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Abstract

We discuss a general approach to hypothesis testing. The main “building block” of the
proposed construction is a test for a pair of hypotheses in the situation where each particular
hypothesis states that the vector of parameters identifying the distribution of observations
belongs to a convex compact set associated with the hypothesis. This test, under appropriate
assumptions, is provably nearly optimal and is yielded by a solution to a convex optimization
problem, so that the construction admits computationally efficient implementation. We
further demonstrate that our assumptions are satisfied in several important and interesting
applications. Finally, we show how our approach can be applied to a rather general testing
problems encompassing several classical statistical settings.

1 Introduction

In this paper we promote a unified approach to a class of decision problems, based on Convex
Programming. Our main building block (which we believe is important by its own right) is
a construction, based on Convex Programming (and thus computationally efficient) allowing,
under appropriate assumptions, to build a provably nearly optimal test for deciding between a
pair of composite hypotheses on the distribution of observed random variable. Our approach
is applicable in several important situations, primarily, those when observation (a) comes from
Gaussian distribution on R™ parameterized by its expectation, the covariance matrix being once
for ever fixed, (b) is an m-dimensional vector with independent Poisson entries, parameterized
by the collection of intensities of the entries, (c¢) is a randomly selected point from a given m-
point set {1, ...,m}, with the straightforward parametrization of the distribution by the vector of
probabilities for the observation to take values 1,..., m, (d) comes from a “direct product of the
outlined observation schemes,” e.g., is a collection of K independent realizations of a random
variable described by (a)-(c). In contrast to rather restrictive assumptions on the families of
distributions we are able to handle, we are very flexible as far as the hypotheses are concerned:
all we require from a hypothesis is to correspond to a convex and compact set in the “universe”
M of parameters of the family of distributions we are working with.
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As a consequence, the spirit of the results to follow is quite different from that of a “classical”
statistical inquiry, where one assumes that the signals underlying noisy observations belong
to some “regularity classes” and the goal is to characterize analytically the minimax rates of
detection for those classes. With our approach allowing for highly diverse hypotheses, an attempt
to describe analytically the quality of a statistical routine seems to be pointless. For instance,
in the two-hypotheses case, all we know in advance is that the test yielded by our construction,
assuming the latter applicable, is provably nearly optimal, with explicit specification of what
“nearly” means presented in Theorem 2.1.ii. By itself, this “near optimality” usually is not all
we need — we would like to know what actually are the performance guarantees (say, probability
of wrong detection, or the number of observations sufficient to make an inference satisfying given
accuracy and/or reliability specifications). The point is that with our approach, rather detailed
information of this sort can be obtained by efficient situation-oriented computation. In this
respect our approach follows the one of [35, 36, 7, 9, 11, 37] where what we call below “simple
tests” were used to test composite hypotheses represented by convex sets of distributions'; later
this approach was successfully applied to nonparametric estimation of signals and functionals
[10, 18, 19, 12]. On the other hand, what follows can be seen as a continuation of another line
of research focusing on testing [14, 15, 31] and on a closely related problem of estimating linear
functionals [29, 30, 17] in white noise model. In the present paper we propose a general framework
which mirrors that of [32]. Here the novelty (to the best of our understanding, essential) is in
applying techniques of the latter paper to hypotheses testing rather than to estimating linear
forms, which allows to naturally encompass and extend the aforementioned approaches to get
provably good tests for observations schemes mentioned in (a) — (d). We strongly believe that
this approach allows to handle a diverse spectrum of applications, and in this paper our focus
is on efficiently implementable testing routines® and related elements of the “calculus of tests”.

The contents and organization of the paper are as follows. We start with near-optimal testing
of pairs of hypotheses, both in its general form and for particular cases of (a) — (d) (section 2).
We then demonstrate (section 3) that our tests (same as other tests of similar structure) for
deciding on pairs of hypotheses are well suited for “aggregation,” via Convex Programming and
simple Linear Algebra, into tests with efficiently computable performance guarantees deciding on
M > 2 composite hypotheses. In the concluding section 4 our focus is on applications. Here we
illustrate the implementation of the approaches developed in the preceding sections by building
models and carrying out numerical experimentation for several statistical problems including
Positron Emission Tomography, detection and identification of signals in a convolution model,
Markov chain related inferences, and some others.

In all experiments optimization was performed using Mosek optimization software [1]. The
proofs missing in the main body of the paper can be found in the appendix.

2 Situation and Main result

In the sequel, given a parametric family P = {P,, u € M} of probability distributions on a space
(2 and an observation w ~ P, with unknown p € M, we intend to test some composite hypotheses

!These results essentially cover what in the sequel is called “Discrete case,” see section 2.3 for more detailed
discussion.

For precise definitions and details on efficient implementability, see, e.g., [6]. For the time being, it is sufficient
to assume that the test statistics can be computed by a simple Linear Algebra routine with parameters which are
optimal solutions to an optimization problem which can be solved using CVX [24].



about the parameter p. In the situation to be considered in this paper, provably near-optimal
testing reduces to Convex Programming, and we start with describing this situation.

2.1 Assumptions and goal
In what follows, we make the following assumptions on our “observation environment:”

1. M C R™ is a convex set which coincides with its relative interior;

2. Q is a Polish (i.e., separable complete metric) space equipped with a Borel o-
additive o-finite measure P, supp(P) = (2, and distributions P, € P possess
densities p,(w) w.r.t. P. We assume that

e p,(w) is continuous in p € M, w € Q and is positive;
e the densities p,(-) are “locally uniformly summable:” for every compact set
M C M, there exists a Borel function p* () on Q such that [, pM (w) P(dw) <
oo and py(w) < pM(w) for all p € M, w € Q;
3. We are given a finite-dimensional linear space F of continuous functions on €2
containing constants such that In(p,(-)/p.(-)) € F whenever p,v € M.
Note that the latter assumption implies that distributions P, pu € M, belong
to an exponential family.

4. For every ¢ € F, the function Fy(u) = In ([, exp{¢(w)}pu(w)P(dw)) is well
defined and concave in y € M.

In the just described situation, where assumptions 1-4 hold, we refer to the collection O =
((, P),{pu(-) : p € M}, F) as good observation scheme.

Now suppose that, on the top of a good observation scheme, we are given two nonempty
convex compact sets X C M, Y C M. Given an observation w ~ P, with some unknown
i € M known to belong either to X (hypothesis Hy) or to Y (hypothesis Hy ), our goal is
to decide which of the two hypotheses takes place. Let T(-) be a test, i.e. a Borel function
on 2 taking values in {—1,1}, which receives on input an observation w (along with the data
participating in the description of Hx and Hy). Given observation w, the test accepts Hx and
rejects Hy when T(w) = 1, and accepts Hy and rejects Hy when T(w) = —1. The quality
of the test is characterized by its error probabilities — the probabilities of rejecting erroneously
each of the hypotheses:

ex = sup Pp{w : T'(w) = -1}, ey =sup Py{w: T(w) =1},
zeX yey

and we define the risk of the test as the maximal error probability: max {ex, ey }.

In the sequel, we focus on simple tests. By definition, a simple test is specified by a detector
¢(-) € F; it accepts Hx, the observation being w, if ¢(w) > 0, and accepts Hy otherwise. We
define the risk of a detector ¢ on (Hx, Hy) as the smallest e such that

Jo exp{—é(w)}pe(w)P(dw) < eV € X, [,exp{p(w)}py(w)P(dw) < eVyeY. (1)

For a simple test with detector ¢ we have

ex = sup Pp{w: ¢(w) <0}, ey =sup Py{w: ¢(w) > 0},
zeX yey

and the risk max{ex, ey} of such test clearly does not exceed the risk € of the detector ¢.



2.2 Main result

We are about to show that in the situation in question, an efficiently computable via Convex
Programming detector results in a nearly optimal test. The precise statement is as follows:

Theorem 2.1 In the just described situation and under the above assumptions,
(i) The function

P (¢, [z;y]) = In ([ exp{—d(w) }pe(w) P(dw)) + In ( [, exp{¢(w)}py(w) P(dw)) : )
Fx(XxY)—=R.

is continuous on its domain, is convezr in ¢(-) € F, concave in [x;y] € X X Y, and possesses
a saddle point (min in ¢, max in [x;y]) (P«(+), [Xx;Yx]) on F x (X X Y). ¢y w.lo.g. can be
assumed to satisfy the relation®

[ expl=on@pe. @Pld) = [ exp{o @)} () P(d). Q
Denoting the common value of the two quantities in (3) by e, the saddle point value

i (9, [z;
min max (¢ [z;9])

is 21n(e,), and the risk of the simple test associated with the detector ¢. on the composite
hypotheses Hx, Hy is < .. Moreover, for every a € R, for the test with the detector ¢%(-) =
¢« () —a, the probabilities ex to reject Hx when the hypothesis is true and ey to reject Hy when
the hypothesis is true can be upper-bounded as

ex < exp{a}es, ey < exp{—a}e,. (4)

(ii) Let € > 0 be such that there exists a (whatever) test for deciding between two simple hypothe-
ses

(A):w~p() = pe, (1), (B):w~q():=py() (5)

with the sum of error probabilities < 2e. Then
gx < 2¢/€(1 —¢).

In other words, if the simple hypotheses (A), (B) can be decided, by a whatever test, with the
sum of error probabilities 2¢, then the risk of the simple test with detector ¢, on the composite

hypotheses Hx, Hy does not exceed 24/€(1 — ¢€).
(iii) The detector ¢, specified in (i) is readily given by the [x;y]-component [x.;y.] of the
associated saddle point of ®, specifically,

¢+() = 50 (p2. (-)/py. () - (6)

3Note that F contains constants, and shifting by a constant the ¢-component of a saddle point of ® and
keeping its [z; y]-component intact, we clearly get another saddle point of ®.




Remark. At this point let us make a small summary of the properties of simple tests in the
problem setting and under assumptions of section 2.1:
(i) One has
e+ = exp(Opt/2) = p(zx, y«),

where [x;ys] is the [z; y]-component of the saddle point solution of (2), and

pla.y) = /Q /Pa(@)py (@) P(dw),

is the Hellinger affinity of distributions p, and p, [34, 37];
(ii) the optimal detector ¢, as in (6) satisfies (1) with e = e,;

(iii) the simple test with detector ¢, can be “skewed”, by using instead of ¢.(-) detector
#%(-) = ¢«(-) — a, to attain error probabilities of the test ex = e“c, and ey = e “¢,.

As we will see in an instant, the properties (i) — (iii) of simple tests allow to “propagate” the
near-optimality property of the tests in the case of repeated observations and multiple testing,
and underline all further developments.

Of course, the proposed setting and construction of simple test are by no means unique. For
instance, any test T in the problem of deciding between Hx and Hy, with the risk bounded
with € € (0,1/2), gives rise to the detector

) = 410 (F5) T

(recall that T(w) = 1 when T, as applied to observation w, accepts Hy, and Tw) = —1
otherwise). One can easily see that the risk of ¢(-) satisfies the bounds of (1) with

e=2€(1—é€).

In other words, in the problem of deciding upon Hx and Hy, any test T with the risk < € brings
about a simple test with detector ¢, albeit with a larger risk e.

2.3 Basic examples
We list here some situations where our assumptions are satisfied and thus Theorem 2.1 is appli-
cable.

2.3.1 Gaussian observation scheme

In the Gaussian observation scheme we are given an observation w € R™, w ~ N (u,X) with
unknown parameter p € R” and known covariance matrix . Here the family P is defined
with (£2, P) being R™ with the Lebesque measure, p, = N (1, %), M =R"™, and F = {¢(w) =
alw+b: acR™ be R} is the space of all affine functions on R™. Taking into account that

In (/ e“T“’erp“(w)dw)) =b+a’p+la’Sa,



we conclude that Gaussian observation scheme is good. The test yielded by Theorem 2.1 is
particularly simple in this case: assuming that the nonempty convex compact sets X C R™,
Y C R™ do not intersect?, and that the covariance matrix ¥ of the distribution of observation
is nondegenerate, we get

¢u(w) =Tw—a, £ =33 ow —ul, o= 3T w0,
ex =exp (— (2 — y) S (@ — y))
[[x*v y*] € ArgmaXxGX,yEY [¢(x,y) - —i(.%' - y)Tz—l(x - y)” . (7)

One can easily verify that the error probabilities ex (¢*) and ey (¢*) of the associated simple test
do not exceed €, = Erf (%HE_I/Q(SU* — y4)||2), where Erf(s) is the error function:

o0
Erf(t) = (27r)_1/2/ exp{—s%/2}ds.
¢
Moreover, in the case in question the sum of the error probabilities of our test is exactly the
minimal, over all possible tests, sum of error probabilities when deciding between the simple
hypotheses stating that z = z, and y = y..

Remarks. Consider the simple situation where the covariance matrix X is proportional to the
identity matrix: ¥ = 021 (the case of general ¥ reduces to this “standard case” by simple change
of variables). In this case, in order to construct the optimal test, one should find the closest in
the Euclidean distance points z, € X and y, € Y, so that the affine form ((u) = [z, — y*]Tu
strongly separates X and Y. On the other hand, testing in the white Gaussian noise between
the closed half-spaces {u : ((u) < ((y«)} and {u : ((u) > {(x«)} (which contain Y and X,
respectively) is exactly the same as deciding on two simple hypotheses stating that y = y.,
and x = z,. Though this result is almost self-evident, it seems first been noticed in [14] in the
problem of testing in white noise model, and then exploited in [15, 31] in the important to us
context of hypothesis testing.

As far as numerical implementation of the testing routines is concerned, numerical stability
of the proposed test is an important issue. For instance, it may be useful to know the testing
performance when the optimization problem (7) is not solved to exact optimality, or when errors
may be present in description of the sets X and Y. Note that one can easily bound the error of
the obtained test in terms of the magnitude of violation of first-order optimality conditions for
(7), which read:

(ys —2:) TS Hr —2) + (@ —y) 'S Ny —94) <0, Vo € X, y€ Y.

Now assume that instead of the optimal test ¢.(-) we have at our disposal an “approximated”
simple test associated with

dw)=€w—a, £=45 T -4, a=3€TE+7],
where £ € X, g € Y, 2 # gy satisty

-8 @-2)+@F-9)"S ' (y—9) <6 Ve e X, yey, (8)

Yotherwise ¢. = 0 and €, = 1, in full accordance with the fact that in the case in question no nontrivial (i.e.,
with both error probabilities < 1/2) testing is possible.



with some & > 0. This implies the bound for the risk of the test with detector ¢(-):

5
max|ex, ey] < €= Erf ( 1|27 Y2(z — ¢)|2 — > 9
ex.ev] <= Bt (572G - i)l - oot )

Indeed, (8) implies that 7 (z — %) > —%, (y—7) < g, Ve € X, y €Y. As a result,

Tr—a=E"a—7)+ET2E> —g + T8¢ v € X.
and for all z € X,

~ ~ ~ ~ ~ )
Prob,{¢(w) < 0} = Prob,{¢" (w—2) < —"a+a} = Prob, {||21/2§||2n < —|IS2E)5 + 2} :
where 1 ~ N(0,1). We conclude that

~ ~ 1)
ex = sup Prob,{¢(w) < 0} < Erf( 1 »i/2 — ~>
= sp Prob. (9(w) < 0} < Bt (J15/2 — oo

what implies the bound (9) for ex. The corresponding bound for ey = sup, ¢y Prob, {$(w) >
0} is obtained in the same way.

2.3.2 Discrete observation scheme

Assume that we observe a realization of a random variable w taking values in {1,2,...,m} with
probabilities u;, i =1,...,m:

w; = Prob{w =i}, i =1,....,m.
The just described Discrete observation scheme corresponds to (2, P) being {1,...,m} with

counting measure, p,(w) = po, p € M = {p € R™ : p; >0, >, u; = 1}, In this case
F =R(2) =R™, and for ¢ € R™,

m

In <Z e‘z’(w)pu(w)) =1In <Z e¢“uw>
weN w=1

is concave in u € M. We conclude that Discrete observation scheme is good. Furthermore,

when assuming the convex compact sets X C M, Y C M (recall that in this case M is the

relative interior of the standard simplex in R™) not intersecting, we get

6e(w) = In (VIeTo oL ) + e = exp{Opt/2} = p(a,y.), (10)
[[113‘*; y*] € ArgmaXxEX,er [T,Z)(ZL‘, y) =2In p(x,y), Opt = ?/J(ZE*,:U*)] 7]

where p(x,y) = >~ /Teye is the Hellinger affinity of distributions = and y. One has e, =
(T4, ys) = 1 — h%(24,ys), the Hellinger affinity of the sets X and Y, where

m
W (x,y) =3 (Vo — Vi)

(=1
is the Hellinger distance between distributions x and y. Thus the result of Theorem 2.1, as
applied to Discrete observation model, allows for the following simple interpretation: to construct
the simple test ¢, one should find the closest in Hellinger distance points . € X and y, € Y
then the risk of the likelihood ratio test ¢, for distinguishing z, from y,, as applied to our testing
problem, is bounded with p(z4,y.) = 1 — h?(2+, y«), the Hellinger affinity of sets X and Y.



Remarks. Discrete observation scheme considered in this section is a simple particular case —
that of finite 2 — of the result of [3, 9] on distinguishing convex sets of distributions. Roughly,
the situation considered in those papers is as follows: let 2 be a Polish space, P be a o-finite
o-additive Borel measure on €2, and p(-) be a density w.r.t. P of probability distribution of
observation w. Note that the corresponding observation scheme (with M being the set of
densities with respect to P on ) does not satisfy the premise of section 2.1 because the linear
space F spanned by constants and functions of the form In(p(-)/q(+)), p,q € M is not finite-
dimensional. Now assume that we are given two non-overlapping convex closed subsets X, Y
of the set of probability densities with respect to P on ). Observe that for every positive Borel
function 9 (-) : Q@ — R, the detector ¢ given by ¢(w) = In(¢)(w)) for evident reasons satisfies the

relation

—p(w) H(w) <
per)%%)éy [fQ e p(w)P(dw), [ e q(w)P(dw)] <e,

e = max [sup,e x [~ (@)p(w) P(dw)., supyey [ ¥(w)g(w)P(dw)]

Opt = max { /\/719 dw} (11)

pEX,gEY

Let now

which is an infinite-dimensional convex program with respect to p € X and ¢ € Y. Assuming
the program solvable with an optimal solution composed of distribution p.(-), g«(-) which are
positive, and setting ¥, (w) = v/ps(w)/¢«(w), under some “regularity assumptions” (see, e.g.,
Proposition 4.2 of [9]) the opt1mahty conditions for (11) read:

i [ [ 07 @) P + [ (a0 - glP()] 0.

peEX,qEY

In other words,

max [ 7 @p)dPW) < [ 67 @ (@)dP(w) = Opt,
Q Q

peX

and similarly,

mex / u(@)g(w)dP(w) < / 62 (@) (w)dP(w) = Opt,
Q Q

qeyY

so that for our 4, we have e = Opt.

Note that, although this approach is not restricted to the Discrete case per se, when {2 is not
finite, the optimization problem in (11) is generally computationally intractable (the optimal
detectors can be constructed explicitly for some special sets of distribution, see [9, 11]).

The bound &, for the risk of the simple test can be compared to the testing affinity 7(X,Y)
between X and Y,

m
ﬂ—(Xv Y) = xe%iféy {W(.’IJ, y) = ;min[xf7 yﬁ]} ’

which is the least possible sum of error probabilities ex + ey when distinguishing between Hx
and Hy (cf. [35, 37]). The corresponding minimax test is a simple test with detector (-, ),
defined according to

6() = In (VEL/) -

[[j; y] € ArgmaxmeX,yEY [Z?:l min[x€7 y@] ] :

8



Unfortunately, this test cannot be easily extended to the case where repeated observations (e.g.,
independent realizations wg, k = 1,..., K, of w) are available. In [27] such an extension has
been proposed in the case where X and Y are dominated by bi-alternating capacities (see, e.g.,
[28, 5, 13, 3], and references therein); explicit constructions of the test were proposed for some
special sets of distributions [26, 42, 41]. On the other hand, as we shall see in section 2.4, the
simple test ¢.(+,-) allows for a straightforward generalization to the repeated observations case
with the same (near-)optimality guaranties as those of Theorem 2.1.ii.

Finally, same as in the Gaussian observation scheme, the risk of a simple test with detector
P(w) = iIn (Zw/0w), w € Q, defined by a pair of distributions [Z;y] € X x Y, can be assessed
through the magnitude of violation by & and ¢ of the first-order optimality conditions for the
optimization problem in (10). Indeed, assume that

m = m ~
Ye ~ Ty -
Z T(xg—.%g)—i-z —(ye—U) <6 Ve e X, yeY.
= Ve = VY
We conclude that
m m g m
< gy = L0 <> VinEe+ 6
€x = Ixneég(( e xy Ixng)gz jgw S YeZe + 0,
=1 =1 =1
m B m i‘ m
y4 =
€ < max e®ty, = max —yp < ToGp + O

so that the risk of the test ¢ is bounded with p(Z,§) + 4.

2.3.3 Poisson observation scheme

Suppose that we are given m realizations of independent Poisson random variables
w; ~ Poisson(p;)

with parameters u;, i = 1,...,m. The Poisson observation scheme is given by ({2, P) being
Z' with counting measure, p,(w) = Lre” 2iti where p € M = int R, and, similarly to the
Gaussian case, F is comprised of the restrictions onto Z' of affine functions: F = {¢(w) =
a’w+b: a € R™, beR}. Since

m

In [ Y expla’w+b)pu(w) | =D (e = pi+b

wEeZT i=1

is concave in u, we conclude that Poisson observation scheme is good.

Assume now that, same as above, in the Poisson observation scheme, the convex compact
sets X C R, , Y C R, do not intersect. Then the data associated with the simple test yielded
by Theorem 2.1 is as follows:

de(w) =ETw—a, & =3 ([zde/[y]e), =32 [2x — yule, e« = exp{Opt/2}

[ [(L'*,y*] S ArgmaXmEX,yGY W(f’«"ay) = —2h2<1’,y)] , Opt = w(x*,y*), ] (12)

where h%(z,y) = 3300, [V — \/y7]2 is the Hellinger distance between z € R and y € R



Remark. Let ¢(w) = &Tw — & be a detector, generated by [Z;9] € X x Y, namely, such that

m

&= $(T/G0), a=3%) (F0— o)
(=1
We assume that [Z;¢] is an approximate solution to (12) in the sense that the first-order
optimality condition of (12) is ‘0-satisfied”:

i[(m—l)(me—@)ﬂL(\/m—1>(ye—ﬂe)]S(S VzeX, yevy.

{=1

One can easily verify that the risk of the test, associated with ¢, is bounded with exp(—h% (%, §)+
9) (cf. the corresponding bounds for the Gaussian and Discrete observation schemes).

2.4 Repeated observations

Good observation schemes admit naturally defined direct products. To simplify presentation,
we start with explaining the corresponding construction in the case of stationary repeated ob-
servations described as follows.

2.4.1 K-repeated stationary observation scheme

We are given a good observation scheme ((€2, P), {pu(-) : p € M}, F) and a positive integer K,
along with same as above X,Y. Instead of a single realization w ~ p,(-), we now observe a
sample of K independent realizations wy ~ p,(-), k = 1,..., K. Formally, this corresponds to the
observation scheme with the observation space QX = {wK = (w1, ...,wr) : wi € QVEk} equipped
with the measure P = P x ... x P, the family {p[ (w*) = [T, pu(wr), p € M} of densities of

repeated observations w.r.t. PX, and FX = {¢®(wX) = S35 ¢(wp), ¢ € F}. The components
X, Y of our setup are the same as for the original single-observation scheme, and the composite
hypotheses we intend to decide upon state now that the K-element observation w’ comes from
a distribution pff() with p € X (hypothesis Hx) or with u € Y (hypothesis Hy).

It is immediately seen that the just described K-repeated observation scheme is good (i.e.,
satisfies all our assumptions), provided that the “single observation” scheme we start with is so.
Moreover, the detectors ¢, ¢X and risk bounds &, siK) given by Theorem 2.1 as applied to the
original and the K-repeated observation schemes are linked by the relations

O (@1, i) = i bulwn), ) = (20" (13)
As a result, the “near-optimality claim” Theorem 2.1.ii can be reformulated as follows:

Proposition 2.1 Assume that for some integer K > 1 and some € € (0,1/4), the hypotheses
Hx, Hy can be decided, by a whatever procedure utilising K observations, with error probabil-
ities < €. Then with

2K
_ 2In[2]
1 In[1/¢]

Kt =

observations, |a| being the smallest integer > a, the simple test with the detector <;5*K+ decides
between Hx and Hy with risk < e.

10



Indeed, applying (13) with K = K and utilizing Theorem 2.1.ii, we get e, < (2y/€)/K
and therefore, by the same (13), e = X < (24/6)K/K for all K. Thus, e,(K+) < ¢, and

theﬁefore the conclusion of Proposition follows from Theorem 2.1.i as applied to observations
K
wh .

We see that for small e, the “suboptimality ratio” (i.e., the ratio K /K) of the proposed test
when e-reliable testing is sought is close to 2 for small e.

2.4.2 Non-stationary repeated observations

We are about to define the notion of a general-type direct product of good observation schemes.
The situation now is as follows: we are given K good observation schemes

Ok - ((Qkypk)uMk C Rmkv {pk,uk<) 3 S Mk}vfk>7 k= 17 7K

and observe a sample wX = (w1, ...,wr) of realizations wy € Q) drawn independently of each
other from the distributions with densities, w.r.t. Py, being py ,, (-), for a collection uk =
(1, ey o) With pg, € My, 1 <k < K. Setting

O =) x o x Qe = {wf = (Wi, ., wk) T wp € Y VE < K,

PK =P x..x Pg

ME = My x o x My = {8 = (s oy i) = s € My Vk < K,

Purc (W) = p1 gy (W1)p2,ps (W2) PR g (Wi) 05 € MB WE € QF,

FE = {68 (W) = ¢1(w1) + do(wa) + ... + o (wr) : QX =R dp() € FpVE < K},

we get an observation scheme ((QF, Px), M* {p,x(-) : uF € MF}, FK) which we call the
direct product of O1,...,Ok and denote OK = O x ... x O. It is immediately seen that this
scheme is good. Note that the already defined stationary repeated observation scheme deals
with a special case of the direct product construction, the one where all factors in the product
are identical to each other, and where, in addition, we replace M¥ with its “diagonal part”

{u" = (u, oo 1), € M}
Let OK = O x ... x Ok, where, for every k < K,

Ok = (s Pr), My, {ppy, () + pre € My}, Fie)

is a good observation scheme, specifically, either Gaussian, or Discrete, or Poisson (see section
2.3). To simplify notation, we assume that all Poisson factors Oy are “scalar,” that is, wy is
drawn from Poisson distribution with parameter u.° For

K
M (W) =D dnlwn) € FX, pf = (s i) € MF,
k=1

5This assumption in fact does not restrict generality, since an m-dimensional Poisson observation scheme from
section 2.3.3 is nothing but the direct product of m scalar Poisson observation schemes. Since the direct product
of observation schemes clearly is associative, we always can reduce the situation with multidimensional Poisson
factors to the case where all these factors are scalar ones.
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let us set

K
B0 0) =t ([ exp{-0" @ I PR 05) ) = 3 Wiln )
k=1

with

Wi (5(). 1x) = 1n<< | expf-sutentpn <wk>Pk<dwk>) |

The function ®(¢X, [z, y]), defined by (2) as applied to the observation scheme O, clearly is

K
(o, [259]) = D [Wk(k, k) + Cr(—k, yi)]
k=

= Zéﬁk(wk% z = [z 5] € MR,y =[yi;.syx] € MK]
k

—

so that

min _®(¢", [z;y]) Zwk Tk Yk),

where functions (-, -) are defined as follows (cf. (7), (10) and (12)):

o Yip(pp,ve) = —3(uk — Vk)TEgl(uk —vg) in the case of Gaussian Oy with w, € R,
Wi ~ N (b, X))y pes Vi € R™H;

o Yp(pp, vp) = —(/1ik — +/Vk)? for scalar Poisson Oy, with py, v > 0;

o Up(pg,vk) =21In <Z ki [ve] ) for Discrete O with Qf = {1,...,my},
[1k, Vk EMk—{ueRm’“ tp>0, 3l =1}

Let X and Yj; be compact convex subsets of My, k = 1,...,K; let X = X x ... x X and
Y =Y x ... x Yg. Assume that [z, y.] = [[xa]1; 5 [T4] K5 [Ys]15 -5 [Ux] ] 1S an optimal solution
to the convex optimization problem

K
Opt = max [Z¢k($kayk)]> (14)

zeX,yeY
LA

and let

o, — ag, & = 350 [wdk — [ai),
o (wy) = ay, = 3L (2] + [yr]
* LwiIn ([2e]k/[ys]k) — 3[[z«]k — [y«]x] for scalar Poisson O,
2In ([24]w, /[Y«)w,) for Discrete O.

for Gaussian O,
(15)

Theorem 2.1 in our current situation implies the following statement:
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Proposition 2.2 In the framework described in section 2.1, assume that the observation scheme
OX is the direct product of some Gaussian, Discrete and scalar Poisson factors. Let [x4;y.] be an
optimal solution to the convexr optimization problem (14) associated via the above construction
with OX | and let

£« = exp{Opt/2}.
Then the error probabilities of the simple test with detector ¢%(w’) = fo:l ®*(wy) — a, where
®%(-) are as in (15), and a € R, satisfy

ex <exp{a}es, and ey <exp{—a}e,.

Besides this, no test can distinguish between these hypotheses with the risk of test less than 2 /4.

Remarks. Two important remarks are in order.

When OF is a direct product of Gaussian, Poisson and Discrete factors, finding the near-
optimal simple test reduces to solving explicit well-structured convex optimization problem with
sizes polynomial in K and the maximal dimensions my, of the factors, and thus can be done
in reasonable time, whenever K and maxy my are “reasonable.” This is so in spite of the fact
that the “formal sizes” of the saddle point problem associated with ® could be huge (e.g., when
all the factors O}, are discrete, the cardinality of QX can grow exponentially with K, rapidly
making a straightforward computation of ® based on (2) impossible).

We refer to the indexes k and &/, 1 < k, kK’ < K, as equivalent in the direct product setup,
augmented by convex compact subsets X, Y of ME if O = Oy, 2, = xp for all z € X, and
yr = yp for all y € Y. Denoting by K’ the number of equivalence classes of indexes, it is clear
that problem (14) is equivalent to a problem of completely similar structure, but with K’ in
the role of K. It follows that the complexity of solving (14) is not affected by how large is
the number K of factors; what matters is the number K' of equivalence classes of the indexes.
Similar phenomenon takes place when X and Y are direct products of their projections, X and
Y}, on the factors Mj of MX | and the equivalence of indexes k, k' is defined as O = Oy,
X, = Xk/, Y. =Y.

3 Multiple hypotheses case

The examples outlined in section 2.3 demonstrate that the efficiently computable “nearly op-
timal” simple testing of composite hypotheses suggested by Theorem 2.1 and Proposition 2.2,
while imposing strong restrictions on the underlying observation scheme, covers nevertheless
some interesting and important applications. This testing “as it is,” however, deals only with
“dichotomies” (pairs of hypotheses) of special structure. In this section, we intend to apply our
results to the situation when we should decide on more than two hypotheses, or still on two
hypotheses, but more complicated than those considered in Theorem 2.1. Our general setup
here is as follows. We are given a Polish observation space {2 along with a collection X1, ..., X/
of (nonempty) families of Borel probability distributions on Q. Given an observation w drawn
from a distribution p belonging to the union of these families (pay attention to this default
assumption!), we want to make some conclusions on the “location” of p. We will be interested
in questions of two types:

A. [testing multiple hypotheses] We want to identify the family (or families) in the collection
to which p belongs.

13



B. [testing unions] Assume our families X7, ..., Xs are split into two groups — “red” and
“blue” families. The question is, whether p belongs to a red or a blue family.

When dealing with these questions, we will assume that for some pairs (3, j), i # j, of indexes
from 1, ..., M (let the set of these pairs be denoted Z) we are given “pairwise tests” Tj; deciding
on the pairs of hypotheses H;, H; (where Hj, states that p € X}). To avoid ambiguities, we
assume once for ever that the only possible outcomes of a test T;; are either to reject H; (and
accept H;), or to reject H; (and accept Hj). For (i,j) € Z, we are given the risks €;; (an upper
bound on the probability for T;; to reject H; when p € X;) and €; (an upper bound on the
probability for Tj; to reject H; when p € X;). We suppose that whenever (i, j) € Z, so is (j, 1),
and the tests T;; and Tj; are the same, meaning that when run on an observation w, T;; accepts
H; if and only if T}; accepts H;. In this case we lose nothing when assuming that €;; = €;;.

Our goal in this section is to “assemble” the pairwise tests Tj; into a test for deciding on
“complex” hypotheses mentioned in A and in B. For example, assuming that 7;;’s are given for
all pairs i, 7 with ¢ £ j, the simplest test for A would be as follows: given observation w, we run
on it tests Tj; for every pair ¢,j with ¢ # j, and accept H; when all tests T;; with j # ¢ accept
H;. As a result of this procedure, at most one of the hypotheses will be accepted. Applying the
union bound, it is immediately seen that if w is drawn from p belonging to some X;, H; will be
rejected with probability at most jiti Eij» SO that the quantity max; » i €ij can be considered
as the risk of our aggregated test.

The point in what follows is that when T;; are tests of the type yielded by Theorem 2.1, we
have wider “assembling options”. Specifically, we will consider the case where

e T;; are “simple tests induced by detectors ¢;;,” where ¢;;(w) : @ — R are Borel functions;
given w, T;; accepts H; when ¢;j(w) > 0, and accepts H; when ¢;;(w) < 0, with somehow
resolved “ties” ¢;; (w) = 0. To make T;; and T)j; “the same,” we will always assume that

Pij(w) = —ji(w), w € Q, (4,5) € L. (16)
e The risk bounds €;; “have a specific origin”, namely, they are such that for all (7,j) € Z,
(a) Jqexp{—¢ij(w)}p(dw) < e€; Vpe Xis (b)  Jqexp{dij(w)}p(dw) < &;, Vp € X;. (17)

In the sequel, we refer to the quantities €; := |/€;;€; as to the risks of the detectors ¢;;. Note
that the simple tests provided by Theorem 2.1 meet the just outlined assumptions. Another
example is the one where X; are singletons, and the distribution from X; has density p;(-) > 0
with respect to a common for all ¢ measure P on §; setting ¢;;(-) = 2 In(p;i(-)/p;(+)) (so that
T;; are the standard likelihood ratio tests) and specifying €;; = €; as Hellinger affinities of p;
and p;, we meet our assumptions. Furthermore, every collection of pairwise tests T, (i,j) € Z,
deciding, with risks 6;; = d;; € (0,1/2), on the hypotheses H;, Hj, (i,j) € Z, gives rise to
pairwise detectors ¢;; meeting (16) and (17) with €;; = &; = 24/0;;(1 — d;5) (cf. remark after

Theorem 2.1). Indeed, to this end it suffices to set ¢;j(w) = 31n (1;;” ) T;j(w) where, clearly,

-2
Tij(w) = =Tji(w).
The importance of the above assumptions becomes clear from the following immediate ob-
servations:

14



1. By evident reasons, (17.a) and (17.b) indeed imply that when (i,7) € Z and p € X;, the
probability for T;; to reject H; is < ¢;;, while when p € X, the probability for the test
to reject Hj is < €;. Besides this, taking into account that ¢;; = —¢;;, we indeed ensure
€ij = €ji;

2. Relations (17.a) and (17.b) are preserved by a shift of the detector — by passing from ¢;;(-)
to ¢;j(-) — a (accompanied with passing from ¢;; to ¢;; + a) and simultaneous passing
from €;;, €; to exp{a}e;; and exp{—a}€;. In other words, all what matters is the product
€ij€i; (i-e., the squared risk E?j of the detector ¢;;), and we can “distribute” this product
between the factors as we wish, for example, making €;; = €; = €;;

3. Our assumptions are “ideally suited” for passing from a single observation w drawn from

M
a distribution p € |J X; to observing a K-tuple w® = (wy,...,wx) of observations drawn,
i=1
independently of each other, from p. Indeed, setting ¢f§(w1,...,wK) = Zé{:l dij(wr),
relations (17.a) and (17.b) clearly imply similar relations for qbf]{ in the role of ¢;; and
[e;;]% and [€;]% in the role of ¢;; and &;. In particular, when max(e;;, ;) < 1, passing
from a single observation to K of them rapidly decreases the risks as K grows.

4. The left hand sides in relations (17.a) and (17.b) are linear in p, so that (17) remains valid
when the families of probability distributions X; are extended to their convex hulls.

In the rest of this section, we derive “nontrivial assemblings” of pairwise tests, meeting the just
outlined assumptions, in the context of problems A and B.

3.1 Testing unions
3.1.1 Single observation case

Let us assume that we are given a family P of probability measures on a Polish space 2 equipped
with a o-additive o-finite Borel measure P, and all distributions from P have densities w.r.t. P;
we identify the distributions from P with these densities. Let X; C P, i=1,...,m and Y; C P,
Jj =1,...,n. Assume that pairwise detectors — Borel functions ¢;;(-) : 2 — R, with risk bounded
with €;; > 0, are available for all pairs (X;,Y), i =1,...,m, j = 1,...,n, namely,

Jo exp{—0ij(w)}p(w) P(dw) < €5, Vp € Xi, Jo exp{9ij(w)}q(w)P(dw) < 5, Vg € Y.

Consider now the problem of deciding between the hypotheses

m n
Hy:peX=|JX; and Hy: peY =[]V
i=1 j=1

on the distribution p of observation w.

E

Let E = [e;];; € R™™. Consider the matrix H = This is a symmetric

ET
entrywise nonzero nonnegative matrix. Invoking the Perron-Frobenius theorem, the leading
eigenvalue of this matrix (which is nothing but the spectral norm || E|22 of E) is positive, and
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the corresponding eigenvector can be selected to be nonnegative. Let us denote this vector
z = [g;h] with g € R and h € R"}, so that

Eh = ||El||2,29, ETg=|E

2,2h. (18)

We see that if one of the vectors g, h, is zero, both are so, which is impossible. Thus, both g
and h are nonzero nonnegative vectors; since F has all entries positive, (18) says that in fact g
and h are positive. Therefore we can set

aij = In(hj/gi), 1<i<m,1<j<nmn,

pw) = IIllaX ) Hllin [d’zg(w) — aij] : Q= R
i=1,....m j=1,...n

(19)

Given observation w, we accept Hx when ¢(w®) > 0, and accept Hy otherwise.

Proposition 3.1 In the described situation, we have

(@) Jryexp{—6(w)}p(w)P(dw) < & = | Ellaz, p € X, o0
() Joexp{o(w)}p(w)Pldw) < e, pe Y.

As a result, the risk of the just described test when testing Hx wversus Hy does not exceed
e=|E|

2,2-

3.1.2 Case of repeated observations

The above construction and result admit immediate extension onto the case of non-stationary
repeated observations. Specifically, consider the following situation. For 1 < t < K, we are
given

1. Polish space £2; equipped with Borel o-additive o-finite measure F;,
2. A family P; of Borel probability densities, taken w.r.t. P, on {2,
3. Nonempty sets Xy C Py, Vs C P, i € Ly ={1,....,mu}, j € T = {1,..., 4},

4. Detectors — Borel functions ¢;;(-) : 4 — R, i € Zy, j € J;, along with positive reals €;j,
1 €1y, j € Jp, such that

(@) [fq, exp{—¢iji(w)}p(w)P(dw) < eiji V(i € Ty, € Tiyp € Xit),

0)  Jq, expldiji(w)}p(w)Pi(dw) < €ije V(i € Iy, j € Ji,p € Yir), (21)

Given time horizon K, consider two hypotheses on observations w® = (Wi, ooy Wi ), W €

Hy := Hx and Hj := Hy, as follows. According to hypothesis H,, x = 1,2, the observations
we, t =1,2,..., K, are generated as follows:

“In the nature” there exists a sequence of “latent” random variables (1 y, (2,y, (3,y 5 ---
such that w;, ¢ < K, is a deterministic function of <>t< = (Cix» - Cty)s and the
conditional, Cf(_l being fixed, distribution of wy has density p; € Py w.r.t. P, the
density p; being a deterministic function of Cf(_l. Moreover, when x = 1, p; belongs
to X; := |J Xy, and when x = 2, it belongs to Y; := Ujejt Y.

€Lt

Our goal is to decide from observations w’ = (wy, ...,wr ) on the hypotheses Hx and Hy.
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The test we intend to consider is as follows. We set
FE
Et — [Eijt]i,j c Rmtxnt’ Ht — |: ET t :| c R(mt+nt)><(mt+nt)7 £ = HEtH2,2‘ (22)
t

As above, the leading eigenvalue of the symmetric matrix Hy is €, the corresponding eigenvector
[g'; hl], ¢¢ € R™ h! € R™ can be selected to be positive, and we have

Eiht = eigt, Elgt = &iht. (23)

We set
agje = In(hl/gh), 1 <i<my,1<j<nmny,
Gr(wy) = max  min [Pie(we) — aije) Q@ = R, (24)
1=1,...,my .7:17"'7nt
O W) = T drlwn).

Given observation w’ = (wy,...,wx), we accept Hx when ¢ (w’) > 0, and accept Hy other-
wise.

We have the following analogue of Proposition 2.2

Proposition 3.2 In the situation of this section, we have

(a) Joexp{—¢i(w)}p(w)P(dw) < & := || Eill22, p € Xyt =1,2, ...

(0) Joexp{de(@))p(w)P(dw) < er, p€ Yot = 1,2, (25)

As a result, the risk of the just described test does not exceed Hfil E¢.

Some remarks are in order.

Symmeterizing the construction. Inspecting the proof of Proposition 3.2, we see that the
validity of its risk-related conclusion is readily given by the validity of (25). The latter relation,
in turn, is ensured by the described in (24) scheme of “assembling” the detectors ¢;j(-) into
¢¢(+), but this is not the only assembling ensuring (25). For example, swapping X; and Y,
applying the assembling (24) to these “swapped” data and “translating” the result back to the
original data, we arrive at the detectors
¢(w) = min  max [¢gi(w) — aijil,
7=1,...,n¢ 1=1,....my

with a;;; given by (24), and these new detectors, when used in the role of ¢, still ensure (25).
Denoting by ¢, the detector ¢; given by (24), observe that g() < ¢,(+), and this inequality in
general is strict. Inspecting the proof of Proposition 3.2, it is immediately seen that Proposition
remains true whenever ¢X (w¥) = Zfi 1 ¢(wy) with ¢(-) satisfying the relations

6,(-) < b)) < (),

for example, with the intrinsically symmetric “saddle point” detectors

P R, R, 2 A ) = Ap={r B 12> 0.3, 2 =1)]

),

Needless to say, similar remarks hold true in the context of Proposition 3.1, which is nothing
but the stationary (i.e., with K = 1) case of Proposition 3.2.
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Testing convex hulls. As it was already mentioned, the risk-related conclusions in Proposi-
tions 3.1, 3.2 depend solely on the validity of relations (20), (25). Now, density p(-) enters the
left hand sides in (20), (25) linearly, implying that when, say, (25) holds true for some X3, Y;,
the same relation holds true when the families of probability densities X¢, Y; are extended to
their convex hulls. Thus, in the context of Propositions 3.1, 3.2 we, instead of speaking about
testing unions, could speak about testing convex hulls of these unions.

Simple illustration. Let p be a positive probability density on the real axis {2 = R such that
setting p; = [ v/p(w)p(w — i)dw, we have € := 23 72, p; < co. Let pj(w) = p(w — i), and let
I'={n <..<uy}and J = {5 < ... <y} be two non-overlapping finite subsets of Z. Consider
the case where X;; = {p,,(-)}, 1 <i <m=my, Yy = {p;,(-)}, 1 <j < n=ny, are singletons,
and let us set
$ije(w) = gIn(p,(W)/py W), 1<i<m, 1<j<n,
€ijt = [ /pu(w)/py;(w)dw, 1 <i<m,1<j<n.

This choice clearly ensures (21), and for the associated matrix F; = E we have ||Ell22 < ¢.9
Thus, when ¢ is small, we can decide with low risk on the hypotheses associated with X; :=

m n

U Xit, Y2 := U Yjs; note that € is independent of the magnitudes of m,n. Moreover, when
i=1 j=1

e < 1, and repeated observations, of the structure considered in Proposition 3.2, are allowed,
K =|In(1/e)/In(1/e)| observations are sufficient to get a test with risk < ¢, and K again is not
affected by the magnitudes of m,n. Finally, invoking the above remark, we can replace in these
conclusions the finite sets of probability densities X;, Y; with their convex hulls.

3.2 Testing multiple hypotheses

Let X, ..., X, be nonempty sets in the space of Borel probability distributions on a Polish space
), E = [e;5] be a symmetric m x m matrix with zero diagonal and positive off-diagonal entries,
and let

be Borel detectors such that

Vi, 5,1 <i,7 <m,i#j): /Qexp{—qbij(w)}p(dw) <e€j; Vp € X;. (26)

Given a skew-symmetric matrix [oj]1<; j<m and setting éw() = ¢4 (-) — aj, we get
V(i, 5,1 <4, <m,i#j): /Qexp{—Q_Sl-j(w)}p(dw) < exp{ojle; Vp € X;. (27)
Consider the following test aimed to decide, given an observation w drawn from a distribution

m
p known to belong to X = |J Xj, on ¢ such that p € X; (we refer to the validity of the latter
i=1

1=

5We use the following elementary fact: Let E be a matrix with sums of magnitudes of entries in every row and

E
ET )
so that ||E||2,2 = || Fll2,2, and ||F||2,2 is just the spectral radius of F. We clearly have || Fz|oc < 7||z]/c for all z,
whence the spectral radius of F' is at most .

every column not exceeding r. Then ||E||2,2 < r. To be on the safe side, here is the proof: let F =
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inclusion as to hypothesis H;). The test is as follows: we compute ¢;;(w) for all i # j, and
accept all H;’s such that all the quantities gZ;ij (w) with j distinct from i are positive. Note that
since ¢;(-) = —ji(+), if some H; is accepted by our test, no Hy with ¢’ different from 4 can be
accepted; thus, our test, for every w, accepts at most one of the hypotheses H;. Let us denote
by €; the maximal, over p € X;, probability for the test to reject H; when our observation w is
drawn from p(-). Note that since our test accepts at most one of H;’s, for every ¢ the probability
to accept H; when the observation w is drawn from a distribution p(-) € X\ X; (i.e., when H; is
false) does not exceed max;.j-; €;.

Now recall that the risks €; depend on the shifts «;;, and consider the problem as follows.
Given “importance weights” p; > 0, 1 <4 < m, we now aim to find the shifts «;; resulting in
the smallest possible quantity

€ 1= max pic;,
or, more precisely, the smallest possible natural upper bound ¢ on this quantity. We define this
bound as follows.

Let, for some ¢, an observation w be drawn from a distribution p € X;. Given this observation,
H; will be rejected if for some j # i the quantity ¢;;(w) is nonpositive. By (26), for a given
J # 1, p-probability of the event in question is at most exp{a;;}€;j, which implies the upper
bound on ¢;, specifically, the bound

m
g = Zexp{aij}eij = Zexp{aij}eij
j#i j=1

(recall that €; = 0 for all 4). Thus, we arrive at the upper bound

m
€ = max p;&; = maprieij exp{a;} (28)
K3 K3
j=1
on e. What we want is to select o;; = —aj; minimizing this bound.

Our goal is relatively easy to achieve: all we need is to solve the convex optimization problem

a=|ai;] 1<i<m

£« = min ¢ f(a):= max Zpiﬁij exp{a;;} ia=—al 3. (29)
J

The problem (29) allows for a “closed form” solution.

Proposition 3.3 Let p be the Perron-Frobenius eigenvalue of the entry-wise nonnegative matrix
E = [pi€ijli<; i<y The corresponding eigenvector g € R™ can be selected to be positive, and for
the choice [a;; == In(g;) — In(g;)]ij, 1 <1i,j < m, one has e, = f(a) = p.

Remark. The proof of Proposition 3.3 demonstrates that with the optimal assembling given
by ai; = @yj; all the quantities pse; in (28) become equal to €, = p. In particular, when p; = 1
for all 4, for every i the probabilities to reject H; when the hypothesis is true, and to accept H;
when the hypothesis is false, are upper bounded by p.

19



3.2.1 A modification

In this section we focus on multiple hypothesis testing in the case when all importance factors
p; are equal to 1. Note that in this case the result we have just established can be void when
the optimal value e, in (29) is > 1, as this is the case, e.g., when some X; and X; with i # j
intersect. In the latter case, for every pair 4, j with ¢ # j and X; N X # (), the best — resulting in
the smallest possible value of €;; — selection of ¢;; is ¢;; = 0, resulting in €;; = 1. It follows that
even with K-repeated observations (for which €;; should be replaced with 65 ) the optimal value
in (29) is > 1, so that our aggregated test allows for only trivial bound € < 1 on ¢, see (28).”
Coming back to the general situation where p; = 1 and ¢, is large, what can we do? A solution,
applicable when ¢;; < 1 for all 4, j, is to pass to K-repeated observations; as we have already
mentioned, this is equivalent to passing from the original matrix £ = [€;;] to its entrywise power
EE) = [efj( ]; when K is large, the leading eigenvalue pg of EX) becomes small. The question is
what to do if some of ¢;; indeed are equal to 1, and a somewhat partial solution in this case may
be obtained by substituting our original goal of highly reliable recovery of the true hypothesis
with a less ambitious one. A natural course of action could be as follows. Let Z be the set of
all ordered pairs (i,7) with 1 <¢,5 < m, and let C be a given subset of this set containing all
“diagonal” pairs (7,7). We interpret the inclusion (4, j) € C as the claim that H; is “close” to H;.
8 Imagine that what we care about when deciding on the collection of hypotheses Hq, ..., H,, is
not to miss a correct hypothesis and, at the same time, to reject all hypotheses which are “far”
from the true one(s). This can be done by test as follows. Let us shift somehow the original
detectors, that is, pass from ¢;;(-) to the detectors ¢2J() = ¢i;(-) — oy with a5 = —oyj, thus
ensuring that

¢ (1) = —¢(") & /Qexp{—cbéj(w)}p(dw) < €5 1= exp{ay}ei; Vp € X (30)

Consider the test as follows:

Test 7: Given observation w, we compute the matrix [¢;;(w)];;. Looking one by
one at the rows ¢ = 1,2,...m of this matrix, we accept H; if all the entries gi)gj(w)
with (i, 7) ¢ C are positive, otherwise we reject H;.

The outcome of the test is the collection of all accepted hypotheses (which now is
not necessary either empty or a singleton).

What we can say about this test is the following. Let
€ = max Z € (31)
J:(i.5)€C

and let the observation w the test is applied to be drawn from distribution p € X, , for some i,.
Then

e if, for some i # j, T accepts both H; and Hj, then either Hj is close to H;, or H; is close
to Hj, or both.

TOf course, the case in question is intrinsically difficult — here no test whatsoever can make all the risks ¢; less
than 1/2.

8Here the set of ordered pairs C is not assumed to be invariant w.r.t. swapping the components of a pair, so
that in general “Hj; is close to H;” is not the same as “H; is close to H;.”
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Indeed, if neither H; is close to Hj, nor Hj is close to H;, both H;, H; can be accepted
only when ¢;;(w) > 0 and ¢;(w) > 0, which is impossible due to ¢;(-) = —¢/;(-).

e p-probability for the true hypothesis H;, not to be accepted is at most e.
Indeed, by (30), the p-probability for ¢} ; to be nonpositive does not exceed € ;. With
this in mind, taking into account the description of our test and applying the union bound,

p-probability to reject H;, does not exceed Zj:(i*,j)gc e;-*j <e.

e p-probability of the event £ which reads “at least one of the accepted H;’s is such that
both (i,i4) € C and (i, i) & C” (that is, neither i, is close to i, nor i is close to iy) does
not exceed e.

Indeed, let I be the set of all those i for which (7,i,) € C and (ix,7) € C. For a given i € I,
H; can be accepted by our test only when ¢}, (w) > 0 (since (i,i.) ¢ C), implying that

i.i(w) <0. By (30), the latter can happen with p-probability at most €; ;. Applying the
union bound, the p-probability of the event £ is at most

o< Y, €<

el 1:(ix,2) €C

(we have taken into account that whenever i € I, we have (ix,7) ¢ C, that is, I C {i :

(ix,1) € C}).

When € is small (which, depending on how closeness is specified, can happen even when some
of e;j are not small), the simple result we have just established is “better than nothing:” it says
that up to an event of probability 2e¢, the true hypotheses H;, is accepted, and all accepted
hypotheses H; are such that either j is close to iy, or i, is close to j, or both.

Clearly, given C, we would like to select c;; to make € as small as possible. The punch line
is that this task is relatively easy: all we need is to solve the convex optimization problem

[;nl]n max Z eijexplagj} o = —agi . (32)
R G A (X)l 2

Special case: testing multiple unions. Consider the case when “closeness of hypotheses”
is defined as follows: the set {1,..., M} of hypotheses’ indexes is split into L > 2 nonempty
non-overlapping subsets 71, ...,Zy, and Hj is close to H; if and only if both 7, j belong to the
same element of this partition. Setting E = [e;;];;, let D = [d;;] be the matrix obtained from
E by zeroing out all entries ij with , j belonging to Z, for some 1 < ¢ < L. Problem (32) now
reads

min ¢ max E Sijexp{ai} a=—al
[ogg] | 1<isSM - =
1<j<M

This problem, similarly to problem (29), admits a closed form solution: the Perron-Frobenius
eigenvector g of the entrywise nonnegative symmetric matrix D can be selected to be positive,
an optimal solution is given by a;; = In(g;) —In(g;), and the optimal value is €, := || D||2,2. Test
T associated with the optimal solution can be converted into a test T deciding on L hypotheses

He= U H;, 1 < <k; specifically, when T accepts some hypothesis H;, 7 accepts hypothesis
1€Ly
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Hy with £ uniquely defmed by the requirement i € Z,. The above results on 7 translate in the
following facts about T:

e T never accepts more than one hypothesis;

e let the observation w on which 7 is run be drawn from a distribution p obeying, for some
1 <i < M, the hypothesis H;, and let ¢ be such that ¢ € Z,. Then the p-probability for T
to reject the hypothesis Hy is at most e,.

When L = 2 we come back to the situation considered in section 3.1.1, and what has just been
said about 7T recovers the risk-related result of Proposition 3.1; moreover, when L = 2, the test
T is, essentially, the test based on the detector ¢ given by (19).” Note that when L > 2, one
could use the detector-based tests, yielded by the construction in section 3.1.1, to build “good”
detectors for the pairs of hypotheses Hy, Hp and then assemble these detectors, as explained in
section 3.2, into a test deciding on multiple hypotheses H, ..., H, thus getting an “alternative”
to T test 7. Though both tests are obtained by aggregating detectors ¢;;, 1 < 7,5 < M, in
the test 7 we aggregate them “directly”, while the aggregation in test T is done in two stages
where we first assemble ¢;; into pairwise detectors ¢y for Hy, H, and then assemble these new
detectors into a test for multiple hypotheses Hyi, ..., Hr. However, the performance guarantees
for the test 7 can be only worse than those for the test T - informally, when assembling ¢;;
into ng,g/, we take into account solely the “atomic contents” of the aggregated hypotheses H,
and H, that is, look only at the “atoms” H; with ¢ € Z, UZy, while when assembling ¢;; into
7A', we look at all m atoms simultaneously. '

)

Near-optimality. Let the observation scheme underlying the just considered “multiple unions’
situation be K-repeated version OX of a good observation scheme O = ((Q, P), {p,(-) : u €
M}, F), meaning that our observation is w = w® := (wy, ...,wx) with w; drawn, independently
of each other, from a distribution p, and i-th of our M hypotheses, H;, states that p belongs
to the set X; = {p, : p € Q;}, where @Q); are convex compact subsets of M. Let ¢;; be the
pairwise detectors for H; and H; yielded by Theorem 2.1, and let TK be the test deciding on
aggregated hypotheses H,’s from K-repeated observations w’ and built by assembling detectors
5 = Zfil ¢ij(wi). We have the following near-optimality result (cf. Proposition 2.1):

Proposition 3.4 In the just described situation and given € € (0,1/4), assume that in the
nature there exists a test T, based on K -repeated observations w’, deciding on Hi, ..., Hr and
such that T never accepts more than one hypothesis and, for every ¢ < L, rejects H, when the
hypothesis is true with probability < €. Then the same performance guarantees are shared by the
test 7A'K, provided that
K> 21In(M/e) 7
In(1/e) —2In2

9The only subtle difference, completely unimportant in our context, is that the latter test accepts H1 whenever
#(w) > 0 and accepts Hy otherwise, while 7 accepts H1 when ¢(w) > 0, accepts Hz when ¢(w) < 0 and accepts
nothing when ¢(w) = 0.

10The formal reasoning is as follows. On a close inspection, to get risk bound € for ’7~', we start with the M x M
matrix D partitioned into L x L blocks DY (this partitioning is induced by splitting the indexes of rows and
columns into the groups Zi,...,Z1), and form the L x L matrix G with entries vy, = HDM |l2,2; € is nothing but
[|G||2,2, while the risk bound e, for T is ||D||2,2. Thus, e. < € by the construction of matrix G from D.
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4 Case studies

4.1 Hypotheses testing in PET model

To illustrate applications of the simple test developed in section 2.3.3 we discuss here a toy
testing problem in the Positron Emission Tomography (PET) model.

A model of PET which is accurate enough for medical purposes is as follows. The patient
is injected a radioactive tracer and is placed inside a cylinder with the inner surface split into
detector cells. Every tracer disintegration act gives rise to two y-quants flying in opposite direc-
tions along a randomly oriented line (Line of Response, LOR) passing through the disintegration
point. Unless the LOR makes too small angle with the cylinder’s axis, the y-quants activate
(nearly) simultaneously a pair of detector cells; this event (“coincidence”) is registered, and the
data acquired in a PET study is the list of the detector pairs in which the coincidences occurred.
The goal of the study is to infer about the density of the tracer on the basis of these observations.

After appropriate discretization of the field of view into small cells, disintegration acts in a
particular cell form a Poisson processes with intensity proportional to the density of the tracer
in the cell. The entries of the observations vector w are indexed by bins i — pairs of detectors, w;
being the number of coincidences registered during the study by bin 7. Mathematically, w;, i =
1,...,m, are the realizations of independent across ¢’s Poisson random variables with parameters
i = (tPX);, where t is the observation time, A is the vector of intensities of disintegration in
the cells of the field of view, and the entries P;; in the matrix P are the probabilities for a LOR
originating in cell j to be registered by bin 4; this matrix is readily given by the geometry of
PET’s device. We observe that PET model meets the specifications of what we call Poisson
observation scheme.

Let M be the image, under the linear mapping A — tPA, of the set A = Ay r of non-
vanishing on R"™ densities A satisfying some regularity restrictions, specifically, such that the
uniform norm of discrete Laplacian of A is upper-bounded by L, and the average of A, over all
pixels, is upper-bounded by R, i.e.

ALR:{l AER": A>0, n 'Y N <R, | }
’ 114N (0) = Njk=1,0) = Nj(kt—1) = Njht1,0) — Njern) <L, 1< <n
(k,£) being the coordinates of the cell j in the field of view (by convention, A ¢ = 0 when

the cell (k,¢) is not in the field of view). Our goal is to distinguish two hypotheses, H; and Ho,
about \:

H:xehM={ eA: g\ <a}, Hi: Aeha={ e A: g(\) >a+p} (Pg,alpl)

g(\) = g\ being a given linear functional of \. From now on we assume that g ¢ Ker(P)
and p > 0, thus the described setting corresponds to the Poisson case of the hypotheses testing
problem of section 2.3.3, X = tPA; and Y = tPAs being two nonintersecting convex sets of
observation intensities. Let us fix the value e € (0,1), and consider the optimization problem

2

L Nm o )

t = minmax<t: 2 izt [\/[P)\]Z \/[PX]Z] = Ine, (33)
toAN MV eA g\ <a, g\\N)>a+p.

Suppose that the problem parameters are such that both hypotheses in (P o[p]) are not empty.
It can be easily seen that in this case problem (33) is solvable and its optimal value ¢, is
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Figure 1: Toy PET experiment. Left: 40 x 40 field of view with 3 x 3 “suspicious spot” (in
red) and the ring of 64 detector cells. Right: the hardest to distinguish tracer densities A, (top)
and A, (middle), and the difference of these densities (bottom).

positive 0. Let [A; \,] be the [A; N']-component of an optimal solution to (33), consider the test
T, associated with the detector

_ %@;m Hii/” w; — % ;[P)\* — PN, (34)

By applying Theorem 2.1 in the Poisson case (c¢f. (12)) we conclude that the risk of the test T
associated with detector ¢,, when applied to the problem testing problem (P, [p]) is bounded
with €, as soon as the observation time ¢ > t,.

In the numerical experiment we are about to describe we simulate a 2D PET device with
square field of view split into 40 x 40 pixels (i.e., dimension of A\ was n = 1600). The detector
cells are represented by k = 64 equal arcs of the circle circumscribing the field of view, resulting
in the observation space (pairs of detectors which may be activated during the experiment) of
dimension m = 1536. We choose ¢(-) to be the density average over a specific 3 x 3 “suspicious
spot” (see the left plot on figure 1), and values of @ = 1.0 and p = 0.1, so that under H; the
average of the density A of the tracer on the spot is upper-bounded by 1, while under Hy this
average is at least 1.1. The regularity parameters of the density class Ay, r were set to L = 0.05
and R = 1, the observation time ¢* and parameters of the detector ¢, were selected according
to (33) and (34) with e = 0.01.

On the right plot on figure 1 we present the result of computation of the hardest to distinguish
densities A\, € A; and X, € Ay. We have also measured the actual performance of our test by
simulating 2000 PET studies with varying from study to study density of the tracer. In the
first 1000 of our simulations the true density was selected to obey Hjp, and in the remaining
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1000 simulations — to obey Hs, and we did our best to select the densities which make decision
difficult. In the reported experiment the empirical probabilities to reject the true hypothesis
were 0.005 when the true hypothesis was Hy, and 0.008 when the true hypothesis was Ho.

4.2 Event detection in sensor networks
4.2.1 Problem description

Suppose that m sensors are deployed on the domain G C R?. The signals are real-valued
functions  : I' = R™ on a grid I' = (9;)i=1,...n» C G, and the observation w; delivered by jth
sensor, j = 1,...,m, is a linear form of the signal, contaminated with random noise. So we
have at our disposal an observation w ~ P, — a random vector in R with the distribution
parameterized by p € R™, where = Az and A € R™*™ is a known matrix of sensor responses
(jth row of A is the response of the jth sensor). Further, we assume that the signal x can be
decomposed into x = s+ v, where v € V is a background (nuisance) signal, V is a known convex
and compact set in R”. We assume that at most one event can take place during the observation
period, and an event occurring at a node ; of the grid produces the signal s = re[i] € R" on
the grid of known signature e[i] with unknown real factor r.

We want to decide whether an event occurred during the observation period, i.e. to test the
null hypothesis that no event happened against the alternative that exactly one event took place.
To make a consistent decision possible we need the alternative to be separated from the null
hypothesis, so we require, first, that Ae[i] # 0 for all 4, and, second, that under the alternative,
when an event occurs at a node 7; € I', we have s = re[i] with |r| > p; with some given p; > 0.
Thus we come to the testing problem as follows:

(D,) Given p = [p1;...; pn] > 0, test the hypothesis Hy : s = 0 against the (35)

P alternative Hi(p) : s = refi] for some i € {1,...,n} and r with |r| > p;.
Our goal is, given an € € (0,1), to construct a test with risk < e for as wide as possible (i.e.,
with as small p as possible) alternative Hi(p).

The problem of multi-sensor detection have recently received much attention in the signal
processing and statistical literature (see e.g., [13, 44] and references therein). Furthermore,
a number of classical detection problems, extensively studied in statistical literature, such as
detecting jumps in derivatives of a function and cusp detection [2, 22, 23, 33, 39, 40, 45, 40],
detecting a nontrivial signal on input of a dynamical system [25], or parameter change detection
[1] can be posed as (D,,).

Our current objective is to apply the general approach described in section 3.1.1 to the prob-
lem (D,). Note that, in terms of the parameter y underlying the distribution of the observation

w, the hypothesis Hy corresponds to u € X := AV, a convex compact set, while the alternative
n

H; is represented by the union Y = |J Y; of the sets Y; = {Are[i] + v, v € V, |r| > p;}. To
1=

comply with assumptions of section 2 we bound the sets Y; by imposing an upper bound on the

amplitude r of the useful signal: from now on we assume that p; < |r| < R in the definition of
(Dp)."!

"Imposing a finite upper bound R on |r| is a minor (and non-restrictive, as far as applications are concerned)
modification of the problem stated in the introduction; the purely technical reason for this modification is our
desire to work with compact sets of parameters. It should be stressed that R does not affect the performance
bounds to follow.
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Given a test ¢(-) and € > 0, we call a collection p = [p1;...; pn] of positive reals an e-rate
profile of the test ¢ if whenever the signal s underlying our observation is re[i] for some 7 and
r with p; < |r| < R, the hypothesis Hy will be rejected by the test with probability > 1 — e,
whatever be the nuisance v € V, and whenever s = 0, the probability for the test to reject Hy
is < ¢, whatever be the nuisance v € V. Our goal is to design a test with e-rate profile “nearly
best possible” in the sense of the following definition:

Let k > 1. A test T' with risk € in the problem (D,) is said to be k-rate optimal,
if there is no test with the risk € in the problem (D,) with p < k™ 'p (inequalities
between vectors are understood componentwise).

4.2.2 Poisson case

Let the sensing matrix A be nonnegative and without zero rows, let the signal 2 be nonnegative,
and let the entries w; in our observation be independent and obeying Poisson distribution with
the intensities p := [u1;...; ttm] = Az. In this case the null hypothesis is that the signal is a pure
nuisance:

Hy: pe X ={pu=Av, veV},

where V is the nuisance set assumed to be a nonempty compact convex set belonging to the
interior of the nonnegative orthant. The alternative Hy(p) is the union over ¢ = 1,...,n of the
hypotheses

Hi(p;): p€Y(p;) = {rde[i] + Av, v €V, p; <r < R},

where e[i] > 0, 1 <i < n, satisfy Aei] # 0. For 1 <i <n, let us set (cf. section 2.3.3)

oP(0) = max {p: oy [V - VATl < In(vi/e) } (P

Pt U ueV,veV,r>p

difw) = S0 In(y/[Aw]e/ [Alrieli] + v — 53 (A = reli] — o)), (36)
where 7, u’, v’ are the r,u,v-components of an optimal solution to (P!) (of course, in fact
7" = pF(e)). Finally, let

pPlel = [pf (€); i pE ()], dp(w) = min ¢;(w)+ LIn(n).

i=1,...,n

Detector qu(-) specifies a test which accepts Ho, the observation being w, when ¢p (w) >0 (ie.,
with observation w, all pairwise tests with detectors ¢;, 1 < ¢ < n, x = +1, when deciding on
Hy vs. H", accept Hy), and accepts Hi(p) otherwise.

Proposition 4.1 Whenever p > plle] and max; p; < R, the risk of the detector QASP in the

Poisson case of problem (D,) is <. When p = ple] and € < 1/4, the test associated with ¢p

is Kp-rate optimal with Kk, = Ky(€) 1= %. Note that kp(e) = 2 as e — +0.
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4.2.3 Gaussian case

Now let the distribution P, of w be normal with the mean y and known variance o2 >0, ie.
w ~ N (p,0?I). For the sake of simplicity, assume also that the (convex and compact) nuisance
set V is symmetric w.r.t. the origin. In such a case, the null hypothesis is

Hy: pe X :={pu=Av, v eV}, (37)

while the alternative Hi(p) can be represented as the union, over i = 1,...,n and x € {—1,1},
of 2n hypotheses

HX ;) e xYi(p) = x{rdeli] + Av:v eV, p; <r <R} (38)

(note that {z =re[i|] tv:veV,—-R<r < —p}=—{x=reli]+v:veV,R>r>p} due
to V = —V). Let Erflnv(-) be the inverse error function: Erf(Erflnv(s)) = s, 0 < s < 1. For
1<i<nandyxe€{-1,1}, let us set (cf. section 2.3.1)

Gy 1A(u = reli] = v)l2 < o [Exflnv (55) + Erflnv (5)] ix
pi(ﬁ)—[g}’%ﬁ){p. Xr > p, u,v €V (Ge7)
(the left hand side quantity clearly is independent of x due to V = —V), and let
Pin(w) = [A@X —riXe[i] — v")]Tw — o,
0 = AJA@X — rixei] - o X)JTAG 4 el + o).
(39)
\ = ErfInv ()

Erflnv(&)+Erflnv(g)’

where u»X, "X X are the u, v, r-components of an optimal solution to (G¢*) (of course, in fact
rol = —pb—l = piG(e), and, besides, we can assume w.l.o.g. that u%~! = —ybl b=l = —¢bl),
Finally, let

p%ld = o7 (©); 300 ()], dalw) = Pix (W)- (40)

1<z<n X +1

Properties of the test associated with detector éS\G can be described as follows:

Proposition 4.2 Whenever p > p%|e] and max; p; < R, the risk of the test <$G in the Gaussian
case of problem (D,) is < e. When p = p©[e], the test is ky,-rate optimal with

Erflnv()

4
2ErfInv($) +

l\)\»—l

Kn = Kn(€) :=

w\m S

Note that kp(€) — 1 as € — +0.

Remarks. The results of Propositions 4.1, 4.2 imply that testing procedures (Eg and q§p are
Kkp—rate optimal in the sense of the above definition with k, = VInn in the Gaussian case
and k, =< Inn in the Poisson case. In particular, this implies that the detection rates of these
tests are within a vInn (resp., Inn)-factor of the rate profile p* of the “oracle detector” — (the
best) detection procedure which “knows” the node v € T' at which an event may occur. This
property of the proposed tests allows also for the following interpretation: consider the Gaussian
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problem setting in which the standard deviation ¢ of noise is inflated by the factor ,. Then
for every i € {1,...,2n} there is no test of hypothesis Hy vs. H*(p;) with risk < €, provided that
pi < p ().

Note that it can be proved that the price — the v/In n—factor — for testing multiple hypotheses
cannot be eliminated at least in some specific settings [22].

An important property of the proposed procedures is that they can be efficiently implemented
— when the nuisance set V is computationally tractable (e.g., is a polyhedral convex set, an
ellipsoid, etc.), the optimization problems (G¢Y), (P!) are well structured and convex and thus

€
can be efficiently solved using modern optimization tools even in relatively large dimensions.

4.2.4 Numerical illustration: signal detection in the convolution model

We consider here the “convolution model” with observation w = A(s + v) + &, where s,v € R",
and & ~ N(0,021,,) with known ¢ > 0, and A is as follows. Imagine that we observe at
m consecutive moments the output of a discrete time linear dynamical system with a given
impulse response (“kernel”) {gx} supported on a finite time horizon £ = 1,...,7. In this case,
our observation y € R™ is the linear image of n-dimensional “signal” x which is system’s input
on the observation horizon, augmented by the input at 7'—1 time instants preceding this horizon
(that is, n =m+T —1). A is exactly the m x n matrix (readily given by m and the kernel) of
the just described linear mapping = — y.

We want to detect the presence of the signal s = re[i], where e[i], i = 1,...,n, are some
given vectors in R™. In other words, we are to decide between the hypotheses Hy : © € AV and
Hi(p) = Ur<i<ny=+1HX*'(p;), with the hypotheses HX"*(p;) defined in (38). The setup for our
experiment is as follow: we use gx = (k + 1)2(T — k)/T3, k = 0,...,T — 1, with T = 60, and
m = 100, which results in n = 159. The signatures e[i], 1 < ¢ < n are the standard basic orths
in R™ or unit step functions: ex[i] = Lig<i}, £ = 1,...,n, and the nuisance set V' is defined as
Vi ={ueR":  |u; —2u;—1 —uj—o| < L, i =3,...,n}, where L is experiment’s parameter.

The goal of the experiment was to illustrate how large in the outlined problem is the (theo-
retically, logarithmic in n) “nonoptimality factor” k,(€) of the detector ¢¢, specifically, how it
scales with the risk e. To this end, we have computed, for different values of ¢, first, the “baseline
profile” — the vector with the entries

p;(e) = max {p: ||A(u — re[i] —v)||2 < 20 Erflnv(e/2),r > p, u,v € V} (41)

p,TU,U
(cf. (GEY): pi(€) is just the smallest p for which the hypotheses Hy and H(p) can be dis-
tinguished with error probabilities < € (recall that we are in the Gaussian case). Second, we
computed the profile p%[e] of the test with detector ¢ underlying Proposition 4.2. The results

are presented on figure 2. Note that for e < 0.01 we have p©(e)/p*(e) < 1.3 in the reported
experiments.

Quantifying conservatism. While the baseline profile p* establishes an obvious lower bound
for the p-profile of any test in our detection problem, better lower bounds can be computed by
simulations. Indeed, let

xé’x = yu', xi’x = xpieli] + v, i=1,..,n, x € {-1,1},
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The left pane (plots (a) and (c)) represents the experiment with “step” signals, the right

pane (plots (c¢) and (d)) corresponds to the experiment with the signals which are proportional to basis

orths. Nuisance parameter is set to L = 0.1 and o = 1 in both experiments. Plots (a) and (b): the value

of p%e]/p*[e] for different values of ¢; plots (c) and (d): corresponding rate profiles (logarithmic scale).
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Figure 3: “Hard to detect” signal p(e)e[i] + v¥! — u®!, where p{(¢), v! and u®! are components
of an optimal solution to (G&X) with € = 0.05 and 4 = 100 (left plot), and its image Az with a noisy
observation (right plot). Experiment with “step” useful signals, nuisance parameter L = 0.1 and o = 1.

where v' and u’ are some vectors in V. It is clear that the optimal risk in the problem of
distinguishing Hy and Hy(p) = Ui, H¥'(p;) (cf. (37) and (38)) is lower bounded by the risk
of distinguishing

Hy: pe {Axf)’x,i =1,..,n, x € {-1,1}}, and Hi(p) : pu € {A:c’i’x,i =1,..,n, x € {-1,1}},

which, in its turn, is lower bounded by the risk of distinguishing of the hypothesis Hy : w=20
from the alternative

Hy(p): pe {AhX, 20X = gbX xé’x = x(pieli] +v* — ), i=1,...,n, x € {-1,1}}.

On the other hand, the latter risk is clearly bounded from below by the risk of the Bayesian test
problem as follows:

Given p = [p1;...; pn] > 0, test the hypothesis Hy : p = 0 against the
(D)) alternative HY (p) : p = xA(pieli] +v' — u') with probability vy
where v®,u’ € V, and v is a probability on {xi},i=1,...,n, x € {—1,1}.

We conclude that the risk of deciding between Hy and Hi(p) may be lower bounded by the
risk of the optimal (Bayesian) test in the Bayesian testing problem (Dj). Note that we are
completely free to choose the distribution v and the points u*,v* € V, ¢ = 1,...,n. One can
choose, for instance, v"X and v"X as components of an optimal solution to (41) and a uniform
on {1, ..., £n} prior probability v. Let us consider the situation where the matrix A is an n xn
Toeplitz matrix of periodic convolution on {1,...,n} with kernel g, gr = (£)2(1- %), k =1,..,T,
signatures e[i] = e._; are the shifts of the same signal e, = k/n, k = 1,...,n, and the nuisance
set
V5 = {u e R™: , \uz — 2Uj—1 modn — ui,Qmodn’ <L,i=1, ,n}

is symmetric and shift-invariant. Let us fix € > 0 and choose UZ": —u' as components of
an optimal solution to the corresponding optimization problem (G¢*). Because of the shift-
invariance of the problem setup the optimal values pf(€) and p{(e) do not depend on i and are
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Figure 4: Estimated risk of the Bayes test as a function of test rate pg(€), compared to the risk of the
baseline test and that of the simple test with data (39) (L = 0.01 and ¢ = 1). Simulation for n = 100
(left plot) and n = 1000 (right plot).

equal to the same p*(¢) and, respectively, p®(e), and all v® are the shifts of the same v € R™.
In this case the risk of the Bayesian test corresponding to the uniform on {+1,...,+n} prior
distribution v is a lower bound of the optimal risk for the corresponding detection problem
(D).

On figure 4 we present the results of two simulation for n = 100 and n = 1000, the value
L = 0.01 of the parameter of the nuisance class, and ¢ = 1. For different values of € we have first
computed corresponding rates p*(e) and pG(e), as well as components v = —u’ of the optimal
solution (recall that due to the shift-invariance of the problem, vy = v}_, . ,.04,). Then an
estimation of the risk of the Bayesian test with the uniform prior is computed over N = 107
random draws. Note that already for e = 0.01 rate p©(e) of the simple test is only 7% higher
than the corresponding Bayesian lower bound for n = 1000 (15% for n = 100).

4.2.5 Numerical illustration: signal identification in the convolution model

The purpose of the experiment we report on in this section is to illustrate an application of the
approach to multiple hypotheses testing presented in section 3.2.1. The experiment in question
is a modification of that described in section 4.2.4, the setup is as follows. On time horizon
t = 1,...,m, we observe the output, contaminated by noise, of a discrete-time linear dynamic
system with “memory” T (that is, the impulse response g is zero before time 0 and after time
T —1). The input x to the system is an impulse of amplitude > p > 0 (p is known) at unknown
time 7 known to satisfy —1T + 2 < 7 < m. Setting n = m + T — 1, our observation is

W= Wi wm] = Az + &, £~ N(0, L),

with m x n matrix A readily given by the impulse response g. We have n hypotheses about z,
the i-th of them stating that = € X; = {x = re;,r > p}, where ¢;, i = 1, ..., n, are the standard
basic orths in R™. Given an observation, we want to decide to which of the sets X1, ..., X, the
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actual input belongs, that is, we need to distinguish between n hypotheses Hi, ..., H, on the
distribution of w, with H; stating that this distribution is N'(Ax, I,;,) for some x € X;.

The problem can be processed as follows. Let us choose two nonnegative integers p (“mar-
gin”) and v (“resolution”), and imagine that we do not care much about distinguishing between
the “boundary hypotheses” H; (those with ¢ < p and with ¢ > n — p + 1) and all other hy-
potheses, same as we do not care much about distinguishing between “close to each other”
hypotheses H; and Hj, those with |i — j| < v. What we do care about is not to miss the true
hypothesis and to reject any non-boundary hypothesis which is not close to the true one. Note
that when y = v = 0, we “care about everything;” this, however, could require large amplitude
p in order to get a reliable test, since the impulses at times ¢ close to the endpoints of the time
segment —71' 4+ 2 < t < m could be poorly observed, and impulses at close to each other time
instants could be difficult to distinguish. Operating with positive margins and/or resolutions,
we, roughly speaking, sacrifice the “level of details” in our conclusions in order to make these
conclusions reliable for smaller values of the amplitude p.

With the approach developed in section 3.2.1, our informally described intentions can be
formalized as follows. In the terminology and notation of section 3.2.1, let us define the set C of
pairs (,7), 1 <4,j <mn, i # j, i.e., the pairs with “H; close to H;,” as follows:

e for a “boundary hypothesis” H; (one with 1 <i < porn—pu+1<1i < n), every other
hypothesis H; is close to H;;

4

e for a “non-boundary hypothesis” H; (one with 1+ p < i <n — pu), close to H; hypotheses
Hj are those with 1 < |i — j| <.

Detectors ¢;;(w) we intend to use are the Gaussian log-likelihood detectors

bij(w) = 5[&i5 — mij) w + [nmij — €&, (42)
&ij = Awij, nij = Ayij, [Tij = yij| = argmin, {[|rAe; — sAejll2 1 7 > p,s > p},

which allows to specify the quantities ¢;; in (27) as
eij = exp{—(&; — nis)" (€5 — mi5)/8}, (43)

see section 2.3.1.

Applying the construction from section 3.2.1, we arrive at a risk bound € and a test which,
given an observation w, accepts some of the hypotheses H;, ensuring the following. Let the true
hypothesis be H;,. Then (all probabilities are taken according to the distribution specified by

A. The probability for H;, to be rejected by the test is at most ¢;

B. The probability of the event that the list of accepted hypotheses contains a hypothesis H;
such that both H; is not close to H;, and H;, is not close to Hj is at most e.

Note that with our definition of closeness, the latter claim implies that when H;, is not
a boundary hypotheses, the probability for the list of accepted hypotheses to contain a
non-boundary hypothesis H; with |i — j| > v is at most e.

The outlined model demonstrates the potential of asymmetric closeness: when a boundary
hypothesis is difficult to distinguish from other hypotheses, it is natural to declare all these
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v=20 v=1 v=2 v=3
_ | 276.0(+40.1%) | 7TLO(+40.0%) | 3L5(+40.4%) | 18.1(+44.4%)
o= 1.00 1.00 1.00 1.03
|| 1332(+40.5%) | 48.0(+40.5%) | 23.6(+40.3%) | 14.1(+40.5%)
m= 1.88 1.48 1.33 1.25
_, | 1020(+402%) | 368(+40.0%) | 19.4(+40.3%) | I1L.9(+40.1%)
H 1.44 1.93 1.64 1.48
_ | 7T5(+40.1%) | 20.8(+40.0%) | 16.3(+40.3%) | 10.4(+40.1%)
r= 1.33 1.61 1.94 1.70
Table 1: Identifying signals in the convolution model. In a cell, top: p(u,v) and excess

p(p,v)/p(u,v) — 1 (in brackets, percents); bottom: p(u,v)/p(p,v).

hypotheses to be close to the boundary one. On the other hand, there are no reasons to declare
a boundary hypothesis to be close to a well identifiable “inner” hypothesis.

As we have seen in section 3.2.1, given p, the risk € can be efficiently computed via convex
optimization, and we can use this efficient computation to find the smallest amplitude p for
which e takes a given target value €. This is what was done in the numerical experiment we are
about to report. In this experiment, we used T'=m = 16 (i.e., the number of hypotheses n was
31), and the impulse response was similar to the one reported earlier in this section, namely the
nonzero entries in g were

g=alt+1)*(T—-1),0<t<T—1,

while o was selected to ensure max; g = 1. For various values of margins p and resolutions v,
we computed the minimal amplitude p = p(u, v) which still allowed for our test to guarantee risk
€ < 0.01. The results are presented in table 1. A simple lower bound p(u,v) on the smallest p
such that there exists “in the nature” a test capable to ensure A and B with ¢ = 0.01, amplitudes
of impulses being p, may be constructed by lower bounding the probability of a union of events
by the largest among the probabilities of these events. In the table we present, along with the
values of p(-,-), the “excess value” p(u,v)/p(u,v) — 1. Observe that while p(u,v) itself strongly
depends on the margin y, the excess is nearly independent of w and v. Of course, 40% excess is
unpleasantly large; note, however, that the lower bound p definitely is optimistic. In addition,
this “overly pessimistic” excess decreases as the target value of ¢ decreases; what was 40% for
€ = 0.01, becomes 26% for ¢ = 0.001 and 19% for € = 1.e-4.

In the reported experiment, along with identifying p(-, -), we were interested also in the effect
of optimal shifts ¢;;(-) — ¢4;(-) — @j, see section 3.2.1. To this end we compute the smallest
p = p(u,v) such that the version of our test utilizing o;; = 0 is capable to attain the risk
e = 0.01. Table 1 presents, along with other data, the ratios p(u,v)/p(p,v) which could be
considered as quantifying the effect of shifting the tests. We see that the effect of the shift is
significant when the margin y is positive.
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4.3 Testing from indirect observations
4.3.1 Problem description

Let F be a class of cumulative distributions on R. Suppose that for £ =1, ..., L, we are given K,
independent realizations of random variable ¢¢. We assume that the c.d.f. Fee of ¢ is a linear
transformation of unknown c.d.f. F¢ of “latent” random variable §, Fy € F. In this section
we consider two cases of the sort; in both of them, 7’ is an independent of ¢ random variable
(“nuisance”) with known c.d.f. F .. In the first case (“deconvolution model”), ¢t = ¢+
so that the distribution of ¢* is Fre(t) = [p Fe(t — s)dF,e(s). In the second case (“trimmed
observations”), observations are trimmed: ¢¢ = max{¢,n*}, so that Fee(t) = Fe(t) Fpe(t).

We consider here the testing problem where our objective is to test, for givent € R, o € (0, 1)
and p > 0, the hypotheses'?

Hy: Fe(t)<a—p and Hy: Fe(t) > a+p (Cailpl)

given observations C,f,, k=1,..,Ky, £=1,...,L.

Under minor regularity conditions on F,¢ and F¢, (Ca,[p]) may be approximated by the dis-
crete decision problem as follows. Let £ be a discrete random variable with unknown distribution
x known to belong to a given closed convex subset X of n-dimensional probabilistic simplex. We
want to infer about z given indirect observations of £ obtained by L different “observers”: the
observations wf, i=1,..., K; of {-th observer are independent realizations of random variable w’
taking values 1, ..., my with distribution p¢ = Az, where A’ is a known stochastic matrix. For
instance, when ¢ takes values 1,...,n and w’ = & + 7 with nuisance 1’ taking values 1, ..., n, and
distribution uf, A®is (ny+n —1) x n matrix, and the nonzero entries of the matrix are given by
Afj = uf—j+1’ 1 <j<i<j+mny—n. We assume in the sequel that Az > 0 whenever z € X,
1<¢<L.

Let g(z) = g''z, g € R", be a given linear functional of the distribution x. Given a and
p > 0, our goal is to decide on the hypotheses about the distribution x of &

Hilpl: v € X, g(x) <a—p, Hap]: 2 €X, g(z) > a+p. (Dyg.alp])

given observations w!,...,w’. We denote by pmax the largest p for which both these hypotheses
are nonempty, and assume from now on that pmax > 0 (as far as our goal is concerned, this
is the only nontrivial case). Now let us fix 0 < € < 1 and, given a decision rule T'(-), let us
denote pr[e] the smallest p > 0 such that the risk of the rule T'(-) in the problem (D, o[p]) does
not exceed e. We refer to prle] as the e-resolution of T'(-) and denote by p*[e] = infp () pr[e]
(“e-rate”) the best e-resolution achievable in our problem. Our goal is given €, to design a test
with e-resolution close to p*[e].

The resulting observation scheme fits the definition of the direct product of Discrete obser-
vation schemes of section 2.4.2 — we have K = ZZLZI K, “simple” (or L K-repeated) Discrete
observation schemes, the k-th scheme yielding the observation wg, k = 1, ..., K, of one of L types.

Given an € € (0,1), we put

,0[6] — max {T’ : Zél:l Kyln (2?31 \/[AZ:L']i[AZy]i) > lne, } (44)

LY .Z',yEX, g(x)ﬁa—r, g(y)2a+r

12 A related problem of estimation of the c.d.f. F¢ in the deconvolution model, a special case of linear functional
estimation [18, 19, 32], have received much attention in the statistical literature (see, e.g., [21, 47, 20, 16] and [38,
Section 2.7.2] for a recent review of corresponding contributions).
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Clearly, 0 < ple] < pmax due to pmax > 0. We assume from now on that ple] < pmax. Let now
p € [ple], pmax]. Consider the optimization problem

{\I,(M): Wa,y) = Yioy Koo (S0 VAGLAG) | } (F, olo))

Opt[p] = max
r,y € X, g(x) <a—p, g(y) >a+p.

$7y

This problem is feasible (since p < pmax) and thus solvable, and from p > ple] and ple] < pmax
it easily follows (see item 1Y in the proof of Proposition 4.3) that Opt[p] < e. Let (z,,y,) be an
optimal solution. Consider a simple test 7}, given by the detector ¢(-),

K
Bw) = Bp() 1= 3 dulen), dnlwn) = 31 ([AWa, ), /(AW L,) (45)
k=1

with ¢(k) uniquely defined by the relations

Y Ki<k< > K.
) )

o< (k e<0(k
We have the following simple corollary of Proposition 2.2:

Proposition 4.3 Assume that pmax > 0 and ple] < pmax, and let € € (0,1/4). Then

pld < B()p"ld, 9(e) = W

In other words, there is no decision rule in the problem (Dg q[p]) with the risk < € if p < ple] /I (e).

(46)

On the other hand, when p € [ple], pmax|, the risk of the simple test ¢, in the problem (Dgy q[p])
is < exp (Opt[p]) <e.

Note thag\ﬁ(e) — 2 as € — 0. Under the premise of Proposition 4.3, the test associated with
detector ¢, (+) is well defined and distinguishes between the hypotheses Hi[p[e]], Hz[ple]|] with
risk < e. We refer to the quantity ple] as to resolution of this test.

4.3.2 Numerical illustration

We present here some results on numerical experimentation with the testing problem (Cq +[p]).
For the sake of simplicity, we suppose that the distributions with c.d.f.’s from F are supported
n [—1,1]. We start with an appropriate discretization of the continuous problem.

Discretizing continuous model.

1. Let n € Z4, and let —1 = a9 < a1 < az < ... < a, = 1 be a partition of (—1,1]
into n intervals I; = (a;—1,a;], i = 1,...,n. We associate with a c.d.f. F € F the n-
dimensional probabilistic vector x = x[F| with the entries 2 = Probgp{{ € I;} and
ay = (ag_1 + ag)/2, the central point of Iy, k = 1,...,n, and denote by F,, the image of F
under the mapping F' — z[F].

2. We build somehow a convex compact subset X O F, of the n-dimensional probabilistic
simplex.
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3. Depending on the observation scenario, we act as follows.

(a)

Deconvolution problem: ¢ satisfy ¢! = ¢ +7°. Let 0 < 6 < 1 (eg., § = K[l),
my € Z4, and let

b =ag + e (6), bﬁlﬁl = ap + ¢ (1 —90),

where ¢,¢(p) is the p-quantile of 7,. Note that Prob{¢* ¢ [b], bfnﬁl]} < 26. Let now
—0o =bh < b <bh <. < bfne_l < bf, = oo be a partition of R into my intervals
JE= (b 08, i =1, my — 1, Ty, = (B 00). We put pf = Prob{¢ € J;},

= 1—17 "% me—1
i =1,...,my and define the my x n matrix stochastic matrix A¢ = (Afk) with elements

Afj = Prob {&j +n' € Ji} ,

the approximations of conditional probabilities Prob{¢* € J;|¢ € I;}.

Trimmed observations: ¢! = max{¢, 775}. We partition R into my = n + 1 intervals,
I;, i = 1,..,n as above and an “infinite bin” I,41 = (ap,any1 = o0). We put
,uf = Prob{¢ € J;}, i =1, ..., my and define the my x n matrix A’ with elements

Af; = 6;Prob{n’ < aj} + 1>, Prob{n’ € I},

where 0;; = 1 if i = j and zero otherwise, which are the estimates of the probability
of ¢ to belong to I, given that & € I;.

4. We denote g = ¢(t) € R™, with entries ¢g; = lia;<nys © = 1,...,n, so that g'z is an
approximation of F(t).

5. Finally, we consider discrete observations wﬁ e {1,...,my},

wh = ilitesty k= 1,.,K* ¢=1,..L.

We have specified the data of a testing problem of the form (Dyq[p]). Note that the discrete
observations we end up with are deterministic functions of the “true” observations (¢, so that a
test for the latter problem induces a test for the problem of interest (Cy +[p]). When distributions
from F, same as distributions of the nuisances n’, possess some regularity, and the partitions
(I;) and (J;) are “fine enough”, the problem (D, o[p]) can be considered as a good proxy of the
problem of actual interest.

Simulation study. We present results for three distributions of the nuisance:

1

(i) Laplace distribution £(u,a) (i.e., the density (2a)~'e~l*=#/?) with parameter a = 1 and
p=0;

(ii) distribution T'(0,2,1/(2v/2)) with the location 0, shape parameter 2 and the scale -1~ (the

standard deviation of the error is equal to 0.5

) 13 22

3Recall that T-distribution with parameters p, «, 6 has the density [[(a)0] *(z — p)* 'exp{—(z —

W)/0} (o> 0y -
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(iii) mixture of Laplace distributions 1£(—1,3) + $£(1, 3).

The interval [—1, 1] was split into n = 100 bins of equal lengths. The discretized distributions
x = z[F], F € F, are assumed to have bounded second differences, specifically, when denoting
h the length of the bin,

\a:i_H — 2x; + $i—1‘ < h2£, 1=2,...,n—1;

in the presented experiments, X is comprised of all probabilistic vectors satisfying the latter
relation with £ = 0.4.

On figures 5 and 6 we present details of the test in the deconvolution model with L = 2
observers. Each observer acquires K, noisy observations Cﬁ, k =1,...,K;. The distribution
of the nuisance is mixed Laplace for the first observer and T'(0,2,1/2/4/(2)) for the second
observer. The discretized model has the following parameters: the observation spaces €2y = R,
¢ = 1,2 of each of 2 Ky—repeated observation schemes were split into m, = 102 “bins”: we put
bi = =1+ qe([K]7Y) and biyy = 14 q,e(1 — [K“]7"), and split the interval (bf,b{y,] into 100
equal length bins; then we add two bins (—oo, b¢] and (b%;,, o).

On figure 7 we present simulation results for the experiments with trimmed observations.
Here L = 1, the observations are wy = max[&,n], 1 < k < K, with the £(0, 1) nuisances .
The partition of the support [—1,1] of £ is the same as in the deconvolution experiments, and
the observation domain was split into m = 101 bins — 100 equal length bins over the segment
[—1,1] and the bin (1, 00).

Quantifying conservatism. When building the test fp deciding on the hypotheses H,[p],
1 = 1,2 (see (Dgalp])) via K observations w® = (wy,...,wk), we get, as a byproduct, two
probability distributions x, € F, y, € F, of the latent random variable &, see (45). These
distributions give rise to two simple hypotheses, H1, Ho, on the distribution of observation w’,
stating that these observations come from the distribution x,, resp., y,, of the latent variable.
The risk of any test deciding on the two simple hypotheses Hi, Hs, the observation being
w’, is lower-bounded by the quantity €[K] = >« min[p (W), p& (wk)], where pX (w!) is the
probability to get an observation w’ under hypothesis H;, i = 1,2. The quantity €[K], which
can be estimated by Monte-Carlo simulation, by its origin is a lower bound on the risk of a
whatever test deciding, via w’, on the composite “hypotheses of interest” H,[p],»=1,2. We
can compare this lower risk bound with the upper bound €[K] = exp{Opt|p|} on the risk of the
test T, see (Fyq[p]), and thus quantify the conservatism of the latter test. The setup of the
related experiments was completely similar to the one in the just reported experiments, with
the Laplace distribution £(0,1/2) of the nuisance and with n = 500 and m = 1002 bins in
the supports of ¢ and of w, respectively. We used t = 0, a = 0.5, and 2 x 105 Monte-Carlo
simulations to estimate €[K]. In our experiments, given a number of observations K and a
prescribed risk level € € {0.1,0.01,0.001,0.0001}, the parameter p of the test T\p was adjusted
to ensure €[K| = ¢; specifically, we set p = ple], see (44). The results are presented in table 2.

Recall that by Proposition 2.2 we have ¢[K'] < (¢[K])X"/K when K’ > K, so that the ratios
r[k] = In(€[K])/In(e[K]) presented in the table upper-bound the nonoptimality of fp in terms
of the number of observations required to achieve the risk €[K]: for the “ideal” test, at least K
observations are required to attain this risk, and for the test fp — at most |r[k]K| observations
are enough. The data in table 2 show that the ratios r[K] in our experiments newer exceeds
1.82 and steadily decrease when €[K| decreases.
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Figure 5: Deconvolution experiment, K, = 1000, £k = 1,2, ¢ = 0.05. In the upper row:
(a) resolution of the simple test as a function of ¢ € [-1,1]; (b) c.d.f. of the “difficult to
test” distributions z* and y*, corresponding optimal solutions to (Fy «[p]) for g = g(0) (testing
hypotheses about F(0)). Bottom row: convolution images of optimal solutions to (Fg.«[p]),
a = .85 and g = ¢(0), and corresponding detector ¢: (c) convolution with mixed Laplace
distribution, (d) convolution with I'(-) distribution.
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Figure 6: Deconvolution experiment, e = 0.05, a = 0.5; K, = [100, 200, 500, 1000, ..., 100 000],
¢ =1,2. On the left: resolution of the simple test as a function of ¢t € [—1,1] for different K ¢
mixed Laplace and I'(+) distributions of the observation noise; on the right: resolution at ¢t = 0
as a function of K'; the test resolution clearly exhibits C' K~1/3 behavior.

Table 2:

bottom — the ratio

¢ K 200 500 1000 2000 5000 | 10000 | 20000
1.0e-1 1.5e-2 | 1.5e-2 | 1.7e-2 | 1.6e-2 | 1.6e-2 | 1.6e-2 | 1.5e-2
ve 1.82 1.82 1.78 1.80 1.80 1.80 1.82
1.00-2 1.3e-3 | 1.2e-3 | 1.2e-3 | 1.2e-3 | 1.2e-3 | 1.2e-3 | 1.2e-3
ve 1.45 1.46 1.46 1.46 1.46 1.45 1.46
1.00-3 1.0e-4 | 0.9e-4 | 1.1e-4 | 1.1e-4 | 1.1e-4 | 0.9e-4 | 1.1e-4
e 1.33 1.35 1.32 1.32 1.32 1.34 1.32
1.00-4 1.1e-5 | 0.9e-5 | 1.0e-5 | 0.9e-5 | 1.1e-5 | 0.7e-5 | 0.9e-5
e 124 | 126 | 125 | 1.26 | 1.24 | 1.29 | 1.26
Quantifying conservatism of fp in Deconvolution experiment; in a cell: top — €[K],

In €[ K]
Ine[K]*
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Figure 7: Trimmed observation experiment, resolution of the simple test for different K,
e = 0.05, « = 0.5; K = [100, 200,500, 1000, ..., 100 000]. Plot (a): resolution of the test as a
function of ¢ € [—1,1], L(0, ) nuisance; plot (b) same for mixed Laplace nuisance; plot (c):
resolution of the test with I'(-) nuisance distribution. On plot (d): resolution at ¢ = 0 as a
function of sample size K. While the test resolution exhibits C' K ~1/3 behavior in the case of
Laplace an mixed Laplace nuisance, convergence is slow (if any) in the case of I'(-) nuisance

distribution.
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4.4 Testing hypotheses on Markov chains

In this section, we present some applications of our approach to Markov chain related hypotheses
testing. For a positive integer n, let A,, = {x € R} : >~ x; = 1}, and S,, be the set of all n x n
stochastic matrices..

4.4.1 Deciding on two simple hypotheses

Situation. The simplest setting of the Markov chain related hypotheses testing is as follows.
We are given two n x n stochastic matrices S' and S? with positive entries, specifying two
hypotheses on an n-state Markov chain. Both hypotheses state that the probability distribution
of the initial (at time 0) state ¢ of the chain is a vector from some convex compact set X C
rint A,,; in addition hypothesis H; (Hz) states that the transition matrix of the chain is S*(S9?).
We observe on a given time horizon K a realization ¢g,t1, ..., tx of the trajectory of the chain
and want to decide on the hypotheses.

Construction and result. With transition matrix fixed, the distribution of chain’s trajectory
on a fixed time horizon depends linearly on the distribution of the initial state. Consequently,
our decision problem is to distinguish between two convex sets of probability distributions on the
finite set of all possible chain trajectories from time 0 to time K inclusively. According to the
Discrete case version of our results, a nearly optimal test is as follows: we solve the optimization
problem

— 1 1 1 2 2 2 .
E€x = Imax § \/|:pLOSL1LOSL2L1"'SLKLK_1:| |:qLOSL1LOSL2L1"'SLKLK—1 ’ (47)
PgeX
1<t 1505tk <

denoting the optimal solution (p, ¢«) and setting

1 1 1
pLOSle()SLQLl "‘SLKLK,1 >
9

2 Qo S?, S2,. .52

L1t LR LK —1

D10y oy Lig) = 1ln (

the near-optimal test, the observed trajectory being t* = (o, ..., 1), accepts Hy when ¢(¢5) >
0, and accepts Hy otherwise. The risk of this test is upper-bounded by &, given by (47).

Optimization problem (47) clearly is convex and solvable, and whenever (p, q) is feasible for
the problem, so is (g, p), the values of the objective at these two solutions being the same. As a
result, there exists an optimal solution (p., gs) with p, = ¢.. The test ¢ associated with such a
solution is completely independent of p, and is just the plain likelihood ratio test:

o = i) = 13 (e
= (1gy e LK —2T:1n 2 .

Lrlr—1

The (upper bound on the) risk of this test is immediately given by (47):

1 q2\t/2
Ex = gg?iz (Z(Sijsij) / > Pj-
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A =50 A =100 A =200

po |l pe [ K[ [pe | K[ [ o [K[pn [ po [K[ o [0 | K [ a [ | K

1.00 | 0.90 | 144 || 1.00 | 1.11 | 146 || 1.00 | 0.90 | 91 || 1.00 | 1.11 | 74 || 1.00 | 0.90 | 1929 || 1.00 | 1.11 | 1404

1.00 | 0.75 | 21 || 1.00 | 1.33 | 21 [ 1.00 | 0.75 | 19 || 1.00 | 1.33 | 11 || 1.00 | 0.75 | 326 | 1.00 | 1.33 | 133

1.00 [ 0.50 | 6 1.00 | 2.00 | 5 1.00 | 0.50 | 8 || 1.00 | 2.00 | 3 || 1.00 | 0.50 | 86 1.00 | 2.00 7

Table 3: Deciding with risk €, = 0.01 on two simple hypotheses on the parameter p of a
queuing system with s = 100, b = 20.

Numerical illustration. Consider a queuing system (M /M /s/s+b) with s identical servers,
with services times following exponential distribution £(u) with parameter p, and a common
buffer of capacity b. The input stream of customers is Poisson process with rate A\. Upon arrival,
a customer either starts to be served, if there is a free server, or joins the buffer, if all servers
are busy and there are less than b customers in the buffer, or leaves the system, if all servers are
busy and there are b waiting customers in the buffer. The system is observed at time instances
0,1, ..., K, and we want to distinguish between two systems differing only in the value of y, which
is pp for the first, and ps for the second system. The observations form a Markov chain with
n = s+ b+ 1 states, a state j € {1,...,n} at time ¢t = 1,2, ... meaning that at this time there are
5(j) := min[j — 1, s] busy servers and j — s(j) — 1 customers in the buffer. Under hypothesis H,,
X = 1,2, the transition matrix of the chain is SX = exp{LX}, where LX = L(X, ) is a 3-diagonal
transition rate matriz with zero column sums and [LX];_1; = s(j) iy, [LX]j41,; = A. In table 3,
we present a sample of (the smallest) observation times K ensuring that the upper bound &, on
the risk of the simple test developed in this section is < 0.01. We restrict ourselves to the case
when distribution of the initial state is not subject to any restrictions, that is, X = Agypy1.

4.4.2 Deciding on two composite hypotheses

In the previous example, we dealt with two simple hypotheses on a Markov chain with fully
observable trajectory. Now consider the case of two composite hypotheses and indirect observa-
tions of state transitions.'* More specifically, we intend to consider the case when a “composite
hypothesis” specifies a set in S, containing the transition matrix of the chain we are observing,
and “indirectness of observations” means that instead of observing consecutive states of the
chain trajectory, we are observing some encodings of these states (e.g., in the simplest case, the
state space of the chain is split into non-overlapping subsets — bins, and our observations are
the bins to which the consecutive states of the chain belong).

Preliminaries. Probability distribution P; of the trajectories, on time horizon ¢, of a Markov
chain depends nonlinearly on the transition matrix of the chain. As a result, to utilize our
convexity-based approach, we need to work with composite hypotheses of “favorable structure,”
meaning that the family P; of distributions P, associated with transition matrices allowed by
the hypothesis admits a reasonable convex approximation. We start with specifying the main
ingredient of such “favorable structure.”

4 One problem of testing specific composite hypotheses about Markov chains has been studied in [11] using a
closely related approach. The techniques we discuss here are different and clearly aimed at numerical treatment
of the problem.
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Let Ki,...,K, be closed cones, all different from {0}, contained in R’}. The collection
K" ={Kjy,...,K,} gives rise to the following two entities:

e The set of stochastic matrices

S = {S = [Sij]zj‘:l e R™"™ . COIJ[S] S Kj,ZSij =1,5=1, ,n}

(from now on, Col;[S] is the j-th column of S);

e The convex set

P = {P = []Dij};tjzl € R"*™ . COIJ[P] S Kj, 1<5< ?’L,ZPZ‘]‘ = 1}
i,J

One has'®
P={P =[Plij=1: IS €S,z € Ay) : Colj[P] = z;Coly[S], j = 1,...,n}. (48)
As a result, in a pair (S, x) associated with P € P according to (48), x is uniquely defined by

P:
zj=) Pjl<j<m
i

besides this, for every j such that ), P;; > 0, Col;[S] is the probabilistic normalization of
CO]j [P]

Remark. The role played by the just defined entities in our context stems from the following
immediate observation: consider a Markov chain with transition matrix S from S, and let x € A,,
be the distribution of the state ¢,_; of this chain at time 7 — 1. Denoting by ¢, the state of the
chain at time 7, the distribution of the state transition (tr_1,¢;) clearly is

pij = Sijrj, 1 <4,j < n.

According to (48), P is nothing but the convex hull of all distributions of this type stemming
from different x € A,, and S € S.

Situation. Assume that for y = 1,2 we are given

e collection of cones K;LX ={K¥, ..., Kﬁfx} of the type described in the preliminaries. This
collection, as explained above, specifies a set S, of stochastic n, x n, matrices and a set
Py of ny x n, matrices with nonnegative entries summing up to 1.

e m x n? “observation matrix” A, with positive entries and unit column sums. We think of

the ni columns of A, as being indexed by the pairs (7,7), 1 <1i,7 < n,.

The outlined data specify, for x = 1,2,

Indeed, for S € S, x € A, the matrix P given by Col;[P] = z;Col;[S], 1 < j < n, clearly belongs to P. Vice
versa, if P € P, then, setting x; = > . P;; and specifying the j-th column of S as Col;[P]/x; when z; # 0 and as
a whatever vector from K; N A, when z; =0, we get S € S, z € A, and Col;[P] = z;Col;[S] for all j.
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e the family M, of Markov chains. Chains from M, have n, states, and their transition
matrices belong to Sy;

e observation scheme for transitions of a chain from M, . Specifically, observation w, of the
transition ¢, — ¢ takes values in {1,2,...,m}, and its conditional, the past of chain’s
state trajectory being given, distribution is the column Col(, _ , y[Ay] of A,.

Now assume that “in the nature” there exist two Markov chains, indexed by x = 1,2, with n,
states and transition matrices Sy, such that chain x belongs to M, , and we observe one of these
two chains as explained above, so that, independently of y, our observation w; at time t takes
values in {1,...,m}. Given observation w® = (w1, ...,wg), we want to decide on the hypotheses
H,, x =1,2, where H, states that the chain we are observing is chain x.

Construction and result. We can approach our goal as follows. Every P € P, is a nonneg-
ative n, X n, matrix with unit sum of entries and as such can be thought of as a probability
distribution on Z,, = {(4,5) : 1 < i,j < n,}. Matrix A, naturally associates with such a
distribution a probability distribution A, (P) on {1,...,m}:

Tx
A (P) = Z PijCOl(i,j)(AX)'
i,j=1
Note that the mapping P — A, (P) is linear.
Let us define the convex compact subsets XX of the probabilistic simplex A,, by the relation

XX¥X={peA,:IPcP,:p=A(P)}, x=1,2.
By the above remark,

() For a chain from M, and every time instant T > 1, the conditional, given chain’s
trajectory prior to instant T — 1, distribution of the state transition (tr_1,t;) belongs
to Py, and, consequently, the conditional, by the same condition, distribution of the
observation w; belongs to XX.

Note that XX C rint A, due to entrywise positivity of A,.

Fort =1,2,...,1et 51, j1 2 be the states of chain 1 and chain 2 at time ¢, let (¢ = (J¢.x, Ji—1,¢)>
x = 1,2, and let X; = X', ¥; = X2, With this setup, we arrive at the situation considered
in Proposition 3.2: for x = 1,2, under hypothesis H, w; is a deterministic function of C)t( =
(C1,xs -+ Gty )s the conditional, given Cfc_l, distribution of w; depends deterministically on (;5(—1
and, by (!), belongs to XX. Hence, Proposition 3.2 implies

Proposition 4.4 In the situation and under assumptions of this section, let the sets X', X?
do not intersect. Let p}, p5, form the optimal solution to the problem

e*zmaX{ p1lwlpo)w : p1 € XY, po €X27}, (49)
p1,p2 1
and let . n
Pilw
qb(w):ln( " )
2 [pQ]w

Then the risk of the test which, given observations wi, ...,wg, accepts Ho when Zle d(wrs) >0
and accepts Hy otherwise, is at most €.
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Remark. By inspecting the proof, Proposition 4.4 remains valid in the situation where M,
are families of non-stationary Markov chains with n, states 1,...,n,. In such a chain, for every
7 > 0, the conditional, given the trajectory ¢y, ...,tr—1 of the chain from time O to time 7 — 1,
distribution of state ¢, at time 7 is selected, in a non-anticipative fashion, from the set KX_,NA,,.

Numerical illustration: random walk. Consider a toy example where the Markov chains
M, x = 1,2, represent a random walk along n = 16-element grid on the unit circle; thus, each
chain has 16 states. The “nominal” transition matrices S{ correspond to the walk where one
stays in the current position with probability 1 — 2p, and jumps to a neighbouring position
with probability 2p,, with equal probabilities to move clock- and counter-clockwise; in our
experiment, p; = 0.2 and po = 0.4. The actual transition matrix S, of chain M, is allowed to
belong to the “uncertainty set”

Uy = {Sy €S : (1—p)ST < Sy < (1+p)STY,

where the inequalities are entrywise. In other words, the cones K ]X, j=1,2,...,n, are the conic
hulls of the sets

{g € Ap : (1 = p)Coly[SY] < g < (1 + p)Col;[SV]}-
In our experiments, we used p = 0.1.

We have considered two observation schemes: “direct observations”, where we observe the
positions of the walker at times 0,1,..., and “indirect observations,” where the 16 potential
positions are split into 8 “bins,” two states per bin, and what we see at time instant ¢ is the bin
to which t-th position of the walker belongs. In the latter case we used a random partition of
the states into the bins which was common for the chains M; and Ms (i.e., in our experiments
the “observation matrices” A; and Ay always coincided with each other).

The results of a typical experiment are presented in table 4. For each of our two observation
schemes, we start with observation time which, according to Proposition 4.4, guarantees the
risk € = 0.01, and then decrease the observation time to see how the performance of the test
deteriorates. In different simulations, we used different transition matrices allowed by the corre-
sponding hypotheses, including the “critical” ones — those associated with the optimal solution
to (49). Evaluating the results of the experiment is not easy — in the first place, it is unclear
what could be a natural “benchmark” to be compared to, especially when the observations are
indirect. In the case of direct observations we have considered as a contender the likelihood ratio
test (see section 4.4.1) straightforwardly adjusted to the uncertainty in the transition matrix.©
Such test turns out to be essentially less precise than the test presented in Proposition 4.4; e.g.,
in the experiment reported in column A of table 4, with observation time 71 the risks of the
adjusted likelihood test were as large as 0.01/0.06.

4.4.3 Two composite hypotheses revisited

In the situation of section 4.4.2 (perhaps, indirect) observations of transitions of a Markov chain
were available. We are about to consider the model in which we are only allowed to observe how

16Specifically, given the chain trajectory to, ..., tr, we can easily compute the maximal and the minimal values,
Pmax and Ymin, of the logarithm of likelihood ratio as allowed by our uncertainties in the transition matrices.
Namely, tmax = maxgg | s 3t S In([Sraly 0. 1/[S7.2])0 -1 ), where Sy run through the uncertainty
sets associated with hypotheses Hy, X = 1,2; ¢min is defined similarly, with max g 1Sra}t_, replaced with
mingg 5,3t - We accept Hi when a randomly selected point in [¥min, Pmax] turns out to be nonnegative, and
accept Ha otherwise.
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(a) e« =0.9368

(b) &, = 0.9880

| t] e | Risk(T) Risk(ML) | |t ] £ Risk(T) |

71 | 0.0097 | 0.0004/0.0008 | 0.0094/0.0551 381 | 0.0099 | 0.0000/0.0000
48 | 0.0436 | 0.0038/0.0018 | 0.0192/0.0798 254 | 0.0462 | 0.0000/0.0000
32 | 0.1239 | 0.0226/0.0118 | 0.0390/0.1426 170 | 0.1277 | 0.0000/0.0002
21 | 0.2540 | 0.0230/0.0610 | 0.0620/0.1903 113 | 0.2546 | 0.0002/0.0008
14 | 0.4011 | 0.0870/0.0508 | 0.1008/0.2470 76 | 0.3982 | 0.0002/0.0054
10 | 0.5207 | 0.0780/0.1412 | 0.1268/0.2649 51 | 0.5393 | 0.0022/0.0168
7 10.6333 | 0.1184/0.1688 | 0.1824/0.3368 34 | 0.6626 | 0.0086/0.0412
5 | 0.7216 | 0.1040/0.2682 | 0.2190/0.2792 23 | 0.7569 | 0.0210/0.0758
3 |0.8222 | 0.3780/0.1166 | 0.3000/0.4027 15 | 0.8339 | 0.0540/0.1018
2 | 0.8777 [ 0.1814/0.3780 | 0.1814/0.3780 10 | 0.8860 | 0.0872/0.1530
1 ] 0.9368 | 0.4230/0.2064 | 0.4230/0.2064 7 | 0.9187 | 0.1420/0.1790

5 |0.9413 | 0.1386,/0.2878

3 | 0.9643 | 0.2812/0.2638

2 [ 0.9761 | 0.2078/0.3824

1 | 0.9880 | 0.3816/0.2546

Table 4: Random walk. (a) - direct observations; (b) - indirect observations. In the table:

t: observation time; €. and Risk(T): theoretical upper bound on the risk of the test from
Proposition 4.4, and empirical risk of the test; Risk(ML): empirical risk of the likelihood ratio
test adjusted for uncertainty in transition probabilities. €;/e2 in “risk” columns: empirical, over
5000 simulations, probabilities to reject hypothesis Hi (e1) and Ha (e2) when the hypothesis is
true. Partition of 16 states of the walk into 8 bins in the reported experiment is {1,8}, {4,6},
(5,7}, {9,11}, {3,19}, {2, 15}, {12,161}, {13,14}.

frequently the chain visited different (groups of) states on a given time horizon, but do not use
information in which order these states were visited.

Preliminaries. For Q) € S, and p > 0, let

Sn(@,p) ={S€Sn:[IS-Q

11 < p},

where for a p X ¢ matrix C
€l = masx [CoLC]ls

is the norm of the mapping u — Cu : R? x RP induced by the norms || - ||; on the argument and
the image spaces.

Situation we consider here is as follows. “In the nature” there exist two Markov chains,
indexed by x = 1,2. Chain x has n, states and transition matrix S,. Same as in section 4.4.2,
we do not observe the states exactly, and our observation scheme is as follows. For y = 1,2,
we are given m x n, matrices A, with positive entries and all column sums equal to 1. When
observing chain y, our observation n, at time 7 takes values 1,...,m, and the conditional, given
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the trajectory of the chain since time 0 to time 7 inclusively, distribution of 7, is the ¢-th
column Col,, [A,] of A,,.

Now assume that all we know about Sy, x = 1,2, is that S, € S, (Qy, py) With known Q
and p,. We observe the sequence n' = (11, ...,7;) coming from one of two chains, and want to
decide on the hypotheses Hy, x = 1,2, stating that S, € S, (Qy, py)-

Construction and result. Our approach is as follows. Given a positive integer k, for y = 1,2
let
Zy = Conv{Av: veEA, , and Jj: [[v— Col;[QF][l1 < kpy} C A
Note that Z, C rint A, (since the column sums in A, are equal to one, and all entries of A,
are positive).
It is immediately seen that
e Under hypothesis H,, x = 1,2, for every positive integer ¢, the conditional, given the state
Jr(t—1),y Of the Markov chain yx at time x(t — 1), distribution of observation 7,; belongs to
-
Indeed, Sy and @, are stochastic matrices with ||S, — Qy[l1,1 < py (we are under
hypothesis H, ), and for stochastic matrices A, B, A and B one has
IAB — AB|j11 < |A = Alli,1 + 1B = Bll1.1
due to

|AB — AB||11<||A(B B)||11+||(A A)B||11

Whence ||.S5 — Q;Hl’l < Kpy, so that the probabilistic vector v = Col
|lv — Col
to Z,.

-1y |55 satisfy

ety @51 < Kpy. We conclude that the distribution of A,v of Nt belongs

e 7, is a polyhedral convex set with an explicit representation:

Mx
Zy = z: 3o, vb, 0™ € R ZTAXZj U] v 20, Ez ! Z _.O% @ € Bny
[07 = a;Coli[QF] 1 < ajripy, 1< < my.

Setting wy = Nty Gy = Jtrxs X = 1,2, and Xy = 21, Y, = ZQ, t=1,2,..., we arrive at the situa-
tion considered in Proposition 3.2: under hypothesis H,, x = 1,2, w; is a deterministic function
of Cf( = (Co,x» -~ Gt,x), and the conditional, given Cx 1 dlstr1but10n of wy is iy = Ay Coly, . S5
which is a deterministic function of Ct 1 Besides thls we € Xy = Z7 under hypothesis Hy, and

ut € Yy = Zo under hypothesis Hs. For these reasons, Proposition 3.2 implies

Proposition 4.5 Let k be such that Z1 does not intersect Zs. Let, further, (x4, y«) be an optimal
solution to the convex optimization problem

Ex = max E v Lili,

-TEZlvyEZ2

and let 1
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K

Then for every positive integer K, the risk of the test X which, given observation w™, accepts
H, whenever
K m
D du(wr) =Y puli)Card{t < K : wy = i} (50)
t=1 i=1

is nonnegative and accepts Hy otherwise, does not exceed €X.

Remarks. Note that x meeting the premise of Proposition 4.5 does exist, provided that p, are
small enough and that Aje # As f for every pair of steady-state distributions e = Qqe, f = Qo f
of the chains with transition matrices Q1 and Qs.

Note that in order to compute the test statistics (50) we do not need to observe the trajectory
W1, W2, ..., wr ; all what matters is the “histogram” {p; = Card{t < K : wy = i}}]"; of w1, ...,wk.
Furthermore, we lose nothing if instead of observing a single and long w-trajectory, we observe a
population of independent “short” trajectories. Indeed, assume that N independent trajectories
are observed on time horizon Lx < Kk; all the trajectories start at time 7 = 0 in a once for
ever fixed state and then move from state to state independently of each other and utilizing the
same transition matrix S. Our observations now are the total, over N trajectories, numbers
pi, t = 1,...,m, of time instants of the form kt, ¢ > 1, spent by the trajectories in state 7. If
our goal is to decide which of the chains y = 1,2 we are observing, it is immediately seen that
Proposition 3.2 implies that under the premise and in the notation of Proposition 4.5, the test
which accepts Hi; when Y ", ¢.(i)p; > 0 and accepts Ho otherwise (cf. (50)) obeys the upper
risk bound eZV. In other words, the risk of the test would be exactly the same as if instead of
(aggregated partial) information on N trajectories of length Lk each we were collecting similar
information on a single trajectory of length K = LNk.

Numerical illustration. Consider a queuing system (M/M/s/s + b) with several identical
servers and a single buffer of capacity b. The service times of each server and inter-arrival times
are exponentially distributed, with distributions £(u) and £(A) respectively. Upon arrival, a
customer either starts being served, when there are free servers, or joins the buffer queue, if
all servers are busy and there are < b customers in the buffer queue, or leaves the system
immediately when all servers are busy and there are b customers in the buffer. We assume that
the parameters A, p are not known exactly; all we know is that

A=Al < 8y and |u — ] < 6.

with given A > 0, i > 0 and &) < A, 0, < fi.

We observe the number of customers in the buffer at times ¢ = 1,2, ..., and want to decide
on the hypotheses Hi stating that the number of servers in the system is s, and Hs, stating
that this number is ss.

In terms of the hidden Markov chain framework presented above, the situation is as follows.
Under hypothesis H, the queuing system can be modeled by Markov chain with n, = s, +b+1
states with the transition matrix of the chain S, = exp{L,}, where the transition rate matrix
L, = L, (A, ) satisfies

[Lyli—15 = s(m, [Lylj; = —(s(@)r+A), [Lyljt1; = A, s(j) :=min[j — 1,s,], 1 <j <n,.
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It is immediately seen that if Q, = exp{Ly(\, i)}, it holds'”
1Sy = Qxll1,1 < py 1= 265 + 2540,

We can now apply the outlined scheme to decide between the hypotheses Hy and Hs. A numerical
illustration is presented in table 5; in this illustration, we use x = 1, that is, observations used
in the test are the numbers of customers in the buffer at times ¢t = 1,2, ..., K.

K =K, K =]K./2] K =]K./3]
51,82, b Ex K* €1 €2 €1 €9 €1 €9

s1 =10, s9 =9, b=75 || 0.993240 || 679 || 0.0000 | 0.0000 | 0.0035 | 0.0015 || 0.0119 | 0.0104

51 =10, =7,b=75 || 0.894036 || 42 | 0.0002 | 0.0002 | 0.0093 | 0.0100 || 0.0260 | 0.0273

Table 5: Experiments with toy queuing systems. A\ = 40, = 5,p; = pa = 0. €y: empirical,
over sample of 10% experiments with observation time K each, probability to reject H y When the
hypothesis is true. e, is defined in Proposition 4.5, K, =|In(1/0.01)/In(1/£,)| is the observation
time, as defined by Proposition 4.5, resulting in risk < 0.01.
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A Proofs

A.1 Proof of Theorem 2.1

1%, The fact that the function (2) is continuous on its domain, convex in ¢(-) € F and concave
in [z;y] € X x Y is readily given by our basic assumptions. Let us set

U([z: = inf ® “y]). 51
([z39]) ;rel]-‘ (&, [z59]) (51)
We claim that the function

Bry() = 5 (pe()/py())

(which, by our assumptions, belongs to F) is an optimal solution to the right hand side mini-
mization problem in (51), so that

VizeX,yeY) : U([z;y]) = di)g%@(d), [z;y]) =21In (/Q \/px(w)py(w)P(dw)> . (52)

Note that ¥, being the infinum of a family of concave functions of [x;y] € M x M, is concave
on M x M. Indeed, we have

exp{ =z (wW)}pz(w) = exp{gsy (W) }py (W) = 9(w) = \/pa(w)py (W),

whence ®(¢g,y, [2;9]) = 2In ([, 9(w)P(dw)). On the other hand, for ¢(-) = ¢ ,(-) +6(-) € F
we have

Jo 9@)P(dw) = [ [Vo@) exp{-5(w)/2}| [Vglw) exp{s(w)/2}] P(dw)
ng exp{ 8(@)}P(dw) " (fiy 9(w) exp{d(w)} P(dw)) 2

< (
— (Joexpl— ¢> W) }pe (@) P(dw)) " (J, exp{d(w) tpy (w) P(dw))
(b) = 2In(f,g(w)P(dw)) < (6, [;9]),

and thus ®(¢,y, [z, y]) < ®(¢, [z;y]) for every ¢ € F.

(a)
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Remark A.1 Note that the inequality in (b) can be equality only when the inequality in (a)
is so. In other words, if ¢ is a minimizer of ®(¢, [z;y]) over ¢ € F, setting §(-) = &(*) — day ("),
the functions /g(w) exp{—0(w)/2} and y/g(w) exp{d(w)/2}, considered as elements of Ls[Q2, P],
are proportional to each other. Since g is positive and ¢, are continuous, while the support
of P is the entire €, this “Lo-proportionality” means that the functions in question differ by a
constant factor, or, which is the same, that 4(-) is constant. Thus, the minimizers of ®(¢, [z;y])
over ¢ € F are exactly the functions of the form ¢(w) = ¢, ,(w) + const.

29, We are about to verify that ®(¢, [z;y]) has a saddle point (min in ¢ € F, max in [x;%]) on
F x (X xY). Indeed, observe, first, that on the domain of ® it holds

() +a, [z;y]) = B(o(), [259]) V(a € R, ¢ € F). (53)

Thus, it suffices to verify that ®(¢, [x;y]) has a saddle point on the set Fy x (X x YY), with
Fo={¢p € F: [qod(w)P(dw) = 0}. Since X XY is a convex compact set, ® is continuous
on Fp x (X x Y) and convex-concave, all we need in order to verify the existence of a saddle
point is to show that ® is coercive in the first argument, that is, for every fixed [z;y] € X x YV
one has ®(¢, [z;y]) — +00 as ||¢|| — oo (whatever be the norm || - || on Fo; recall that Fy is a
finite-dimensional linear space). Setting ©(¢) = ®(¢, [z;y]) and taking into account that © is
convex and finite on Fy, in order to prove that © is coercive, it suffices to verify that ©(t¢) — oo,
t — oo, for every nonzero ¢ € Fy, which is evident: since [, ¢(w)P(dw) = 0 and ¢ is nonzero,
we have [, max[¢(w),0]P(dw) = [, max[—¢(w),0]P(dw) > 0, whence ©(tp) — oo as t — oo
due to the fact that both p,(-) and p,(-) are positive everywhere.

3%, Now let (¢«(-); [24+;7«]) be a saddle point of ® on F x (X x Y). Shifting, if necessary, ¢.(-)
by a constant (by (53), this does not affect the fact that (¢x, [x4;ys]) is a saddle point of ®), we
can assume that

uim [ exp{=6.()}pr, (IP(de) = [ exp(én(@)}py. () P(d), (54
Q Q
so that the saddle point value of ® is

P, = B min (¢, [3y]) = P(dx, [z43y4]) = 21n(ey). (55)

The following lemma completes the proof of Theorem 2.1.i:

Lemma A.1 Under the premise of Theorem 2.1, let (¢, [x«;ys]) be a saddle point of ® satis-
fying (54), and let ¢(-) = ¢«(-) —a, a € R. Then

(a) fQ exp{—¢%(w) }ps(w)P(dw) exp{ale, Vo € X,

<
(b)  Joexp{62(w)}py(@)P(de) < exp{—a}e, Wy € Y. (56)

As a result, for the simple test associated with the detector ¢2, the probabilities ex to reject Hx
when the hypothesis is true and ey to reject Hy when the hypothesis is true can be upper-bounded
according to (4).
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Proof. For z € X, we have

2In(e,) = ®u > O(¢u, 7594
= In (fq exp{—«(w)}pz(w) P(dw)) + In ([, exp{d«(w)}py. (w) P(dw))
= In ([ exp{—o«(w)}pz(w)P(dw)) + In(e,),

whence In ([, exp{—¢%(w)}ps(w)P(dw)) = In ([ exp{—¢«(w)}ps(w)P(dw)) + a < In(e,) + a,
and (56.a) follows. Similarly, when y € Y, we have

)
)
)

2In(e,) = @y > (¢, [43Y])
= In (Jpexp{—¢.(w)}pa, (©) P(dw)) + In (fo exp{d(w)}py(w) P(dw))
= In(zx) + In (o exp{e(w) }py(w) P(dw)) ,

so that In ([ exp{¢?(w)}py(w)P(dw)) = In ([, exp{¢+(w)}py(w)P(dw)) — a < In(e,) — a, and
(56.b) follows.

Now let z € X, and let €(x) be the probability for the test, the detector being ¢¢, to reject
Hx; this is at most the probability for ¢%(w) to be nonpositive when w ~ p,(+), and therefore

(x) < /Q exp{— ()} pa(w) P(dw),

so that e(x) < exp{a}es by (56.a). Thus, the probability for our test to reject the hypothesis Hx
when it is true is < exp{a}e.. Relation (56.b) implies in the same fashion that the probability
for our test to reject Hy when this hypothesis is true is < exp{—a}e,.

4°, Theorem 2.1.ii is readily given by the following

Lemma A.2 Under the premise of Theorem 2.1, let (¢, [x4;y«]) be a saddle point of ®, and
let € > 0 be such that there exists a (whatever) test for deciding between two simple hypotheses

(A) s wnp() =P (), (B) w0~ () =py.() (57)
with the sum of error probabilities < 2e. Then
£x < 2¢/(1 —€)e. (58)

Proof. Under the premise of the lemma, (A) and (B) can be decided with the sum of error
probabilities < 2¢, and therefore the test affinity of (A) and (B) is bounded by 2e:

/ minfp(w), ¢(w)] P(dw) < 2e.

On the other hand, we have seen that the saddle point value of ® is 2In(e,); since [z;ys]
is a component of a saddle point of ®, it follows that minger ®(¢, [z+;y«]) = 21In(es). The
left hand side in this equality, as we know from item 1°, is ((;Sx* yes [Tx3Ys)), and we ar-
rive at 2In(e,) = ®(3 In(p,. (- )/py*() (25 y]) = 2In ([ /P, (W)py, (W) P(dw)), so that e, =
Jo V/Pe. (@)py, (W)P(dw) = [ /P(w)g(w)P(dw). We now have (cf. | chapter 4])

g*:fﬂ p(w)q(w)P(dw) fQ\/mln w), q(w)] \/max , q(w)] P(dw)
§(mein[p( ,q(w)]P (dw))/ (fﬂmax[ (w), q(w)]P( ) S\/ 2—266_2\/]_—6
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5. We have proved items (i) and (ii) of Theorem 2.1. To complete the proof of the theorem,
it remains to justify (6). Thus, let (¢, [z4;y«]) be a saddle point of ® satisfying (54). All we
need to prove is that ¢, is nothing but

50) = 30 (. ()/p2. ().

Indeed, the function ®(-, [T+;ys]) attains its minimum on F at the point ¢.; by Remark A.1, it
follows that ¢.(-) — ¢(-) is constant on 2; since both ¢ and ¢, satisfy (54), this constant is zero.
O

A.2 Proofs of Propositions 3.1 and 3.2

Proposition 3.1 is a simple particular case of Proposition 3.2 which we prove here.
Observe that when t < K and p € X, so that p € X4 for some i € Z;, we have by definition
of ¢y, see (24),

/Qt exp{—o¢(wi) }p(we) Pr(dwy) = /Qt exp{7{n€izr: Ysrg;t([arst — Grst(wi)] }p(we) Py (dwy)

< /Qt eXp{gg%[aist — Gist(we)] }p(wi) Pr(dwy) < Z /t exp{aist — Gist(wt) }p(we) Pr(dwy)

se
< Z exp{aist J€ist = Z Rleist/gt [see (21.a), (24)]
sET: SET
= [Eh']i/g; = e [see (23)]. (59)

Similarly, when ¢ < K and p € Y}, so that p € Y}; for some j € J;, we have

/ eXP{¢t(Wt)}p(wt)Pt(dwt)Z/ exp{max min[@s; (wy) — arse] }p(we) Pr(dwy)
Q¢

Q rel; seJ:

< /m exp{%%[éf)rjt(wt) — arji] }p(wi) Py(dwy) <) /Qt exp{¢rjt(wt) — arji}p(we) Pe(dwt)

rel;

< Z exp{—arjiterjt = Z grerje/ B} [see (21.b), (24)]

rel; rel;
= [E{ g/l = & [see (23)]. (60)

Now let H; = Hx be true, let Elq—l{'} stand for the conditional expectation, (Tl being fixed,
and let pqq(‘) be conditional, Cf_l being fixed, probability density of w; w.r.t. P, so that
pqq(-) € X; for all ¢!"! and all t < K. We have

E {exp{—a1(w1) — .. — dr(w)}} = B {exp{—a1(w1) — .. — dr-1(wi1) B o {exp{—an(w)}} |
=B {exp{=1(w1) — .. = dr-1(wr-1)} fo, exD{—u(wi)Ipess (w) Po(deon)} |
< gE {exp{—¢1(w1) — ... — dr—1(wi—1)}},

where the concluding inequality is due to (59). From the resulting recurrence,
K
K¢ K
E{ep{ ¢ )} <[ =
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This inequality combines with the description of our test to imply that the probability to reject
Hx when it is true is at most Hfil .

Now assume that Hy = Hy holds true, so that the conditional, C;fl being fixed, distribution
Pt (+) of wy belongs to Y; for all Cé_l and all t < K. Applying the previous reasoning to —¢* in

the role of ¢, ¢{ in the role of ¢}, and (60) in the role of (59), we conclude that the probability
to reject Hy when it is true is at most Hf(:l Et. O

A.3 Proof of Proposition 3.3

1. The matrix £ = [pi€ijl, <i j<m has zero diagonal and positive off-diagonal entries. By the

Perron-Frobenius theorem, the largest in magnitude eigenvalue of E is some positive real p, and
the corresponding eigenvector g can be selected to be nonnegative. In addition, g > 0 is in fact
positive, since the relation

pgi = [Egli
along with the fact the all p; and all off-diagonal entries in E are positive, allows for g; = 0 only
if all the entries g; with j # ¢ are zeros, that is, only when g = 0, which is impossible. Since
g > 0, we can set

aij = & = In(g;) — In(g),
thus ensuring «;; = —aj; and

m m m
piei = Y _picexpfogt = > picijgi/gi = g; " Y picijg; = 9; [Egli = p.
=1 j=1 j=1

Thus, with our selection of a;; we get
€=p.

20, We claim that in fact e, = p, that is, the feasible solution [@;;] is optimal for (29). Indeed,
otherwise there exists a feasible solution [oy; = @yj + d;5]s,; with d;; = —d;; such that

p= max: | pi Z eijexp{aij}| < p.

j
As we have shown, for every i we have p = >, pi€;; exp{a; }. It follows that the convex functions
fit) = picij exp{au; + di;}
J

all are equal to p when ¢t = 0 and are < p < p when t = 1, whence, due to convexity of f;, for
every i one has

d _ _
0> %‘t:(]fi(t) = szfij exp{a;;}di; = pizgjgi Leij0ij-
J J

Multiplying the resulting inequalities by gf /pi > 0 and summing up the results over i, we get

0> Zgz'gjfz‘j5ij-
Z'7j
This is impossible, since €;; = €;; and ;; = —6;;, and the right hand side in the latter inequality
is zero. [l
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A.4 Proof of Proposition 3.4

In the notation and under the premise of the proposition, let €; be the risks of detectors ¢;; as
defined in Theorem 2.1, so that /e\fj( are the risks of qﬁg . Denote § the maximum of the risks €;;
taken over all “far from each other” pairs of indexes (i,7), that is, pairs such that 7,5 do not
belong to the same group Zy, £ = 1, ..., L, and let i, j be two “far from each other” indexes such
that § = E;; Test T clearly induces a test for deciding on the pair of hypotheses H! := H;,
H? .= H; from observation w’ which does not accept HX, x = 1,2, when the hypothesis is
true, with probability at most €, and never accepts both these hypotheses simultaneously. Same
as in the proof of Proposition 2.1, the latter implies that 6% = [¢;]% < 2y/e. Since the nonzero

entries in the matrix D = Dy participating in the description of the test TE are of the form
Efj( with “far from each other” i, j, the entries in the entrywise nonnegative matrix Dx do not
exceed 6% < [2/€]/K . Therefore the spectral norm of Dg (which, as we know, upper bounds
the risk of 75) does not exceed M|[2y/€]*/K and the conclusion of Proposition 3.4 follows. [

A.5 Proofs of Propositions 4.1 and 4.2

We prove here Proposition 4.1, the proof of Proposition 4.2 can be conducted following same
lines.

1%, Let us fix 4. It is immediately seen that problem (P!) is solvable (recall that Ae[i] # 0);
let p! = pZP (€), %, u?, v be an optimal solution to this problem. We clearly have r* = pi. We

claim that the optimal value in the optimization problem

2
ITIB% {; Z {\/[Au]g —+/[A(re[i] + vi)]z] cueVweEV, p<r< R} (P)
¢

is In(y/n/€), while (r’,u?,v%) is an optimal solution to the problem. Indeed, taking into account
the origin of u?, v, p' = r* and the relation R > pf(e), (rt,u’,v") is a feasible solution to this
problem with the value of the objective < In(y/n/¢); thus, all we need in order to support our
claim is to verify that the optimal value in (P) is > In(y/n/€). To this end assume for a moment
that (P) has a feasible solution (7,u, ) with the value of the objective < In(y/n/€¢). Then,
setting pt = p' +6, r* =7+ 6, uT = @, vt = v and choosing § > 0 small enough, we clearly
get a feasible solution to (P?) with the value of the objective > p’ = pI’(¢), which is impossible.
Our claim is justified.

29, Recalling the “Poisson case” discussion in section 2, item 1° implies that the simple test
associated with the detector ¢;(+) given by (36) decides between the hypotheses Hy and H'(p? (e))
with probabilities of errors < €/y/n. Since H'(r) “shrinks” as r grows, we conclude that whenever
pi € [pF(€), R], the same test decides between the hypotheses Hy and H’(p;) with probabilities of
errors not exceeding €/y/n. Now let p = [p1; ...; pn] satisfy the premise of Proposition 4.1, so that
pi > pF(e) for all i. Note that the problem of testing Hy : 1 € X against Hy(p) : p € Ul Y (p1),
along with the tests ¢1;(-) = ¢(-), i = 1,...,n satisfy the premise of Proposition 3.1 with
€1 =€/, e =/> e (=€),and a;; = —ilnn,i=1,..,n. As aresult, by Proposition 3.1,
the risk of the test ¢”'(-) does not exceed e.
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3%, To justify the bound on rate optimality, let us set

Opt,(p) = mm{ [\/Au \/7'6——&-11@} uev,vev,pgrgR} [p > 0]

The function Opt(p) by its origin is a nondecreasing convex function on the segment 0 < p < R,
Opt;(p) = +oo when p > R, and Opt(0) = 0. It follows that

V(p €[0,R],6 > 1) : Opt;(6p) = 60pt;(p) (61)

Now assume that for some p = [p1;...; pn] and € € (0,1/4) there exists a test which decides
between Hy and Hi(p) with probability of error < e. Taking into account the union structure
of Hi(p), for every fixed i this test decides with the same probabilities of errors between the
hypotheses Hy and H {(p;). All we need in order to prove the bound on the rate of optimality
of ¢p is to extract from the latter observation that pF(€)/pi < kn = Kn(e) for every i. Let us
fix i and verify that p’(¢)/p; < kn. There is nothing to do when p; > pf(€) (due to k, > 1);
thus, assume that p; < pf’(€). Note that p; > 0 (since otherwise the hypotheses Hy and H'(p;)
have a nonempty intersection and thus cannot be decided with probabilities of errors < 1/2,
while we are in the case of € < 1/4). Applying Theorem 2.1 to the pair of hypotheses Hy,
H(p;), it is straightforward to see that in this case item (ii) of Theorem states exactly that
exp{—Opt;(pi)} < 2y/€, or, which is the same, Opt(p;) > § := 11n(1/e) — In(2); § is positive
due to € € (0,1/4). Now let § > In(y/n/e€)/d, so that § > 1. By (61), we either have 0p; > R,
whence 0p; > pf’ () due to pf’(€) < R, or 0p; < R and Opt;(0p;) > In(y/n/e). In the latter case,
as we have seen in item 1° of the proof, it holds Opt;(pf (€)) = In(y/n/€), and thus pf () < Op;
since Opt; is nondecreasing in [0, R]. Thus, in all cases 8p; > pf(€) whenever § > In(y/n/e)/é.
But the latter ratio is exactly k,, and we conclude that k,p; > pf (€), as required. O

A.6 Proof of Proposition 4.3

1%, Let the premise in Proposition 4.3 hold true, and let us set ¢ = p[e]. Observe, first, that
Opt[o] = Ine. Indeed, problem (44) clearly is solvable, and Z,y,r = p is an optimal solution
to this problem. (z,y) is a feasible solution to (Fy «[g]), whence the optimal value in the latter
problem is at least Ine. Now let us lead to a contradiction the assumption that Opt[g] > Ine.
Under this assumption, let zg € Ho[pmax], Yo € Hi[pmax), and let (Z,y) be an optimal solution

to (Fyalo]), so that
L nyg
> K¢l (Z ,/[Afx]i[Afy]i> > Ine (62)
=1 i=1

when z = 2, y = 9. Now let 2 = & +t(zo — ), y+ = § + t(yo — 9). Since (62) hods true for
r =, y =7, for small enough positive ¢ we have

g oy < a—0—t(pmax — 0); 91y > a+ 0+ t(pmax — ZKg In (Z [Alzy);[Aly]; ) > lne.

which, due to pmax > 0, contradicts the fact that o is the optimal value in (44).
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29, Let us prove (46). This relation is trivially true when ¢ = 0, thus assume that o > 0.
Since ppax = 0, and gT:v takes on X both values < « and values > «, this implies, by convexity
of X, that g’z takes value a somewhere on X. Therefore, the hypotheses Hy[0] and H1[0]
intersect, whence Opt[0] = 0. In addition to this, due to its origin, Opt[p] is a concave function
of p € 0, 0]. Thus, Opt[fg] > 0Opt[e] = flne when 0 < § < 1. Now, to prove (46) is exactly
the same as to prove that when 0 < p < 971(¢€)p, no test for problem (D, [p]) with risk < € is
possible. Assuming, on the contrary, that 0 < p < ¥(e)o and (Dg.o[p]) admits a test with risk
< ¢; same as in the proof of Theorem 2.1.ii, this implies that for every x € Hy[p] and y € Hi[p],
the Hellinger affinity of the distributions of observations associated with z and y does not exceed
24/€e, whence Opt[p] < In(24/€). On the other hand, as we have seen, Opt[p] > gln €, and we

arrive at Zlne < In(2y/€), whence V7 e) > plo > % =97 1(e), which is impossible.

3% Let now p € [0, pmax], S0 that problem (F,,[p]) is solvable with optimal value Opt|p];
clearly, Opt[p] is a nonincreasing function of p, whence Opt[p] < Opt|o] = ¢, Applying Proposi-
tion 2.2 (with no Gaussian and Poisson factors and a = 0) and recalling the origin of Opt|p], we
conclude that the risk of the simple test with the detector ¢, does not exceed exp{Opt[p]} < e.
(]
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