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“Linear programming has been one of the most important postwar
developments in economic theory.”
Robert Dorfman, Paul Samuelson, Robert Solow

Paul Samuelson
Nobel Prize in Economics 1970;

Robert Solow
Nobel Prize in Economics 1987.



In 1975 L.V. Kantorovich and T.C. Koopmans
Shared the Nobel Prize in Economics
“for their contribution to the theory of optimal allocation of limited resources.”



T.Koopmans, G. Dantzig, L.Kantorovich (1970)




Linear Programming

Kantorovich L.V. 1939, George Dantzig 1947:
(¢, x") = max{(c, x)|Ax < b,x > 0}
A:R" R beR", ceR"
John von Neumann 1947:

(b,A*) = min{(b,\)|]ATA > c, A >0}
1. (c,x™) = (b, \")
2. (ATA* —c,x")=0,(b— Ax*,A\*) =0

Linear Equilibrium



LP assumptions

The LP approach uses two fundamental assumptions:

a) The price vector ¢ = (c1,...,¢a)" for goods is fixed, given a priori and
independent of the production output vector x = (x1,...,x,)".
b) The resource vector b = (b1, ..., bm)" is also fixed, given a priori and the

resource availability is independent of the resource price vector
A=, w7



Unfortunately, such assumptions do not reflect the basic market law of supply
and demand. Therefore, the LP models might lead to solutions which are not
always practical. Also, a small change of at least one component of the price
vector ¢ might lead to a drastic change in the primal solution. Similarly, a
small variation of the resource vector b might lead to a dramatic change in the
dual solution.



Example

X1 + X2 — max

(1—8)X1+X2 <1
Q= xx+(1l—-e)x <1
X1ZO,X220

14e)xa+x —smax=x =1,x =0
€Q

x1—|—(1—|—5)X2—>maé<:>xf:O,X2* =1
xXE



Nonlinear Equilibrium

c= c(x) = (a(x),...,cn(x)) € R}
b= b(A) = (br(N), ..., bm(N)) € RT

x*eRL, A" eRY:

(c(x™),x™) = max{(c(x), X)|AX < b(A\"), X > 0}
(B(X"), A7) = min{ (), NJATA > ¢(x),A > 0}



NE Assumptions

1. The matrix A has no zero rows or columns

2. The price vector-function ¢ : R — R/ for goods is continuous and
strongly monotone decreasing, i.e. there is @ > 0 such that

(c(x®) = c(x"), x> = x) < —a||x® = x|, ¥x', x* € R}

3. The factor vector-function b : RY — RY is continuous and strongly
monotone increasing, i.e. there is a § > 0 such that

(b(A?) = b(A1), A2 = A1) > BIIA° = AY)2, VAL N € RY

The price ¢(x) and the factor b(\) are said to be well defined if 2 and 3 hold.



Existence and Uniqueness of NE

Theorem:
If ¢(x) and b(A) are well defined then NE (x*, A*) € R} ® RT exists and is
unique.

Lo (e(x7),x7) = (b(A"), A")

2. (ATA* — ¢(x*),x*) = 0,(b(A\*) — Ax*,A*) =0

Nonlinear Equilibrium



Walras-Wald Equilibrium

b(A\)=b,Q={xeR]:Ax < b}
x* € Q: (e(x*),x") = max{(c(x"),x) : x € Q}
If such x™ € Q exists, then there is a solution for the dual problem
(b,A*) = min{(b,A) : ATX > ¢(x*), A € RT}
and
L (e(x"),x") = (b, A7)
2. (b= Ax",\")=0
3. (ATA — ¢(x*),x*) =0

L. Walras (1874), A. Wald (1935-1936), H. Kuhn (1956)



Marie-Esprit-Léon Walras (1834-1910)

Leon Walras has been hailed by Dr. William Jaffe (1898-1980), the leading historian
of economic thought, as one of the “greatest of all economists”.
Walras's most admired work “Elements of Pure Economics” was published in 1874.



Walras set forth the “Neoclassical Theory in a formal general equilibrium
setting and is currently considered the Father of General Equilibrium Theory”.
In the aftermath of the “Elements ...", Walras built up a correspondence with
virtually every important economist of the time from America to Russia, but for
the most part he was largely ignored or dismissed by both economic and
mathematical mainstream.

Walras was appointed to Lausanne in 1870 and in 1893 was succeeded by his
young admirer Vilfredo Pareto. The two men formed the core of the Lausanne
School.

Walras's “Elements ..." encompasses much of what is available to us in
modern General Equilibrium Theory.



John F. Nash equilibrium in n-person concave game

Proc. of the 36th National Academy of Sciences Meeting, USA, 1950

Q; is a convex and compact set in R™ and x; € Q; is a strategy of the ith
player, i=1,...,n.

Each player is associated with a payoff function

wi(x) = wi(xt, .y Xiy.o oy Xn), i=1,...0n
which is defined on the Cartesian product
Q=0 - - %RQ-- 0,

The set
QCR™®---@QR™

is convex and bounded.



Nash equilibrium in n-person concave game

The payoff function ¢j(x1,...,Xi,...,Xs) is continuous in x and concave in
x; € Q;.
The vector x* € Q is called Nash equilibrium in n-person concave game if

* * * * *
Gi(XT s ooy Xi sy Xn ) Z @i Xy e oy Xiy ooy X0 ), VXi €

i=1,...,n

Consider ®(x,y) =37, @i(Xt,. .., Vi, -1 Xn)-
x* € Q is a normalized equilibrium if

O(x",x*) = max{d(x",y)ly € Q}

n
max{Zcp,-(xf,...,y,-,...,x,’,‘) y:(yl,...,y,,)eﬂ}
i—1

Nobel Prize in Economics 1994

J. Rozen (1965); S. Zuchovitsky, R.Polyak, M.Primak (1968)



Any normalized equilibrium is a J. Nash equilbrium

Let

w(x) = Argmax{®(x, y)|y € Q}

The existence of Nash equilibrium in an n-person concave game follows from
the existence of the “fixed point” of w, that is x* € w(x™).

The existence of the fixed point follows from the Kakutani Theorem (1941),
because w(x) is bounded, convex and upper semicontinuous.



Pseudo-gradient

g(x) = Vy®(x, y)y=x
= (Vyo1(yi, %2,y %n), -, Vy0i(X1, ooy Yis o ooy Xn)s
ces Vi on(Xs ooy Xn—1, Yn) )y=x

Pseudo-Hessian

H(x) = J(g(x))



Optimality criteria

O(x*, x") = max{®d(x",y)|y € Q}

Under fixed x = x™ we have a convex programming problem.
Consider the pseudo-gradient at x*

vy(b(X*v}’)y:X* = g(X*)
Then

max{(g(x"),y — x")ly € Q}
=(g(x"),x" =x") =0
or x* is a solution of the VI

(g(x"),x —x") <0, VxeQ



Walras-Wald as J. Nash Equilibrium in n-person concave game

wi(x) = @i(Xt, ..oy Xiy .oty Xn) :/ Gi(Xt, .oy ty. .., Xn)dt
0

We assume that for any 0 < t; < t» < co and any x € Q the following price
reduction condition holds

C,'(Xl,...7t17‘..7xn)2C,'(X17...7t2,...7xn)

Then @i(x1,...,Xi,...,Xn) IS concave in x;.

Everything but intellect is subordinate to the decreasing efficiency law.

J. Clark



The normalized equilibrium

n

x* € Argmax{Zcp,—(xl*,...,y,-,...,x:)
i=1

or
x* € Argmax{¢(X*7y)‘y € Q}7

where

n
O(xy) = D> @i(Xt, s Yire o Xn)
i=1

n Yi
Z/ C,'(Xl,...,t,...,Xn)dt
i=170

The pseudo-gradient

g(x) = Vy®(x, y)y=x

= (Vo1 X2, Xn)s oo, Vi3, oo Yis o5 Xn),
s Vya®n(Xt, - oo Xn—1, ¥n) Jy=x

= c(x)

y=W1 Y-

7yn) E Q}



Walras-Wald equilibrium = J. Nash equilibrium

The optimality criteria

max{(c(x"),x — x")|x € Q}

= (¢(x*),x* —x")=0
or

(e(x), x™) = max{(c(x"),x)|x € Q}
Finding the Walras-Wald equilibrium is equivalent to finding

the normalized J. Nash equilibrium in an n-person concave game.
S. Zuchovitsky, R.Polyak, M.Primak (1970, 1973)

A. Bakushinski, B. Polyak (1974), ...



(c(x

(b(

Finding Nonlinear Equilibrium

"), x*) = max{(c(x"), X)|AX < b(A\"), X >0}
A*), A*) = min{(b(\*), )|AT/\ > ¢(x*),A >0}

=(x,A), Y = (X,A)



L(X7)‘;X7A) = (C(X)7X) - (AX - b(>‘)7/\)
y'=("A") eRL@RY
Liy™: X,A) = (c(x7), X) = (AX = b(X"), A)

Yo =AY Ly S XAT) S Ly S X AT) S LyTixTLA),
VX € R?, VA € R”



801(X7)\;X7)‘)

(c(x), X) = (AX = b(}), A)
(c(x) = ATA, X) + (b(X), )
(
(

ex, \ix, N) =
oy Y) =

Ax — b(\),A)
c(x) — ATA X) 4+ (A, Ax — b(\)) + (A, b(N))



y'= ("5
O(y"iy") = max{®(y"; V)Y € RT}
Vy®(y,Y)v=y = &(y)
g(y) = g(x; ) = (c(x) — ATX; Ax — b()))
Y €Q=R" QR

(8(y"),y —y") <0,Vy € Rl @ RY



Pseudo-gradient strong monotonicity

(1) — &(y2),y1 — »2)

= (c(x1) — c(x), x1 — x2) — (A (A1 — A2),x1 — x2)

(A = x2), A1 — A2) — (b(A1) — b(A2), A1 — A2)

= (c(x1) — c(x), x1 — x2) — (b(A1) — b(X2), A1 — A2)
< —vllxa = x| = pllA = Ko f?

—llyr — yal®

where v = min{v, p}.
v = 0 = monotonicity



Lemma 1

Local strong monotonicity

(b(A) = B(A"), A = X\") > BIIA = X*[*, B > 0,V € RY
(c(x) — c(x*),x — x*) < —allx — x*||>,a > 0,Vx € R].

If the operators b and c are locally strongly monotone, then the operator g is
locally strongly monotone, i.e. for v = min{v, p}

&) =gy )y -y )< —lly =y’ ¥y eQ



Lemma 2

Local Lipschitz condition

16(A) = bA)I| < Lo[IX = A7[], VA € RY
l[e(x) = (x| < Lellx = x7||, Vx € R}

If b and c satisfy the local Lipschitz condition then the operator g satisfies the
local Lipschitz condition, i.e. there is an L > 0 such that

le(y) =gy < Ly —y"|l, vy € Q
Let sc = L ™! be the condition number of g.



Projection Properties

Po(u) = argmin {||lw — u|||w € Q}
is the projection of u onto the set Q@ C R". Pg is non-expansive:
1Pq(u1) — Po(u)|| < [lur — wo|, Vun, u, € R
A vector u™ is a solution to
(g(u™),u—-u")<0,VueQ
if and only if

*

ut = Po(u” +tg(u™)) , vt >0



Projection on 2

For a vector u € RY, the projection on R is given by the formula
v =Py (u) = [u]s = ([, [ugl )"
where
[U'] _ uj, uj 2 0
Tl 0 w<o
Therefore the projection Pa(y) of y = (x,A) e R"®@R" on Q =R} @ RT is

defined by
Pa(y) = ]+ = (Ix]+: [Al+)



Projected Pseudo-Gradient Method

g(y) = (c(x) = ATX; Ax — b(X))

Yy = Pa(y* + tg(y))

T o= A te(x) = ANl =10
AN = IV A = DAy, i =1, m

X
\

A.Golstein (1964); E.Levitin,B.Polyak (1966).



PPM is equivalent to a projected Explicid Euler method for the linear ODE

% — c(x)— ATA
A A= b\

dt



Theorem 2

If the operators b and ¢ are well defined at the equilibrium and the local
Lipschitz condition holds, then

1. for any 0 < t < 2yL™2 the PPG method globally converges to NE
y® = (x*,\") with Q-linear rate and the ratio
0<q(t)=(1—2ty+ 2122 < 1, ie

™" =yl < a(t)lly” =y~



2. for t = yL~% = min{q(t)|t > 0} the following bound holds
™ =yl < @ =22l =yl
3. for the PPG complexity we have
Comp(PPG) = O(n°»*Ine™ ")

where € > 0 is the required accuracy.



Extra Pseudo-Gradient for finding NE

If v = 0 we use the extra pseudo-gradient method for finding NE.
Two phase method.
Predictor:

¥s = Palys + tg(ys)) = [ys + ta(ys)]+

Corrector:
ys+1 = Pa(ys + tg(9s)) = lys + tg(¥s)]+

G. Korpelevich (1976)

A.Antipin (2002, 2003);Y.Censor, A.Gibali ,S Reich (2012); .A.Jusem,
B.Svaiter (1997)...



Galya Korpelevich
With her son Misha currently Professor at the Technion



Predicted production:
R = [xs + t(c(xs) — AT A+

Predicted price: .
As = [As + t(Axs — b(As))]+

Corrected production:
Xer1 = [xe + t(c(%) — ATA)]+

Corrected price: .
>\s+l - [As + t(A)?s - b(>\s))]+



Theorem 3

If ¢ and b are monotone operators and the Lipschitz condition is satisfied, then
for any t € (0,(v/2L)™") the EPG method generates a sequence {ys}22; that

*

converges to NE, i.e. lims_ oo ys = y*.

Remark
* * —1
sup|lyssr —y [ ([lys = y7[l) =q<1
s>1

q<17



Theorem 4

If local strong monotonicity for b and ¢ and the Lipschitz condition for g are
satisfied then for v/(t) = 1+ 2yt — 2(tL)? and for the ratio
q(t) = 1 — 2yt + 4(7t)*(v(t)) ! the following bound holds

1) llyser = y*I1* < q(®)llys — y*II% 0 < q(t) < 1,Vt € (0,V2L)
2) for t = & and » =~L"" we have

1 14
a{>7) = ;
2L 1+ 2
3) for any s € [0,0.5] the following bound holds
[ys+1 = y*[l < V1 —0.5(|ys — 7
4) Comp(EPG) = O(n*stIne™).




Upper bound for L

If

a)

m n
lAll; = gjagxnzl: lag| < 1, |Alln = lg‘%xmz; lag| <1

1= 1=

b)

lci(x1) = ¢i(x)| < Lejllxa — x|
c)

|bi(A1) — bi(X2)| < Ls,i

[A1 = Az
Then L= 0(y/n)



Complexity of the EPG method

When « > 0, the normalization ||A||; < 1, ||A|ln < 1 forces:

y =yt =0(n"")

Comp(EPG) = O(n*s» 'Ine™ ")
2

» = = O(n71'5)

Comp(EPG) = O(n*?Ine™)



Example

c(x)=Cx+c
b(A) = BA + b
I

[Al: <1=||ClL<1
[Al<1=|B[2<1

Comp(EPG) = O(n*®Ine™)



Generalized Walras-Wald Law

XS0 = (AXY) = bi(\)
A =0 < (Ax")i < bi(X\Y)
X >0 = (AT\); = g(x")
x'=0 <« (AT\"); > g(x")

(c(x7),x™) = (b(A"), XY)
(ATA" — ¢(x*),x") =0, (b(\*) — Ax",\") =0



