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Introduction

Optimization areas (due to Nemirovski, Yudin, Nesterov), n is the space
dimension.

@ Small-size problems, n* operations per iteration is ok, ellipsoid
methods: N(¢) ~ O (n*In (%))

@ Medium-size problems, n® operations per iteration is ok, interior point
methods (based on Newton method): N(g) ~ O (n”/?In (2)).

© Large-scale problems, n? operations per iteration is ok, first order
methods (gradient type):N(¢) =~ O ("—2>

£

@ Huge-scale problems, n or In n operations per iteration is ok,
coordinate descent schemes, sparsity, randomization. N(¢) ~ O (%).
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We are in the areas of large-scale and huge-scale optimization.
Application areas:

© Machine Learning and bioinformatics.
@ Modelling of the Internet.

© BigData.

O Congestion traffic modelling.
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Notation
© E - finite-dimensional real vector space, E* — its dual.
@ The value of linear function g € E* at x € E is (g, x).

Q || - || —some norm on E, || - ||« is its dual.
© d(x) - prox-function, differentiable and strongly convex with the
parameter 1 on @ with respect to || - ||: d(x) > 1[|x — xo[|%, Vx € Q,
X0 = arg minye @ d(x).
Examples:
© Euclidean distance: @ =R", || - || = || - [|l2, d(x) = [[x/13, x0 = 0.
@ Entropy Q = {X ER":x>0,37  x; = 1}, -l =1 "1
dx)=Inn+ 3" xiInx;, xo = (%,...,%)T.

© Bregman distance: V(x,z) = d(x) — d(z) — (Vd(z),x — z).
© Euclidean distance: V/(x,z) = %||x — z[2.
@ Kullback-Leibler divergence: V/(x,z) = > 7_; x;In %
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Classes of convex functions: convexity

© Convex functions:
F(v) 2 F() + (g(x),y = %), Vx.y € Q,Vg(x) € OF (x).
@ Strongly convex functions:
F(y) = F() + (8(x)y = x) + Slx = yI%, ¥x.y € Q.Vg(x) € OF (x).
© Uniformly convex functions:
F(¥) 2 F() + {80y =) + S lx = ylIP, W,y € Q,Ve(x) € OF(x),

where p > 2.
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Classes of convex functions: smoothness

© Bounded subgradient: ||g(x)|« < M, Vx € Q, Vg(x) € 9f(x).
Then [lg(x) — g(y)ll- <2M and

fly) < f(x) +(g(x),y —x) +2M|lx —y||, Vx,y € Q,Vg(x) € 9f(x).

@ Lipschitz continuous gradient: |[Vf(x) — VF(y)|l« < L|lx — y|l-
Then

L
F(y) <)+ (VA0 y =) + 5l =yl% ¥y eQ

© Intermediate level of smoothness: for some v € [0, 1]
l8(x) =gl < Lullx = ¥, ¥x € Q, Vg(x) € 9f(x).
Then

v

1+V||X_yH1+V7 anyeQan(X)E(

fly) < f(x)+(g(x),y —x) +
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Problem formulation: simple case

Consider the problem

in f
min £(x),

where
@ Q C E is a closed convex set,

@ f(x) is either convex or strongly convex, either with bounded
subgradient or with Lipschitz continuous gradient.

© We know all the constants M, L, p.

The method usually constructs sequences
© xi — points where the (sub)gradients are calculated.
© yi — approximate solution.

© Vi (x) — model of the function which approximates f(x) in some sense.
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Lower complexity bounds

def
We assume a black-box first order oracle (f(x), g(x)). R? § 2d(x*).
The best we can expect from a method in this case.

o

2]

o
o

Nonsmooth Convex Problem: f(yx) — f* > Q (%)
N(e) > Q (MZRQ).

£2

Nonsmooth Strongly Convex Problem: f(yx) — f* > Q (#—"1)
N(g) > Q (uM)
Smooth Convex Problem: f(yx) — f* > Q (Lk—'f) N(e) > Q (\/L?Rz).

Smooth Strongly Convex Problem:

- 7= 2o ep (o 1)), 692 25 (1))

Note: In stochastic optimization the best we can expect from a method in
this case

o
2]

Nonsmooth or Smooth Convex Problem: Ef(yyx) — f* > Q (ﬁ)

Nonsmooth or Smooth Strongly Convex Problem:
Ef (ye) — f* > Q ()

Below we consider mostly the smooth case.
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Simple Primal Gradient Method

f(x) is smooth.
Method:

@ Choose xp € Q.
@ xip1 = argminye{f(xk) + (VF(xk), x — xi) + 5llx — xi13} =
TQ (Xk - %Vf(xk)).
Output:

Yk = Xky Yk =
Rate of convergence:

k .
@ (more robust), yx = argminj—y _x f(x;) = x«.

Lllxo—x*|13

@ Convex case: f(yx) — f* < ==

* (]2
@ Strongly convex case (yx = xk): f(yx) — f* < M exp (—kk).

Pavel Dvurechensky (MIPT/PreMolLab) Large- and Huge-scale optimization 07.11.14 12 / 81



Estimating functions

Assume that p > 0 and we have sequences {«;}i>0, {Bi}i>o-
o d(x) = 3lIx — o3
o V,(x) =
Bid(x) + i i [F(xi) + (VF() (%), x — i) + §llx — xi[3] <
Brd(x) + f(x) Zf'(:o aj — model of the objective function.
e Vi = minycg Vi(x) its minimal value. Ay = Zf'(:o Q.
o If we prove that for all kK > 0 it holds that

Acf(yk) S Wi, Wi(x) < Aef(x) + Brd(x), Vx € Q.

Then
Acf(yi) < Vi S Wi (x*) < Aef* + Bred(x¥),
and
Flyi) — £ < B’;d( “,

which can give us the rate of convergence.

Pavel Dvurechensky (MIPT/PreMolLab) Large- and Huge-scale optimization 07.11.14



Dual Gradient Method (first by Yu. Nesterov)

f(x) is smooth.
Choose d(x) = 3||x — xo[l3, a0 = £, Ak = Xig iy a1 =
Bk = L.
Method:
@ Choose xg € Q.
Q wy =7gQ (Xk — %Vf(xk)).
O xxp1 = argmingecg Vi(x) = arg miner{éHx — XoH% +
k
Yo ai [F(xi) + (VF(xi), x = xi) + §lIx — xi[13]}-
k . .
Output: y, = 72":/2?""'/’.
Rate of convergence:

© Convex case: f(yx) — * <

Arp+L
L—p !

Lllxo—x*I3
2(k+1)

@ Strongly convex case: f(yx) — f* < M exp (—(k + 1)&).
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Fast Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

L 2
Choose d(x) = §|Ix = xol3, @0 =1, Ak =Y g, L+pAx= 52,
Bk = L.
Method:

Q@ Choose x5 € Q.

Q yi =7q (xk — 1VF(x)).

O 2z = argmineeq Wi (x) = arg mineeq{5]Ix — %03 +
Yo i [F(xi) + (VF(xi),x = xi) + llx = x[13]}-

— _ — Ok
Q X1 =Thzk + (1= T)yio Tk = Z

Rate of convergence:

4L||x0—x*|I3
@ Convex case: f(y) — f* < M

v
@ Strongly convex case: f(yx) — f* < Mexp (—%ﬂ)
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem minyecq{{(g,x) + d(x)} can be solved explicitly:

=P g

iy exp(—gi)’

@ Composite optimization: f(x) — ¢(x) := f(x) + h(x), where h(x) is a
simple convex function: the problem min,c{(g, x) + ad(x) + Sh(x)}
is easy solvable.

Example: LASSO |x — al|3 + Al|x||z — min.
Non-smooth (but strongly convex) function = lower bound O (%)
But ||x — a||3 is strongly convex and smooth = we get method with
O (exp (—k - const)).
© Stochastic error, e.g. E¢f(x,&) = minyeq.
On the step k we can get only
Vf(X,gk) : IE@(VI((X7 fk) = VEgkf(X, fk) and
Efk”Vf(Xka) - V]Eﬁkf(xvgk)Hi < o2

@ Deterministic error (will be explained below).

©Q Unknown L, i, R .

@ Primal-dual methods.

@ Saddle-point problems and Variational inequalities.
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(6, L)-oracle

[Devolder, Glineur and Nesterov, 2011-2013]
For every x € Q there are f5,(x) € R and g5 (x) € E* such that

L
0 < F(y) = fiu(x) = (gaL(x)y =) < Sllx—yl*+4d, Wy eQ

Usual oracle (f(x), Vf(x)) is replaced by (6, L)-oracle (f5(x), 85,L(x))-

Pavel Dvurechensky (MIPT/PreMolLab)
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(6, L)-oracle geometry

Exact oracle (f(y), VE(y)) for £/ (Q)

L
F(y)+VEy)(y—x)+—x—yP
2

fy)+VE(y)(y=x)

(v.f(y)

Picture from O.Devolder PhD Thesis, 2013
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(6, L)-oracle geometry

Inexact oracle (f5,.(¥).g2s5..(¥))

L
Gy +gsr(Yy—x)+ . [x=y[+d

f5.2(y)+gs L (¥)y—x)
(Y. S ()+8)

(¥ Sor(¥)

Picture from O.Devolder PhD Thesis, 2013
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Convex case: PGM, DGM and FGM revisited

For = 0 the only change we need to do in the schemes is f(x) — f5,(x),
Vf(x) — g51(x).

[Devolder, Glineur and Nesterov, 2011-2013]:
k : |2
Q@ PGM, yi = Z%, £(y,) — £+ < Lol

DGM _ Z:'(:o Wi f —fr< L||X0—X*||% 5
° e =S f) S k) O

% 2L || xo—x*||3
© FGM, f(y) — £ < 2erlE 4k )

These methods can be generalized to strongly convex case.
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(6, L, p)-oracle

[Devolder, Glineur and Nesterov, 2011-2013]
For every x € Q there are f5, ,(x) € R and g5, ,(x) € E* such that

W L
SIx = YIP<F() = fru(x) = (goLu(x),y —x) < Slx —y[*+ 0,9y € Q

Usual oracle (f(x), Vf(x)) is replaced by (9, L, ut)-oracle
(75,L,u(x), 85,L,u(x))-
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Strongly convex case: PGM, DGM and FGM revisited

The only change we need to do in the schemes is f(x) — f5, ,(x),
Vf(X) — g(;’L’M(X).
[Devolder, Glineur and Nesterov, 2011-2013]:

Q@ PGM, yx = argminj=1 _« f(x;),

xo—x*1|2
Flyi) — F* < Hoxll o (ki) 45,
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(6, L)-oracle application 1

f(x) = fi(x) + f2(x), where f1(x) is convex, smooth with L; - Lipschitz
continuous gradient, f(x) is convex, non-smooth with M, bounded
variation of subgradient.

Then (fi(x) + f2(x), Vfl( )+ &(x)),  g2(x) € 0f(x) is a (4, L)-oracle for
f(x) with L=1y+% 55
Fixing again number of iterations N and optimizing in § we obtain

211 R? 2M,R

RN RSV g
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© First-order methods

@ Stochastic inexact oracle

© Random gradient-free methods

© Application: web-pages ranking problem
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Concept of stochastic inexact oracle

[Devolder, Glineur and Nesterov, 2011-2013]
The function f(x) is equipped with (J, L)-oracle. For every x € Q there are
f5..(x) € R and g5, (x) € E* such that

L
0 < F(y) = fhu(x) = {goL(x),y =x) < Sllx—y[*+45, Wy eQ

Instead of (f5,1(x), gs5..(x)) ((9, L)-oracle) we use their stochastic
approximations (F(S,L(Xag)v G§,L(X7£)) :

We associate with x a random variable £ whose probability distribution is
supported = C R and such that

E¢Fs5.0(x,&) = f5,0(x)

EeGs 1 (x,€) = g5,0(x)
Eel Gs.i(x,€) — g5 ()] < o2
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Stochastic inexact oracle: examples

@ Usual stochastic optimization E¢f(x, &) — min,cq.
On the step k we can get only
VI(x, &) Ee VFE(x,&) = VEg, f(x,&k) and
Eg,[IVF(x, &) — VE¢, F(x, &2 < 02,
Here 6 = 0.
© Randomization technique for LASSO.
HIAx = b|[3 + Al|x|l1 = f(x) + h(x), where A € RNX" x € R",
be RN,
Vi(x)=ATAx — ATb = SN (xTa; — bj)a; is very difficult to
calculate when N is very large.
The idea is to replace V£ (x) by Go.(x,&) = & M (xTag, — be;)ag,

j=1
where {&1,...,&m} is a subset of rows uniformly chosen from
{1,...,N}.
Here § = 0.
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Stochastic Primal Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = %Hx — Xo”%, Bk > L, vk = ﬁ
Method:
© Choose x5 € Q.
© xkr1 = arg minye@{ Fs .1 (k. &) +(Gs 1 (xk, €k )y x—xic)+ % || x—xk |3} =
7Q (Xk — Yk Gs,1(Xk- €k ))-
S yixitt
Z;k;ol Yo
Rate of convergence:
Q@ If N is fixed in advance: choose 3; = L + %\/N and obtain

Bf(y) - F* < 45 + 228 4+

Output: y, =

2N
. (L+%V/i+1)? .
@ Otherwise choose §; = L+2R\/7 and obtain
* LR?Ink | oRlnk
Ef(yi) — f <e( + Rk +5)

Can be generalized to non-Euclidean setup and composite optimization.

Pavel Dvurechensky (MIPT/PreMolLab) Large- and Huge-scale optimization 07.11.14 28 / 81



Stochastic estimating functions

o Wi(x) = Brd(x) + S g i [Fo.o(xi, &) + (Gs.L (i i), x — x7)] =
stochastic model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Af(yk) S Wi+ B, Wi(x) < Akf(x) + Brd(x) + Ex(x), Vx € Q.
Then

Akf(yk) < \U;z —+ Ek < lUk(X*) —+ Ek < Akf* + ﬁkd(X*) + Ek(X*) + Ek,

and - ()
Bk Ex(x*) + Ex
f — < —=dx)+——7"——
(yk) — Ak (X )+ Ak ?
which can give us mean rate of convergence and probability of large
deviations.
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(x) = %[x — xo|3, a0 € (0,1], Ax = S5 g i, Biyr > B > L,
Br = kg1 Bry1-

Method:

Q@ Choose x5 € Q.
Q@ wy =mg <Xk - éG&L(kafk))'

©Q i1 = argminycg Vi(x) = arg minXeQ{%Hx - Xo||§ +

S o ailFa(xi, &) + (Gs.1(xi, &)y x — xi)] -

k . .
Output: y, = 72":/?\?""'/’.
Choose a; = f Bi=L+ 21/4 Vvi+1
Rate of convergence: Ef(yy) — f* < ﬁL(I:il) + 2\3//:%? + 0. Large
deviations: . y i
* LR 0\ 2%/49R 300D
L) — 1> AL 4 (14 ) Zp2R + V302D 5} < 2exp(—2),

Can be generalized to non-Euclidean setup and composite optimization.
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = ||x — xo||3, a0 € (0,1], Ak = S oai, Brrt > Br > L,

a2 Bk < AxBr-1.
Method:

@ Choose x5 € Q.
Q y =70 <xk — iGa,L(Xkyfk))-
© 2z = argmingcq Vi(x) = arg miner{&HX — xoll3 +
Yo [FsL(xi. &) + (Go(xi, &) x = X))
Q X1 = Tkzk + (1 — Tw)yk, Tk = %-
Choose «j = ’+1 B =L+ 5 me (1 + 2)*2
Rate of convergence

* 23/2] R2 29/4(k+3)3/20'R 1
Ef(yk) — f < Gk T Ak )(k12) + 3(k +3)d. Large deviations:

the same order.
Can be generalized to non-Euclidean setup and composite optimization.
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© First-order methods

@ Stochastic Intermediate Gradient Method

© Random gradient-free methods

© Application: web-pages ranking problem
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Problem formulation

The main problem we are going to consider is

min{e(x) = F(x) + h(x)}
where

@ Q C E is a closed convex set,

@ h(x) is a simple convex function: the problem
minye{ (g, x) + ad(x) + Bh(x)} is easy solvable,
© f(x) is convex function with stochastic inexact oracle.
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Existing results

From the complexity theory: the best convergence rate when § =0 is
const - ﬁ . Some results by Devolder, Glineur and Nesterov, 2011-2013:

© Stochastic Dual Gradient Method gives the mean rate (and large

deviations)
LR?> ©oR )
E —"<O(——+-—F=+0).
p(yi) — ¢ ( PRl
@ Stochastic Fast Gradient Method gives the mean rate (and large
deviations)

LR?> oR
— o< - - .
Eo(yk) — 9" <© ( 2 + NG + k5>

© For deterministic case Intermediate Gradient Method gives the rate

where we can choose p € [1,2].
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Stochastic Intermediate Gradient Method

Our goal is the method

@ with mean rate
Es@(yk)—so*§@<++kp

where we can choose p € [1,2]
@ with bounded large deviations from this rate,

© which is possible to use in non-Euclidean set-up (free choice of the
norm),

@ applicable to composite optimization problems.
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Auxiliary objects

@ Simple gradient mapping
y = 3rg)’(‘"éi8{/3kd(x)+ak [F5,0(Xi, §k) + (Gs,L(xic, Ek), x — xk)] +h(x)}.

@ Minimum of smoothed model of the function

z=arg mln{ﬁkd +Z a; [Fs,0(xi, &) + (GsL(xi, i), x — xi)]+Akh(x)]
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Auxiliary objects

Let {a}i>0, {Bi}i>0. {Bi}i>o0 be three sequences of coefficients satisfying

a0 € (0,1], Biy1=>Bi>1L, Vi>0,
0<a;<B;, Vi>0,
k

@3Bk < BifBr_1 < <Z ai) Bk-1, Vk>1.

i=0

We define also Ax = Zf,o a; and 7; = %
- 1
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The method

Input: The sequences {a;}i>0, {Bi}i>0, {Bi}i>o0, functions d(x), V(x, z).
Output: The point y.
Q xp = arg minye{d(x)}.
o
Yo = arg)r(’r;ig{ﬁgd(x) + ao(Gs,L(x0, &0), x — x0) + h(x)}

Q for k=0,1,... repeat

Q
K
2k = arg min{Bed(x) + > ai(Ga(xi, i), x — xi) + Ach(x)}
i—0
(5]
X1 = Tkzk + (1 — Th)yx
(6]
Ry = arg Teig{ﬁk V(x, zi)Fary1(Gs,L(Xkt15 Ekr1), X—2k) Fakg1h(x) ).
Q
Wit1 = TkRkt1 + (1 — Th)yk
o

Akl — Bk+1yk By11
Akt1 Ak+1

Wk+1
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Estimating functions

o Wi(x) = Bid(x) + X1 g i [Fs.(xi, &) + (Gs,(xi, &), x — x;)+h(x)]
— model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Acp(yi) S Wi+ Ee, Wi(x) < Akp(x) 4 Brd(x) + Ek(x), Vx € Q.
Then

Aro(yk) < Wi+ Ex < Wi(x*) + Ex < Ap™ + Brd(x*) + Ex(x*) + Ex,

and - ()
« _ Bk o, Ek(X") + Ex
elye) —¢* < =d(xX") + ——F——,
Ak Ak
which can give us mean rate of convergence and probability of large
deviations.
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General rate of convergence

Assume that the function f is endowed with stochastic inexact oracle with
parameters 0, L, 0. Then the sequence y, generated by the Stochastic
Intermediate Gradient Method, when applied to the composite function ¢,
satisfies

o(yk) — @* <Bkd +ZBé+

k
Z 7 11Gs,(xi, &) = 8. ()| 3+
—O

k
+ > ai{Gsi(xi, &) — 8o.L(xi), X* — xi)+
i=0

k

Z G5 L(xi &) — g5(xi), yie1 — Zi—1>>~
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General mean rate of convergence

Taking expectation we get

Theorem 2

Assume that the function f is endowed with stochastic inexact oracle with
parameters §, L, 0. Then the sequence y, generated by the Stochastic
Intermediate Gradient Method, when applied to the composite function ¢,
satisfies

« _ Brd(x*) Zf'(:o Bio
<
= A + AL 4

Eg,,...c0(Vk) — ¢
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Additional assumptions

Q &,...,& are i.i.d random variables.
Q G;1(x,€) satisfies the condition
Ee [exp (||G5,L(X7§);g5,L(X)||i)] < exp(1).

g

© Set Q is bounded with diameter D = max, yeq [|x — vl

&1k = (8o, - - - &k) — history of the random process after k iterations.
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General result for large deviations

If the assumptions 1, 2, 3 are satisfied, then for all Kk > 0 and all Q > 0,
the sequence generated by the SIGM satisfies:

d(x* kKBS
p Qp(}/k) . SD* Z /Bk (X ) + 2170 +
Ax Ax

K
1+Q B; 2Do+/3Q2
+ + 0’2+ g 3
Ak Zi:o g =i Ax
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Choice of the coefficients

Our goal is the rate of © (Lk—"f,g + ‘\T/—’% + k”_lé), p€1,2].

Let a=2"% and b=2"2"p 2", R > \/2d(x").
Then the sequences

satisfy all the requirements.

Pavel Dvurechensky (MIPT/PreMolLab)

Large- and Huge-scale optimization 07.11.14



Mean rate of convergence

If the sequences {c}i>0, {Bi}i>0. {Bi}i>0 are chosen from relations above
and p € [1,2] then the sequence generated by the SIGM satisfies:

Eg,...e0(vk) — ¢* <

- L,‘?zp”QM oR27F \/_( +p+2)
(k+p)P (k+

()
)

2
:@<LR+JR + kP15

kP
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Large deviations bound

If the sequences {a;}i>0, {Bi}i>0. {Bi}i>0 are chosen from relations above
and p € [1,2] then the sequence generated by the SIGM satisfies:

P(ﬂw&—¢*>

LR2pP2*  (14Q)0R2° % /p(k + p+2)P~2

(k+p)p (k +p)P
_ k+p pl 2Do+/6pS2
+ 2271 <) +1|0+——| <
( p Vk+p
< 3exp(—9Q).
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SIGM: strongly convex case

Let E be Euclidean space and ||x||> = (x, Hx) for some H > 0.
Assume that ¢(x) is strongly convex. Then
* M *

o) o) = Blx x|, W@
We assume that prox-function d(x) satisfies 0 = arg minycq d(x) and
d(0) = 0 and has quadratic growth with constant V2: d(x) < VTZHX\P for
all x € E.
Let us change Gs.L(x, &) = Gsr(x, =) = 21 Go(x,&))-
Then 02 — ; and

Gld(x*) | GoR

+ G3kP71s.
kP v mk 3

Ep(yk) — " <

Let us use restart technique.
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SIGMA

Input: The function d(x), point up, number Ry such that |[ug — x*|| < Ry,
number p € [1,2]. Output: The point uyy.

Q Set k=0. .
s _ | (4eciLv2\
@ Define N, = RL) —‘
© for k=0,1,... repeat
Q Define
16ek+2 C20'2 V2
my = max< 1, —22 ,
12 R Nk
p—1
2PeC30 (4eCiLV?\ »
2 2 —k 3 1 P
R = Roe (e—1)< r ) (1-e7).

© Run SIGM with xg = uy , prox-function d (XE:’k) for Ny steps using

oracle GgfL(X, =)==1 ZJ 1 G5.1(x,&) on each step and sequences
{Oz,'},'zo, {ﬁ;},’zo, {B },20 defined above.
Q Set upy1 =yn,, k=k+ 1.
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SIGMA: rate of convergence

After k > 1 outer iterations of the SIGMA we have

1R i Goe2r ! (4eC1LV2) = 5
2 e—1 n
G2 (4eGiLV2\'F
p(e —1) ( iz )
As a consequence if we choose error of the oracle § satisfying

5o cle=1) (4eC1LV2>1;p

— 2PCze o

Ep(uk) —

Ellux — x*[|? < Rée™* +

then we need N = (In ( R"ﬂ outer iterations and no more than

A\ 5 2 302 212
14 4eCiLV=\ P 14 1n 1Ry I 16e>C50°V
1 € ue(e —1)

oracle calls to provide Ep(uy) — ¢* < e.

Slightly changing the method we can obtain Large deviations bound.
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Outline

© First-order methods

@ Discussion and directions for further research

© Random gradient-free methods

© Application: web-pages ranking problem
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Discussion

We have obtained the method with mean rate of convergence of
C) (LR2 + @ f + kP~ 15) where we can chose p € [1,2] in advance. It has
the following advantages.

© Large deviation bounds with same asymptotic dependence on k.

@ It can be used for problems from rather general class of problems with
stochastic inexact oracle.

@ Nonsmooth problems.
@ Auxiliary randomization in initially deterministic problem.

© Choose p € [1,2] for optimal trade-off between error accumulation
and rate of convergence.

Flexibility of optimal choice of the norm and prox-function.

Allows to solve composite optimization problems.

© 0O

Can be accelerated in the strongly convex case to have rate

0 (MRgexp (- (1P ) + 2+ (;)'715).
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Directions for further research

Numerical experiments.
Making these algorithms primal-dual.
Adaptive choice of unknown p, L, R, u, D .

©00O0

Large deviations for heavy tails distributions and large deviations for
unbounded sets.

o

Extension to saddle-point problems and variational inequalities: one
method working on lower bounds, prox-structure, oracle errors
(stochastic and deterministic), composite structure, adaptivity in
unknown parameters.

O Additional linear inequalities which are complex to project on.
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© Random gradient-free methods
@ Problem formulation
@ Smoothing and gradient-free oracle
@ Gradient method modification
o Fast gradient method modification
@ Discussion and directions for further research
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© First-order methods

© Random gradient-free methods
@ Problem formulation

© Application: web-pages ranking problem
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@ E - finite-dimensional real vector space,

@ || - || — Euclidean norm on E, || - ||« is its dual:

IxlIl = V{x,x), x€E, llgll-=+/(g.g), g€E"

Q@ e C/Mif|[VF(x) — VI(y)ll < Lllx — y|l, x € E. This is equivalent
to

L
() = F) = (VFW)x =l < Slx=yl?, xy€E
Q f(x) is smooth strongly convex function if for any x,y € E

F() 2 F(0) + (VW) x =) + 5 lx =y,
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Problem formulation

The main problem we are going to consider is

min f(x),

where
0 f(x) e CLl’1 and either,

@ convex
@ strongly convex

@ we use only function values measured with error
fs(x) = F(x) +3(x),

d(x) - oracle error satisfying |§(x)| < Vx € E.

© Sometimes we additionally assume that §(x) = 4 and is a random
variable which is independent on everything.
Our work based on the article by Yu. Nesterov (2011).
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© First-order methods

© Random gradient-free methods

@ Smoothing and gradient-free oracle

© Application: web-pages ranking problem
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Smoothing the function

Consider smoothing:

1
fu(x) = Epf(x + pub) = A /B f(x + ub)db,

where
© b is a uniformly distributed over unit ball B={x € E : ||x|| <1}
random vector,
@ Vg is the volume of the unit ball B,
© 1 > 0 is the smoothing parameter.
It turns out that
VE(x) = “Eo(F(x + ps) — F(x))s = —— [ (F(x + ps) — (x))sdo(s),
% Vs Js
where

© s is a uniformly distributed over unit sphere S = {x € E : ||x|| = 1}
random vector,
@ Vs is the volume of the unit sphere S,

@ do(s) is unnormalized spherical measure.
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Some properties

Q fu(x)>f(x), VxeckE.

@ If f(x) is convex, then f,(x) is also convex.

@ If f € C/" then f, € V.

Q If f e G then |f,(x) — F(x)| < 42, vxeE.
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Random gradient-free oracle

Define random gradient-free oracle
n
() = 2 (FCx+ ps) — F()s
where s is uniformly distributed vector over the unit sphere S.

One can show that
Esgu(x) = Vi,(x).

Due to error we can calculate only

gus(x) = g(ﬁs(x + ps) — f5(x))s.
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Some properties

Let f € C'. Then
O llgus(x)I? < nuPL2 + 4n?((VF(x),5))? + 825 <
2212 + 4n?|| VF(x)[2 + 82
@ Eslgus(x)II? < n2u2L% + 4n|| V£ (x)|? + 827

If additionally we assume that (x) = 4 and is a random variable which is
independent on s

2.2
© E;sllgus(x)IIZ < n®u?L? + 4n||VF(x)|3 + 2.
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© First-order methods

© Random gradient-free methods

@ Gradient method modification

© Application: web-pages ranking problem
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Problem reformulation

We consider the problem
min f(x).
xeE ( )
Assume that we know point xo and number R such that |[xp — x*|| < R,
where x* is the solution of the problem.
Denote Q = {x € E : ||x — xo|]| < 2R}.
Then we can solve the problem

in f(x).
min f(x)
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The method

Input: The point xp, number R such that ||xo — x*|| < R, stepsize h > 0.
Output: The point xy.
Define Q = {x € E : || x — xo|| < 2R}.

@ Generate s, and corresponding g, 5(x«).
@ Calculate xe41 = mQ(xk — hgu,s(xk)).
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Convergence rate

Denote Uy = (o, - - -, Sk) the history of realizations of the vectors sy,
generated on each iteration of the method, ¢ = f(xp), and

ok = By, (f(xk-1)), k > 1.

Let f € CLl’1 and the sequence x, be generated by the Algorithm above
with h = 8%. Then for any N > 0, we have

N
1 8nLR? ;2L(n+8) 85nR  &°n
—_— i—f7) < —.
Z(¢ )< N+1 + 8 + 1w + Ly?

If additionally f is strongly convex, then

* 1 T N 2
on—f §2L<5“+(1_16nL) (R _5“)>’

2
_ WL(n+8) | 16n6R | 2né?
where 0, = ——— + =55 + b7
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Discussion

To achieve desired accuracy ¢ we need to choose.
In convex case with [0(x)] < §

nLR? [e . e e
N—O< . ), ,u—O( E)’ §—O<m|n{L;ngR,n}>.

In convex case with &(x) random and independent

N:O(nLER2>, u:o(@), 5:0(%).

In strongly convex case with |§(x)| < &

nL  LR? TE . TeNY 1 et
N—0(7'i?)’”—O(v?a)v5—o<mm{ﬁﬂ Pﬁﬁﬂ)'

In strongly convex case with &(x) random and independent

nL LR? TE
N:O(Tmi?)’“zo( ﬁﬂv
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© First-order methods

© Random gradient-free methods

o Fast gradient method modification

© Application: web-pages ranking problem
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Problem formulation and method

We consider the problem

min f(x

xeE ( )7
where f € CLl’1 and is a strongly convex function with parameter 7 > 0.
We difine § = =17 and h = gi; and consider the following method.

Fast Gradient Method Modified

Input: The point xp, number vg > 7.
Output: The point xj.
Set vg = xg.

2
© Compute oy > 0 satisfying % = (1 — ak)vk + QT = Vi1

Q Set A\ = o7, B = 222, and yie = (1 — Bi)xk + Brvk-

© Generate s, and corresponding g, 5(y«)-
O Calculate xk11 = yx — hgus(yx)
Vierr = (1= M) Vi + MYk — 2=8us(vk)-
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Convergence rate

Define x = T. In the case when §(x) is random and independent we have
forall k >0

BuFx) = £ < i (F(r0) = £ + B llxo = x*[12) +

5ulL 82
+ G (“—+ >+u2L,

64  4u2L

where v < min { (1= )" (14 465, /F) | Go< min (k. 82},

Then for 7 = 0 to obtain the accuracy ¢ we need to choose

LR? € € € €
NO<W5>’“O 2L\ IR ’5*06 Eﬁ)

For 7 > 0 to obtain the accuracy € we need to choose

L TR? e [t e [t
N‘OQV:M<5)>7“—O A\ 5—OC;Z>
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Outline

© First-order methods

© Random gradient-free methods

@ Discussion and directions for further research

© Application: web-pages ranking problem
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Discussion

@ We have considered two random gradient-free methods with error in
the oracle value: gradient-type scheme and fast-gradient-type scheme.

@ We have obtained their mean rate of convergence and bounds on the
oracle error (7 = 0):

PGM : N:O(nLR2>, 5:0(%).

3

[ LR? e | e
FGM N—O<n 5)7 (S—O<n LR2>
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Directions for further research

Numerical experiments.
Making these algorithms primal-dual
Adaptive choice of unknown L, R, 7, 11 .

©00O0

Extension to one intermediate method, constrained optimization,
prox-structure, other oracle errors (stochastic and deterministic),
composite structure, adaptivity in unknown parameters.

(2]

Extension for other oracles: case u =0, f(x + ue;) — f(x), random
coordinate descent.

O Extension to saddle-point problems and variational inequalities.
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Outline

© Application: web-pages ranking problem
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Model formulation: random walks

Attention to the whiteboard

Pavel Dvurechensky (MIPT/PreMolLab) Large- and Huge-scale optimization 07.11.14 74 / 81



© = (ip1,02)T € R™+™M _ unknown vector of parameters which help to
characterize web-sites.
Probability for choosing query i:

fQ(lei)

[ﬂ—o]i = =
9 Z,’evql fq(%"lv i)

Probability of transition from one web-site to another:

gq((,DZy 7_> ’)
2 iy &alw2, 1 =)

Finally, probability of moving to i from i equals

fo(ip1, 1)

. (1) Ele2 i)
E,Tevql fq(‘Ph ’)

Ej;hj &q(w2, 1 — )

Stationary distribution of Markov chain defines the i-th web-page rank:
[7qlp- 0 -
mq = amg(®) + (1 — a)Pq (¥)mq,
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Learning problem

We have some pool of experts who rank web-pages for @ queries.
For every query g we have sets of pages P;, Pg, ey Pc’,‘ which are ordered
from the most relevant to irrelevant pages.

We choose loss function h(i,j, x) = max{x + b;;,0}2, where 1 < < j < k.

To find ¢ we minimize

(=52 3 Y hidlrdn — lraln)

q 1<i<j<k P1€F’!',,P2€Pé
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Problem reformulation

F(0) = 5 > I(Aqmy(9) + bg)+[13 — min
Q

m@) =al -1 a)Pl)] w0

Nemirovski, Nesterov (2012): |71 (¢) — w3 (¢0)[l1 < 2(1 — a)V*T holds for

() = — NHZ(l Y [PT)] 70)

To obtain vector g’(go) s.t. ||7”r9’(<p) —ma(@)ll1 < A we need W InZ
a.o.

QZH #) + ba)+

satisfies |f5(¢) — f(¢)| < A\@(2\/Z+ 2b), where ; =max, b = maxq |1bgll5
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The method

Input: The point ¢g, L — Lipschitz constant for the function f(y), number
R such that |0 — ¢*|l2 < R, accuracy € > 0, numbers r, b defined above.
Output: The point ¢y = argming{f(¢) : ¢ € {w0,...,on}}.

@ Define G = {p € R™ : ||p — poll2 < 2R}, N = 32m&,

3

_ €2+/2 _ 2 .

0= 32mRy/L(m+8)’ H=\/ T(m+8)’
Q Set k=0;

Q for k=0,...N

@ Generate random vector s, uniformly distributed over a unit Euclidean
sphere S in R™;

Q Set N = Lin w'

© For every g calculate Ty (<pk) (<pk + psy) defined in above;
Q@ Calculate gy 5(x) = 7 (fé(SOk + MSk) — f5(i))sk;

Q Calculate pi 1 =g (<Pk - ﬁgu,a(wk)):
Q Set k=k+1;
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Complexity

Each iteration of the Algorithm needs approximately

2Qs(p+n) | 2vV2r(2V/2r42b) _ _
" 1In 5 a.0., where s = maxg Sq, P = MaXxq Pgq,

n = maxg nq.
Total number of a.o. for the accuracy ¢ is given by

LR? ((2r+b\F 32mR\/L( m+8>

64m(n+ p)sQ—— In
(n+p)sQ-— I
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Directions for further research

© Adaptive choice of unknown L, R, i .
@ Fast Automatic Differentiation or explicit differentiation application.

© Numerical experiments.
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Thank you for your attention!
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