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Conventional Problem Statement



NON-SMOOTH PENALTY 
FUNCTION



SLIDING MODE  

Motion Equations  ???
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Concept of Sliding Mode  ( Second order relay system )
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•  State trajectories are towards the line  switching line  s=0

• State trajectories cannot leave and belong to the switching line  s=0 : sliding mode 

• After sliding mode starts, further motion is governed by 0xcxs : sliding mode equation

Introduction of Sliding Mode Control

In sliding mode,
the system motion is
(1) governed by 1st order 

equation (reduced order).
(2) depending only on ‘c’ not 

plant dynamics.





SECOND STAGE
Finite Dimensional MIMO Systems
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INTRODUCTION OF 
SLIDING MODE 
CONTROL
Second Stage – Multidimensional 
Sliding Modes

Sliding mode in discontinuity surfaces and their 
intersection
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Multi-dimensional Sliding Mode

Sliding mode in discontinuity surfaces and their 
intersection
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•  Sliding mode occurs  in the
intersection of all m surfaces,

• The order of motion equation is
by ‘m’  less than the order of
original system



Outline of Sliding Mode Methodology

Order reduction of the system

Insensitivity with respect to parameter variations and disturbances

Enables a designer to simplify and decouple the design procedure.
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Introduction of Sliding Mode Control

Attained by finite control actions, unlike continuous high gain controls in conventional system. 



Mathematical Aspects I
Sliding Mode Equations

Sliding Mode Equation on s=0   ???
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FILIPPOV”s

METHOD (1958):  
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MATHEMATICAL ASPECTS I
SLIDING MODE EQUATIONS (CONT).

A.F. Filippov, Application of the theory of differential equations with discontinuous
right-hand sides to non-linear problems of automatic control, Proceedings of 1st IFAC 

Congress in Moscow, 1960,  Butterworths, London, 1961.
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grad sxn

x1

s(x)=0
fsm

f Convex
Hull

f

dx/dt=Ax+bu+dv, 
u=-sign(s), v=-sign(s),
s=cx

1st IFAC Congress. 

NONUNIQUENESS !?
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Equivalent Control MethodEquivalent Control Method

( , , )x f x u tControl system

Discontinuous control  u enforces sliding mode in
manifold  s=(s1,…,sm )=0. }.{)( xsxG
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SLIDING MODE EQUATIONS



Regularization
A.A. Andronov (1954): Ideal relay is replaced by element
with delay and then the value of delay is tended to zero.
J. Andre and P. Seibert (1956): both delay and hysteresic.
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Regularization
Boundary Layer
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Equivalent Control MethodEquivalent Control Method

utxBtxfx ),(),(Affine system

Discontinuous control  u enforces sliding mode in
manifold  s=(s1,…,sm )=0. ,0)det(GB }.{)( xsxG
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E.C.M. is substantiated by boundary layer regularization



Multi-dimensional Sliding Mode

Sliding mode in discontinuity surfaces and their 
intersection
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Introduction of Sliding Mode Control

• In general case, 
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•  Sliding mode occurs  in the
intersection of all m surfaces,

• The order of motion equation is
by ‘m’  less than the order of
original system
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TWO DIMENSIONAL SLIDING MODE
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OPTIMIZATION PROBLEM

EQUIVALENT CONTROL METHOD IS 
APPLICABLE !!!

All   conventional  theorems on    
gradient  search work



A Little Fantasy

s=0

x(t1)
1

2

3

The evolution of state in dynamic systems x(t) is represented by 
shift operator  x(t)=F[x(0),t] with unique values for any time   t .

t

The author of Minimum Principle Pontryagin mentioned in 1953 that the 
systems with “glued trajectories” formally can not be called dynamic systems. 

Indeed the point x(t1) can be reached from outside
s=0 (point 1 and 2) and then in sliding mode, or in
sliding mode only (point 3). It means that family of 
shift operator at the point x1 does not have inverse.
Then the family is called semigroup. 

New Definition: the point  of the system                          is called  “sliding 
mode point” if the set                constitutes a semigroup. 
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CHALLENGE: to create general sliding mode and sliding mode control
theory in terms of shift operators embracing all types of dynamic systems.


