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ÂÅÑÒÍÈÊ ÓÄÌÓ�ÒÑÊÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 3ÓÄÊ 517.977
© Â.È. Óõîáîòîâ, Î. Â. ÇàéöåâàÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å ÈÌÏÓËÜÑÍÎÉ ÂÑÒ�Å×È�àññìàòðèâàåòñÿ èãðîâàÿ çàäà÷à èìïóëüñíîé âñòðå÷è â çàäàííûé ìîìåíò âðåìåíè, â ñëó÷àå êîãäà ïåð-âûé èãðîê âûáèðàåò ãðóïïó èìïóëüñíûõ óïðàâëåíèé, íà âûáîð êàæäîãî èç êîòîðûõ â ïðîöåññå óïðàâëå-íèÿ ìîæíî ïîòðàòèòü ñâîå çàäàííîå êîëè÷åñòâî ðåñóðñîâ. Íà âûáîð óïðàâëåíèÿ âòîðîãî èãðîêà íàêëà-äûâàåòñÿ ãåîìåòðè÷åñêîå îãðàíè÷åíèå. Íàéäåíû äîñòàòî÷íûå óñëîâèÿ âîçìîæíîñòè îêîí÷àíèÿ èãðû èççàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ è ïîñòðîåíû ñîîòâåòñòâóþùèå èìïóëüñíûå óïðàâëåíèÿ.Êëþ÷åâûå ñëîâà: èãðîâàÿ çàäà÷à, èìïóëüñíàÿ âñòðå÷à, îáëàñòü äîñòèæèìîñòè, ñòàáèëüíûé ìîñò.� 1. Ïîñòàíîâêà çàäà÷è�àññìîòðèì èãðîâóþ çàäà÷ó èìïóëüñíîé âñòðå÷è [1, 2, 3]
dz =

k
∑

i=1

Ai(t) dui(t) + v, z ∈ Rn, v ∈ V (t) ∈ Rn, t 6 p.Çäåñü ui ∈ Rni , Ai(t) � íåïðåðûâíûå ïðè t 6 p ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðíîñòåé.Ïðè êàæäîì t 6 p ìíîæåñòâî V (t) ÿâëÿåòñÿ êîìïàêòîì, íåïðåðûâíî ïî Õàóñäîð�ó çàâèñÿùååîò t. Íà êàæäîì îòðåçêå [τ, t] ⊂ (−∞, p] äîïóñòèìûìè ïðîãðàììíûìè óïðàâëåíèÿìè ïåðâîãîèãðîêà ÿâëÿþòñÿ �óíêöèè ui : [τ, t] → Rni , êàæäàÿ èç êîòîðûõ èìååò îãðàíè÷åííóþ âàðèàöèþ
∫ t

τ

‖dui(r)‖(i) = sup
∑

‖ui(ri+1) − ui(ri)‖(i) . (1.1)Çäåñü è âñþäó äàëåå i = 1, . . . , k, ‖·‖(i) � íîðìà â ïðîñòðàíñòâå Rni , à âåðõíÿÿ ãðàíü áåðåòñÿïî âñåì ðàçáèåíèÿì t = r0 < r1 < . . . < rj = τ. Âàðèàöèÿ (1.1) çàäàåò êîëè÷åñòâî ðåñóðñîâ,ïîòðà÷åííûõ íà �îðìèðîâàíèå óïðàâëåíèÿ ui [4℄, à èçìåíåíèå èìåþùåãîñÿ çàïàñà ðåñóðñîâîïðåäåëÿåòñÿ ñîîòíîøåíèåì µi(t) = µi(τ) −
∫ t

τ
‖dui(r)‖(i) . Ïîçèöèÿ èãðû � òî÷êà (z, µ̄), ãäå

µ̄ = (µ1, . . . , µk) , à ÷èñëà µi > 0.Îïðåäåëåíèå 1. Ñòðàòåãèåé π ïåðâîãî èãðîêà íàçîâåì ïðàâèëî, êîòîðîå êàæäîìó ìîìåí-òó τ < p è êàæäîé ïîçèöèè (z, µ̄) ñòàâèò â ñîîòâåòñòâèå �óíêöèè u
(π)
i : [τ, p] → Rni , âàðèàöèèêîòîðûõ óäîâëåòâîðÿþò íåðàâåíñòâàì ∫ p

τ

∥

∥

∥
du

(π)
i (r)

∥

∥

∥

(i)
6 µi.Ïóñòü çàäàíû íà÷àëüíûé ìîìåíò âðåìåíè t0 < p è íà÷àëüíàÿ ïîçèöèÿ (z(t0), µ̄(t0)). Âîçü-ìåì ðàçáèåíèå ω : t0 < t1 < . . . < tj+1 = p ñ äèàìåòðîì d(ω) = max06i6j(ti+1 − ti). Ïîñòðîèìëîìàíóþ

z(ω)(t) = z(ω)(ts) +

∫ t

ts

Ai(r) du
(π)
i (r) +

∫ t

ts

vs(r) dr, (1.2)
µ

(ω)
i (t) = µ

(ω)
i (ts) −

∫ t

ts

∥

∥

∥
du

(π)
i (r)

∥

∥

∥

(i)
. (1.3)Çäåñü ts < t 6 ts+1, s = 0, j, à èíòåãðàëû, â êîòîðûõ ñòîÿò óïðàâëåíèÿ ïåðâîãî èãðîêà,ïîíèìàþòñÿ â ñìûñëå �èìàíà�Ñòèëòüåñà [4]. Ôóíêöèè vs(r) ∈ V (r) ïðè ts 6 r 6 ts+1 �ëþáûå èçìåðèìûå óïðàâëåíèÿ âòîðîãî èãðîêà. Òàêîé âûáîð óïðàâëåíèé vs(r) áóäåì íàçûâàòüäîïóñòèìûì ïîâåäåíèåì âòîðîãî èãðîêà.



Îá îäíîé çàäà÷å èìïóëüñíîé âñòðå÷è 43ÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 3Çàäàíî çàìêíóòîå ìíîæåñòâî Z ⊂ Rn. Öåëü ïåðâîãî èãðîêà çàêëþ÷àåòñÿ â îñóùåñòâëåíèèâêëþ÷åíèÿ z(p) ∈ Z. Íàëè÷èå èìïóëüñíûõ óïðàâëåíèé ïðèâîäèò ê ìãíîâåííîìó èçìåíåíèþïîçèöèè, ÷òî òðåáóåò ñïåöèàëüíîãî îïðåäåëåíèÿ óñëîâèÿ îêîí÷àíèÿ [3]. Ñ ýòîé öåëüþ ðàññìîò-ðèì âåêòîãðàììû
Ui(t) =

{

z ∈ Rn : z = Ai(t)ui, ‖ui‖(i) 6 1
}

. (1.4)Ìíîæåñòâà (1.4) ÿâëÿþòñÿ âûïóêëûìè êîìïàêòàìè, íåïðåðûâíî ïî Õàóñäîð�ó çàâèñÿùè-ìè îò t.Îïðåäåëåíèå 2. Ïåðâûé èãðîê ñìîæåò îñóùåñòâèòü âñòðå÷ó â ìîìåíò âðåìåíè p èçíà÷àëüíîãî ñîñòîÿíèÿ t0 < p, z(t0), µ̄(t0), åñëè äëÿ ëþáîãî ÷èñëà ǫ > 0 ñóùåñòâóåò ÷èñëî δ > 0è ñòðàòåãèÿ π ïåðâîãî èãðîêà òàêèå, ÷òî äëÿ ëþáîãî ðàçáèåíèÿ ω ñ äèàìåòðîì d(ω) < δ ïðèëþáîì äîïóñòèìîì ïîâåäåíèè âòîðîãî èãðîêà âûïîëíåíî âêëþ÷åíèå
zω(p) ∈

k
∑

i=1

µ
(ω)
i (p)Ui(p) + Z + ǫS. (1.5)� 2. Äîñòàòî÷íûå óñëîâèÿ îêîí÷àíèÿÏðè êàæäûõ τ 6 t 6 p îáîçíà÷èì îáëàñòè äîñòèæèìîñòè [4] :

Ui(τ, t) =

{

z ∈ Rn : z =

∫ t

τ

Ai(r)dui(r),

∫ t

τ

‖dui(r)‖(i) = 1

}

. (2.1)Äëÿ ëþáîãî ìíîæåñòâà X ⊂ Rn ÷åðåç coX îáîçíà÷èì åãî âûïóêëóþ îáîëî÷êó. Òîãäà [5]
Ui(τ, t) = co

⋃

τ6r6t

Ui(r). (2.2)Îòñþäà ñëåäóåò, ÷òî ìíîæåñòâà (2.1) ÿâëÿþòñÿ âûïóêëûìè êîìïàêòàìè, ñèììåòðè÷íûìèîòíîñèòåëüíî íà÷àëà êîîðäèíàò. Ìíîãîçíà÷íûå �óíêöèè Ui(t, p) íåïðåðûâíî ïî Õàóñäîð�óçàâèñÿò îò t. Èç ðàâåíñòâà (2.2) ñëåäóåò, ÷òî ⋃

06λ61 (λUi(τ, r) + (1 − λ)Ui(r, t)) = Ui(τ, t),
τ 6 r 6 t. Çà�èêñèðóåì ïðè t 6 p ñêàëÿðíûå �óíêöèè gi(t) > 0, óäîâëåòâîðÿþùèå óñëîâèþìîíîòîííîñòè gi(τ) > gi(t), τ < t 6 p.Áóäåì èñêàòü äîñòàòî÷íûå óñëîâèÿ âîçìîæíîñòè îñóùåñòâëåíèÿ âñòðå÷è èç íà÷àëüíîãî ñî-ñòîÿíèÿ â ñëåäóþùåì âèäå [5] :

z(t0) ∈

k
∑

i=1

(µi(t0) − gi(t0)) Ui(t0, p) + W (t0), µi(t0) > gi(t0). (2.3)Çäåñü ñåìåéñòâî ìíîæåñòâ W (t) ⊂ Rn óäîâëåòâîðÿåò âêëþ÷åíèþ W (p) ⊂ Z è óñëîâèþ ñòà-áèëüíîñòè [5]
W (τ) +

∫ t

τ

V (r) dr ⊂

k
∑

i=1

(gi(τ) − gi(t)) Ui(τ, p) + W (t), τ 6 t 6 p. (2.4)Áóäåì ñ÷èòàòü, ÷òî âñå �óíêöèè gi(t) óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà ñ êîíñòàíòîé L > 0

gi(τ) − gi(t) 6 L(t − τ), τ 6 t 6 p. (2.5)Çà�èêñèðóåì ÷èñëî ǫ > 0 è ïîñòðîèì ñòðàòåãèþ π, îáåñïå÷èâàþùóþ âñòðå÷ó (1.5). Çà�èê-ñèðóåì ÷èñëî
0 < a <

ǫ

kL(p − t0)
. (2.6)



44 Â.È. Óõîáîòîâ, Î.Â. ÇàéöåâàÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 3Èç íåïðåðûâíîñòè ìíîãîçíà÷íûõ �óíêöèé Ui(t, p) ñëåäóåò èõ ðàâíîìåðíàÿ íåïðåðûâíîñòü íàîòðåçêå [t0, p]. Ñëåäîâàòåëüíî, ñóùåñòâóåò ÷èñëî δ > 0 òàêîå, ÷òî
Ui(τ, p) ⊂ Ui(t, p) + aS, t0 6 τ < t 6 τ + δ, t 6 p. (2.7)�àññìîòðèì ðàçáèåíèå ñ äèàìåòðîì d(ω) < δ. Îáîçíà÷èì

W+(t) = W (t) + akL(t − t0)S, t0 6 t 6 p. (2.8)Î÷åâèäíî, ÷òî óñëîâèÿ (2.3) áóäóò âûïîëíåíû, åñëè â íèõ W (t) çàìåíèòü íà W+(t).Ïóñòü äëÿ ìîìåíòà τ < p è ïîçèöèè (z, µ̄) âûïîëíåíî
z ∈

k
∑

i=1

(µi − gi(τ)) Ui(τ, p) + W+(τ), µi > gi(τ). (2.9)Òîãäà
z = x + y, x ∈

k
∑

i=1

(µi − gi(τ)) Ui(τ, p), y ∈ W+(τ), µi > gi(τ). (2.10)Îòñþäà ñëåäóåò, ÷òî ñóùåñòâóþò �óíêöèè u
(π)
i : [τ, p] → Rni òàêèå, ÷òî

∫ p

τ

∥

∥

∥
du

(π)
i (r)

∥

∥

∥

(i)
6 µi − gi(τ), x +

k
∑

i=1

∫ p

τ

Ai(r) du
(π)
i (r) = 0. (2.11)Åñëè äëÿ ìîìåíòà τ < p è ïîçèöèè (z, µ̄) óñëîâèÿ (2.9) íå âûïîëíåíû, òî ïîëàãàåì u

(π)
i (r) = 0ïðè τ 6 r 6 p.Ïîêàæåì, ÷òî ïîñòðîåííàÿ ñòðàòåãèÿ π îáåñïå÷èâàåò âêëþ÷åíèå (1.5). Ïóñòü â íåêîòîðîéòî÷êå ts ðàçáèåíèÿ ω ïðè τ = ts, z = z(ω)(ts), µi = µ

(ω)
i (ts) âûïîëíåíû ñîîòíîøåíèÿ (2.9)(ïðè s = 0 îíè âûïîëíåíû). Òîãäà èç �îðìóëû (1.3) è èç ïåðâîãî íåðàâåíñòâà (2.11) ïîëó÷èì

µ
(ω)
i (ts+1) = µ

(ω)
i (ts) −

∫ ts+1

ts

∥

∥

∥
du

(π)
i (r)

∥

∥

∥

(i)
> gi(ts) > gi(ts+1).Äàëåå, èç �îðìóëû (1.2) è èç âòîðîãî ðàâåíñòâà (2.11) ñëåäóåò, ÷òî

z(ω)(ts+1) = −
k

∑

i=1

∫ p

ts+1

Ai(r) du
(π)
i (r) + y +

∫ ts+1

ts

vs(r) dr.Îòñþäà, èñïîëüçóÿ (2.1) è òðåòüå âêëþ÷åíèå â (2.10), ïîëó÷èì
z(ω)(ts+1) ∈

k
∑

i=1

∫ p

ts+1

∥

∥

∥
du

(π)
i (r)

∥

∥

∥

(i)
Ui(ts+1, p) + W+(ts) +

∫ ts+1

ts

V (r) dr.Òàê êàê
∫ p

ts+1

∥

∥

∥
du

(π)
i (r)

∥

∥

∥

(i)
=

∫ p

ts

∥

∥

∥
du

(π)
i (r)

∥

∥

∥

(i)
−

∫ ts+1

ts

∥

∥

∥
du

(π)
i (r)

∥

∥

∥

(i)
6

6 µ
(ω)
i (ts) − gi(ts) −

∫ ts+1

ts

∥

∥

∥
du

(π)
i (r)

∥

∥

∥

(i)
= µ

(ω)
i (ts+1) − gi(ts),òî èç ïðåäûäóùåãî âêëþ÷åíèÿ ïîëó÷èì

z(ω)(ts+1) ∈

k
∑

i=1

(µ
(ω)
i (ts+1) − gi(ts))Ui(ts+1, p) + W+(ts) +

∫ ts+1

ts

V (r) dr. (2.12)



Îá îäíîé çàäà÷å èìïóëüñíîé âñòðå÷è 45ÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 3Ïðèáàâëÿÿ ê îáåèì ÷àñòÿì âêëþ÷åíèÿ (2.4) ìíîæåñòâî akL(ts − t0)S è èñïîëüçóÿ (2.8), èçâêëþ÷åíèÿ (2.12) ñëåäóåò, ÷òî
z(ω)(ts+1) ∈

k
∑

i=1

(µ
(ω)
i (gi(ts+1) − gi(ts))Ui(ts+1, p)+

+

k
∑

i=1

(gi(ts) − gi(ts+1))Ui(ts, p) + W (ts+1) + akL(ts − t0)S.Îòñþäà è èç âêëþ÷åíèÿ (2.7) ïîëó÷àåì
z(ω)(ts+1) ∈

k
∑

i=1

(µ
(ω)
i (ts+1) − gi(ts+1))Ui(ts+1, p)+

+W (ts+1) +
(

ǫ

k
∑

i=1

(gi(ts) − gi(ts+1)) + akL(ts − t0)
)

S.Èç ïîñëåäíåãî âêëþ÷åíèÿ è (2.7) ïîëó÷èì, ÷òî ñîîòíîøåíèÿ (2.9) ïðè τ = ts+1, z =

z(ω)(ts+1), µi = µ
(ω)
i (ts+1) áóäóò âûïîëíåíû, åñëè a

k
∑

i=1
(gi(ts) − gi(ts+1)) + akL(ts − t0) 6

akL(ts+1 − t0). Èç óñëîâèÿ Ëèïøèöà (2.5) ñëåäóåò, ÷òî ïðåäûäóùåå íåðàâåíñòâî áóäåò âû-ïîëíåíî. Èç ñîîòíîøåíèé (2.9), çàïèñàííûõ â ìîìåíò âðåìåíè tj+1 = p, áóäåì èìåòü
zω(p) ⊂

k
∑

i=1

(µ
(ω)
i (p) − gi(p))Ui(p) + W (p) + akL(p − t0))S.Ó÷èòûâàÿ âêëþ÷åíèå W (p) ⊂ Z è íåðàâåíñòâî (2.6), ïîëó÷èì òðåáóåìîå âêëþ÷åíèå (1.5).ÑÏÈÑÎÊ ËÈÒÅ�ÀÒÓ�Û1. Êðàñîâñêèé Í.Í. Îá îäíîé çàäà÷å ïðåñëåäîâàíèÿ // ÏÌÌ. � 1963. � Ò. 27. �Âûï. 2. � Ñ. 244�254.2. Ñóááîòèíà Í.Í., Ñóááîòèí À.È. Àëüòåðíàòèâà äëÿ äè��åðåíöèàëüíîé èãðû ñáëèæåíèÿ�óêëîíåíèÿïðè îãðàíè÷åíèÿõ íà èìïóëüñû óïðàâëåíèé èãðîêîâ // ÏÌÌ. � 1975. � Ò. 39. �Âûï. 3. � Ñ. 397�406.3. Óõîáîòîâ Â.È. Ëèíåéíàÿ äè��åðåíöèàëüíàÿ èãðà ñ îãðàíè÷åíèÿìè íà èìïóëüñû óïðàâëåíèé //ÏÌÌ. � 1988. � Ò. 52. � Âûï. 3. � Ñ. 355�362.4. Êðàñîâñêèé Í.Í. Òåîðèÿ óïðàâëåíèÿ äâèæåíèåì. � Ì.: Íàóêà, 1980. �319 ñ.5. Óõîáîòîâ Â.È. Ìåòîä îäíîìåðíîãî ïðîåêòèðîâàíèÿ â ëèíåéíûõ äè��åðåíöèàëüíûõ èãðàõ ñ èíòå-ãðàëüíûìè îãðàíè÷åíèÿìè: Ó÷åá. ïîñîáèå. � ×åëÿáèíñê: ×åëÿá. ãîñ. óí�ò, 2005. � 124 ñ.Ïîñòóïèëà â ðåäàêöèþ 13.10.08V. I. Ukhobotov, O.V. ZaytsevaAbout one problem of a pulse meetingWe 
onsider the game problem of a pulse meeting in the given moment of time, in the 
ase when the�rst player 
hooses group of pulse managements, for 
hoi
e of ea
h of whi
h it is possible to spend the setquantity of resour
es in 
ontrol pro
ess. On 
hoi
e of 
ontrol of the se
ond player geometri
al restri
tion isimposed. Su�
ient 
onditions of possibility of the termination of game from preset start state are found and
orresponding pulse 
ontrols are 
onstru
ted.Keywords: game problem, pulse meeting, attainability domain, stable bridge.Mathemati
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