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Yk = Tk + g Tk — Tho1), Thyr = vk — TV (k) k> 0.

Result: f(zy) — f* < 225, k > 1. (Optimal)

Compare: Heavy ball method (B.Polyak, 1964)

Tyl = T + (T — xp—1) — BV f(zk), k > 0.
(Convergence analysis for QP)

Applications (1983-2003): Empty set ...
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xe

IVi(z) = VIl < Lllz —yl, 2,y € Q.

Prox-function: strongly convex d(z), = € Q.

Fast gradient method (N.03): vy = 9 € R",
o = argumin {do) + 5 42170n) + (9 - il
Yk = T_If_gvk + mwk, Lh+1 = Yk — %Vf(yk), k> 0.

Result: f(zz) — f* < ,f(gfj), k> 1.

Applications (2003 - 2015(?)): Smooth approximations of
nonsmooth functions.
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Model: f(x) = rnag]c{(A:U, u) — o(u)}.
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Smoothing: f,(z) = mag{(Aw,u) — ¢(u) — pda(u)},
ue
where ds is strongly convex on U, diam U = Ds.

Then |V fu(z) = V fu(m)ll« < SIAIP - llz = yll, 2,y € R", p >0,

where ||A|| = max{(Az,u) : [|z| <1, ||u|| < 1}.

Complexity: Choose = O(e).
Then we get e-solution in O(2||A|Dy D) iterations.

Compare: Subgradient schemes need O( E%HAHQD%D%) iter.
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Fast Coordinate Descent

Random generator: For § € [0,1], get j = Rg(L) € {1:n}
.\ def .
esiﬁLf, ie€{l:n}.

with probabilities wg[i] = Prob(j =1i) =
m [N.12] B=0: E(f(ar)) — f* < z(kLH)?LmaXR[QO].
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Fast Coordinate Descent
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with probabilities mg[i] = Prob(j = 1) o S Lﬁ ie€{l:n}.

m [N.12] B = 0: E(f(an) — f* < 2(52)* LmaXR[O].

m [Lee, Sidford 13] 8 = 1: E(f(ar)) — f* < 2587 Ripy-

m [N, Stich 15] B = 1. £(f(ax)) — f* <2 (iﬁ) R

Fast CD: Choose vg = 29 € R™. Set 49 =0
1) Choose active coordinate i; = Ry /o(L).
2) Solve a?+15’f/2 = Ai+ app1. Set Apr1 = A+ apgq, o =

3) Set yr = (1 — ay)wy + vy, Tpp1 =Yg — L%tvitf(yt)em

_ Gtq1
Apgr”

at+151 /2
V41 = Ut — 7L1/2/ Vi f(ye)ei,-
Ut

NB: Each iteration needs O(n) a.o. = Not for Huge Scale.
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iterations < —357
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For getting e-accuracy we need %
Main question: When CD-oracle is n times cheaper?

NB: For FGM, complexity oracle/method is often unbalanced.

MOd@l: f((L‘) — F(A.’E, 33)7 Where F(S, $) . Rm-‘rn — R.
Main assumption: F(s,z) can be computed in O(m + n) a.o.

Consequences:

m After coordinate move, product Azx can be computed in
O(m) a.o.
m If Az is known, V,;f(x) can be computed in O(m) a.o.

m If Az and Ay are known, aAx + 3A, can be computed in
O(m) a.o.
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NB: We use inequality L; < )\%r{aZX(A), i€ {l:n}.

For some cases it is too weak.

Example: 0 <y < A6 <~y 0.5 € {1:n}.

Then S/, < n’y;/Z and Amax(A) > Y1 Amax(1n11) = nye.
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Example 2: Smoothing technique

Consider function f(z) = mag{(Aa;, u) — o(u)},
ue
where () C R™ is closed convex and bounded.
Define f,(z) = mag{(Am,u) — ¢(u) — pd(u)}, p> 0.
ue
Main assumption: F(s) = mag{(s,w — ¢(u) — pd(u)} is
ue
computable in O(m) operations (m > n). Then
mR n mnR
Tep =0 (FLI/QE[?]/Q 21 ||A€z'||> < Tregm =0 ( VP s HAH>-
It can be that ||Ae;|| << ||Al], i € {1:n}.
Example: 0 < 7, < A6 < 49, i€ {l:m}, je{l:n}.

Then [|Ae;]| < yav/m, and || A]| > y1[[1n 1] || = y1/mn.
We gain O(y/n) in complexity.
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