
Moment Problems and Optimization:  
A Global-Analysis Approach  

to Problems in Systems and Control 
Anders Lindquist 

Shanghai Jiao Tong University, China, and the  
Royal Institute of Technology, Stockholm, Sweden 

International conference Optimization and Applications in Control 	


and Data Science on the occasion of Boris Polyak’s 80th birthday,	


May 13-15, 2015, Moscow, Russia	





Dedicated to Boris Polyak at the 
occasion of his 80th birthday	



The youngest man ever to turn 80	





What is the talk about	


•  A classical problem – the moment problem – with 

a decidedly non-classical twist motivated by 
applications to systems and control.	



•  What is new are certain rationality constraints 
imposed by applications that alter the mathematical 
problem and make it nonlinear.	



•  A global-analysis approach that studies the class of 
solutions as a whole.	



•  A powerful paradigm for smoothly parametrizing, 
comparing, and shaping solutions to specifications.	
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The moment problem	



Chebyshev	

 Markov	

 Lyapunov	



dµ ∈ M+

space of
positive
measures

Trigonometric moment problem = covariance extension problem

Nevanlinna-Pick interpolation

αk(t) = eikt c ∈ C+ Tn = [ck−ℓ]
n
k,ℓ=0 ≥ 0

Toeplitz matrix

αk(t) =
eit + zk
eit − zk

Pick matrix
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Where do we find moment 
problems in systems and control?	



•  spectral estimation	


•  speech synthesis	


•  system identification	


•  image processing	


•  optimal control	


•  robust control	


•  model reduction	


•  model matching problems	


•  simultaneous stabilization	


•  optimal power transfer	
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Multidimensional moment problems	
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, k = 1, 2, . . . , n
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linearly independent basis functions defined on K
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… and why do these problems 
require a nonclassical approach?	



•  Solution must be of bounded complexity (such as, 
for example, rational of a bounded degree) 
reflecting the physical realizability of a finite-
dimensional device 	



•  Classical theory does not provide natural 
parameterizations of rational solutions of bounded 
degree 	





Moment problems come in many 
different forms	



Let us look at a few and return to them 	


throughout the lecture	





Ex. 1: Covariance extension	



Given c0, c1, . . . , cn,
find an infinite extension cn+1, cn+2, . . . such that

f(z) =
1

2
c0 + c1z + · · ·+ cnz

n + cn+1z
n+1 + . . .

(i) is positive real (Cathéodory)

(ii) is rational of degree at most n
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Covariance extension ���
(alternative formulation)	



Given c0, c1, . . . , cn,
find an infinite extension cn+1, cn+2, . . . such that

f(z) =
1

2
c0 + c1z + · · ·+ cnz

n + cn+1z
n+1 + . . .

(i) is positive real (Cathéodory)

(ii) is rational of degree at most n
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Ex 2: Circulant covariance extension	





Ex 3: Identification of graphical models 	

{x(t)}t∈Z

m-dimensional stationary,
Gaussian stochastic process

x1 x2 x3 x4 x5
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{y(t)}t∈Z

m-dimensional stationary,
Gaussian stochastic process

The components of x are represented
as nodes in a graph, where the lack of
edge between yk and yℓ implies that
yk and yℓ are conditionally independent
given the rest of the components.

y1 y2 y3 y4 y5

PROBLEM 1. Given m×m covariance lags C0, C1, . . . , Cn

Model x as an ARMA m
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Ex. 4: Robust control	



G(z)	



K(z)	



d	


u	

 y	



S(z)	

d	

 y	
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What do we want to achieve?	



•  A basic paradigm for smooth 
parameterization of the whole class of 
solutions in a systems-theoretical language	



•  Methods for determining solutions by 
convex optimization	





Moment problem in the style of Krein	



positive cone	


closed convex	



P+ := {p ∈ P | P (t) := Re{p(t)} ≥ 0 ∀t ∈ [a, b]}

Moment equations:

∂Jp
∂qk

= ck −

∫ b

a

αk

P

Q
dt = 0, k = 0, 1, . . . n (†)
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Dual cones	


P+ := {p =

n
∑

k=0

pkαk | P (t) := Re(p) ≥ 0 ∀t ∈ [a, b]}

For any c = (c0, c1, . . . , cn) ∈ Cn+1, form

⟨c, p⟩ := Re

{
n∑

k=0

ckpk

}

C+ := {c ∈ C
n+1 | ⟨c, p⟩ ≥ 0 ∀p ∈ P+}
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Introducing a finiteness condition	



R+ ⊂ M+ the space of positive measures

Consider the class R+ of rational positive measures

dµ =
P (t)

Q(t)
dt
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◦
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Nevertheless, our approach is based entirely on convexity.
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A motivating example	



w(z)	


v	

 y	



white noise	


stationary process	


with spectral density	



w(z) rational transfer function of degree n
with no poles and zeros on the unit circle

1
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Ex: Modeling speech	



w(z)	


u	

 y	



excitation 	


signal	



speech	



on each (30 ms) subinterval	


w(z) constant, y stationary	





Cellular telephone:	



envelope in purple	





zeros/poles	

 envelope	



zeros/poles	


envelope	
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◦

such that
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a

αk(t)
P (t)
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◦

.
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A Dirichlet principle	



Moment equations:

∂Jp
∂qk

= ck −

∫ b

a

αk

P

Q
dt = 0, k = 0, 1, . . . n (†)

1

THEOREM Let (c, p) 2 C
+

�
⇥P

+

�
, and set P := Re{p}. Then the

functional J
p

has a unique minimizer q̂ 2 P
+

�
, and Q̂ := Re{q̂} is

the unique solution of the moment equations (†).
Ringh, Karlsson and L. Image compression
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Identification of graphical models	
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m-dimensional stationary,
Gaussian stochastic process

The components of x are represented
as nodes in a graph, where the lack of
edge between yk and yℓ implies that
yk and yℓ are conditionally independent
given the rest of the components.

y1 y2 y3 y4 y5
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Avventi–L–Wahlberg

Π = Re{π} :=
(

|g|2 − 1
)

π ∈ F−1(g)

Ferrante–Masiero
–Pavon
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∫ π

−π

{log det(Φ−1P ) + tr(P−1Φ)}dθ
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Circulant covariance extension	





Image processing	





Nevanlinna-Pick interpolation  	



Pick matrix	
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A tunable high resolution ���
spectral estimator (THREE) 	
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Estimation of spectral ���
lines in colored noise            	





Conclusions	



• A global analysis approach that studies the class of 	


   solutions as a whole.	



• Complete parameterizations of solutions with 	


   smooth tuning strategies.	



An enhanced theory for generalized moment problems 	


that incorporates rationality constraints prescribed 	


by applications. 	



• Convex optimization for determining solutions.	





I am looking forward to the 100 year celebration of Boris 	



Basic observation: Boris is invariant under age	



I suspect he will look the same then also, because he has found	



The Fountain of Youth 	





Finally a commercial	




