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Gonventional ﬂsroﬁ'fem Statement

Find minf(x), x € R", if
e hj(x)=01i=1,..,m
e hi(x)<0 i=m+1,....m+1
F(x) = f(x)+ AH(x), H(x) is a smooth function
H(x) — PENALTY FUNCTION
H(x) = 0 in admissible domain
H(x) > 0 in forbidden domain

If A > 0 tends to infinity, then x tends to the
solution x~



NON-SMOOTH PENALTY
FUNCTION
H(x) = h' (x)u,

hT — (hll ---;hm+l)a uT = (ul’ ""um+l)’

if h, >0

ui={1‘ . i=1,..,m
_Ai lfhi<0

A; if >0 ,
U; {O if h; <0 i=m+1,..,m-



x*: minF(x) = min|[f(x) + H(x)]=F(x")
Theorem. There exists Ay, such that x"is
the solution to the original problem, if all

A;>A,.
Gradient search
minF (x)= min[f(x) + h' (x)u]:
x = —grad[f(x)] — G'u, G ={0h/dx}

{Ai if h,>0 2, if ;>0
“i‘—ith<o 0 if h; <0

=1,..m u= { i=m+1,...m+1

h; =0

: ll_)ﬂloh <0, 11_>rr_10h >0
%DI{N& G MODE
Motion Equations ???
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2. ON AUTOMATIC STABILITY OF A
SHIP ON A GIVEN COURSE

(NIKOLSKI G., 1934)
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Introduction of Sliding Mode Control

m Concept of Sliding Mode ( Second order relay system)

X=u, Upper semi-plane: s>0 — u=-u, — X=-u,

U=—UoSgn(s), S=CX+X, Up,C:const Lower semi-plane: s<0 — u=u, — X=u,

» State trajectories are towards the line switching line s=0
» State trajectories cannot leave and belong to the switching line s=0 : sliding mode

« After sliding mode starts, further motion is governed by s=cx+x=0 : sliding mode equation

In sliding mode,

the system motion is

(1) governed by 1st order
equation (reduced order).

(2) dependingonly on “c’ not
plant dynamics.

Y =<

S=cx+x=0



Canonical Space

(n-1)

x"ax"%a X"+ ..+a,x=bu+f(t)

a (t) and b(t) are unknown parameters

f(t) is disturbance
ut(x,t) irs>0
u(xt) if s<o0

1w (x,t) 7{ u (x,t)

(n-1) (n-2)
S=X +C 1)( +...+C1X
n_

Control U = {

X

Sliding Mode Equation (n-1) (n-2)
does not depend X +C X +..+C X= 0
n-

on parameters and
disturbances




SECOND STAGE

Finite Dimensional MIMO Systems

Disturbance

Controller
Reference

Input Control




INTRODUCTION OF
SLIDING MODE
CONTROL




® Multi-dimensional Sliding Mode
* In general case,
x = f(x,t)+ B(x,t)u, xeR",ueR™

u (x,t) if s(x)>0
u.-(x,t) if si(x)<0

« Sliding mode occurs in the
intersection of all m surfaces,

s;(x)=0 (i=1,..,m), or

in manifold s(x) =0, s =(5;,..., S, ).

* The order of motion equation is
by ‘m’ less than the order of
original system

Sliding mode in discontinuity surfaces and their
Intersection



® Outline of Sliding Mode Methodology
e Order reduction of the system

IZ> Enables a designer to simplify and decouple the design procedure.

e Insensitivity with respect to parameter variations and disturbances

IZ> Attained by finite control actions, unlike continuous high gain controls in conventional system.

S
U
Y u+_/—__av__lzu
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s u = u,sign(s)
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Mathematical Aspects |
Sliding Mode Equations

Sliding Mode Equation on s=0 ???
WHY 7?77

Yu. Kornilov (1950),
A. Popovski (1950)

Ya. Dolgolenko (1955)

FILIPPOV METHOD 1958 e




MATHEMATICAL ASPECTS 1
SLIDING MODE EQUATIONS (CONT).

A.F. Filippov, Application of the theory of differential equations with discontinuous
right-hand sides to non-linear problems of automatic control, Proceedings of 15t IFAC
Congress in Moscow, 1960, Butterworths, London, 1961.

2 Xn
S f(x):{f_uf s(x) >0 . grad s
f=if s(x)<0 s(x)=0 f~ Convex
f.. belongs to convex hull R Hull
dx/dt=f.» \ o
If x = f(x,u,t), fsm € conv, f(x,u,t) \ X1
f o

X=U,
U=-U,Sgn(s), S=CX+ X, Ug,,C:const

Sliding mode equation X + ¢x = 0 results from || 000V mmeinon




15t IFAC Congress.

dx/dt=Ax+bu+dyv,
u=-sign(s), v=-sign(s),

S=CX NONUNIQUENESS 1?

3 s i grad(s)

CONVEX HULL




“B cmampee ®ununnosa 1958
200a paccmampusarnuchk
oubepeHyausribHbIe
ypasHeHuUsi ¢ 0OHoU
r108epPXHOCMbIO pa3pblea
rnpaesou Yyacmu, a 8 saweu
pabome ux Heckornbko. He
y8EpEeH, 4mo 3mom Memoo
rnpumeHuUM 8 sawemM criy4dae”.



s
Fortner replied as if he were a schoolteacher, explaining something

that everyone else already understood to a not very gifted student

"Yes, | know Filippov's Theorem, of course," Fortner said, slowly,

J‘J‘ulﬂ

; disquising his impatience, "but if you look at this piece of research from 1958,
“-w guising p y p

g You Will realise that Filippov developed his theorem with just one

discontinuous surface, whereas you, in your article, employ three! This is why

| have some objections, at least of a formal nature, to your article

- THE SILENT WOMAN
HONIKA Z6USTOVA
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Eguivalent Control Vietnoo

Control system

Discontinuous control U enforces sliding mode in

manifold S=(S,...,Sn )=0.
Then solution to

IS substituted to system equation

S(X) =0 — X2:So(X1)




Uniqueness Problem

X, =0.3x, +ux,

X, =-0.7x, +4u’x ,

u=-s1gn(x s),

S=X, +X,.

+{







u® if s(x)>0
u if s(x)<0

=" KAL), u={

Convex hull

fxu™)

MaHOoenbwmam, 20-e 200bI



SLIDING MODE EQUATIONS , _ ¢(. .3 - {u+ s(x) >0
Convex hull dag “lum s(x) <0
‘Hn‘nﬁ f(*r:' H_)

f filippov
7 +

X = fomr fom € conuf(x,u),

ut if s>A
u=qu if |s|sA A-0

u” if s<A

%
|
-
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=777 12%FAC congress 1993
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A.A. Anc : by element
with del | ed to zero.

J. Andries s ] nd hysteresis




Reqgularization
Boundary Layer




Equivalent ContrelfViethod

Affine system

Discontinuous control U enforces sliding mode In

manifold S=(Sz,...,Sn )=0.
Then solution to

IS substituted to system equation

S(X) =0 — X2:So(X1)

E.C.M. is substantiated by boundary layer regularization
E.C.M = Filippov Equation for Affine Systems
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® Multi-dimensional Sliding Mode
* In general case,
x = f(x,t)+ B(x,t)u, xeR",ueR™

u'(x,t) if s(x)>0
u.-(x,t) if si(x)<0

« Sliding mode occurs in the
intersection of all m surfaces,

s;(x)=0 (i=1,..,m), or

in manifold s(x) =0, s =(5;,..., S, ).

* The order of motion equation is
by ‘m’ less than the order of
original system

Sliding mode in discontinuity surfaces and their
intersection



TWO DIMENSIONAL SLIDING MODE

X
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CHCTEMA JITHPPEPEHIIHAJILHBIX YPABHEHHA
C HECKONLHKIMHA PA3PBIBHBIMI @Y HKIAAMM

A. O, Daannonos

1. Hecaepopamme yoTORYMBOCTH NOTOWMEHEA DPARHOBECHA
CHOTeMK ¢ PaspHBHEME HODABLME WacTAMH B DAJe CAYIAER
CHOOHTCA ¥ HCCASOBAHNK CHCTEML

=_2:_l a4 sgn =;, i=1,...,n. (1

HeofixoguMue B JOCTATOMHEE VCOAORHA ACHMIOTOTRYeCHOM
yverofivnpocTs BEyrepore pemenns cacremsl (1) e caywae n = 1
osesnanrs (a,, > 0), 8 caywae n = 2 mmewor sag [1]

Gyy0gy — G190y >0, ay @y |+ ag |G | >0

[npl [ = 0 srm BepapeHCTEa 3AMEHANWTCA Ha @, > 0,
b) B caygae n = J HeodXomEMEEe H JOCTATOYNLIE
ymunn.u acuMOToTHYecKoll veroiltmuocrs moaywenwmr B [2].
Onn WMenT pasanIiLil BRf B PASHEX CTYIAAX B SABHCAMOCTHE
OT BHAKOB £; B KOOPANHATHNY ORTANTAX B HATHYAH CRONBLAA-
mEx pPeRHMOB.
Has @ecneqoBadmuf cECTEM ¢ RodpPrImenTaM®B, 3aBwcHAMm-
MH oOT HDapasmerpos, yaofmee NoALIOBATECA JOCTATOTHEIME
YoAOBHAME SCHMIOTOTHISSCH 0 YeTollanBocTn, AMeNMEME OIHE
H TOT ¥e BHJ BO BCEX cAVIAAX, HEARMCAMO OT HATHYHA OKOML-
SAMEX pexnmop. TakEe YCIOBEA WaBecTHH maa cucremsl (1)
opE aoGoMm n, HAOPpHMep clegyoomme (Kamjoe A3 HAX ABMA-
eTCA AOCTATOUHEIM, WTO JOKAZEHBASTCA ¢ DOMOMEL GyERIED
Jdaoymosa V = |2, |+ ... + | = | ¢

A) nﬁ‘;::'zmja,”, i=1,...,n
B) a > 2., lagl, J1=1,....n.
@Bum-ﬂlrun 155

Taapsman Pedalciimn



OPTIMIZATION PROBLEM

Gradient search
minF (x)= min[f(x) + h! (x)u]:
x = —grad[f(x)]— G'u, G = {0h/dx}

EQUIVALENT CONTROL METHOD IS
APPLICABLE 11!

A conventional theorems on

gradiens search work




A Little Fantasy

The evolution of state in dynamic systems x(t) is represented by
shift operator x(t)=F[x(0),t] with unique values for any time t.

The author of Minimum Principle Pontryagin mentioned in 1953 that the
systems with “glued trajectories” formally can not be called dynamic systems.

Indeed the point Xx(t1) can be reached from outside
s=0 (point 1 and 2) and then in sliding mode, or in

t B : ;
3 AL sliding mode only (point 3). It means that family of
s=0 shift operator at the point x: does not have inverse.
2 Then the family is called semigroup.

New Definition:_the point of the system x(t) = F[x,t]Is called “sliding
mode point” if the set F[x,t] constitutes a semigroup.

CHALLENGE: to create general sliding mode and sliding mode control
theory in terms of shift operators embracing all types of dynamic systems.




