eCr Pa3MepHOCTL HEKOTOPOI'O
asrebparJeckoro MEHOroobpasus (Taxk Ha3bLIBAEMOrO MHOIO0OPa3MsL XaPaK TePOB HEIIPY-
BomMBIX Tpencrapieruii rpymisl I' B SLa(C)) Gomme 1. YTober chopMympoBaTh
STOT PE3yIbTAT, HAIIOMHUM HEKOTOPLIE 0003HAUEHMA U (haKTHI U3 T€OMETPUUECKON Te0-
puu npencrapieHwii (cM. Takxke [11]-[14]).

ycto T = (g1,...,9m) — koreuno nopox nennas rpynna u G C GLy, (K) — cBsas-
HAS JUHEAHAA aaredpanvecKas Py, ONPEIEIeHHAS HAI aJIre0parmiecKy 3aMKHY-
oM mostem K mysesoit xapakrtepuctuku. OQueBumHO, mis J000r0 roMoMop@uama
p: T — G(K) mabop s1eMeHTOB

(p(g1),---sp(gm)) € G(K)™ = G(K) x -+ x G(K)

VIOBJIETBOPSET BCEM OMpPenes oMM cooTHomenusaM rpymisl . IosTomy coorset-
creue p — (p(91),- - - , p(gm,)) fBIACTCS ORekumei ek ny Muoxecrsom Hom(T', G(K))
1 MHOXKecTBOM K -Touex HekoToporo adduusoro K-muoroobpasus R(I',G) C G™.
Muoroobpasue R(T', G) 06uruno Ha3LBAIOT MHOrOO6pa3MeM IpencTaBIeHuii rpy ot I
B anrebpanyeckyio rpymy G.

I'pymna G neiicreyer na R(I', G) ecrectBenHbIM 06pa3oM (OQHOBPEMEHHBIM COMPSi-
JKEHVEM KOMIIOHEHT ), I €€ OPOUTLI HAXOMATCA BO B3AMMHO OTHO3HAUHOM COOTBETCTBUL
C KJIacCaMU SKBUBAJIEHTHLIX mpencrasienuit I'. B obmem cayuae opbutet rpymmnt G
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OTHOCHUTEJILHO STOr0 AefCTBUsL HE 0D3aTeILHO 3AMKHY TBI, U, CJIEIOBATEILHO, MHOIO-
obpasue opOUT (reoMeTPUUECKUI PAKTOP) HE ABJIAETCS AIrebpaniecKuM MHOT00Gpa-
sueM. Omaako eciu G — pemyKTUBHAS IPYINA, TO MOXKHO PACCMOTPETh KaTErOPHLIA
¢pakrop X(I')G) = R(T,G)/G (cm. [15]). Ero Toukn mapamMeTpusyioT 3aMKHYyTHIE
G-opbursl. B cayuae G = GL,(K) wm G = SL,,(K) opbura G 3aMKHyTa TOrZAA
U TOJILKO TOTZIA, KOT'Ia COOTBETCTBYIOMIEE IPEACTABIIEHNE BIOJIHE NPUBOIMMO. 11oaTo-
My B ®ToM ciyuae Touku Muoroobpasus X (I', G) HaxomsTcs BO B3aMMHO OIHO3HAYHOM
COOTBETCTBIM C KJIACCAMI 9KBUBAJICHTHBIX BIIOJIHE IPUBOIMMEIX IPEICTABIIEHUI MPYTI-
ot I' B G unu, npyruvu cioBaMu, ¢ xapakTepamu npencrasienuii I' s G.

Bcrony muke Mot Oyzmem paccMaTpuBaTh gy caydaii G = SLo(K) u mia xpar-
koctu obosuauars R([, SL2(K)) = R(I"), X (I', SLa(K)) = X(TI"). Bee ncnonsayemsre
HKe cBeneHust 0 Muoroobpasusax R(T), X (T') moxwo vaiitu B [12]; [16]-[18]. Tomoxim

R*(T) ={p € R(T) : p mempmsommo}, X°(T')=n(R*(T)),

rme 7: R(I') — X (T') — kasoHmueckas npoekmwst. B [12] mokasaro, uro R*(T"), X *(T)
— oTKpbITHIE B Tonosoruy 3apucckoro nonMaoxectsa R(IM), X (T') coorsercrBenHo.
enn macTosmmett paboOTLI — MOKA3ATL CIEAYIONIE TEOPEMEI.

TEOPEMA 1. Ilyems T — koneuno nopoucoenwas zpynna maxas, “mo
dim X3(T") > 2. Tozeda T’ seagemcs nempusuasbhoim c80000HbM NPOUIBEOEHUEM
¢ obsedunennotl nodzpynnod.

TEOPEMA 2. ITycms Ty, = (a,b | a™ = b* = R™(a,b) = 1), 20e n,k,m € Z,
n,k,m > 2, u R(a,b) = a%1b¥t---a%sb¥s — makoe caoso, wmo 0 < u; < n,
0<wv; <kwus=1. Ipednosoncum, wmo cywecmsyem i € {1,...,s} ¢ |u;| > 2.
Kpome mozo, npednosoncum, wmo n = u;pf, 2de f € Z, p — npocmoe 4ucao
u u;p we deaum u; npu j #i. Tozda e caedyowur cayvass zpynna L'y seasemes
HEMPUBUGABHBM C80000KLM NPpoussedenuem ¢ 06sedunennol nodzpynnod.

1) m = 2, p ne npunadiencum HeKOMOPOMY KOHEUYHOMY MHOACECTEY NPOC-
muz wucea S. Mwoaucecmeo S noawocmpio onpedeasemes noxaszamenem k
u crosom R.

2) m=3 urum=2">3 p#2.

3) m>3um#2.

Ot1™meTmy, UTO yCI0BUE U;p { Uj IPU § 7 i B TeOpeMe 2 BLIIOJIHIETCS aBTOMATIIEC-
KU, €CIT U; = MAX1< j<s Uj > 2 0O u; { uj I 100010 j # .

TEOPEMA 3. ITycmy I' = (a,b | a™ = R™(a,b) = 1), 2de n = 0 wau n > 2,
m > 2, R(a,b) = a%1b¥L ---aq¥sb¥s, s > 1, v; #0, 0 < u; < n. Toeda T seasemces
HEMPUBUANLHBLM C80000HBLM NPou3sedenuem ¢ 005e0unennol nodepynnoi.

B xauecTBe HEMOCPENCTBEHHOI'O CJAEACTBUA TEOPEMDI 3 MOJIYyYAeM TOKA3ATEJLCTBO
ruroTesnr 1.

CaenctBukE 1. Iyems T' = (a,b | R™(a,b) = 1), m > 2, — zpynna c deyms
06pasyoUWUMY U 00HUM coomHoweruem ¢ kpywenuem. Tozda I’ geasemes nempu-
BUAALHBLM €80000HBLM NpPOUsBedeHueM ¢ 005edUuHEeHHOT N002pYNNOi.

B konne § 2 mu1 mokazkeMm, uro rpynna I' u3 ciaencrsua 1 npu m > 3 ynoBiaeTBoOpseT
> y Y.

ycaoBuro TeopeMul 1, T.e. dim X *(T) > 2, Tax 4To MbLI MOJIyYaeM Apyroe AOKa3aTeh-

CTBO ruroTess 1.
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CHENCTBUE 2. Syrcosw zpynnu Hy = (a,b | [a,b]™ = 1) u Hy = {(a,b | a®> =
[a,b]" = 1), n > 2, deadiomed HemMPUBUAAbRIM C80000HBM NPOUIBEIEHUEM C
ob6seduHennol nodzpynnoi.

§1. IToka3zaTeJdbCTBO TeOpeMbI 1

Hinke uepes Qp MuI 6ymem 0603HAUATE IOJIE P-aIMIECKUX UKCeT, Zjg, — KOJIBIIO IeTBIX
P-aIIIeCKUX uuces, Zy — rpymry oOpaTUMBIX SJIeMEHTOB B Zp, | - [, — p-amrdeckoe
HOpMUPOBaHuUe, tr A — cnen maTpumt A, F — eMMAMYHY 10 MATPUIly BTOPOTO HOPAIKA.

Hanomunm HekoTopoie cBenerust o Muorootpasuu xapakrepos X (I') npencrasiennit
KoHeuHO nopoxk aeHHOH rpynmst I' B SLa (C) (em. [12]). s mpon3BoOILHOTO 2JIEMEHTa,
g € T’ paccMOTpUM PerymIapHy IO ()yHKIIO

g ROD) = C,  74(p) = trp(g).

O6bruno 7, HA3LBAIOT Tapakmepom Ppuxe siementa g. M3BectHo, uro Z-anired-
pa T'(I'), nopox neHHas BceMu PYHKIWMAMU Ty, g € I, ABIIACTCA KOHEUHO IIOPOIK IEHHOMA.

Bosnee Toro, ecmu 74, , . . . , g, —06pasytomme T'(I'), To C-anrebpa SLa (C)-nuBaprant-
mix perynsprex Gyrxmit C[R(T)]S¥2(©) copnamaer ¢ C[ry,, ..., 7y,]. Pacemorpum
MOp(hm3M

m: R(T) — A®, 7(p) = (14, (p),-- -, 7g. ()-

B [12] mokazaso, uto o6pa3 7(R(I')) samkuyT B A®. [Tockonsky X (I') u w(R(T")) Gupe-
T'YJISIPHO M30MOP(HEL, TO B HaJbHeimem Mel Oyaem orox nectsiath X (I) u w(R(T)).

W nest mokasares,cTBa TEOPEMLI 1 COCTOUT B TOM, YTOOLI MOCTPOUTDL IPEICTABJICHIE
p:T' — SL3(Qj) mwis1 HEKOTOPOro IPOCTOro p Takoe, uro rpyma p(I) mnoraa B SLa (Q))
B p-amryueckoil Tomosiorum. Ilocse sToro teopema 1 6ymeT ciemoBaTh U3 CIIETYIOIX
XOPOIIO U3BECTHLIX (PAKTOB.

1) Ecrm H —numotHast B p-amrdeckoi Tomostormm noarpymma SLo (Q)), To H ssasercs
HETPUBUAJILHBIM CBOOOIHBIM NPOM3BENEHNEM ¢ 00 LeIMHeHHOM moarpynmnoit (em. [19]).

2) Ecau f: G1 — G2 —smmopdusm rpymm u G'a — HETPUBUAJILHOE CBOOOIHOE IIPO-
u3BemeHre ¢ 00 LEIMHEHHOR OArPY o, TO u (31 — TaK¥Ke HETPUBUAJILHOE CBODOIHOE
MIPOU3BENEHNE C OO BEMMHEHHOMN OO PYIIIOH.

Bynem rosopurs, uro noarpyma H C SLa(Q,) Heorpammuena, ecomt H He comep-
xkures B rpymmte SLa(Zy, [p~°]) mns moboro s > 1.

JIEMMA 1. IIyems H — nodepynna SLa(Qp). Tozda H naomua e SL2(Qp) e
P-a0uneckoi monosozuy mozda u moavko mozda, kozda H abcoaommo nenpueo-
Juma (m.e. nenpusoduma nad anszebpauveckum samuraruem Qp), neozpanuuena,
HEOUCKPEMMNA U He COOEPAHCUMCA 8 HOPMAAUIGMOPE MAKCUMAADHOZO MOPA.

IOKA3BATENLCTBO. Ecimn H mnorsa B SL2(Q)p) B p-ammueckoil Tomosormu, To
yTBepIK IeHMe JIeMMbI oueBumHO. Jlokazkem obpaTHoe yTBep:kaerue. Ilycts H — 3a-
Mpikarne H B p-amueckoit Tomonornu. Torma H sBisiercs p-amrdaeckoit rpymmoit JIn.
Iycts b u s — anre6pnt JIu rpymm H u SLa(Q)) cootsercrrerro. [Tokazxem BHauase,
uro ) = s. st eToro B cuity [7; Teopema 4.6] mocrarouno nokasarn, uro aarebpa b
mepaspermmmMa. JomycTum mpotusHoe. Torma H cOTEP:KUT OTKPLITYIO PA3PElIMYIO
nomrpymny G (cm. [20; ru. 4]). IIycrs

_ 1+pja pjb . .
Fj_{( ple 1+pjd>ESLz(Qp).a,b,c,deZp}’ ji>0,



O PA3JIO?KMMOCTHU KOHEYHO IMTOPO>KJEHHBIX I'PYTIII 7

— [VIaBHAA KOHTPY3HI-oarpymma ypoBHs j B SLa(Qp). Ipymmur I, j > 0, o6pasyior
6a3y oxpecrrocreil emurrmint B SLo(Q)p). ITosromy Ge3 orparmuenns OOMHOCTH MLL
MoxeM cuntath, uto G = I'j N H nisa rexoroporo j > 2. Hemickpetrocts H Bitever,
uro G HemucKpeTHa. B uacTHOCTH, mis moboro i > jrpyma G; = I; NH C G
OeCKOHEYHA.

IMoxaxkem, uro (G mprBOAMMA, HAL @p. B camowm mesne, B IpOTUBHOM CIIyYae B CU-
ay [21; cnencrBue 2] G conep:kuT HOPMAILHYIO abeseBy nomrpynny A rHIeKca 2 U 1uis
moboro z € G\ A murumeem trz = 0. C mpyroit croponsr, ecmt . € SLa(Qp) u
tre =0,10x ¢ ['; mpui > 1, ciienoBaresnnho, ¢ ¢ G — mporusBopeyre.

UT00LI 3aBepIMTL I0KA3ATEILCTBO HEPA3PEMUMOCTH ), PACCMOTPUM CJIEAYIOIINE
CIIyYau.

1) G — abenesa rpyma. Torma Tax kax H aCOIHOTHO HEITPUBOIMMA, U HE CONEPIKUATCA
B HOPMAJIM3aTOPe MAKCUMAJILHOTO TOpa, cymecTByeT x € H Takoit, uro zGz~ 1 N
G = {E}. Taxum o6pasom, Mot mosygaem, uro { £} — orkpuiras noarpymia 8 G, r.e. G
UCKPETHA, — IPOTUBOPEUNE.

2) G — meabenesa rpyma. Torma Ge3 orpaHryeHus: OBIMHOCTA MBI MOXKEM CUli-
TaTh, uto Bce (F; HeabeseBLl Ipu 4 > j (B MIPOTUBHOM CJIyYae MLI MOYKEM MOJIOKUTL
G = G; nms aexoroporo i). Torma kommyTtant U = [G, (] — HerpuBnasbHas abeesa
yHunoTeHnTHas noarpymaa B G. B cuimy abcomrorHo# HenpuBoanMmocTy H cyimecTByeT
x € H rakoit, uro Uz~ N U = {E}. C apyroii croponor, Tak Kax £Gx ! — OTKpLI-
Tas MOACpyImIa, TO HafimeTcsa Taxoe 4, urto G; C G~ !. Tak kak G; Heabemena, TO
V =[G, Gi] # {E} u nerxo Bunets, uro V C zUx~! N U — nporusopeune.

Wrak, Mot mokazanu, uto f) = s. Torma HafineTcsa KOHrpysHI-oarpymia I'; Taxkasd,
uyro I'; C H (cm. [22; ru. 5]). B uacteocTn, H CONEPIKNT YHUIOTEHTHLIE TOMT DY LI

BUIA )
1 0 1 pa
= {(L ) aem). = {(170)0ez,)

Ilanee, HeOrpaHNUEHHOCTL H o3HauaeT, uTo Halimercs »aemeHT h € H Tako#, uto
|[trh|p, > 1. B camom mese, ecmu MBI IIPEIOJIOKIM IPOTUBHOE, TO CJIEALI BCEX dIe-
MeHTOB 13 H npusamiexar Zg,, OTKyzxa rpyma H conpstkena noarpymae SLo(Zp)
(cM. [23]) mm [12; nemma 1.4.3]), r.e. H orparudesa. 9TO IPOTUBOPEUNT YCIOBUIO Te-
opemsl. [lokazkeM, 9TO CODCTBEHHBIE 3HAUEHNA MaTprIel i nmprHannexar Qp. Ilycts
trh =p~*a,rne a € Z;, s > 0. Torna xapakTepucTriecKuii MHOrouset h nveer Bun
fly) = y>—p~*ay+1, aero mckpuvumaanT pasen D = p~25a? —4 = p~25(a? —4p>*).
Taknm obpaszom, D sasisercs ksamparom B Qp, ciemoBaresnHo, kopHu f(y) mexar
B Qp. Utak, h conpsizxer B GL2(Qp) ¢ maronanHOi MaTpumeii B

diagl\M A1), A=p %y, s>0, ve Zy,.

Bes orpanrdenns oOIMHOCTH MBI MOYKEM CUMTATL, PACCMATPUBAS IPY HEOOXOMIMOCTH
conpsukerHyio ¢ H rpymmy, uto h = diag(A\, A~!) € H. Tenep:n serxo mokaszath, uto H
COIEPKUT CJIEAYIONIe YHUNOTeHTHLIE noarpymmb B SLa (Q)):

io{(a ) eeah e {(31) e}

1 0
p'p1
uTO6EI 25M + 1 > 4. Torma erko Bunets, uro h™zh~™ € Uy, cienosaTensso, © € H.

B camowm nene, mycts © = ( > € Vi,rrer <iuf € Z,. Bubepem m Tax,



8 B.B. BEHANI-KPMBEILL

Takum ob6paszom, V; C H. Amasnoruuno, Vo C H. X0opomo U3BECTHO, YTO HOATPYIILL
Vi n Vo mopoxmazot SL2(Qp). CrnemoBaremnuo, H = SL2(Q)p), uro u TpeboBarocs
MoKa3aTh. Jlemma 1 mokasama.

JIEMMA 2. IIyems X, Y - nenpueodumvie Q-onpedesennvie afdunnme mro-
zo06pasug, dimY > 1, u nyems f: X — Y — domunanmuwnid Q-onpedesennni
pezyagpunt mopfusm. Tozda cywecmeyiom npocmoe p # 2 u mouka x € X (Qp)
makue, wmo ne ace koopounamu mouxy f(z) € Y(Qp) npunadaeocam xoavyy Zp.

ITOKA3ATEJNLCTBO. Ilycts K — asrebpandeckoe 3ambikanve moss Q. Ilycts D —
npon3BOLHAS HenmprBomaMas Kpusaa B Y (K), mmyers L C f~1(D) — npoussosnHas
HempUBOMMIMAs Kpusas Taxas, uto f(L) mmotao 8 D. Iyctn D u L — mpoexTuBHLIE
3aMpikaausa D u L cOOTBETCTBEHHO, a L - rnamkas IPOEKTUBHASA MO L. Perymnap-
Hbiit MopduaM f: L — D ompenensier pamosaanabii Mopdusm f 1 L — D. Tak kax
KaXKILI PAIMOHAILHLIE MOP(M3M 13 TVIAIKO KPUBOI B IPOEKTUBHOE MHOI0OOpa3ue
peryJapes, a 00pa3 NPOEKTUBHOIO MHOr00Opa3us Py PeryIApPHOM OTOOPAKEHIN 3a-
MrHyT (eM. [24]), To f — peryaspHEIi clopnLexTuBHLI MoppusM. Ilycth v € D\ D
— BECKOHEUHO yIaJeHHAS TOUKa Ha D, u nyets w € f~1(v). KoopmmaTh Touek v
© w nopox naioT koneuroe pacumpenre Ki/Q. ITo reopeme mnoraoctu H.T'. Yebo-
TapeBa CyMIECTBYET OECKOHEYUHO MHOT'O NMPOCTHIX p Takux, uto K1 C Q. Bribepem
omHo m3 Takux p. Torma w € E(Qp), v € D(Qp). Tax Kak w — HpOCTaf TOUKA
Ha, Z, TO W WMEeT P-aqUUecKyi OKpPecTHOCTL W C Z(Qp) Takyio, uro W romeo-
MOp¢Ha OTKpLITOMy mcKy B Qp (cMm. [24; riasa II]). D10 o3HauaeT, UTO CyIECTBY-
eT OeCKOHeYHAs [OC/IeN0BATELHOCTL B/IeMeHToB w; € W takux, uro w; € L(Qp) n
lim; . oo w; = w B p-amraeckoii Tonomorma. Torma B crTy HEIPEPLIBHOCTH fMLI nMeeM
lim; 00 f(w;) = v. Hockomky v € D(Q)) ABAgETCS GECKOHEUHO yAATEHHON TOU-
KO, TO TTOCTIeI0BATETLHOCTL 2eMeHTOoB f(w;) = f(w;) € D(Q,) He orparnueHa. DTO
03HAYAET, YTO HAMIeTCS TAKOE §, UTO He BCe KOOPIMHATLI TOUKH f (w; ) IpUHALIEKAT Zp.
Jlemma 2 noxazaHa.

ITOKA3ATEJNILCTBO TEOPEMBI 1. Ilycts ssementst g1, ...,9s € ' TakoBer, yTO
PyHKIIM Ty, , . . ., Ty, HOpoxkmaroT kosbio 1'(I'). Torma mpoekmusa 7: R(I') — X(T)
onpenensercs popmyaoit w(p) = (7g,(p),...,Tg,(p)). Tak xak mo ycmosuro reope-
Mot 1 Met nveem dim X *(I') > 2, To HalimeTcs HEMPUBOMMMAS KOMITOHEHTa Z 3aMbIKa-
mua X 5(I) B Tomosnorun 3apucckoro Takas, uto dimZ > 2ulU = Z N X*(I') # @.
Iycts Z1 — conepxkamas Z Henpusomimas kommorenTa X (I). Tax kax X *(I") oTkpsI-
0B X(I') u X*(I') N Z1 = U, To MmHOXKecTBO U, & CIIeI0BATENLHO U Z, IIIOTHO B Z1 B
TOMOIOr MY 3apUCCKOro, T.e. Z = Zy. Ilycts p;: Z — Al — mpoexims, onpenensemas
Gopmyioit pi(z1,...,2s) = z;. Tak kak dim Z > 2, T0 CylmecTByeT Takoe i, 4To mpo-
eKIA p; TOMUHAHTHA, CJeI0OBATeILHO, p; (U) miotHo B Al B Tomosmorym 3apucckoro.
[MosTomy Halinercs nemoe uucao n > 2 takoe, uron € p;(U). llyctn YV = pi_l(n) C Z.
Torma mo TeopeMe O pasMepHOCTH cyoeB MopdmsMma dimY > dimZ — 1 > 1m
Y NU # @. Hanee, mycts X — takas menpusommvas kovmorerta 1 (Y), aro 7(X)
mnotHo B Y. Ilpumvenss nemmy 2 kK MHOroo6pasusam X , Y 1 MOpOU3MY 7, MBI IOy YaeM,
YTO CYIIECTBYeT Takoe mpocroe p, uro R(Q)p) comep:kuT mpencrapieHne p O CIEmyIo-
M CBOMCTBOM: ) HEIPMBOMMMO U He BCe KOOPIMHATLI TOUKYU 7(p) NPUHALIEKAT Lp.
Iocnemmee osmavaet, uto Haiinercs j Takoe, uto ¢, (p) = trp(g;) ¢ Zp. Caenosa-
TesbHO, rpymna p(I') — Heorpamuuertas noarpyma SLa (Qy). Kpowme Toro, n3 mocTpo-
€HIISI IPENCTABJIEHNS p CIENyeT, uTo Ty, (p) = trp(g;) = n > 2. Takum obpasom,



O PA3JIO?KMMOCTHU KOHEYHO IMTOPO>KJEHHBIX I'PYTIII 9

muksmueckasi nonrpymna B p(I), mopoxk nennas p(g;), 6eckoneuna u orpanudera. Cie-
nosarennHo, p(I') — memmckpernas moarpymma SLa (Qp).

Teneps, ecau p(I') He comepKUTCS B HOPMAIM3ATOPE MAKCUMAIILHOIO TOPA, TO B CH-
ay nemmet 1 p(T') maoTsa B SLo(Q)) B p-amrdeckoi Tomonornu, otkyna p(I") (a caemo-
BaTesanHo [) siBisiercs: HeTPUBUAJILHLIM CBOOOIHLIM IPOM3BENCHIEM C O0LEIHEHHON
TIOATPYIIIOH.

IIpemmonoxum, uro p(I') conepxuTcs B HOpMaIU3aTOPE MAKCUMAJILHOIO Topa. [lo-
kazkeMm, ato cymectByeT smmoppusm f: p([') — Do, e Do = {(c,d | ded™t = ¢ 71,
d? = 1) = Z/27 * 7.]27 — Geckoneunas rpymma msapa. B caMoM meste, TOCKOILKY 110
nocrpoerrio p(I") abcomoTHO HEpUBOIMMA U GECKOHEUHa, TO B cuity [21; cencTaue 2]
p(T") conepxut HOpMaLHY 10 abeneBy noarpymty A uanekca 2 u wis moboix ¢ € G\ A,
a € Avoimveenm trz = 0, T.e. 22 = —E, uzar~! = a~ L. Mycm p(T) = AUzA -
pasnoxenve p(I') ma mBa cmexubix knacca. Tak kak A GeckoHeuHa, TO CyIIECTBYET
smvop¢usM f: A — C,roe C = (¢) — BeckoHeUHAs MK INUEcKast noarpyma B D,
nopox nernast ¢. [lonoxkum f(za) = df (a) ms npoussosnsaoro a € A. Jlerko mpose-
PUTDL, YTO MBI IMEEM KOPPEKTHO omnpenesienHoe otobpaxkenue f: p(I') — Dy muro f
sBisiercs smMopduamom. Tak xkak Do, — HETPUBUAJILHOE CBOOOIHOE [IPOU3BENEHIE,
1o p(T) (a caenoBarennuo I') ABIAETCA HETPUBUAILHLIM CBODOIHLIM IIPOU3BEICHIEM C
o0 LemHenHol nomrpymnmnoii. Teopema 1 moxazama.

§2. HexkoTopble BCmoOMOraTeJbHbBIE PE3YJIbTATHL

B sToM maparpage Mol DOKarxKeM DPsII BCIOMOIATENILHLIX Pe3yILTATOB, UCIOIL3Ye-
MBIX IIpU OOKa3arenncTBe TeopeM 2 u 3. Hinke Oymem 0003HAYATH KOJIBIO HEJBIX aJI-
rebpanueckux unces B C uepes 0, rpymny o0paTuMbIx 31eMeHToB B 0 uepes 0, cBO-
6omyIo rpymmty panra 2 ¢ obpasyoumvu g u h vepes Fr = (g, h), nanGosmmuii o6umii
ZeJIUTEND HeNbIX uncedn a u b yepes (a, b). Eciu K O L — koHeUHOE pacumpenue nosei
uzr € K, 1o uepes N /1 () Mbt Bynem 0603HAUATL HOPMY JTEMEHTA T.

Curenyromas seMMa XapakTepu3yeT SJIEMEHTLI KOHEUHOro nopsanka B SLa(C).

JIEMMA 3. IIyems 2 < m € Z u £E # X € SLy(C). Tozda X™ = E mozda u
moavko mozda, xozda tr X = e +e~ 1 20e e™ = 1, & # +1 (dpyeumu crosamu,
tr X = 2cos(2rm/m) oag nexomopozo r € {1,...,m — 1}). B wacmmocmu, ecau
tr X =0, mo X2 =—E.

ITOKA3ATEJNLCTBO. Ecimu X™ = FE, o yrBepx nerne oueBunro. Ecautr X = ¢+
e71, 10 ¢, 7! — coberRennLIe 3Havenusa Marpunt X . CrrenoBarennHo, X COMPSTKEH,
marpure diag(e,e 1), T.e. X™ = E, 4t0 1 TpeGOBAIOCD MOKA3aTD.

Hns cBoGomuo# rpymst Fy = (g, h) MHOrOOGpasmue npencrasnernit R(F») paBHo,
ouesnzHO, SL2(C) x SL2(C). Ussectro, uto xoubuo T'(Fh) HOpox aaeTca (pyHKIIAMY
Tg,Th, Tgn (cM. [12], [16], [17]). lna smementa u € Fp QYHKIMIO T, JaCTO HA3LIBAIOT

xapaxTepoMm Ppuxe smemenTa u.

JIEMMA 4. Jlag npoussoavhnx o, 3,7 € C cywecmeyrom mampuuywn, A, B €
SL2(C) maxue, wmo 174(A,B) = trA = a, T7,(A,B) = trB = 3, 14n(4,B) =
tr AB = 7.

DTy IeMMy HETPYIHO NOKA3ATh HEIOCPEACTBEHHLIM BBIUVCIICHIEM.
U3 memmr 4 cremyer, B wactocTn, uto X (Fo) = m(R(F2)) = A3. Kpowme Toro,
PyHKIIAY Tg, Th, Typ anrebpamdecku HesapucumMbl Hax C u mis moboro u € Fb Mo
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veeM
Ty = Qu(TgaTh;Tgh);

rne @y, € Z[z,y, 2] — 0OZHO3HAYHO OIPENEIeHHLIA MHOMOUIIEH C LELIMU KOD(PPrimenHTa-
Mu. MuOTrOUIEH (), OOBIMHO HA3LBAIOT MHOTOUIEHOM Ppuke smemenTa u. Ciemyromme
COOTHOIIECHUA MEXK Iy XapakTepaMu Ppuke CIemyIoT U3 COOTHOMICHUIA MEXK Iy CJICIAMI
pon3BOJLHLIX MaTpuil B SLa(C):

1) Ty=1 =Tu; 2) Tuw =Tou; 3) Toup—1 = Tu; 4) Tuw = TuTo — Typ-1. (1)

Hanee, Ham HyKHa Gosee neTasbHas MHOOPMAISI 0 MHOrOUIeHaX Ppuke (cM. [25]).
Paccemorprv Maorowenst P, (), KOTOPBIE YAOBIETBOPAIOT HAYAJILHLIM yCIIOBIIIM

P—l(A):Oa PO(A):I
U PEKYPPEHTHOMY COOTHOIIEHUIO
Pa(A) = APp_1(X) — Po_s(N).

Ecman < 0, nomoxmm P (\) = — P, —2(A). Crenenn, muorounena Py, ()\) pasna n,
eciun > 0, u pasHa |n| — 2, ecimu n < 0. Unaykuwell 0o n 1erko npoBepuTh, 9410

sin((n + 1)p) -

Pp(2cos(p)) = sin(ip)

(2)

W3 (2) cnenyer, uro muorounes P, (\), n > 1, uMeeT n Hyel, OrpeneeHHLIX OPMY IO

km
n+1

>\n,k::2005< ), E=1,2,...,n. (3)

Kpowme Toro, mo nHAYKIIMY JIETKO TPOBEPUTL, UTO Tpu 1 > () MBI IMeeM

Py (M) = X" 4+ (D)7,
Pop1(A) = XA"2 4 (1) ). (4)
Ianee, nycts w = g hPt ... g% hPs — mukugecku penymMpoBaHHOE CI0BO B Fb, 1
yCThb & = Tg, Yy = Th, Z = Tgh- Paccmorpum muorounen ®puke (., (,y, z) Kax
MHOroujieH ot 2. IlycTn
Qu(@,y,2) = My (2,9)2" + My_1(2,y)2" "1 + - + Mo(z,y).
JIEMMA 5 [25]. Cmenens muozowaena Ppure Q. (x,y, z) omnocumenvro z pas-

Ha S, m.e. paeha wucay baoxos suda g*ihbi e w. Cmapuui koadduyuenm Ms(x,y)
muozounena Qu(x,y,2) umeem eud

MS(JJ,:I/) :HPai—l(m)Pﬂi—l(y)- (5)
i=1

Curenyrommas neMma UrpaeT BaxKHyO POJIh B JOKA3aTEJILCTBE TeopeM 2 1 3.
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JIEMMA 6. ITyems T = (a,b | a™ = R™(a,b) = 1), 2de n = 0 wau n > 2,
m > 2 u R(a,b) — yukauvecku pedyyuposannoe codepaucauee b caoso 8 c60b600notl
zpynne, noponcdennoli a ub. Ipednoroxrcum, wmo cyu,ecmeyom makue Mampuibl
A,B € SL2(C), wmo tr A = o = 2cos(tw/n) dax wexomopozo t € {1,...,n—1} u
tr R(A, B) = Qr(a,y, 2) = ¢, 20e Qr — mhozousen Ppure anemenma R(g,h) € Fy,
¢ = 2cos(rm/m) das nexkomopozor € {1,...,m—1}, y =trB, z = tr AB. IIycmp
H = (A, B) - epynna, nopoxcoennars mampuyamu A u B. IIpednosoxcum, wmo
BHNOANEND, CALOYOULLE 080G YCAOBUT:

1) cywecmeyem yrnunomenmund (Aubo Konewnoeo nopsoka) ssemenm W €
H suda W = A1 BB ... A% BPs o 3; #0 dasri = 1,..., s, makoii, wmo
=301 Bi #0;
2) cywecmeyem asaemenm h € H maxoi, wmo trh ¢ 0.
Tozda zpynna ' seagemca nempusuasvuuim c80000HBM NPoussedenuem ¢ 006-
edunennot nodzpynnod.
IIpeonononcum, wmo emecmo ycaosus 1) eunoaneno caedywouiee yciosue.

1) B umeem xoneunwi nopsdox, m.e. tr B = 2cos(kim/k) 0asr nexomopuz
k>2uky €{l,....k—1}.
Tozda zpynna Ty = (a,b| a™ = b*Y = R™(a,b) = 1) Aeagemca nempusuairvsrs.m
c80000HBLM Npouzeedenuem ¢ 066e0URERHOT NO02ZPYNNOT 0ad 4100020 4eEA020 V.

Jloka3zaTeLCTBO ®TOM JeMMLI OIMpaeTca Ha Kiaccupukaimio bacca KOHEUHO mo-
pox nernbix nonrpymt 8 SLa(C) [26].

ITPENNOXKEHME 1 [26]. ITycms H C GL2(C) — konewno noposxcoennass nodzpyn-
na. Tozoa umeem mecmo 00uH U3 CACOYOULUL CAYUAES:

1) cywecmeyem snumopdusm f: H — Z maxoi, wmo f(u) = 0 Oad secex
YRUNOMERMHBT dnemenmos u € H;

2) trh € 0 dasx awbozo anemenma h € H;

3) H seadgemcs Hempusuaabhbim c80600kbM npouseederuem ¢ 00seduHennol
no0dzpynnoi.

ITOKA3ATEJILCTBO JIEMMBI 6. Jlerko Bumets, uto rpymma H u3 jeMMbl He yIooBJte-
TBOpAET ciydasM 1), 2) npemnoxenus 1. B camom mene, mpeanosoxum, uro f: H — Z

— Takoli srmmop¢usM, uro f(z) = 0 s 100010 YHUIIOTEHTHOTO djeMeHTa z € H.
Torma f(A) = 0, nockomky A%2" = E B cumy nemvnt 3. [lawee, f(u) = [f(B) = 0,
orkyzna f(B) = 0, DOCKOJLKY IO YCJIOBUIO ¢ A10O YHUAIOTEHTEH, JIubO0 MMeeT KOHEeU-

HBI nopsAnoK, al # 0. Taxum obpasom, f(H) = {0} — npotusopeune. Ilo ycnouro
nemMol H He ynoBsieTBopsier Takxke ciaydato 2) npenmnoxenvs 1. Cienosarennuo, H siB-
JISIeTCs1 HETPUBUAJILHLIM CBODOMHLIM IIPOM3BENEHIEM C 00LEIMHEHHON IOATPYIIION, T.€.
H = Hy xp Ho,rne Hy # F # Hy. lycrs A, B, H, Hy, H, F sBnstorcs obpasavu
A, B, H, Hy, Ha, F 8 PSLy(C) coorserctrenno. Ecrm —E ¢ H, to rpymmt H u H
u3omopduet. Ecin ke —F € H, to —FE nexwr B nenrpe H, cienoBarensuo, —F € F.
B mro60M 13 aTHX cayuaeB H, % F % Ho u, cnenoBaTensio, H = H *5 Ho smas-
€TCST HeTPUBHAJILHLIM CBOOOIHLIM IIPOU3BEIEHNEM C 00LEMMHEHHOMR MO PYIITON. Y CJ1o-
Buatr A = au Qr(a,y,z) = cBIeKyT B cuy Jdemmer 3, uto A%" = R?™(A, B) = E.
Cirenosareso, A = R™(A, B) = 18 PSLy(C). Taxmv oGpazom, H spisercs sm-
Mop¢uLIM 00pa3om ', mosTomy I' Takxke ABIAETCA HETPUBHUAILHBIM CBOOOIHEIM IIPOU3-
BeIeHreM ¢ 00'LEIMHEHHON MO PYIIION.
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Iasee, eci Mt 3amernM yestosue 1) Ha 17), To rpymma H cHOBa SIBJIAETCA HOTPU-
BUAJILHLIM CBODOMHLIM ITPOM3BEIEHIIEM C 00bLearHeHHO# moarpymoit. Kpome Toro, Mot
meen A" = B" = R™ (A, B) = 18PSLy(C). Cenoarennno, H ssisercs smaMop -
ueM 00pazom ['y. Takum o6pazom, ' sBIIsgeTCS HETPUBHUAILHBIM CBOOOMHBIM IIPOU3BE-
nmeHveM ¢ 00 benuHeHHoN noarpymmoii. Jlemma 6 noxasaxa.

JIEMMA 7. 1) ITycmy 1,8 € Z, 20e s > 3 u (r,s) = 1. Tozda cos(rn/s) ¢ 0.

2) Hycmv s € Z, s 2 1, ur #0 (mod 25+ 1). Tozda 2cos(rm/(2s + 1)) € 0*.

3) ITycmb 0 # u € Z, p — HEKOMOPOE NPOCMOE YUCAO U € — NPUMUMUSHbLY
xopend u3 1 cmenenu dpu. Ioaoncum

a:r:2cos<2%ru), yT:2sin<%>, K =Q(e).

Toz0a cywecmeyiom r,r1 #Z 0 (mod p) makue, wmo p deaum oba wucaa Ngjo(2r)
u N g(yr ). B wacmmocmu, T,y ¢ 0*.

4) ITycmov u,c € Z, |u| = 2, ¢ # 0, u nycms p — npocmoe wucao, ve deasu,ee .
Iononcum o = —2cos(w/u), z, = 2cos(rn/(pu)). Toeda cywecmeyem r % 0
(mod p) maxoe, wmo c/(z, —x0) ¢ 0.

5) ITycmb p > 2 — npocmoe wucao. Tozda 0as awboeo 1 £ 0 (mod p) us > 1
umeenm sin(rm /p°) ¢ 0.

6) Iycmy t > 1. Toeda 0ax awbozo newemnozo r umeem 2sin(rr/2t) ¢ 0*.

IOKA3ATENLCTBO. 1) Ipemmonoxkmv, uro cos(rm/s) € 0. Torma misa moboro
d € 7 nmeewm cos(drm/s) € 0. TlockonbKy mo yemosuio (r,s) = 1, To mist mo6oro
ueioro [ Hatinercst takoe d, uro dr = [ (mod s). CrenoBaresnHO, 115t JIF0OGOT0 1esIoro |
Mbl mmeeM cos(lm/s) € 0. B cumy (3) muorounen Pg_1(\) nveet xopru 2 cos(lm/s),
l=1,...,s— 1. Torma muorounen P;_1(2)) nmeer xopau cos(ln/s),l =1,...,s — 1.
Ecmn s = 2s1 + 1 HeueTHo, To B cuity (4) mMbt mmeem Pag, (2X) = 22513281 4 ... 4
(—1)*t. Hockomky 1/22%1 ¢ Z, 1o Pas, (2)\) mMeeT KopeHn, e mpuHamTexkanmit 0,
T.e. Haiimercs Takoe [, uro cos(Iw/s) ¢ O — mporuBopeunte. Ecim s = 2s1 uerHo,
10 (4) Biteuet, uto Pog, —1(2X) = 2A(2251 72025172 ... 4 (—1)%1~1s;). Tlo ycaouto
s > 3, cenoBatenno, s1 > 2. Torma s1/22°172 ¢ Zu Pag, —1(2)\) mvieeT xopeHn, He
nprHamiexkamwii 0. CHOBA MBI HOJLY YMIIM IPOTUBOPEYVE, NOKA3LIBAIOMEE II. 1).

2) B cuny (3), (4) uncino 2 cos(rm/(2s + 1)) siBaseTcst KopaeM MEOTOUIeHA Pog(A\) =
A28 ... + (—1)® u, crenoBaTeLHO, IPUHAIEKHAT OF

3) Hockomky y, = 2cos((pu — 7)7/(2pu)) = Tpy—r, TO HOCTATOUHO IOKA3ATL
yTBepIK IeHue Wit T, lycts u = pfu/,rme f > 0,ptu/, wnycrs r = riu’,tne pfry.
Torma z, = 2cos(rim/(2pfT1)). B cuy (3), (4) MuOrowTen

fH1_ F1_
Pypre1_1(A) = A(NP 244 (-1)P 1pf+1)

umeer xopau 2 cos(r'm/(2pf 1)), 7 = 1,...,2pf 1 — 1, a mmorounen
fo f
P2pf_]_(>\) :)\()\210 2++(_1)p lpf)

mieer xopuu 2cos(r'w/(2pf)), v’ = 1,...,2pf — 1. Cnenorarennmo, MHOrOwTEH
Py,5 _1(N) nemmt vuorounen Py, r4+1_q(A), T.e.

P2pf+1—1(>\) = P2pf—1(>\)F(>\)’ (6)
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rme, Kak Jerko BumeTh, F(\) — mmoroumen crememm 2(pft! — pf) co crapumm
koa((umrenToM 1 u cBoGomHLIM Koa(drumentoM p. Kopmavm F'(\) ssiswoTcs
wncsa 2 cos(r'w/(2pf 1)), v’ # 0 (mod p). Jlerko Bumets, uto Haitmercs rq % 0
(mod p) Taxoe, uto N /(2 cos(rim/(2pf*1))) = +p° mna wexoroporo s > 1, uto n
TPebOBAJIOCDH IOKA3ATD.

4) 3amernM, uTO

o) () (e 525 (o £525)

[MosTOMY HAM JOCTATOYHO MOKA3aTh, UTO Mt HeKOToporo © Z 0 (mod p) Mur nveem
clayr ¢ O,rme ar = 2cos((r + p)n/(2pu)). Oycts K, = Qa,) nd, = [K, :
Q]. B cuny mokasamsoro souue 1. 3) cymectsyer r # 0 (mod p) takoe, 4yTo p menut

Nk, o(a;). Torma
c cdr
N — | = ¢Z
rol(sr) = Fgaton £

HOCKOJIBKY 110 yci1oBuio p { ¢. CienoBaTenbHo, ¢/ a, ¢ O, uto u TpeboBaIoch HOKa3aTh.
5) 3amermm, uto 1/ sin(rw/p*) = 2/(2 cos((p® — 2r)7/(2p®))). U3 nokasarenncrea
1. 4) cnemyer, uTo cymecTByer Takoe g = 0 (mod p), uro

T 2
sin(rom/p®) — 2cos((p® — 2ro)m/(2p*))

¢ 0.

[TokaxkeMm renepn, uro mig moboro r # 0 (mod p) mveewm sin(rw/p®) ¢ 0. pemnoso-
skuM npotuBHoe. Ilycts mis HekoToporo r, (r,p) = 1, mmeem 1/ sin(rr/p®) € 0. Tax
Kak (p,7o) = 1, To Halimercs rakoe d, uto 1 = drg (mod p®). Torna B cuity (2) mmeem

P, (2 cos(%)) _ sin(drom/p®) . sin(rm/p®)

sin(rom/p*) sin(rom/p*)’

OTKYOa MBI HEMEIJIEHHO ITOJIyYaeM, UTO

- ! =+— L Pd<2cos<m>>eﬁ’
sin(rom/p*) sin(rm/p®) p*
— IPOTUBODEULE.

6) llpu t = 1 yreepxknenue ouesumno. Ilpemmonoxum, uro ¢ > 1. B cuny m. 3)
HafimeTca medeTHOE () Taxoe, uto 2sin(row/2t) ¢ 0*. Iokaxkewm, uro mis OGOrO
HeweTHOro 7 nveeM 2 sin(rm/2t) ¢ 0*. INonyctum npotusHoe. I1ycTn I HEKOTOPOTO
neweTHOTO 1 MeeM 2 sin(rm/2t) € 6*. Jlerxo Bunets, uto Haiinercs Taxoe nemoe d,
uro 7 = drg (mod 2%). Torma s cuty (2) Mbt mveem

rom 2sin(rmr/2%)
Pyl 2cos| — | | =—-"—L—~.
d( ( 2t )) 2sin(rom/2°)
[ocaemee paBeHCTBO BaedeT, uTo 2sin(rom/2t) € 6* — mpormsopeune. Jlenma 7
OKA3AHA.
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JIEMMA 8. 1) IIycms s,t > 0. Toz0a

t
Py(\P:(N) =) Poty2i(N). (7)
=0

2) Mnozounen Ps(\) — Ps_1(\) umeem xopnu Ar = 2cos((2r + 1)7/(2s + 1)),
re{0,1,...,s—1}.

3) Ecau v = 2cos(2rn/(2s 4+ 1)), 20e s > 1, r € {1,...,s}, (r,2s+1) =1, mo
Py(vy) = Ps—1(7) ¢ 0™

4) Ecau v = 2cos((2r + 1)w/(2s)) # 0, 20e s > 2, (s,2r +1) = 1, mo
0# Po1(7) ¢ 0%

5) ITyemy v € 0. Ilpednoaoxcum, wmo vy ne paeno 2cos(rr/s), 20e r,s € Z.
Tozda cywecmsyem maxoe yeaoe l > 0, wmo Py(y) ¢ O*.

JTOKA3ATEJLCTBO. 1) 3agukcupyem s u nposenem uaaykimo mo t. Ecmut = 0,
10 Ps(A)Po(A) = Ps(A). Ecut = 1, 1o Ps(A)P1(A) = Ps(AM)A = Psy1(A) + Ps—1(\)
o onpenesnenuio. Jlasee, o MHIYKIMI UMeeM

Ps(A)Pe(A) = Ps(A)(APt—1(A) — Pr—2(}))

t—1 t—2
=A Z Ps—ty142i(N) — Z Ps_t1242:(N)
1=0 1=0

t t—2
= (Pe—tr212i(A) + Po—tq2i(N) = Y Pesyor2i(N)
3 1=0

2

|
-

Il
<

t—1 t
= Poyt(N) + D Psv42i(N) = Y Popyai(N),
1=0 1=0

UTO U TPEBOBAIOCH MOKA3ATL.
2) IpuanMas BO BHUMaHYE (2), TTOTyJaeM

_sin((2r +1)(s +1)m/(2s + 1)) —sin((2r + 1)s7 /(25 +1))
Psrr)=Psa(0r) = sin((2r + 1)7/(2s + 1)) =0.

3) Ucnonw3ays (2), moayuaem

1 B sin(2rw/(2s + 1)) = eos[ T
Ps(y) — Ps_1(y)  2sin(rn/(2s + 1)) cos(rm) * (23 + 1> #0

B cuuty I. 1) jemMmut 7.
4) Ucnonw3ys (2), mmeem

1 _osin((@r + Dm/(25) _ L, o8 (s—2r—m
Ps_1(y)  sin((2r +1)7/2) =(=1) ( 2s > ¢

B cuuty I. 1) jemMmbt 7.

5) Ilockonbky B cuiy (3) muorounen Pj(A) mveer kopru 2 cos(rm/(I + 1)), r =
1,...,1, o Moxuo 3armmcats Py(y) = Hizl(’y—Q cos(rm/(l1+1))). CnenoBaTeanHO, HaM
JOCTATOUHO MOKA3aTh, uTo ¥ — (£ + &7 1) ¢ 0%, rme & # +1 — HekoTOPLIH KOpeHs u3 1.
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Iycrs f(A) — venpuBommMbi Han Q MuOrOUIeH wis v, Ko — nose paznoxenus f(A), u
nycts K1 = Ko(zg), roe xo — KopeHn ypapserua ¢ + 1 = . Ilycts Z; — nemoe
sampikaave Z B K1 u p # 2 — HekoTopoe npocroe uucio. Ilycrs p; — HEKOTOPLIA
npocToit unean B Z1, nexanwii Han (p). Torma ki = Z1/p1 D Z/pZ = k — koHeuHOe
pacumpenve moseit. Mer umeem zg,yo € Z1. Illycts g, ¥ — oOpaswl zg, v B moJe ki
COOTBETCTBEHHO. TOrma CripaBeuBO PABEHCTBO

Fo+35' =7.

Mycts | = |k}| — mopamox My TummmKkaTuBHOl rpymme mons k1. Torma 7 = 18 ki.
Mycre Ko = K1(£), rme & — npuvutusHbii kopeds u3 1 crenernu [ 8 C. Hycrn Zo
— meJsioe 3aMbIkaHue Z1 B Ko, Po — HEKOTOPLI MPOCTOM umean Zo, JEKAIWI HAL P1,
uks = Zs/p2 D k1. Obo3zmaumm uepes A rpymny xopueli u3 1 creneru [ B Ko, a
uepes A — ee 06pas B ka. Ilokamewm, uto A = ki. Ipemmonoxum mpoTusHOe, T.e.
A # k¥. Torma mms HekoToporo neioro r, 0 < r < I, MBI UMeeM ET = 1,rme & -
obpas € B ka. D10 ozHauaeT, uto & = 1 + y, rae y € po. Torma (1 +y)! = 1, Te.
1+ C’lly + -4 C’llyl =1,rme Cli — COOTBETCTBY IO OMHOMUAJILHBIN KOS () (PUIIMEHT.
Caenosaremnuo, y(l + yy1) = 0, rme y1 = C’l2y + e+ Cllyl_l. Tak xkak y # 0,
TO ™Mbt IosTyyaem, uto [ € po NZ = (p). Hol = |kf| = p* — 1 mna mexoToporo ¢
— mportuBopeune. Urtak, HafineTcsa KopeHb € n3 1 crenenu | Takoii, uto € = Tg. ITO
osmauaet, uTo ¥ — (¢ + £~ 1) € pa u, caenoBaTemnrO, ¥ — (¢ + £~ 1) me ABIACTCH
emvmmIe# B Koinle 0. Jlemva 8 nokazaHa.

JIEMMA 9. ITycms Fo» = (g,h) — ceobodnas epynna ¢ obpasyouumu g u h.
Hononcum © = 74, y = Th, 2 = Tgn, t = Tgpg-1p-1. Cnpasedauen credyouyue
ymeep ncoeHu.

1)t =22 +y?+ 22 —zyz — 2.

2) ITycmv R = gh(ghg=*h=1)%. Toz0a

TR = (Ps(t) — Ps_1(t))z.
3) IIyemy T = (gh)~1(ghg=th=1)*(gh)?(ghg=*h~1)%. Tozda
= (t — 2)PS_1(t)22’3 + (2= Pas—1(t) + Pas—2(t))z.
IIOKA3ATEJBCTBO. 1) PaBencrBo noka3niBaeTcs HEMOCPEICTBEHHBIM BLIYICIIEHU-
eM ¢ momonso cootHontenit (1) (em. [16]).

2) Ilycto u, v — npousBoJmHLIE 31eMenTsl Fo. Torma, ncnosin3yst MHLYKIWIo 1 CO0T-
Homerus (1), JIerko MOKa3aTh, UTO UL JEOOLIX HEJIBIX P U ¢ CIPABEIIUBO PABEHCTBO

Turvs = Py 1(Tu) Py—1(T0) Tuv — Pp—2(Tu) Py(Tv) — Pp(Tu) Py—2(70). (8)
Homnoxum Tenepn . = gh, v = ghg~'h~'. Torza
Tu =2, To=1t, Tuv =Tgp(ghg—1h-1) =2t —Tg-1p-1 =2(t—1).
CunenoBaresnHO,

Tuvs = Ps—1(T9)Tuw — Ps—2(7p)Tu = Ps—1(t)(t — 1)z — Ps_a(t)2
2(tPs—1(t) — Ps—1(t) — Ps—2(t)) = 2(Ps(t) + Ps—2(t) — Ps—1(t) — Ps—2(t))
= 2(Ps(t) — Ps—1(t)).
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3) Hycro u, v Takue xe, Kak u Boime. Torzaa, ncnosn3ys coorHomenus (1), (8), Mo
nMeeM

Ty-lys = Ty-1Tys — Tups = 2(Ps(t) — Ps_a(t)) — 2(Ps(t) — Ps_1(t))
= 2(Ps_1(t) — Ps—
Ty2ps = TuTuvs — Tys = 2~ (Ps(t) — Ps_1(t)) — Ps(t) + Ps—2(t);

T3 = 25— 3z.
CirenoBaTesnLHO,
Tu—lysy2ps = Ty—lysTy2ys = Tyd3 = 23((P8(t) - PS—l(t))(PS—l(t) - PS—Q(t)) - 1)
+2(3 — (Pacr (1) — Paa(t))(Ps(t) — Pa_s(t))).

YTIpOCTIM MOy YeHHOE BLIpaKeHue, UCnoib3ys (7). Brauamre paccMoTpuM Koo G-

ent mpu 2°:

(Ps(t) — Ps—1(8))(Ps—1(t) — Ps—2(t)) —
= P,(t)Ps_1(t) + Ps_1(t)Ps_ g(t) Ps(t)PS o(t) — Ps_1(t)? —1

= Ps_1(t)(Ps(t) + Ps—af ZP2Z o(t) — Ps—l(t)2
=tP,_1(t)? — 2Ps_1(t)%> = (t — 2)PS_1( t)2.

Teneps paccMOTPUM KOS PYUIMIEHT 1P 2:

3= (Ps—1(t) = Ps—2(t))(Ps(t) — Ps—2(t))
=3 - P,(t)P,_1(t) + PS 1(t)Py_a(t) 4+ Ps(t)Py_a(t) — Ps_o(t)?
s—1 s—

S
=3-> Py 1(t)+ Z Poi—1(t) + ) Pai(t) — > Pa(t)
= 1 =0

M)

1=

=2- Py 1(t) + st—z( )-

Jlemma 9 nokaszama.

B zaxumouenue § 2 mokaxkeM, KaK MOYKHO BLIBECTU cJyrencTBre 1 u3 TeopeMsl 1. 9T0
IACT HaM Apyroe nokasareincrso runoresnl 1. IIycrn I' = (a,b | R™(a,b) = 1),
roe m > 2, R(a,b) = a“1b% ---a%sb% u;,v; # 0,s > 1, u R(a,b) me aBusercs
COOCTBEHHOM CTEEHbIO.

Paccmorpum crauasia cayuait m > 3. Iokaxkem, uro dim X *(T') > 2. Teopema 1
TOr 14 HEMEIVIEHHO BJIEUET, YTO | ABIIAETCA HETPUBUAJILHLIM CBOOOIHBIM IIPOU3BEICHU-
eM ¢ 00 LemMHenHoH moarpymoii. B MEOroo6pasmm xapaxTepo X (F») = A3 cBoBommoit
rpymnst Fy = (g, h) paccMOTPHM FUIIEPIIOBEPXHOCTD V', ONPENeIIeHHY 0 Y PaBHEHIEM

2m
TR(g,h)(xayaz) = QCOS<E>7 (9)

Toe & = Tg,Y = Th, 2 = Tgh. B cury meMMer 5 ypaBHerre (9) MOXKHO 3aIICaTL B BILIE

Fa92) = Mafa)s® o+ Malo) — 2005( 2 ) =0 (10
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Mut yreepx maem, uto V' C X (I'). B camom mene, myctns v = (o, Yo, 20) € V, uIycTh
A,B € SLy(C) — takue marpumet, uro tr A = zg, tr B = yo, tr AB = z3. Torma
B cuny gemmul 3 R™ (A, B) = E. Cnenosaremsuo, napa marpul (A, B) onpenesser
npencrasierve p rpymst [' B SLa(C). Kpowme Toro, o6pas npencrasierus p 8 X (I')
cosmanaer ¢ v. CnenoBarensuo, v € X (I'). Hanee, myctn Vi, . . ., V;. — HenmpusomiMbie
koMnoreHTH! V. Jlerko Bunets (cm. [24]), uro dim V; = 2 mia mob6oro 4. Ham ocraercs
nokazath, uro V N X4(T') # @. Iomyctum npotusHOe. Torma BCe MPenCcTaBIICHI,
COOTBETCTBYIONIME TOUKAM 13 V, IPUBOMIMLI. DTO O3HAYAET, UYTO PEryJIAPHAA ()yHK-
ST Ty o111 — 2 TOXK MECTBeHHO para 0 ma V. Cenoparesnro, B cury 1. 1) memvnt 9
“MeeM

gz oy, 2) =22 +y> +22 —ayz—4=0

ma V. Takum obpasom,
f(z,y,2) = Cy(z,y,2)?, (11)

rae C' — ormmunas ot 0 korcTagTau d > 1.

Eciu ms HeKOTOPOro § MLI rMeeM |u;| > 2 aubo |v;| > 2, TO TOra B CIILY JIEMMLL 5
crapumii koo priwent M, (z,y) B (10) He koHCTaHTa U paBeHCTBO (11) HEBO3MOXKHO.

Iycrs reneps |u;| = |v;| = 1 mai = 1,.. ., s. Ipexkne Bcero, ecm mwist HEKOTOPO-
O § MBI IMEEM U; = U;41 00 U; = V41 (U1 = Ug mubO U1 = Vg IPU L = ), TO MOKHO
PacCMOTPETE HOBLIE 00pasytonme rpynmt . TIpeamomoKuM I OTpeIeTeHHOCTH, ITO
u1 = ug. Homoxum a; = ab", by = b. Torma ' = (a1,b1 | R (a1,b1) = 1), roe
R™(a1,b1) = a?fllblll1 e aqf;blll;, up, v #0,r > 1uuj > 2. OroT cayvait GbLI pac-
CMOTDEH BLIIIIE.

Taxum 06pa3oM, MLI MOZKEM IPEINOJIOKUTD, UTO Uiyl = —Ug, Vig1l = —v;. llo-
CKOJILKY TI0 ycsoBuio R(a, b) He sBasercsa coOCTBEHHOU cTenenno, To mis R(a, b) nve-
IOTCA C TOYHOCTLIO M0 IMKJIMIECKOM MEPECTAHOBKY JIVIL IBE BO3MOKHOCTH: R(a,b) =
aba=1b~! 6o R(a,b) = ab~la~'b. B oboux cayuasx MBI mMeeM

P P
f(z,y,2) =w2+y2+z2—$y2_2_2cos<_ﬂ) :g(a:,y,z)+2—2c08<_ﬂ)-
m m

27
Tak xak 2— 2 cos (— # 0, TO OuUeBUIHO, UTO ¢(Z, Y, Z) HE IMEET B STOM CJIyJae HyJiel
m

maV.

Wrax, mpu m > 3 mbl nokaszasmu, 4ro rpymia [’ sBisercsa HeTprBraIbLHBIM CBODOI-
HBIM [TPOU3BEIEHNEM C 00LeIMHEHHON TOATDYTIION.

ycts Teneps m = 2. B atom cityuae pacemorpuv rpymmy 'y = (a, b | R*(a,b) =1).
Brmme Mur nokaszasmu, uro dim X *(T';) > 2. U3 nokasaremscTBa TeopeMsl 1 Torma cie-
nyet, uTo Hafimercs npencrasienue p: 'y — SLa(Qp) mws HekoTOpOro mpocToro p ta-
koe, uto p(I'1) mmorro B SL2(Qy) B p-amrueckoit Tonomornu. CirenoBarensro, p(I')
SIBJISICTCSL HETPUBUAJILHBIM CBODOIHBIM [IPOU3BENEHNEM C 00'LEIVHEHHON IOAr DY IO,
Oyctn G = p(T'1) —06pas p(I'1) B PSL2(Qp). Torma serko Bunets, uro G Takke ABILA-
€TCSI HETPUBUAJILHBIM CBOOOIHBIM IIPOU3BENeHreM ¢ 00bemuaenHol noarpymmoit. Ho G
SBIAETCA SImMOpOHLIM o6pazoMm I') otkyna I' sBisieTca HeTpUBUANLHLIM CBOOOIHLIM
MIpOU3BeNeHrEM € OObEIMHEHHON IO PYIIIO, UTO 1 TPeDOBAJIOCH TIOKA3ATh.
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§3. Iloka3aTeJbCTBO TEOPEMBI 2
1) Mycrn Ty, = {(a,b | a® = b* = R?(a,b) = 1), unycrs, F» = (g, h) — cBobomas
rpynma ¢ obpasytommmu g u h. Honoxmm . = 74, f = 1, = 2cos(n/k), 2 = Tygp.
PaccmoTpuM ypaBHeHue

QR(g,h)(ma/Baz) =0, (12)

rne ( r(g,n) — MHOrouseH Ppuke snementa R(g,h) € F>. B cuty nemMur 5 MbL MOXKEM
sammicats (12) B Bune

Ap(z)z® + -+ As(x) =0, (13)
roe Ao(z) = [[;_; Pu;—1(2)Py,—1(f). Tak Kak mo yCioBuio Haiinercs Takoe i, 9ro
|u;| > 2, To deg Py, —1(x) > 1. Hycts £9 = —2 cos(m/u;) — oms u3 Kopreit Py, _1(x).

Torma z — g mesmr Ag(z). Ilycts Ag(z) = (z — x0)Bo(z), roe Bo(z) € O[z].
Sammmuewm (13) B Buze

(x —x0)Bo(x)z® +--- + As(x) = 0. (14)

[Ipemmonoxum BEagase, uto Bee MHOrOUNeHnl Aj (), . .., As(x) neasresa va & — .
Torna (14) MOXHO 3anKCATL B BUZE

(x — o) f(x,2) =0, (15)

rze f(x,z) — HEKOTOPLIA MHOTOYJIEH OT &, 2. IlycTh 2o — npousBosbHbii s1ement C ra-
KO, uTO 20 ¢ O, nmycts A, B — takue matpuiwt u3 SLa(C), uto tr A = zg, tr B = §,
tr AB = zg. Iapa marpun (A, B) onpeznenser 1o IOCTPOEHUIO IIPEICTABICHAE IPYII-
o1 Iy, B PSLa(C). Ilpumensas semmy 6, moydaem, uro Iy, ABIAETCA HETPUBUAILHLIM
CBOOOIHLIM IIPOU3BENCHIEM C O0LEIMHEHHON IO PY IO,

Ipemmonoxum Tenepn, 94To He Bee MEOrOwIeHs A1 (1), . . ., As(x) nensrcaua x — .
[Iycro, nanpumep, A;(z) e memurcsa HA © — Tp, u nycth 0 # 6 = Aj(zp) € O —
ocTaToxk ot menmenus A (r) vHa x — xo. Moo ¢ = Ngsy/0(d) € Z. B xauectse
KOHEYHOTI'O MHOYKECTBA IMPOCTBIX UMCEI S, O KOTOPOM KIET PeUb B TEOPEME, BO3LMEM
S ={p € Z : p nemur c}. llpemmono:kum, uto n = u;pjf AT HEKOTOPOIO LETIOTO f U
mpocToro uncia p ¢ S Takoro, uro u;p { uj; upu j # i. Iycts @, = 2 cos(rm/(pu;))
nmustaekoroporor % 0 (mod p), unycrs K. = Q(0, x- —x¢). B cumy n. 3) memMmbt 7 Mot
MOKeM BLIOPATD 1 TaK, 9To p nesut N, /q(Tr — o) ¥ IO IOCTPOEHIIO P HEe NEJIT C.
Torma N, o(d/(zr — x0)) ¢ Z, cnenosarentuo, 6 /(x, — xo) ¢ 0. Taxum oGpazom,

“MeeM
Al(w’!‘) ¢ @
Tyr — X0
Hanee, Tak Kak p { r 1 pu; { w; mwis moboro j # i, 10 Bo(z,) # 0. [lomoxknM renepn
x = x, v 3ammineM ypasHerve (14) B Buze
As(zy)

Ar(zy) -1
P ML L b I AL E——) 16
(1‘7. — I'O)B()(l’r) (mr - mO)BO(xT) ( )
fcno, uro A (x,)/((zr — x0)Bo(zy)) ¢ 0, nockonnky By(z,) € 0. CnenoBaTenbHo,
ypasaenue (16) umeet kopenn zg ¢ 0. Pacemorpum marpuiwt A, B € SLa(C) Takue,
uTOo

trA=z,, trB=p, trAB = z.
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ITo nocrpoenmo mapa marpun (A, B) ounpemensier mpeacraBieHve rpynmnl [y,
B PSL2(C). Ilpumenus semmy 6, mosryuaem, uro rpynmna 'y, ABISeTCA HETPUBUAILHLIM
CBOOOIHLIM IIPOU3BENEHNEM C O0LEAMHEHHON IO YIMIOMN.

2) Coxpannm o6o3uauenus . 1). Pacemorpum ypaBHenue

QR(g,h)(maﬁaz) =7t (17)
rze y¢ = 2 cos(tw/m), m { t. Ucnonn3sys memmy 5, MoxkHO 3amcath (17) B Bune
(x —x0)Bo(x)2® + -+ As(z) — v =0. (18)

IIycrs z, = 2 cos(rm/(pus)),roer # 0 (mod p). [lokaxkewm, uro HafinyTcs t u r Takue,
uro (As(zr) — 1)/ (xr — o) ¢ 0. B camom nese, DOy CTVIM IPOTUBHOE.

Buauause pacemorprm coayuait m = 3. Torma y; = 1, 72 = —1. Ilockoabky 0b6a
umesIa

(As(zr) = 1)/(zr —20), (As(zr) +1)/(zr — 20)

npuHamnexar ¢, To ux pasHocts 2/(z, — o) € O mis moboro r £ 0 (mod p).
[MockoubKy 110 yCa0BUIO p # 2, TO MBI [OJIy4aeM IPOTUBOPEYNeE C 1. 4) jJeMMbI 7.

ycts Terepn m = 2¢. Torma Yoi—-1 = 0, Yo1—2 = /2. TlockombKy 06a unca

As(zr)/(zr — 0), (As(zr) — \/5)/(337‘ — x0)

npusamexar 0, T0 ux pasHocTb /2 / (v, —x0) € 0, a cienoarensuo, 2/ (2, —xg) € 0.
OmATn nomyYyaeM mpoTUBOpeYre C II. 4) JeMMuL 7.

Urak, Buibepem ¢ u r Tak, yrobnt (As(xzr) — v¢)/(zr — x0) ¢ 0. Tax kaxk p { ru
pu; { uj s mobdoro j # i, 10 Bo(z,) # 0. Honoxnm ¢ = x,. u 3ammmewm (18) B Buze:

As(mr) -Vt
(zr — x0)Bo(zr)

ITo moctpoernio (As(zy) — v¢)/((r — 20)Bo(zy)) ¢ O, cnenosaremnsro, (19) mveer
KopeHb zg ¢ 0. Pacemorpum marpuiwt A, B € SLy(C) rakue, uro

284+ =0. (19)

trA=z,, trB=p, trAB = z.

ITo mocrpoenmo mapa Mmarpunt (A, B) ompemenser mpeacTaBieHue Tpymmnl [,
B PSL2(C). Ilpumenus semmy 6, mosyuaem, uro rpymnna 'y, sSBiseTcs HeTpUBUAILHLIM
CBOOOIHBIM TPOU3BEIEHVIEM € 00HeIMHEHHOM IOArD Y IIION.

3) Iycrn m > 3um # 2!, Coxpamum obo3sauerns 1. 2). Ilokaxken, uto HafimyTCs
rakue t Z 0 (mod m)ur £ 0 (mod p), uro (As(z,) — v¢)/(xr — z0) ¢ 0. B camom
nesie, nomyctuM nporusHoe. Ilyctn ms moboix ¢ Z 0 (mod m) ur # 0 (mod p)
mveeM (Ag(zy) — )/ (zr — m0) € 6.

Brauase paccMoTpuyM Cirydaii, KOraa 1m HEYeTHO U 1M, NEJTATCA Ha 1iciio Buaa 4g + 1,
g > 1,1e. m = (49 + 1)m1. PaccmorpuM uncia 0 = Yatm, = 2cos(2tw/(4g + 1)),
t=1,...,2¢9. Torma 1l + Z?il 0; = 0 xak cymma Bcex kopueit u3 1 crenenu 4g + 1.
OTmernm, uTo —64 = Y(ag41—2¢)m;- Lyets C; = (As(zy) — (=1)'0;)/(xr — T0)-
Torna Mer umeem

29 295 1
—1)iC; = — L= €0

i oboro r # 0 (mod p) — nporuBopeune c 11 4) neMMel 7.
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IIpemmonoxymy Tenepn, 4TO 1M HEWETHO W M He mMeeT meswreneidl Buma 4g + 1,
g=>1 Tormam =4g+3, g > 1. Mz uveem 1+ Z?fl'l v2; = 0 xKak cymma
Bcex kopHelt n3 1 crememu 4g + 3. Iomoxum Co = (As(zr) + 71)/(zr — x0),
Ci = (As(zy) — (=1)y2;)/(zy — z0) mnmi = 1,...,2g + 1. Torma

2g+1 ~ 1
)ic; = A ) 2
C°+;( )iC mr_xoe@ (20)

Hoxaxewm, uto 73 — 1 € 0*. Tak Kak vy, ABIAETCA KOpHEM MHOrouneHa Pygy2(X),
TO 71 — 1 — KopeHn MEOrOuneHa Pygi2(A + 1). CBoGOMHDIA KOS ()PUIIIEHT MHOrOUIIE-
Ha Pygy2(X + 1) paBen

€ {-1,1,0}.

71') _ sin((4g + 3)m/3)
3

P, 1) =P 2 —
4g+2( ) 4g+2< Cos sin(7r/3)

3amernm, 4T0 Pygy2(1) = 0 TOrmam ToLKo TOrma, korna 3 nesmr 4g+3, 1.e. 3 memmr g.
Mycts g = 3g1. Tormadg+3 = 1291 +3 = 3(4¢1 + 1), T.e. 491 + 1 mestur m. Do mpo-
TUBOpEYNT Halemy npemionoxkenuio. CrenoBaTennto, Pygyo(l) = £1uy —1 € 0.
Torna us (19) crenyer, uro msa aoboro r # 0 (mod p) mveem 1/(z, — zg) € 0. Mut
CHOBA, TIOJTY UMY TIPOTUBOPEYUKE C II. 4) JTeMMDI 7.

Haxoserr, paccMoTpuM ciyyaii, Korma m 4eTHo, T.e. m = m129,rneg > 1, m1 > 1
HeveTHO. Paccmorpum uncna y;99 = 2 cos(im/my). Tenepn, paccyx mas TOUHO Tak xe,
KaK U B CJIy4yae HEYETHOTO 77} BBIIE, MBI [IOJIyYaeM IPOTUBOPEYNe C II. 4) JeMMLI 7.

Urak, Boibepem t u r tak, uro (As(xzr) — v¢)/(zr — x9) ¢ O. Torma cBoGomHbIA
koo prument B ypasHenru (19) ue npuramiexxkur 0 u ypasaenve (19) nveer KOpeHDb
z0 ¢ 0. Ilyctu A, B € SLa(C) rakue maTpuimt, 4o

trA=z,., trB=f, trAB = z.

[Mapa marpun (A, B) onpenenser no nocrpoeruto npeacrasienve 'y, B PSLy(C). Ipu-
MEHUB JieMMy 6, 3aBepIIaeM I0KA3ATENLCTBO TEOPEMDI 2.

3AMEUYAHUE. B psane ciaydaeB MOXKHO HOJIYUMTL 0OJiee TOUHYIO MHYOPMAIIO O
TOM, KOT'Ia ODODIIEeHHAS TPeyrobHAsA rpyrmia [ ABIIAe TCA HETPUBUAILHBIM CBODOMHLIM
IPOU3BEIEHNEM C O0LEAMHEHHOU momarpynmnoii. Hampumep, paccMOTpUM CIIEMYIOILY IO
rpymy [y = {(a,b | a®> = b¥ = (ab?)® = 1). Torma u3s Teopemst 2 ciIemyeT, YTO eciu
k =2k, rmel < ki # 2!, 10 T}, — HeTpUBMAILHOE CBOGOIHOE IPOM3BEIEHNE C 00HEI-
HeHHOM noarpymoit. O IHAKO JIerko BumeTs, uron mis ky = 24,1 > 1, rpyma I'y, axsxe
SIBIISIETCS HETPUBUAJILHBIM CBODOMHBIM TPOU3BEIEHIEM C 00 bEIMHEHHON ToArpynnoii. B
camoM zete, mycth o = (g, h) — cBobommasa rpymia, © = 7 = 0,y = T3, 2 = Typ.
PaccmoTpuM ypaBHeHue

Qgh2(0,y,z) =yz = 2603% =1.

Mycrs y = y, = 2 cos(rm/2!T1). Tormas cuty m. 6) eMMLI 7 11 TIOGOTO HEUETHOTO 7
nveeM zp = 1/y, ¢ 0. Tenepn nemma 6 Bieuer, uto I'y, SBISETCS HETPUBUAJILHBIM
CBOOOIHLIM IIPOU3BENCHIEM C O0LEIMHEHHON IO PY IO,
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§4. Jloxa3aTeJLCTBO TEOPEMBI 3

Buauaute npemmosnoxmv, uro mis caosa R(a, b) = a¥1b¥! - - - a¥s b¥s MuIvMeeM Hepa-
BEHCTBO ¥ = MaXigi<s |Vi| = 2. Torma B cuiry TeopeMo 2 HalimeTcs Takoe IPOCTOE P,
urorpyma 'y = (a,b | a™ = bPY = R™(a,b) = 1) sBAsAeTCSA HOTPUBUAILHLIM CBOOOX-
HBIM [Tpom3BeneHreM ¢ o0 bemuaennol nonrpymmoii. [lockonbky ['y sBisercs smumopd-
HuIM 00pasom I, 1o [' Takike SBIISETCSA HETPUBUAJILHLIM CBOOOIHLIM IPOM3BEIEHUEM C
00BLEMMHEHHOM IO PY IO,

Taxum 06pazom, O6e3 orpaHnUeHrsT OOITHOCTY MOYKHO TIPEINOJIOKUTE, UTO

R(a,b) = a™b" - --a"sb"s,

roe v; € {—1,1},i = 1,...,s. IIpemmosoxum, uyro nafinerca takoe i, 1 < i < s,
uTo JIMbO v; = W;41, MO0 v1 = vg. IlycTh mus ompemenennocTn v; = va. B aTOM
cJIyyae MOXKHO PacCMOTPETDhL HOBLIe oOpasyiomme rpymint [': a1 = a, by = a*“2b!.

Torna nerxo nposeputh, uto I' = (a1, b1 | a = RT*(a1,b1) = 1), roe Ri(a1,b1) =

! ! / /
U101 Urp Y1 / / S
a, byt ratd 1> 1,0 <wup < n,vp £O0mnad = 1,...,1. Ilpu sTOM MLI MMeeM
v’ = maxigig; v} = 2. Ho MbI TOIBKO 9TO NOKa3asm, 4T0 B 3T0M ciaydae [ aBisercs
HETPUBUAILHLIM CBOOOMHLIM IPOM3BENEHNEM ¢ O0LeIMHEHHO IO PYIIIOH.
Takum 06pazom, H6e3 orpaHryeHns OOIHOCTY MBI MOXKEM CUATATD, UTO

R(a,b) = a™ba"2b~1 ... qU¥2k—1pgu2kp~1,
rmek>1,0<u; <nmai=1,...,2k. Homoxumc = ba~1b~1. Torma
R(a,b) = a"tc™ "2 ... q"2%k-1c™ "2k = Ry(a,c).

Ilyctn F» = (g, h) — cBobomas rpymma paura 2, f = hg~th~!. Homoxum x = 74,
Y=7Th,2="Tgn,t =Tgf. Tormats =74 =x,t =Tgf = Tgpg-1p-1 = 22 +y? + 2% -
xyz — 2B cuny 1. 1) nemmnr 9. Pacemorpum snement Ry (g, f) € Fa kak cnoBoor gu f.
Mycro q(x,t) — Muorounen Ppuke saementa Ry (g, f), T.e.

q(z,t) = Qry(g,£)(TgsTF Tgr) = QRy(g,5) (T, T, 1).

Tax kax Ri(g, f) conepxur k 6mokos Buma g% f~%i+1, T0 B Cruly JIeMMBL 5 CTEICHD
MHorousieHa ¢(x,t) oTHOCUTENLHO ¢ paBHA k, a crapumii Kos(¢mmentT q(x,t) paBeH
(—1)F H?il P,;—1(z). Tak xax o nocrpoermo R(g, h) = Ri(g, f), To

Qr(g,n)(@,9,2) = a(@,t) = q(z, 2% +y* + 2% — zyz - 2). (21)

Honoxum Teneps & = Ty = o = 2cos(rm/n), v = 2cos(lr/m),rne r # 0 (mod n),
[ #0 (mod m), u paccMOTpUM ypaBHEHUE

QR(g,h)(aT‘)yaz) =M (22)
B cuy (21) ypasrenvie (22) MOYKHO 3aIMCATE B BUIE
q(ar,t) = . (23)

JIEMMA 10. Cywecmeyrom maxue r,l € Z, 2de r £ 0 (mod n), | #Z 0 (mod m),
wmo Py, _1(ar) #0 dag i =1,...,2k u ypasnenue (23) umeem kopews t = to # 2.



22 B.B. BEHANI-KPMBEILL

IIOKA3ATEJIBLCTBO. Ilycts BHavane m > 3. B atom ciyuae v1 # 2. [omoxum
r = 1. Torma crenem, muorounena g(ai,t) paBHa k U ACHO, YTO XOTA OLI OMHO U3
ypasaenuii ¢(av1,t) = 1, ¢(a1,t) = 2 uMeeT KopeHs ty # 2.

[Ipemmonoxum Tenepn, uro m = 2 u ypasHerue ¢(a,., t) = 0 uMeer enMHCTBEHHDLIA
KOpeHb ¢ = 2. D70 o3Havaer, yro g moboix Marpun A, B € SLy(C) Takux, uro
tr A = tr B = a,-, ycaosue tr R1 (A, B) = tr A¥1B~42 ... A%2k—1 B~ %2k = () reuer,
uro tr AB = 2. Ilokaxkem, 4To ®T0 He Tak. UTOOLI HOJYyUYNTL IPOTUBOPEYNEe, HaM
IocTaTouHo HaiiTy MaTpriml A, B € SLa(C), yIOBIETBOPAIOMINE YCIOBUAIM:

1) trA=trB = ay,
2) tr AB # 2,
3) tr Ry(A, B) = tr AV B2 ... Ausk—1 B~ U2k = ().

Bynem uckar, A u B B Buze

_[Eer w _f(er O
A‘(O s:1>’ B_(w s:1>’

roe e, + e, = a, = 2cos(rm/n) u w - HeKOTOpas MepeMerHas. JIETKO BUMETE, UTO
tr AB = w? + 2 + ¢, 2. Cnenosarensro, ycaosue tr AB # 2 5KBUBAJEHTHO TOMY, UTO
w2 +e2 +e,.2#2,1e.

2 2, -2 2rm . ofrm
w*#£2—(e;+¢e,.°)=2—2cos| — | =4sin”( — ).
n n

JIerko mpoBepUTL MO WHAYKIWY, UTO

i _ (e Pica(an)w i el 0
4 _<0 et , B'= Pi_1(ap)w et )"

r

Ilasee, HETPYIHO [TOKA3ATh, YTO

_ [ 4 Ci(an) w4 Cp () w? wf1 (w)
Bi(4,B) = ( w f2(w) ey 44Dy (a)w’+ 4 Dy g (ap)w? 2 )7

rred = Y28 ws, Crlay) = (—1)F T2, Pui—1(ar), f1(w), fo(w) — sexotoprre wro-
I'O4JIEeHLI OT W. CJIeI[OBaTeJIBHO,

tr R1(A, B) = Cx(ar)w?* + -+ + (C1(ar) + Dy(ar))w? + (e + %) = g(w?).

Moxaxem, uto Haiinercs Taxoe 7, 1 < 7 < n, uto Ck(ay.) # 0 u mEorounen g(w?)
VMeeT KOPeHL wo Takoi, uro w3 # 4sin(rm/n). Mpemonoxum nporusroe. Ilyctn
UL KasK 10ro 1 Takoro, uto Ck (a,-) # 0, umeem

9(u?) = Ci(a) <w2 - 4<§>>k (24)

CpaBHuBas cBOGOIHLIE UJIEHEL B JIEBOH 11 IpaBoii uacTul (24), a TakKe yUNTLIBAS BEIPA-
xkenwe wiia C (o), momyuaem

([T s (oee(2)) ) (sn(2)) " =2m(22). o
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B cuny (2) Mot umeem Py, —1(2cos(rm/n)) = sin(u;rm/n)/ sin(rr/n). Samimem u; /n
B Buze u, /n;, roe (u},n;) = 1. Torma (25) mveer Bun

1 (2n(57)) =200 o

TaknuM 06pa3oM, UTOOBI 3aBEPIIATL TOKA3ATENLCTBO JIEMMDL, HAM AOCTATOYHO IOKA-
3aTh, 9TO MBI Oy IrM IPOTUBOPEYNE, €CIIV HPEMIONIOKIM, YTO PABEHCTBO (26) copa-
BEIUTMBO ST JIFOOOTO 1" TAKOT'O, UTO JIEBAS YacTh B (26) OTiMYHA OT HyJIA.

Pacemorpum BHagaIe cirydail, koraa n HedetHo. IlycTn ng = min; nj, 1 mycThb mis
ONPENETEHHOCTH 1y = n1. TOrma ny HEYETHO, W My CTH P > 2 — MPOU3BOJILHLIA IPOCTOM
nenurens ny. Honoxwmv r = ny/p. Torma 2sin(ujrm/ni) = 2sin(u)w/p). Ecim
j > 1, 7o 2sin(ujrm/n;) = 2sin(ujnim/(pn;)) # 0, HOCKOILKY MO NOCTPOEHIIO P j
He nenwt u'ing. Uz (26) ciemyet, uTo

J
lz_k[ <2 . <u;nﬂ>> _ 2cos(dmir/(pm)) _ o (27)

bl PN 2sin(ujm/p)

Ecnu pn nesmut dnq, 1o 2 cos(dnim/(pn)) = £1. Ecau pn e mesmut dni, 1o B cuiy
1. 2) semmsl 7 umeeM 2 cos(dny/(pn)) € 0*. B oboux cnyuasx n3 (27) caenyer, 4ro
1/(2sin(ujm/p)) € 6 —mporusopeune ¢ 1. 5) JTeMMBI 7.

ycts tenepn n = 2!n/, roe | > 1 un’ meverro. Mycrs n; = 2bin!, tne l; > 0, n/
HEYeTHO, 1 IIyCTh Ny = min; nj.

Ecmn > 1, 1o monozxmv r = 27/ rme v’ # 0 (mod n’). Torma (26) mveer Bun

2k 1ol—1; ! ’
20l d

H(Qsin(M)) :2cos< T/W), (28)
n; n

=1 ?

rze n’ — meverno. Bomme Mpr mOKa3asy, UTO B 9TOM CIIy4ae CyIECTBYeT I’ Takoe, 9To
neBas yacTh (28) orymusa ot 0 1 paBeHCTBO (28) He MMeeT MecTa.
IIycts Tenepn ny = 1. Ionoxm

I:{i:n%:l}, l():minli, IQZ{iEI:li:lo}.
el
Ianee, monoxum = 210~/ rne 7/ —meuerno. Torma mwisii € I meem

4 19lo—1p7 I~
2sin( L) —ogin(LE T —ogin( YT = 4o,
n; 2lo 2

Teneps pasercTBO (26) MOXKHO 3aIMICATD B BUIE

. wir'm 1 dr'm
H (2 Sm(gli—llo—i-ln;)) = o1 C°S<21—10+1n/>- (29)

i¢Io

Buibepem 1/ Tax, urobnl nesas dacth (29) Oouta orsiwmusa or 0. Torma mpasas
yacth (29) Tak:ke momxkHa ObITh omimuHa oT 0. Ecam mbr mveem |Ip| > 1 mmbo
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|To| = 1, a cos(dr'n/(21~l0H1n!)) £ 41, 10 neBas wacTs (29) mprmamiexur 0. Ho
B cuity m. 1) meMMel 7 mpaBas yacTb (29) He nprHamiexxutr @ — IpOTUBOpEUNe.

Wrak, octasnoch pacemorpers cayuait |Io| = |{ip}| = 1 u cos(dr'n/ (2! lo+1n))
= +1. B osTom cayuae (29) nmeer Bun

!0/
I1 <2 sm<#j§n,>> = 1. (30)
i#1i0 ?

Ecmu |I| > 1uig #i € I, t0l; > lp, n; = 1. CnenoBatensHo, st 1:060T0 HEUETHO-
ror’ nesasiuacts (30) ormrana ot 0 u (30) Brewer, uto 1/ (2 sin(ulr/ 7/ (2L~ lo+1))) € 0.
Mot oSty Ynim mpOTUBOpEYNE C 1. 5) JIEMMLI 7.

Iycro Teneps I = Iy = {ip}. [onoxum

njo=minn; >3, J={j:n;=nj}, lj=minl;
Jj#io jeJ

Ecmulj, —lp+1 > 0, ro nonoxum ' = nj,. JIerko mpoBEepUTH, YTO B 9TOM CJIydae
neBas vactob (30) ornmuana ot 0 u (30) Beuer, uro 1/(2 sin(u&oﬂ/QlJO_l°+l)) € 0. Mu
OJLy YrJI OPOTHUBOPEYre C 1I. 6) jgeMMbL 7.

Haxomert, ecm [, — lgp + 1 < 0, TO MBI BO3LMeEM IPOU3BOJILHEINA IPOCTOMH Ie/IUTEND
p = 3uucaan;, nnonoxmm r’ = nj, /p. Torna, kak nBbie, geBas yactsb (30) oTimdHa
ot 0 mu3 (30) MLI HoTyUaeM, uTo

’o / 9—Lli +lp—1
ul r'm w2790 T
24070/ p

Jo

Mot mveem nporusopeure ¢ 1. 5) memmnt 7. Jlemma 10 noxazana.

Temeps MBI MOXKEM 3aBEPIIUTH IOKA3ATEILCTBO TeopeMsl 3. B cuiry smemmbr 10 Mot
MOZKEM BLIOpATL 7, | Tak, uro ypasHerue (23) umeeT kopeHn tg # 2. Iockosnky mo
nocrpoernio t = z2 + y? + 22 — ryz — 2, = @, TO Y, Z YIOBICTBOPAIOT YPABHEHIIIO

2+ 22 —apyz+a —2—tg=0. (31)

Iycts (yo, 20) — HeKoTOpOE pemenvie (31) u A, B € SLy(C) — Takue MaTpuimI, UTO
trA = o, tt B = yg, tr AB = z9. Torma mo mocrpoermio tr ABA™1B™1 = tq,
tr R(A,B) = v u mapa marpun (A, B) ompemesnser mpencTaBjeHue rpymmnl [
B PSLo(C). OrmernM, UTO 3TO IpEICTABIEHUE HENPUBOMAMO, HOCKOJILKY to # 2.
IMokazkeM, 4TO CymIeCTByeT Takoe pemerue (Yo, 20) ypaBuerus (31), UTO BLIIOJIHEHDI
CIIEMYIOMME BA, yCJIOBYIA.

1) cymecrByeT sementT Koreuroro mopaaka Wi(A, B) = A% B ... A% BPg ra-

KOit, uto v, 3; Z 0 mnai=1,...,9uy 7, Bg #0;

2) zo=trAB ¢ 0.

Torma MBI MOXKEM MPUMEHUTL JIEMMY 6 U 3aBEPIMUTL TOKA3ATEILCTBO TEOPEMEI 3.
Jannrefimee TOKA3aTeNLCTBO 3aBUCKT OT BUAA to. MBI pACCMOTPHM CJeay Iomme Ciry-
van:

1) to ¢ 0;
) to =2cos((2k+ 1)w/(2s+1)),rmes > 1,(2k +1,2s + 1) = 1;
) to = 2cos(2kw/(2s+ 1)), rmes > 1, (k,2s + 1) = 1;
)
)

wW N

4) to = 2cos((2k + 1)w/(2s)),tme s > 1, (2k + 1,s) = 1;
5) to € 0, to # 2 cos(kn/s) msa mo0bIx Heabx k u s.
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1) Homoxum yg = 0u W1 (A, B) = B. Torma Wi (A, B) nmeer nopsinok 4. Tax kax
to ¢ O, o (31) mmeer pemenre (0, zo) Takoe, uto 2o ¢ 0.
2) Homoxum W1 (A, B) = AB(ABA~1B~1)s. Torna nevmut 8 u 9 BiexyT, uto

tr W1(A, B) = (Ps41(to) — Ps(t0))z0 =0+ 29 = 0.

Caenosaresnnuo, W1 (A, B) mveer nopsinok 4. Bribepem renepn nponsBosnbHOeE pelie-
Hyie (Yo, z0) ypasrerus (31) tax, yTobbl 29 ¢ 0.
3) Mlonmowum W1 (A, B) = AB(ABA~! B~1)® unpemmomnoxum, ato

trWi(A,B) = 2(:05% =1.
Torma Wi (A, B) nmeer nopanok 6 um. 2) seMMot 9 BI€YeT, uto
tr Wl (A, B) = (Ps+1(t0) - Ps(to))ZO =1.

CrnenoBaTesnbHO, B cuiy 1. 3) seMMbl 8 Mbl uMeeM zo = 1/(Psy1(to) — Ps(to)) ¢ 0.
IIycre Teneps (Yo, 2z0) — HekoTOpOE permerue (31).
4) Tonoxum W1 (A, B) = (AB) Y (ABA='B~1)%(AB)?(ABA~'B~1)* u npen-

IOJIOXKUM, UTO

tr W1 (A, B) = 2cosg = 1. (32)

Torma Wi (A, B) mveet mopsAnok 6 u B cuity 1. 3) eMMDI 9 MBI MOKeM 3amucath (32) B
BUzE

(to — 2)Ps_1(t0)223 + (2 — Pas_1(to) + Pas_o(to))zo — 1 = 0. (33)

B cuiy . 4) memmer 8 mveem 0 # Ps_1(tg) ¢ 0, cnenoBaTesnsHo,

1
(to — 2)Ps_1(to)

S ¢0.

Taxum o6paszom, (33) mmeer kopens zg ¢ 0. Ilycrn Teneps (Yo, 20) — HEKOTOPOE perre-
Hye (31).

5) Tak xax tg € O, tg # 2cos(kn/s) nns n00bIX Hensx k 1 S, TO B CUILY 1. ) JIeM-
Mbl 8 Hadinercs Takoe nenoe | > 0, uto 0 # Pi(tg) ¢ 0*. Iomnoxum W1 (A, B) =
(AB)"Y(ABA~'B~1)*1(AB)?2(ABA~'B~1)!*! u npemmonoxims, 4T0 BLITOJHACT-
ca ycnosue (32). Torma W1 (A, B) umeet mopsAnok 6 u B cuity 1. 3) meMMbI 9 MbI MOKEM
3ammicats (32) B Bune

(to — 2)Pi(t0)? 25 + (2 — Paya(to) + Parlto))zo — 1 = 0. (34)

HMockomky no noctpoermio 1/((tg — 2)Py(t0)?) ¢ 0, 1o (34) mueer xopenn zg ¢ 0.
Mycrs (yo, 20) — HEKOTOpOE pemmenue (31). Ipumenss semmy 6, 3aBepiraem TOKa3a-
TEJILCTBO TEOPEMEI 3 B IIOCJIEIHEM CIIyYae.
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