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In our talk we introduce the moduli of the supporting convexity and the supporting smooth-
ness of a Banach space, which characterize the deviation of the unit sphere from an arbitrary
supporting hyperplane.

Let X be a real Banach space. We use (p,z) to denote the value of a functional p € X* at
a vector z € X.

Let

. lz+yll
ox(e) =int{1 = Pl g =y = 1 o ol > ¢

and

px(T) =

ety eyl
sup{ Il B2l o =1, ot = .

The functions dx(-): [0,2] — [0,1] and px(-): Rt — RT are referred to as the moduli of
convexity and smoothness of X respectively.

We say that y is quasiorthogonal to the vector z € X \ {o} and write y 'z if there exists
a functional p such that ||p|| =1, (p,z) = ||z|, {p,y) = 0.

Define the modulus of local supporting convexity as

Ax(r) =inf{A eR: |z =yl =1, y7z, |z +ry — Azf| = 1}.
Define the modulus of local supporting smoothness as
Ae(r)=sup{AeR: ||lz| = |yl =1, y "z, |z +ry — Az|| = 1}.

We show that the modulus of supporting smoothness and the modulus of smoothness are
equivalent at zero, the modulus of supporting convexity is equivalent at zero to the modulus of
convexity.

THEOREM 1. For any r € [0;1] we have that dx (r) < Ay (r) < dx(2r).
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THEOREM 2. For any r € [0, 5] we have that px ( ) <AL 3 (r) < px(2r).

We prove a Day-Nordlander type result for these moduli. The Day—Nordlander theorem
(see [7]) asserts that dx () < dp(e) for € € [0,2], where H denotes an arbitrary Hilbert space.

THEOREM 3. Let X be an arbitrary Banach space. Then

M (r) K AR(r) =1—V1—1r2=X5(r) < 2% (r) Vr e [0,1].

If at least one of these inequalities turns into equality, then X is a Hilbert space.
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In the paper [1] J. Bana$ defined and studied some new modulus of smoothness. Namely,
he defined
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The function 8 () is called the Banas modulus.
In the papers [1], [2], [3], [4] several interesting results concerning this modulus were ob-

+
tained. Particulary, in [1], J. Bana$ proved that a space is uniformly smooth iff 5XT(5) — 0

as € — 0. However, from the definition a space is uniformly smooth if and only if pXT(E) — 0
as € — 0. This leads to the question: are the modulus of smoothness and the modulus of
Banas equivalent at zero? It is easy to check that there exist positive constant a,b such that
5% (t) < apx(bt), but the lower estimate of the modulus of Banas in terms of the modulus of
smoothness is unknown. In the next theorem we prove that the modulus of Banas and the
modulus of supporting smoothness are equivalent at zero, so Theorem 2 answers the above

question.

THEOREM 4. Let X be an arbitrary Banach space. Then the following inequalities hold:

2
6}(27‘) < )\;(T) < 26}(3r) Vr e [O, 3} .
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