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The cosmic time t0 and the conformal time r\ are given by 

(3) r, -1еМ-нг0] = --щ^-у 

The string equations of motion take here the form 

(4) 
d'q 

äõ-äõ+ 
dq dq 

äõ+ dx. 
• 0 

where . stands for the Lorentzian scalar product a.b = — a0b0 + агЬг + a262 + a3b3) 

x± = | ( r ± <r), tr and r being the string world sheet coordinates. In addition, we 
have eq.(2), i.e. q.q = 1 , and the string constraints on the world sheet are 

(5) 

We define 

(6> 

T - d(l d1 _ n 

9g dq 
exp[a(o*,r)] = -

9ж- 9ж+ 

As it is shown in ref. [3], a(<7, r) obeys the sh-Gordon equation 

д2а д2а 
(7) 5r2 5o-2 — exp a -f- exp(—a) = 0. 

Notice that for closed strings g(<r, r ) and hence а(<т, г) are periodic functions of a 
with period 27Г. Therefore, to find string solutions in de Sitter spacetime we can 
start from a periodic solution of eq. (7), and insert it on the field equations (4): 

(8) 
d2 d2 . .' 

«(<r,r) = 0. 

Once this linear equation in q{a) r) is solved, it remains to impose the constraints 
(5) and eq. (6). 

Let us remark that exp [a(cr, r)] has a clear physical interpretation. The invariant 
interval between two points on the string computed with the spacetime metric (1) 
is given by 

(9) ds* = Jpdq'dq ~ 2Ю exP[a(°"> r)] (do"2 " dr2)-

We see that the factor exp [a(o-, r)] determines the string size. The energy density 
for the sh-Gordon model reads here 

(10) 
да \ 2 *-H(£),+(£) — 2 cosh a. 

That means a potential unbounded from below 

(11) Veff = - 2 cosh a, 
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with absolute, minima at a = +00 and at a = —00. As the t ime r evolves, a(cr, r ) 
will generically approach these infinite minima. The first minimum corresponds to 
an infinitely large string whereas the second describes a collapsed situation. T h a t 
means tha t strings in de Sitter spacetime will generically tend either to inflate at 
the same rate as the universe (when a —> +00) or to collapse to a point (when 
a —> —00). As we shall see below these general trends are confirmed by the explicit 
string solutions. Let us start by studying solutions where a = a ( r ) . Then the 
energy is 

(12) -a' — 2 cosh OL — E — constant > —2, 

a ( r ) describes the position of a non-relativistic particle with unit mass rolling down 
the effective potential Ve// = —2 cosh a . A particularly interesting situation is the 
critical case E — — 2 when one starts to roll down from the maximun of Veff. T h a t 
is, the initial speed is zero and the ' t ime' r to reach either minimun (a — 00 or 
—00) is infinity. The corresponding solutions are 

(13) a _ ( r ) = log coth2 -^ 
V2 

a + ( r ) = log tanh 2 ^= 
V2 

a _ ( r ) s tar ts at a — 0 for r = —00 and rolls down to the r ight reaching a = -foo 
for т —> 0~. The behaviour of a _ ( r ) near the initial and final points is as follows: 

(14) 
a-(r) = 

a_(r ) = 

4е т л Л + 0(е2тл/7), 

т* о 

The solution a + ( r ) also starts at a = 0 for r = —00 but rolls down to the left 
reaching a = —00 for r —* 0~. We have for a + ( r ) : 

(15) 
а+(т) = 

а+(т) = - bg ^ ' - ^ + 0 ( т « ) . 

Notice tha t a + ( r ) = —a_( r ) . In addition we have the trivial (but exact) solution 
a ° ( r ) = 0. Now tha t the function a(r) is known, we proceed to solve eq.(8) for 
g(o-, r ) with the constraints (5) and (6). Since q0 is a time-like coordinate, we shall 
assume q0 = ^o(^)- A natural ansatz is then 

(16) q= (?o(r), ? i ( r ) , / ( r ) cos c r , / ( r ) sin cr). 

Then, eqs.(2) and (4)-(6) require 

(17) 

(18) 

(19) 

9 o ( r ) 2 = 9 l ( r ) 2 + / ( r ) 2 , 

~dq0 

dr 

e"< 

2 

r) -

dqx' 
dr 

dq0 

dr 

2 

+ 
2 

dn 
dr\ 
dqt 

dr 

2 

+ / 
•J 2 

2 
> 

'df] 
dr\ +f 
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and 

(20) 

-^qo - ea ( T )
9 o(r) = 0, 

/ ( r ) + / ( r ) - e « M / ( r ) = 0. 

In addition, it seems reasonable to choose the time coordinate qo(r) to be an odd 
function of т. Remarkably enough, eqs. (17)—(20) admit consistent solutions for 
a ( r ) = a+(r ) , a(r) = a_(r) and a ( r ) = 0. We find for a(r) = a°{r) — 0 

(21) 

For a(r) = o;_(r) we have 

#°(cr, r) = —^=(sinh r, cosh r, cos cr, sin a). 
V2 

(22) 
1 

g_ (cr, r) = ( sinh r — cosh r coth 
V v2 

1 
—7= cos a coth 

And for d{r) = a + ( r ) we find 

тг 
7Г 

cosh r T= sinh r coth 
y/2 771 

>/2 
sin ov coth 7Г 

(23) 

9+(<r, r ) = I s inhr 
1 

V2 
J_ 

cosh т tanh 14-r cosh r = sinh r tanh 
V2 7Г 

cos (J tanh l-7-т 
л/2 

sin a tanh ^ 

These string solutions are given for a fixed de Sitter frame. Applying the de Sitter 
group to them yields a multi-parameter family of solutions. As it is clear, we can 
study them in the frame corresponding to eqs. (21)—(23) without loss of generality. 
Let us now discuss the physical interpretation of these solutions. 

We recall that for a given time q0 = qo(r)) the de Sitter space is a sphere S2 with 
radius R(T) — jj-\/l + </о(т")2 • q°(<r, т) (eq. (21)), describes a string of constant 
size in a de Sitter universe that inflates for r —> oo since for this solution R(r) — 

•TJA/I -h sinh2 r / 2 . This solution is probably unstable under small perturbations. 
The solution #_(cr, r ) is more interesting. One should distinguish four domains 

in it: 
i) -oo < т < .-r0, 
ii) -T0 <r< 0, 
iii) 0 < r < r0 , 
iv) т0 < т < +co , 

where q(r0) — q(-rQ) — 0 . 
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From eq. (22) we find r0 = 1.489.... In the intervals (i) and (iii) R(r) decreases 
(the universe contracts), whereas for (ii) and (iv) R(r) grows (the universe expands). 
The string size is given here by 

(24) S-(r) 
1 

V2H 
coth И-77 

T h a t is, the string size increases for r < 0 and decreases for r > 0 with a singular 
behaviour гЦ- for r —> 0. We see tha t the string size grows monotonically in intervals 
(i) and (ii), this growing becoming explosive for r —• 0 when the size of the de Sitter 
space diverges. Actually, the string grows there at the same rate as the whole space 
(~ —) 

For large \т\ the de Sitter space is also very large with 

(25) R-(r) V2-1 и 
2л/2Я 

whereas the string size tends to a constant 

1 
(26) S-(r) V2H 

1 + 0 ( е - И ) 

+ 0(e-vW) 

The behaviour for small \r\ confirms the asymptotic results found in refs. [3, 6, 7]. 
It is interesting to study this string solution in another set of de Sitter coordinates. 

The cosmic t ime t0
 a n d the conformal t ime rj (eq. (3)) take for q~{cr) r) the form: 

eHtQ = -

(27) 

where 

(28) 

1 
1 

ч/2 
coth ы 

[1 - V ^ t a n h ( ^ j r ) ] 
( r < 0), 

P = Vi^W+iby 
H(q0 + qi) 

Therefore, for r —* 0 (large universe and inflating string), 

(29) 
7Г 

to = - 7 7 b g | r | + 0 ( r ) - > o o , 
H 

whereas for r —• —oo (large universe but fixed string size), 

to = T- + .jj log ( l + v ^ ) -> - o o , 

(30) 

P = 

я ( 1 + * ) 
e~r 

- o o , 

oo. 
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We see that r interpolates between the cosmic and the conformal time. Notice that 
this confirms the asymptotic behavior (29) discussed in previous works [3, 6, 7]. 

Let us now discuss the solution g+(cr, r) (eq. (23)). There are here two phases: 
i) т < 0: contraction phase, R(r) decreases, 
ii) т > 0: expansion phase, R(r) grows. 
The string size is here 

(31) S+(T) V2H 
tanh fcb 77 

Therefore, the string contracts from a fixed size -X— at r = - c o during.(i) till the 
colapse at r = 0. At this point the de Sitter space has a minimun size j^ . For 
т > 0, the string size grows from zero till the fixed value -Д—, while the de Sitter 
space radius tends to infinity as 

(32) 
R t W=(VI-,) ' e'. 

This behaviour is quite different from <?_(o-, r) and was not noticed before. Addi­
tional solutions follow by replacing 

(33) П0", n e z 

in eqs. (21)—(23). In these solutions the string is winded n times around the q1 axis. 

2. ELLIPTIC CASE 

In general, eq. (12) leads to an elliptic solution 

(34) a - ( r ) = log 
1 + сп(л/2г, к) 
1 - сп(л/2г, к) 

with к2 1 Е 

where сп(,г, к) is a Jacobi elliptic function. Equivalently, а{т) can be written in 
terms of the Weierstrass function V(z) [5] as 

(35) a_( r ) = l o g [ 2 P ( r ) + f ( 2 i b I - l ) ] . 

These functions are singular for т —> 0 and r —> y/2K with the behaviours 

a.(r,E) log 
(36) 

+ i r 2 (2fc 2 - l ) + 0(r4) , 

а-(т,Е) т~? 2K log Ur-^Kf + 0(T-V2K)\ 

where К = К (к) is the complete elliptic integral. In addition, a I Д- 1 = 0 since 
cn(AT, k) = 0. That is, this solution starts in r = 0 at a = oo , goes backward in a 
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when т grows, passing by a = 0 at r = Д- and reaching a = —oo for r = ^/2K. 
There is an analogous solution, 

(37) a + ( r ) = log 
1 - сп(л/2т, *) 

1 + сп(л/2г, *) 

= - a _ ( r , E) = a . ( r + л / Ж , E) 

t ha t goes from a = —oo at r = 0 to a = -f oo at r = \ / 2 i f with also a (Д- j = 0 . In 

the A;2 = 1 limit, eqs. (34) and (37) for a_ ( r , £ ) and a + ( r , 2?) become respectively 
the solutions o;_(r) and a + ( r ) given by eq. (13). 

Let us t ry for g(cr, r ) an ansatz like eq. (16), namely 

(38) q = (g0 ( r ) , ft ( r ) , /+ ( r ) cos <r + / _ ( r ) sin <r, / + ( r ) sin a - / _ ( r ) cos <r). 

Now we have to solve eqs. (17)-(20) with o;_(r, E) and for OL+{T, E) given by 
eqs. (34) (or (35)) and (37), respectively. Let us consider first a _ ( r , E) . Eqs. (20) 
become the Lame equations 

(39) 
£-2W-f(l-2*') 

^ + l - 2 P ( r ) - | ( l - 2 * » ) 

яе(т) = о, /3 = 0,1, 

/ ± ( r ) = 0. 

Real solutions of eqs. (39) can be written in terms of Weierstrass sigma functions [4] 

exp[±r((aQ)]CT(T =F во) 
(40) 

(41) 

0i ± 9o 

02 ± «03 

(j(ao)o-(r) 

ехр|±гег ±т((аг)] cr(r F̂ a a) 
{а(аг)а(т) 

Here £(ж) stands for the Weierstrass zeta function and a0 and аг fulfil 

(42) V(a0) = 2-(2k> - 1), Р Ы = ^(2*2 - 1) - 1. 

Eqs. (40)-(41) define a real solution 0(0", r ) provided a0 is real and аг is purely 
imaginary. This is true if 

(43) 1 > *2 > о L e- ~ 2 < # < 0> 

where we used eq. (42). When E > 0, a0 and аг are both purely imaginary. T h a t 
is, —2 < E < 0 is the allowed zone for the present case. It is easy to check from 
eqs.(40)-(41) tha t 

(44) 9o(r)2 = 0 1 ( r ) 2 + 0 2 ( r ) 2 + 0 3 ( r ) 2 
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using the formula [5] 

/ ,.-\ x~/ \ ^ / \ (r(u — v)a(u + v) 
(45) t V(v)-V(u)= \ и ) Ц ь у ' • 

The relation (eq. (6)) 

w -•<*> = - & • £ 
follows from eqs. (40)-(41) with the help of eq. (45) and [5] 

V'(u) 
(47) C(u-v)+((u + v)-2C(u) 

[V{u)-V{v)Y 

Let us finally consider the string constraints (5) requiring the vanishing of the 
world-sheet energy momentum tensor. We find from eqs. (5) and (40)-(41): 

(48) T±± = Q'+Q'_.+ q'+q'_ + q+q- ± i(q+q'_ - q-q'+) 

where Q± = qi ±q0 and q± = q2±iq3 . The last term in eq. (48) is just a wronskian 
with the constant value 

(49) q+q'--q-q'+ = -V'(a1). 

One sees by inspection that the expression in eq. (48) is an elliptic function. Fur­
thermore the poles at r = 0 cancel as follows (see also eq. (42)): 

Q'+Q'_ ^ - 1 - Щ1 -V{a0f + 3 G + 0 ( r 2 ) , 

(50) q>+q>_^\ + 'EM+7>{aiy_zG + o(T*), 

т - Ю 

Г 4 Г 2 

1 
q+q-^^-VM + OiT*) 

where G is a function of k. Therefore, T±± can only be a constant. Inserting 
eqs. (49) and (50) into (48) and taking into account eqs. (42) yields for this constant 
the following non-zero value: 

(51) T ± ± = (k'f ± ф[1 + 8(к'У] 

where we used that 'P / ( a 0 — ^ y 2 [ l + 8(fc')2]. Hence, the string constraints (5) 
are fulfilled if and only if k2 — 1, i. е. Е — —2. That is on the lower boundary 
of the allowed zone (43). In other words, eqs. (40)-(41) in the interval | < k2 < 1 
provide (real) solutions of the sigma model field equations (4) but not of the string 
equations.since T±± is a non-vanishing constant (unless k2 — 1). The respective 
solution is given by q(or,r) (eq. (22)). The same properties hold for the elliptic 
solution a + ( r , E). 
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Г. де Вега, А.В.Михайлов, Н.Санчес 

Т О Ч Н Ы Е СТРУННЫЕ РЕШЕНИЯ В 2 + 1-МЕРНОМ 
П Р О С Т Р А Н С Т В Е - В Р Е М Е Н И Д Е СИТТЕРА 

Найдены точные и явные струнные решения в 2 + 1-мерном пространстве де Сит-
тера. В этом случае струнные уравнения сводятся к модели sinh-Gordon. В общем 
случае струны имеют тенденцию к "раздуванию" или коллапсу. Временная пере­
менная мировой поверхности интерполирует от значения т —• ±оо (космического) 
до т —> 0 (конформного). Для т —> 0 найдены типичные струнные неустойчивости, 
в то время как при т —>> ±оо обнаруживается новое поведение струн. В этом режи­
ме струна расширяется (или сжимается) со скоростью, отличающейся от скорости 
расширения Вселенной. 

Струнные связи и условия периодичности выделяют решения уравнения sinh-
Gordon, отвечающие нижней границе разрешенной зоны, исключая тем самым эл­
липтические решения. 


