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BBenenue

XO0PpoIIo U3BECTHO, YTO CYIIECTBYET OBICTPBIi (TOYHEe — JIMHEHHBI) aJrOpUTM, OIIPEJIEIIIIO-
Ui, BJIOXKUM JIM JIAHHBIH Tpad B IJIOCKOCTD, T.€., MOYKHO Jil Tpad PACIOIOKUTH HA ILJIOCKO-
cTH Tak, YTOObI ero pebpa He Iepecekasnch 1 He camornepecekasuch (Xonkpodr-Tapikan,
1974). Mbl paceMOTpHM aHAJOTUYHYIO 3aJady Jyist TureprpadoB B IMPOCTPAHCTBAX MPOU3-
BOJIBHOI pa3MepHOCTH: KaK PAaCIO3HATh BJIOXKUMOCTH N-MEPHOTo rureprpada B m-MepHOe
npocrpancTBo? Teopus runieprpados (TouHee, CUMILTUIINATIBLHBIX KOMILIEKCOB) — OYPHO pas-
BUBAIOIIUNCS pa3e/l MaTeMaTUKN, BOZHUKIINI Ha CThIKe KOMOMHATOPUKHU, TOTIOJIOTUH U TIPO-
rPaMMUPOBAHMUS.

Hekoropsie pesynbraTsl 0 peaindyemoctn ruteprpadoB npuseeHbl B §1 Ha sa3biKe CH-
creM ToueK. V3ywarorces peanusanus rpados Ha miockoctu (§2) u epagos ¢ epaweruamu
Ha moBepxHocTsX (§6). B §3 mpuBomuTcs smemMeHTapHOE U3JIOXKEHHEe TPOOJIEMbl YCTONINBO-
cru camoriepecedenuii mytu Ha mwiockocru (Cexsmonkuit 1969, Perour-A. Ckornenkos 1998,
Mumur 1997, M. Ckomnerkos 2003). Ha sToM MajioMepHOM MpuMepe MbI [TOKA3bIBAEM OCHOB-
HYIO WJIEf0 ITOCTPOEHNs PENATCTBUA BaH KaMmIeHa K BIOXKUMOCTH N-MeEPHBIX Tureprpadon
B 2n-MepHoe mpoctparcTBo (§4.8). Onpenesnenns u npuMmepbl TueprpadOoB i CHMILUTUIAATb-
HBIX KOMILIEKCOB TIpuBe/ieHbl B §4. OCHOBHBIE OIPEJIEICHIA U PE3YIbTATHI O PEATU3YEeMOCTH
runieprpados npuseensl B §4. B §4.10 u §4.8 namedeno j10ka3aTebCTBO TOTO, UTO

® CYIIECTBYET MMOJUHOMUAJBHBIN aJITOPUTM PACIIO3HABAHUS BJIOYKUMOCTH 7-MEPHBIX T'H-
neprpadoB B 2n-MepHOe TPOCTPAHCTBO TIPU 1 > 2,

e yKa3aHHas pobJeMa paclo3HaBaHMsI BIOKUMOCTH siBJisiercst NP-TpynHoii ipu n = 2 (u
Jazke ipu 6 < 2m < 3n+3); 9T0 0O3HAYAET, UTO, TO-BUIUMOMY, IOJIMHOMUATIBHOTO AJITOPUTMA
HE CYIIECTBYeT.

(Ban Kammen 1932, [lanupo 1957, By 1957, Matousek-Tancer-Wagner, 2008.)

st nokazarenbcrsa NP-rpyaaocru (§4.10) mHekoTopast 3aBegomo NP-Tpynnast mpobiema
0 OyJIeBBIX (DYHKIUAX OyJIeT cBeJieHa K MpobJieMe paclo3HaBaHUs BJIOYKUMOCTH.

MeTtobl pa3paboTKu OBICTPOro aJTOPUTMa PACIO3HABAHUS BJIOXKUMOCTU N-MEPHBIX T'H-
neprpadhoB B m-MepHOe IIPOCTPAHCTBO TIpU 2m > 3n + 3, NPOUJLIIOCTPUPOBaHbI B §84.7, 4.8,
95, 8.

B §7 manucano, kak npum M3yYEeHUU BJIOKUMOCTHU THUIPerpadoB B TpeXMEpHbIE MHOIO-
o0pasnsl BOSHUKAIOT T'PYHIBI KOTOMOJIOTHN, M KaK OHM IOMOTAIOT JIOKA3bIBATH KPACHBBIE
MaTeMaTHIecKe U aJlfOPUTMUAYECKIe Pe3yIbTaThl.

[IpuBonMBbIe PE3yABTATHI U METOBI, KaK U B IPDYTUX pas3fiesax Teopun rpadoB U ruipe-
rpadoB, MOIYT HAWTU MPAKTHYECKHE IPUMEHEeHUs (IPU MPOEKTUPOBAHUM JICKTPUIECKUX,
TPAHCIIOPTHBIX ¥ JIPYruX cxeM). C TOYKU 3peHUsi TeOPUN OHU MHTEPECHBI B KadeCTBE U3Y-
YeHwust OOIUX TPo6JIeM BIOXKUMOCTH 1 3ay3iuBanus. Cormacao 3umany |Z], kiaccudeckumu
Ipo0IeEMaMy TOIIOJIOTHH SABJISIOTCS CIIEYIOIITE.

(1) IIpobaema 2zomeomopdusma. Korna nanusie aa npocrpancrsa N u M romeomopdub?
Kak ommcarb MHOXKeCTBO TOMEOMOPMUIECKNX KJIaCCOB MHOI0OOpa3uil n3 3aJaHHOI0 KJiacca,
HAIPUMeD, 3aJIaHHON pasMepHocTH N’

(2) IIpobaema saoorcumocmu. Kaxne npocrparcta N BiaozkuMbl B R™ s mansoro m?

(3) Hpobaema saysrusanus. Kakue Biaoxkenus: f,g : N — R™ usoronner? Kak onucars
MHO?KECTBO U30TOIMMYECKUX KIacoB BiokeHuit N — R™?

Wnen m Merompl, MpUMeHsIEMBbIe JIJIsI U3YIeHnsl MPoOJIeM BJIOXKMUMOCTHA W 3ay3/THBAHUA,
IPUMEHSIIOTCS U JIJIst TPO0JIeMbl roMeoMopdusma (1 i JIPYTux MpobJieM TOMOJIOTHH U ee
HPUJIOKEHNIT ).

Bce neobxommmble onpeseserns (rumeprpad, BIOKUMOCTH, NP-TpysiHOCTD, Ipynibl T0-
mostoruii, npersitcrere Ban Kamrena u T.71.) npuBoaTCst B KHUTE.



Kak ycrpoena sTta kHura

OcHOBHBIE MJIEN TIPEJICTABIEHBI Ha ‘OJIMMIIMAIHBIX [TPUMepax: pa3MepHOCTH He BBIIIE 3,
Ha, ITPOCTEHIINX JACTHBIX CJIydasxX, CBOOOJIHBIX OT TEXHUYECKUX JIeTajieil, U CO CBEJICHUEM K
HEOOXOUMOMY MUHUMYMY aJredpandecKoro si3bIKa.

OcHoBHasl 9acTh MaTepuaJja U3JaraeTcd BUIE 38149, K KOTOPBIM Ha, JIEKIINAX TPUBE/IEHbI
yKasaHus U perrenns. (TO XapaKTePHO He TOJBKO JJIsl J3€HCKUX MOHACTBIDe, HO ¥ st
CePbE3HOro U3yueHns MaTeMaTuku.) Obuwee 3ameuanue K GopmMysuposKam 3a0a4: eCim yeao-
BHUE 33JIa9N ABJISIETCS YTBEPKJIEHUEM, TO B 3aJilade TpeOyeTcs 3TO YTBEPKJEHUE JT0KA3aTh.
Eciu nekoropast 3aj1a4a He MOJIydaeTcs, TO YUTAfTe Jaabllle — COCeTHUE 3a/I1a9l MOT'YT OKa~
3aThest nojckaskamu. (Ha 3ansTum 3aja9a-10/1CKa3Ka BBIIAETCS TOJBKO TOJIA, KOTJA CTY-
JIGHT MOJIyMaJI HaJi caMoii 3asadeii.) Mmerorest KpacuBbie 3a/1a4u JIJIsl UCCJICIOBAHMUST, TIOJTHOE
peleHre KOTOPbIX MHE HEM3BECTHO; OHU OTMeYEHbI 3BE310YKOIA.

Boimie npuBesiena cxeMa cyriecTBeHHON 3aBucuMocTn naparpados. [Iynktup B cxeme o3uada-
€T, 9TO OJIuH naparpad Hy»KeH Jjis MOTUBUPOBKHU JIPYToro, HO (pOpPMaJILHO HE UCIOIb3YeTCs
B apyroMm. Homepa ImyHKTOB y CTpPeTKN O3HAYAIOT, YTO HUCIOJIB3YIOTCA TOJHKO ITU ITyHKTHI.
Haunnars usydeHne KHUTH MOXKHO ¢ J060ro maparpada, kpome §7 (IIOCKOIBbKY JazKe Il
4.1 u 8.1-8.3 WHTEPECHDI, HO HE UCIIOJIL3YIOT MIPEIBAPUTEIbHBIX 3HAHUI).



1 Realizability of hypergraphs and Ramsey link theory

‘It’s too difficult.’

‘Write simply.’

‘“That’s hardest of all.’

1. Murdoch, The Message to the Planet.

1.1 Informal introduction

‘Impossible constructions’ like the impossible cube, the Penrose staircase, the ambiguous
trident etc are well-known, mainly due to pictures by M.C. Escher. In geometry, topology,
and graph theory there are also famous basic examples of ‘impossible constructions’. The
pictures do not allow the global spatial interpretation because of collision of local spatial
interpretations to each other. In the same way, in many mathematical ‘impossible constructions’
small parts are possible.

E.g., one cannot construct 3 houses and 3 wells in the plane and join each house to each
well by a path so that paths intersect only at their starting points or endpoints. 3 In this
note we present a natural interesting generalization: examples of two-dimensional analogues
of graphs nonrealizable in four-dimensional space.

Puc. 1: Left: Realization in R?® of the complete two-homogeneous hypergraph on 5 vertices.
Right: Realization in R? of the product of the complete graphs on 5 and on 2 vertices.

Such analogues are (two-homogeneous) hypergraphs or (dimensionally homogeneous two-
dimensional) simplicial complezes, i.e., collections of three-element subsets of a finite set. For
instance, a complete two-homogeneous hypergraph on k vertices is the collection of all three-
element subsets of a k-element set. Realizability of a hypergraph in n-dimensional Fuclidean
space R™ is defined similarly to the realizability of a graph in the plane (one ‘draws’ a triangle
for each three-element subset; see Figures 1 and 2). Rigorous definition of the realizability
is given in §1.9, §1.10. Hypergraphs and simplicial complexes play an important role in
mathematics. One cannot imagine topology and combinatorics without them. They are also
used in computer science and bioinformatics [PS11].

3In graph-theoretic terms this means that the complete bipartite graph K3 3 is not planar.

4This text is based on the author’s 2013-2015 lectures at Moscow Institute of Physics and Technology,
the Independent University of Moscow, summer school ‘Modern Mathematics’, Summer Conference of
Tournament of Towns, Kirov region summer school, Moscow ‘olympic’ school, circle ‘Olympiades and
Mathematics’ (MCCME). I am grateful to M. Skopenkov for joint writing an earlier version of this text,
to A. Zimin for his notes on Example 1.9.ab, to O. Viro for critical but encouraging remarks, and to G.
Chelnokov, A. Matushkin, A. Rukhovich, A. Shapovalov, M. Skopenkov, A. Sossinsky, A. Zimin, J. Zung for

useful discussions.



We state beautiful and nontrivial examples of the nonrealizability of hypergraphs in terms
of certain systems of points, see §1.2. So we do not use the notion of hypergraph and its
realizability neither for the statements nor for the proofs. However, these notions help to
understand the motivation of the results. So we mention hypergraphs in this section and
give precise statements involving hypergraphs in §1.9, §1.10.

Al Aj

Air Ajn

Puc. 2: Left: Realization in R? of the square of the complete graph on 2 vertices.
Middle: Realization in R? of the product of the complete graphs on 2 and on 3 vertices.
Right: Realization in R? of the square of the complete graph on 3 vertices.

It is easy to construct a hypergraph nonrealizable in R? (see Problem 1.17). Already in
the early history of topology (1920s) mathematicians tried to find hypergraphs nonrealizable
in R*. E.g. the complete two-homogeneous hypergraph on 7 vertices is not realizable in R,
cf. Theorem 1.4 below. This celebrated result was proved by van Kampen and Flores in
1932-34 [vK32, F134], cf. [Fo04]. It is both an early application of combinatorial topology
(nowadays called algebraic topology) and one of the first results of topological combinatorics
(also an area of ongoing active research).

For each two figures F,G in the plane their (Cartesian) product F' x G is the set of
points (z,y, 2,t) € R? such that (z,y) € F and (z,t) € G. A combinatorial version of this
notion is product of two graphs (no necessarily planar) which is a hypergraph; see Figure 2
(a formal definition is given in §1.9). Karl Menger conjectured in 1929 that the square of a
nonplanar graph is nonrealizable in R* [Me29|. This conjecture was proved only in 1978 by
Brian Ummel [Um78|, cf. Theorem 1.8 below. °

A ‘small shift’ (or ‘general position’) argument shows that each graph is realizable in R?.
A straightforward generalization shows that each hypergraph is realizable in R>.

A striking idea is that the nonrealizability of hypergraphs in R* can be reduced to three-
dimensional results due to John Conway, Cameron Gordon and Horst Sachs. A simplified
version of one of them states that for any 6 general position points in 3-space there are
two linked triangles with the vertices at these points. See Theorems 1.3 and 1.21 below.
Before reducing the 4-dimensional results to the 3-dimensional results, we reduce the 3-
dimensional results to certain 2-dimensional results, and the 2-dimensional results to certain
1-dimensional result. Because of such ‘lowering of dimension’ a reader not familiar with 4-
dimensional space needs not be scared. For such reductions we prove Parity Lemmas, which
allow to exhibit some basic ideas of homology theory in a very simple situation.

This sequence of reductions allows us to discover that the nonrealizability results and the
linking results turn out to be links of a chain, see Theorem 1.5 below. So the nonrealizability

5There is a short formula for the minimal number d such that given product of several graphs embeds
into R?, see end of §1.9 and [Sk03|. This formula (generalizing the Menger Conjecture) was announced in
a 1992 preprint of Marek Galecki. However, after an extensive search Robert J. Daverman kindly informed
Peter Akhmetiev, Dusan Repovs and the author that there is no longer any copy of Galecki’s dissertation
(presumably containing a proof) available at the University of Tennessee. A proof was published in 2003 by
Mikhail Skopenkov [Sk03]; it used ‘lowering of the dimension’ approach, see below, which is much simpler
than Ummel’s argument.



results may be called ‘Ramsey intersection theory’, just as the Conway—Gordon—Sachs Theorem
is departure point of Ramsey linking theory, cf. [Sa81, CG83, PS05].

Of course this ‘lowering of dimension’ idea is well-known for specialists. However, such
proofs seems not to be published before [Sk03] for the Menger Conjecture and [R13, Z13|,
[S?] for the van Kampen-Flores and the Conway—-Gordon—Sachs Theorems.

We present elementary proofs of the linear versions of the above classical results, cf.
[BM]. These proofs are easily generalized to piecewise-linear (PL) versions. PL versions imply
the original topological versions (because actually stronger PL results are proved). The PL
van Kampen-Flores Theorem has an alternative elementary proof using the van Kampen
invariant, see §2.1, [Z13, Proof of Lemma 2| and [SZ]; that proof illustrates the idea of the
van Kampen embedding obstruction. The topological van Kampen-Flores theorem has an
alternative simple proof using the Borsuk-Ulam Theorem [Pr04, §10.3]. However, analogous
proofs of the Menger conjecture are not known, so the proof we present is the simplest known
proof. Linear, piecewise-linear and topological realizations are defined and discussed in §1.9,
§1.10.

1.2 Formal statements of main results

Of the results stated here the Intersection Property 1.1, the Linking Property 1.3, the
Intersection Property 1.4, the Product Theorem 1.6, Proposition 1.7 and the Square Theorem
1.8 are proved in sections 1.2, 1.4, 1.6, 1.5, 1.5 and 1.7, respectively. In those sections we
present interesting related results not directly required for proofs of main results. Results
that are numbered but not named could be considered as remarks or exercises; hints are
collected at the end.

We use the following conventions. We abbreviate ‘n-dimensional space R™’ to ‘n-space’.
We mostly work with n < 3, and a reader can ignore the case n > 4. By k points in R" we
mean a k-element subset of R"; so these k points are assumed to be pairwise distinct.

A subset of the plane is in general position, if no 3 points of the subset belong to a line. °

Ks K33

Puc. 3: Nonplanar graphs K5 and K33

YrBepxkaenune 1.1 (Intersection Property). From any 5 points in the plane one can choose
two disjoint pairs such that the segments with the vertices at these pairs intersect.

Moreover, if the 5 points are in general position, then the number of intersection points
of interiors of segments joining the points is odd. ®

This property is easily proved by analyzing the convex hull of the 5 points. ® We present
in §1.3 another proof based on reduction to the following obvious 1-dimensional result:

50ur definitions of general position are different from what is usually accepted in geometric problems,
but are sufficient for our purposes.

7Of course this is a ‘linear’ version of the nonplanarity of the complete graph K5 on 5 vertices, see Fig. 3,
left, and §1.8.

8The first sentence is implied by the ‘moreover’ part because by a small shift one can put the points in
general position without adding intersection points of segments with disjoint vertices.

9A subset of the plane or of R™ is called convez, if for any two points from this subset the segment joining
these two points is in this subset. The convex hull of a subset X of the plane or R” is the minimal convex
set that contains X.



each 4 points in a line can be colored in red and blue so that their colors alternate along
the line: red-blue-red-blue or vice versa.
A subset of 3-space is in general position, if no 4 points of the subset belong to one plane.

As Ag

™

>- A
Ay

As Ay

As Ae

A

Puc. 4: A set of points in general position

E.g. in general position are

e the set of points in Figure 4. (Consider a regular hexagon in a horizontal plane. Points
Ay, Ay, As, Ay, As, Ag lye exactly above the vertices of the hexagon at the heights 1, 2, 3,
4, 5, 6, respectively.)

e the set of points with Cartesian coordinates (t;t?;t%), where t € (0,1).

By a triangle we mean the convex hull of three points. So triangles are usually 2-
dimensional (not always because we allow triangles to degenerate).

Two triangles in 3-space whose six vertices are in general position are called linked, if the
outline of the first triangle intersects the second triangle exactly at one point.

E.g. the triangles A1 A3A5 and A3 A4 Ag in Figure 4 are linked.

The property of being linked is not symmetric a priori.

Jlemma 1.2 (Symmetry). Triangles A and A’ in 3-space are linked if and only if A" and A
are linked.

The proof is easy. (Hint: analogously to the Parity Lemma 1.11.a below consider ANA’.)

Teopema 1.3 (The Linear Conway—Gordon—Sachs Theorem; Linking Property). For any
6 general position points in 3-space there are two linked triangles with the vertices at these
points.

Moreover, the number of linked unordered pairs of triangles with vertices at these points
15 odd.

A set of points in 4-space is in general position, if no 5 points from the set are in one
3-dimensional hyperplane. E.g., points (¢,t%,t3,t*),t € (0, 1), are in general position.

Teopema 1.4 (The Linear Van Kampen-Flores Theorem; Intersection Property). From any
7 points in 4-space one can choose two disjoint triples such that the triangles with the vertices
at the triples intersect each other.

Moreover, if the 7 points are in general position, then the number of intersection points
of interiors of triangles with the vertices at these points is odd. 1°

An analogue of Theorem 1.4

e is true for 5 points in the plane or 6 points in 3-space (see Intersection Properties 1.1
and 1.18.a below);

10The first sentence is implied by the ‘moreover’ part because by a small shift one can put the points in
general position without adding intersection points of triangles with disjoint vertices.



e is false for 4 points in the plane, 5 points in 3-space or 6 points in 4-space (in R™ take
the n + 1 vertices and an interior point of an n-simplex, see Figure 1, left).

The ‘lowering of dimension’ proofs of the above results suggest that they could be
generalized to arbitrary dimensions. We present the generalization without defining higher-
dimensional general position and linking.

Teopema 1.5 (Intersection and Linking). Take any n + 3 general position points in R™.
If n is even, then the number of intersection points of interiors of n/2-simplexes with the
vertices at these points is odd.
If n is odd, then the number of linked unordered pairs of (n + 1)/2-simplezes with the
vertices at these points is odd.

This is proved by the induction on n. The base case n = 1 is trivial. The inductive step
is proved below for n = 2,3, 4, and the proof for the general case is analogous.

There are also intersection property for n even and linking property for n odd, and other
interesting (although less striking) related results, see §§1.3, 1.4, 1.6.

Realizability of products
An (m, n)-product is a collection of mn points A, ,, where j € {1,2,...,m},p € {1,2,...,n},
in 3- or 4-space, together with the collection of triangles

AjpAkgAj, and  AjpAg, Ay, where 1<j<k<m, 1<p<qg<n.

The union of triangles of (m,n)-product is a singular polyhedral

e disk, if m = n =2 (Fig. 2, left);

e lateral surface of a cylinder, if m = 3 and n = 2 (Fig. 2, middle);

e torus, if m =n = 3 (Fig. 2, right).

A typical example is the Cartesian product of m points in the plane and n points in the
line (or in the plane).

Teopema 1.6 (Product Theorem). Any (5, 3)-product in 3-space has two triangles which
have disjoint vertices but intersect.

YrBepxkaeune 1.7. Any (4,4)-product in 3-space has two triangles which have disjoint
vertices but intersect.

Teopema 1.8 (Square Theorem). Any (5, 5)-product in 4-space has two triangles which have
disjoint vertices but intersect.

ITpumep 1.9. The analogues of Theorems 1.6 and 1.8 are false for

(a) (2,n)-products in 3-space for eachn (forn < 4 this is obvious; forn =5 see Figure 1,
right: the vertices of the parallelograms are the required 10 points; for n > 6 the construction
is analogous, see §1.5; cf. [RSS95, Theorem 1.5]);

(b) (3,n)-products in 3-space for each n < 4 (for n < 3 this is obvious, see Figure 2,
right; for n =4 the construction is analogous, see §1.5);

(c¢) (4,n)-products in 4-space for each n (see §1.7).

1.3 Linking and intersection in the plane

Proof of the Intersection Property 1.1. For non-general-position points the property is obvious.
Indeed, if points A, B, C' among given 5 points belong to one line, B between A and C', and
D is any other given point, then segments AC and BD intersect.

So assume that the given 5 points are in general position. We may assume that O is the
unique point among given ones whose first coordinate a is maximal. Consider a line x = b,
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Puc. 5: To the proof of the Intersection Property 1.1; move D above.

where b is slightly smaller than a. Denote A, B, C, D the other given 5 points so that they are
in the order A, B, C, D, if we look at them from the point O (see Figure 5). By the following
Parity Lemma 1.10 some two sides of the triangles OAC and OBD have disjoint vertices
but intersect.

The ‘moreover’ part follows by a simple additional counting. QED

Jlemma 1.10 (Parity Lemma). Assume that the outlines of two triangles in the plane
intersect at a unique point, and a line sufficiently close to this point intersects the outlines
by four distinct points. Then the points X, Y corresponding to one triangle are unlinked with
the points Z,T corresponding to the other triangle, i.e. the segment XY contains either both
or none of the points Z,T.

This lemma is obvious. However, for the sake of non-obvious higher-dimensional generalizations
we deduce it accurately from the following result. Cf. [BE82, §1|. Two broken lines in the
plane are in general position, if

e cach side of one of them and each side of the other either are disjoint or intersect at
their common interior point;

e cach two sides of one of them and each side of the other have no common point.

Denote by 0T the outline of a triangle 7'

Jlemma 1.11 (Parity Lemma). (a) If the outlines of two triangles in the plane are in general
position, then the outlines intersect each other at an even number of points.

(b) If the outline of a triangle and a closed broken line in the plane are in general position,
then they intersect each other at an even number of points.

(c) Any two general position closed broken lines in the plane intersect each other at
an even number of points. (This is already non-trivial because broken lines may have self-
intersections.) 11

Proof. Part (a) follows because the intersection of the first triangle and the outline of the
second triangle is a finite union of broken lines (non-degenerate to points). The outlines of
the triangles intersect at the endpoints of the broken lines. The number of endpoints is even.

Part (b) can be proved analogously to (a). We present a different proof which generalize
to a proof of (c). The proof is by reduction to (a), using singular cone idea which formalizes
in a short way the motion-to-infinity idea. Denote by b the outline of the triangle. Take a
point A in general position to b and the broken line a, i.e. such that A ¢ b and no segment
joining A to a vertex of a contains a vertex of the triangle. Then

land] =Y " |MN N = > [O(AMN) N b| =0.
MN MN

N BpiBoguTh 9TH JTeMMbI 13 TeopeMbl ZKopaaHa uian GhopMyisl Diljiepa Hepa3yMHO, HOO0 I0KA3ATEIHCTBO
dopmyibl Ditsiepa ucnosb3yer TeopeMy 2Kopiana, a reopembl 2KopiaHa — aHAJOTMIHYIO JIEMMY O Y€THOCTH.
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Here the summation is over edges M N of a, and the last congruence follows by (a).
Part (c) is reduced to (b) analogously, just replace b by the second broken line. QED

Proof of the Parity Lemma 1.10. Denote the point by O and the triangles by OX'Y” and
OZ'T" (so that X,Y,Z,T are the intersection points of the line and OX’ OY' OZ' OT",
respectively). Let a := 0(OX'Y’) and b := 9(OZ'T"). The Lemma follows because

(XY N {Z, T} = XY Nb| = [9(0XY)Nb| = 1 = [anb| + [AXYY'X') Nt - 1= 0.

Here the last congruence holds because |a Nb| = 1 and by the Parity Lemma 1.11.b. QED

YrBepxkaenne 1.12 (Unlinking Property). (a) There are 5 general position points in the
plane such that each segment joining two of these points intersects the outline of the triangle
formed by the remaining points at an even number of points.

(b) For each 5 general position points in the plane the number of those segments joining
2 of these points that intersect the outline of the triangle formed by the remaining 3 points
is even.

The proof is easy and is left to a reader.
The following results are proved analogously to the Intersection Property 1.1 and Parity
Lemma 1.11.

1.13. (Cf. figure 3, right.)

(a) Two triples of points are given in the plane. Then there exist two intersecting segments
without common vertices and such that each segment joins the points from distinct triples.

(b) Assume that there are six points in general position in the plane. Split them into two
triples f; = {1,2,3} and f, = {4,5,6}. Clearly, for each two points i, j € f; and two points
', 7" € fo, the segments i7" and jj’ either do not intersect or have only one intersection point.
Prove that the number of intersection points (in the plane) of such segments is odd.

YrBepxkaenue 1.14. Suppose that there are 4 red and 2 blue points in general position
in the plane. Suppose further that any two segments joining points of different colors can
only intersect at their common vertexr. Then there is are two red points Ry, Ry such that
the segment joining the remaining two red points intersects broken line Ry B1RyBs, where
By and By are blue points, at an odd number of points. (If the broken line does not have
self-intersections, this is equivalent to the remaining 2 red points lying on different sides of
the broken line.)

1.15. Ha mockoctu umeercd 14 Todek: 7 KpacHBIX U 7 KeJAThIX. TOYKH 0OIIEro moJioxKe-
HUsI, T.e. HUKAKNe TPU He JieXKaT Ha MPsIMOil M HUKaKHe TPU OTPe3Ka, UX COeIUHSIONINe, He
UMeEIOT OOIelt BHYTPEeHHEH TOYKU.

(a) Moxker Jin KOJIMIECTBO TOYEK TePeceueHnst KPACHBIX OTPE3KOB (T.e. OTPE3KOB, COE/IH-
HSIOIMIUX KPACHBIE TOYKH) M YKEJITHIX OTPE3KOB ObITH PDABHBIM 77

(b) ITo kpacHbIM oTpe3kam TedeT ToK. CyMMa TOKOB, BXOJSIIUX B JTIOOYI0 KPACHYO TOUKY,
paBHA CyMMe TOKOB, U3 Hee BBIXOSIHX. 110 KeIThIM OTpe3KaM TedeT TOK C BBIIOJHEHUEM
Toro ke npasmia Kupxroda. B kax1oit Touke nepecedennst OpueHTHPOBAHHBIX (HAIIpaBJIe-
HEEM TOKOB) KPACHOTO ¥ YKEJITOr0 OTPE3KOB MOCTABUM IIPOU3BEJICHUE ‘KPACHOTO U ‘JKEJITOT0’
TOKOB, €CJIN KeJIThII OPUEHTHPOBAHHBIN OTPE30K IOJIyYIAETCA U3 KPACHOI'O BPAIleHUEM IIPO-
THB YacOBOH CTPEJKN, W MUHYC 3TO NPOU3BEJEHWEe B IMPOTHBHOM ciaydae. Mormm jmm Tak
pacrojiaraTbCsl TOYKH ¥ T€Yb TOKH, YTO CyMMa MMOCTABJIEHHBIX 4YHCes (T.e. nomok kpacrozo
moxa uepes oicenmuili) pasHa 42A%7

1.16. (a) A 2-cycle is defined in §1.5. Does the plane have a 2-cycle and a point not
belonging to any edge of the triangle from the 2-cycle but belonging to exactly 7 triangles
of the 2-cycle?

(b) Same question for the plane replaced by the sphere.
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1.4 Linking and intersection in three-dimensional space

1.17. From any 6 points in 3-space one can choose 5 points O, A, B, C, D such that the
triangles OAB and OC'D have a common point other than O.

Sketch of a proof. Without loss of generality we may assume that there is a unique
‘highest’” point O among the given ones. Consider a ‘horizontal” plane slightly below the
point O. Consider the intersection of this plane with the union of triangles OAB for all pairs
A, B of given points. Now the assertion follows by the Intersection Property 1.1. QED

Figure 4, right, shows that for 5 points an analogous assertion is not true.
The following improvement of Problem 1.17 is a spatial analogue of the Intersection
Property 1.1 (without the ‘moreover’ part).

YrBepxkaenne 1.18 (Intersection Property). From any 6 points in 3-space one can choose
disjoint pair and triple such that the segment joining points of the pair intersects the triangle
spanned by the triple.

This result easily follows from Problem 1.17 (and from Theorem 1.3).

The spatial analogue of the ‘moreover’ part of the Intersection Property 1.1 fails (by the
Unlinking Property 1.19.b below). So under the transition from dimension 2 to dimension 3
the existence of the intersection is preserved, while the parity of the number of intersections
change.

In 3-space instead of the Unlinking Property 1.12.b there are the Linking Property
(Theorem 1.3) and the following Unlinking Property.

VYrepxkaenue 1.19 (Unlinking Property). (a) There are 6 general position points in 3-
space such that each segment joining 2 of these points intersects the surface of the tetrahedron
formed by the 4 remaining points at an even number of points.

(b) For each 6 general position points in 3-space the number of those segments joining 2
of these points that intersect the surface of the tetrahedron formed by the remaining 4 points
s even.

Cf. the Unlinking Property 1.12 and Theorem 1.3.

The proof is easy and is left to a reader (use the Symmetry Lemma 1.2).

Theorem 1.3 is reduced to the Intersection Property 1.1 using the following Projection
Lemma 1.20. In 3-space a segment a is higher than a segment b looking from point O, if
there exists a half-line OX with the endpoint O that intersects the segment a at a point
A :=anNOX, the segment b at a point B :=bNOX, A # B, so that A is in the segment
OB. Cf. Fig. 4, left.

Jlemma 1.20 (The Projection Lemma). Assume that Ay, Ao, ..., Ag are general position
points in 3-space. The triangles A1 AsAs and AyAsAg are linked if and only Ay As passes
below (looking from Ay ) exactly one side of the ‘complementary’ triangle Ay4AsAg.

Proof. Since the points Ay, ..., Ag are in general position, the number of those sides of
the triangle A4A5Ag that are higher than A; A3z equals to the number of intersection points
of the outline of the triangle A;A5As with the triangle A;A;As. This implies the lemma.
QED

Proof of the Linear Conway—Gordon—Sachs Theorem 1.3. We may assume that O is the
unique point among given ones whose first coordinate a is maximal. Consider a plane x = b,
where b is slightly smaller than a. Denote by A}, ..., AL the intersection points of this plane
and segments joining O to other given points. Since a segment cannot intersect a triangle by
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more than 2 points, in the Projection Lemma 1.20 ‘exactly one side’ can be replaced by ‘an
odd number of sides’. Hence the following numbers are equal:

e the number of linked unordered pairs of triangles formed by given points;

e the number of segments that pass below an odd number of sides of the ‘complementary’

triangles;
e the number of ordered pairs of segments of which the first passes below the second;
e the number of intersection points of segments whose vertices are A}, ..., Aj.

By the Intersection Property 1.1 the latter number is odd. QED

The following version of Theorem 1.3 is reduced to Proposition 1.14.

Two closed quadrangular broken lines ABC'D and A’B’C’'D’ in 3-space such that their 8
vertices are in general position are called linked, if the number of intersection points of the
broken line ABCD with the union of the triangles A’B'C” and A’D'C" is odd.

Teopema 1.21 (The Linear Sachs Theorem). [Sa81] Suppose that there are 4 red points and
4 blue points in 3-space such that any two line segments with the endpoints of different colors
have no common interior points. Then there are two linked closed quadrangular broken lines
with the vertices at these points consisting of edges with the endpoints of different colors.

The following problems 1.22 and 1.23 clarify the notion of linking.

1.22. (a) Two points and a triangle in the plane are linked if one of the points lies in the
interior of the triangle, and the other — in the exterior.

Two triangles in 3-space are linked if and only if the plane of the second triangle intersects
the outline of the first triangle by two points linked with the second triangle.

(b) Two red points and two blue points are marked on a line, the 4 points being pairwise
distinct. The two pairs of points are linked if they alternate: red-blue-red-blue or vice versa.

Two triangles in 3-space are linked if and only if the common line of the planes of the
triangles intersects outline of each of them at two points and these pairs of points are linked.

1.23. (a) Let A, B,C, XY, Z, Z' be 7 general position points in 3-space. If the outline of
the triangle ABC' intersects the union of triangles X 77’ and Y ZZ' at an even number of
points, then the pairs ABC, XY Z and ABC, X'Y Z are either both linked or both unlinked.
If the outline of the triangle ABC' intersects the union of triangles X 77" and Y ZZ' at an
odd number of points, then exactly one of the pairs ABC, XY Z and ABC, X'Y Z is linked.

(b) If the vertices of two triangles in 3-space move continuously remaining in general
position, then the triangles remain linked or unlinked. I.e. for each two triangles whose
vertices are in general position there is > 0 such that if we shift the vertices by ¢, then the
new vertices will be in general position and the new triangles are linked if and only if the
old triangles are linked.

(c) For what positions of the point A; on the vertical line are the triangles A; A3A; and
Ag Ay Ag from Figure 4 are linked?

For Problem 1.23.a we need the Parity Lemma 1.25.a of the following subsection.

1.5 (m,n)-realizations in three-dimensional space

Given points Aj,, denote by jk X pq the quadrilateral Aj, Ay, A, Ajq.

Proof of Example 1.9.a. Let (0,0,0),V, Ay, ... Ay, be general position points in R3. For
each p € {1,...,n} denote Ay, :=V + Ay,. If V is close enough to (0,0,0), then points A,,,
je{1,2}, pe{l,...,n}, are as required.

Indeed, 12 X pq is a parallelogram for each p # ¢. By general position, for any distinct
D, q,r, s the segments A;,A;, and A;, Ay are disjoint. Since V' is close enough to (0,0, 0), the
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same holds for 1 replaced by 2. Then any two parallelograms 12 x pq and 12 x rs without
common sides are disjoint. Therefore points A;, are as required. QED

Proof of Ezample 1.9.b. Let f : R? — R? be the rotation through %’T w.r.t. r-axis. Let
(A11> A12> A13a Al4) = ((L 07 1)a (_1a 07 1)a (07 0, 2)7 (Oa 07 3))

Let Ay, = f(Ay,) and As, = f(f(Ay,)) for each p € {1,2,3,4}. Cf. Figure 2, right. Then
points Aj,, j € {1,2,3}, p € {1,2,3,4}, are as required.

Indeed, jk x pq is a rectangle for each j # k, p # . Since every two segments joining points
Ay, either are disjoint or intersect at a common vertex, such rectangles without common side
are disjoint. Therefore points A;, are as required. QED

Proof of Proposition 1.7. The proof is analogous to Problem 1.17 and Proposition 1.18.
Assume to the contrary that no two triangles with disjoint vertices intersect. By a small
shift one can put the points in general position without adding intersection points of such
triangles. Take a small sphere centered at the point Ay4. The intersection of the sphere with
the union of the triangles of the (4, 4)-realization is the graph Kj33. Then by Problem 1.13.a
there are 2 < j <k <4 and 1 <p < ¢ < 3 such that the triangles A1441,A;4 and A4 A14ARa
have a common point other than A;4. Hence by general position, without loss of generality,
segment Ay, A;4 intersect triangle A4 Ay, Ags. So the triangles A;,A1,A;4 and A4 Ay, Ak have
disjoint vertices but intersect. A contradiction. QED

g /’l \‘\ . A
/A12 ./A21 A; N

Puc. 6: To the proof of the Product Theorem 1.6

Proof of the Product Theorem 1.6. Assume to the contrary that no two triangles with
disjoint vertices intersect. By a small shift one can put the points in general position without
adding intersection points of such triangles. So assume that the given 15 points A, are in
general position. We may also assume that A;; is the unique point among them whose first
coordinate a is maximal. Consider a plane x = b, where b is slightly smaller than a. For each
J = 2,3,4,5 color in red the intersection point of the hyperplane with the segment A;;A;;
(see Figure 6). For each k = 2,3 color in blue the intersection point of the hyperplane with
the segment Aq; Aj. Clearly, the 6 colored points in the plane are in general position. Since
the set of triangles is embedded, any two segments joining points of different colors can
only intersect at their common vertex. Hence by Proposition 1.14 there are 2 red points
Ry, Ry such that the segment joining the remaining two red points Rs, R4 intersects broken
line Ry B1RyBs, where B; and Bs are blue points, at an odd number of points. Without
loss of generality, R, By, Rs, Bo belong to the segments joining Ai; to Asy, Ajg, A3y, Axs,
respectively, and R3, R4 belong to the segments joining Ay to Ayp, Asp, respectively.

Then the points R3 and R, are intersection points of the plane and the triangle A1 A4 Asq.
The broken line R,B;RyB; is the intersection of the plane and the torus ‘formed’ by A;;,
1 <4,5 < 3. Since the points are in general position, Aq; is the unique intersection point of
the triangle and the torus. This contradicts the following Parity Lemma 1.24. QED
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A 2-cycle is a collection of (different) triangles such that each segment is the side of an
even number (possibly, zero) of triangles from the collection. The vertices of a 2-cycle are
the vertices of its triangles. The body of a 2-cycle is the union of its triangles.

An example of a 2-cycle is the surface of a tetrahedron (possibly, degenerate).

A broken line and a 2-cycle in 3-space are in general position, if

e each side of the broken line and each triangle of the 2-cycle either are disjoint or intersect
at their common interior point;

e cach two triangles (or sides) of one of them and each side (or triangle) of the other have
no common point.

Jlemma 1.24 (Parity Lemma). Assume that a broken line and the body of a 2-cycle in 3-
space intersect at a unique point, which is their common vertex, and a plane sufficiently close
to this point intersects the broken line and the 2-cycle by two points and by a broken line,
respectively. Then the two points intersect the broken line by an even number of points.

This is deduced from the Parity Lemma 1.25.c analogously to the Parity Lemma 1.10.

Jlemma 1.25 (Parity Lemma). (a) If the outline of a triangle and the surface of a tetrahedron
in 3-space are in general position, then they intersect at an even number of points.

(b) If a broken line and the surface of a tetrahedron in 3-space are in general position,
then they intersect at an even number of points.

(c¢) If a broken line and a 2-cycle in 3-space are in general position, then the broken line
intersects the body of the 2-cycle at an even number of points.

Proof. The proof is analogous to the Parity Lemma 1.11.

Part (a) follows because the intersection of the triangle and the surface of the tetrahedron
is a finite union of broken lines. It has an even number of endpoints corresponding to the
required intersection points.

(Alternatively, observe that the plane of the triangle intersects the surface of the tetrahedron
by a union of closed broken lines, and use the Parity Lemma 1.11.b.)

Part (b) is reduced to (a) as in the Parity Lemma 1.11, where b is the surface of the
tetrahedron and point A is in general position to b and the broken line a (define!).

Part (c) is reduced to (b) analogously, just replace b by the 2-cycle and modify definition
of a general position. QED

1.26. 9ma 3adava npedrazaracvy 1.04.2015 na @OINDP MOTHU 6 xypce ‘Cospemenmvie
monoao2uMeckue Memodv, 6 guauxe’.

B Tpexmeprom mpoctpancTBe mmeercst 17 todek: 7 KpacHbix u 10 xeiarbix. Touku 006-
IEro MOJIOXKEHU, T.e. HUKAKHE JYeThipe He JIeKaT B OJHOM IJIOCKOCTH W HUKAKON KPaCHBIN
OTPe30K (T.e. OTPE30K, COEJMHSIONIII KPacHble TOYKN) He MepeceKaeT MPSMOi MepecevdeH st
IJTOCKOCTEH YKeJIThIX TPEYTOJbHUKOB (T.e. TPEYTOJbHUKOB, HATSIHYTHIX Ha YKEJIThIe TOUKH).

(a) MoxkeT Jin KOJIMIECTBO TOUYEK MePeCcevdeHnsi KPACHBIX OTPE3KOB U YKEJTBIX TPEeyroJIh-
HUKOB OBITH PABHBIM 77

(b) IMocse pemenns mynkTa (a) Wabs Mypomery moormmes K ToukamM IodJImzKe.

Own yBHIE], YTO 1O KPACHBIM OTpe3KaM TedeT TOK. 1y! CKOIbKO B KPACHYIO TOUKY MUJI-
JITAMIIED BXOJIUT, CTOJIBKO M3 HEE U BBIXOJIUT.

A 110 OpMEHTUPOBAHHBIM YKEJITBIM TPEYTOJBHUKAM CBUCTHUT c8ucm. T.e. Ha KarXKJIOM OpH-
E€HTUPOBAHHOM KEJITOM TPEYTOJbHUKE CTOUT COJIOBbEMETD, m3Mepsoniuii cBucT B COIOBbSIX
(1C=1A?). Yy! CkoibKO B OPHUEHTHUPOBAHHBIN KEJITHI OTPE30K MUKPOCOJIOBLEB BXOJIHT,
crosibko u3 Hero u BbixoauT. (OpuentupoBanubiii Tpeyroibuuk ABC erodum B opueHTH-
pOBaHHBI 0Tpe30K AB u 6vwxodum w3 OPHEHTHPOBAHHOTO OTpe3Ka BA.)
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B kaxK/10it TOUKe Iepecevennsi KPACHOTO OTPE3Ka U XKeJITOr0 TPEeyroJbHUKA CTOUT TPUB-
uomerp. Ilo 3akony Biagnvmpa-Kpactoe-CosHbINIKO moKa3anne rpUBHOMETPA PABHO IPO-
U3BEJICHUIO [IOKA3aHUH COOTBETCTBYIONIMX aMIIEPMETPA U COJIOBHEMETDA, eCJIM HALPABJICHHe
KPACHOI'O0 TOKA M OPHEHTAIIUs YKEJTOTO TPEYrOJbHUKA COIVIACOBAHBI 10 TIPABHILY A4e60T DY-
Ku (6ypasuuKka), 1 MUHYC STOMY IIPOU3BEJEHUIO, ecu He coriacoBanbl. (Takum obpaszom, 1
Ipu=1Cx1A=1A3.)

3a monnmanue yciaous mynkTa (b) Kuasb ogaput Uiibio Besmanuoit nomoka moxa wepes
ceucm, T.e., CyMMO#i NOKa3aHuii TPUBHOMETPOB. Moryn Ji Tak pacrooraTbCst TOUKH, Te€Ub
TOK 110 KDACHBIM OTPE3KAM U CBHCTETH CBUCT IO YKEJITHIM TPEyroJbHUKaM, 410 Vjibe XxBaruio
Ha HOBYIO cTpesy”?

IIpumeuarue. Crpena crour Viabe 42 HAHOIPUBHBI, €CJIM JIETHT OT HEro, U —42 HaHO-
IPHUBHBI, €CJIU JIETUT B HETO.

1.6 Linking and intersection in four-dimensional space

YrBepxkaeune 1.27 (Unlinking Property). (a) There are 7 general position points in 4-
space such that each triangle formed by three of these points intersects the surface of the
tetrahedron formed by the remaining points at an even number of points.

(b) Assume that 7 general position points in 4-space are given. For each triangle formed
by three of these points count the number of intersection points of this triangle and the surface
of the tetrahedron formed by the remaining points. Then the sum of these numbers is even.

Cf. the Unlinking Properties 1.12, 1.19, and Theorem 1.3.

Ay

P— 4
A [y AN
Puc. 7: To the proof of Theorem 1.4. A hyperplane in R* (shown as a plane in R3) intersects
the segments A;Ag, A1 A3, ..., A1 A7 by 6 points which are vertices of two linked triangles.

The following informal comment to the proof of Theorem 1.4 was suggested by O. Viro.
The reason why certain 2-dimensional polyhedra are not embeddable to the 4-space is that
they contain many 2-cycles organized in such a way that one can find a pair of disjoint
2-cycles which must have odd intersection under the embedding. This is impossible, because
in the 4-space the homology group (and hence the intersection form) is trivial.

Proof of Theorem 1.4. Assume to the contrary that no two triangles with disjoint vertices
intersect. As in the proof of the Product Theorem 1.6, we may assume that the given 7
points A;, Ay ..., A7 are in general position and that A; is the unique point among them
whose first coordinate a is maximal. Consider a 3-dimensional hyperplane x = b, where b is
slightly smaller than a. Take the 6 intersection points of the hyperplane with the segments
A1As, A1 As, ..., A1 A7; see Figure 7. Clearly, the obtained 6 points are in general position
in the hyperplane. Hence by the Linear Conway—-Gordon—Sachs Theorem 1.3 there are two
linked outlines of triangles with the vertices at these points. Without loss of generality, the
vertices of the first triangle belong to the segments joining A; to As, A3, A4, and the vertices
of the second triangle belong to the segments joining A; to As, Ag, A7.
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The above outlines of triangles are the intersections of surfaces of tetrahedra A; A;A3A,
and A;A5AgA; with the hyperplane. Since the given 7 points are in general position, any
two triangles having one common vertex intersect only at the vertex. Since no two triangles
with disjoint vertices intersect, this implies that A; is the unique intersection point of the
surfaces of the tetrahedra A;A>A3A, and A; A5 AgA;. This contradicts the following Parity
Lemma 1.28.

The ‘moreover’ part follows by a simple additional counting using the ‘moreover’ part of
Theorem 1.3. QED

Jlemma 1.28 (Parity Lemma). Assume that the surfaces of two tetrahedra in R* intersect
at a unique point, and a hyperplane sufficiently close to this point intersects the surfaces by
outlines of two triangles whose vertices are in general position. Then the triangles are not
linked in the hyperplane.

This lemma (and the Parity Lemma 1.29 below) is not as obvious as its low-dimensional
analogues because the surface of a tetrahedron does not split R*. However, this lemma is
deduced from the following Parity Lemma 1.29.b analogously to the Parity Lemmas 1.10
and 1.24 (more formal exposition is given in |Z]).

Two 2-cycles in R* are in general position, if

e cach triangle of the one of them and each triangle of the other either are disjoint or
intersect at their common interior point;

e cach two triangles of one of them and each triangle of the other have no common point.

Jlemma 1.29 (Parity Lemma). (a) If the surfaces of two tetrahedra in R* are in general
position, then they intersect at an even number of points.

(b) If the surface of a tetrahedron and a 2-cycle in R* are in general position, then the
surface intersects the body of a 2-cycle at an even number of points.

(c) If two 2-cycles in R* are in general position, then their bodies intersect at an even
number of points.

The proof is analogous to the Parity Lemmas 1.11 and 1.25.

YrBepxkaenue 1.30. Three triples of points in four-dimensional space are given. Then
there exist two intersecting triangles without common vertices such that the vertices of each
triangle belong to distinct triples.

1.7 (m,n)-realizations in four-dimensional space

Puc. 8: Left: to realization in R?* of the product of the complete graphs on 5 and on 3 vertices.
Take a (three-dimensional) hyperplane in R* (shown as a plane in three-dimensional space).
In this hyperplane take 10 vertices A;,, where j € {1,2,3,4,5}, p € {1,2}, shown in Figure 1,
right. Take a vector v not parallel to the hyperplane. Set Aj3 := A;1 +v. In the picture we
see the lateral surface of the prismoid Ay Ay Ay3As1 AsoAss.

Right: to realization in R* of the product of the complete graphs on 5 and on 4 vertices.
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Sketch of the proof of Ezample 1.9.c. Take points A;, € R* ¢ R* j € {1,2}, p €
{1,2,...,n} from the proof of Example 1.9.a. Then Alpjéllq = A2pj42q for each p # ¢. For
vectors v3, v, € R* denote A4, := Ay, + v;, j € {3,4}. One can check that the points A;,,
Jj € {1,2,3,4}, p € {1,2,...,n}, are as required, if vectors vz, v, are not parallel to the
hyperplane R* C R* and such that A4 is the interior point of the triangle A;; A12A4;5. QED

Puc. 9: To the proof of the Square Theorem 1.8.

Proof of the Square Theorem 1.8. Assume to the contrary that no two triangles with
disjoint vertices intersect. As in the proof of the Product Theorem 1.6, we may assume that
the given 25 points are in general position and that A;; is the unique point among them
whose first coordinate a is maximal. Consider a 3-dimensional hyperplane x = b, where b
is slightly smaller than a. For each ¢« = 2,3,4,5 color in red the intersection point of the
hyperplane with the segment A;;Ay;; see Figure 9. For each j = 2,3,4,5 color in blue the
intersection point of the hyperplane with the segment A;1A;;. Clearly, the 8 colored points
in the hyperplane are in general position. Hence by the Linear Sachs Theorem 1.21 there are
two linked closed quadrangular broken lines whose vertices are the colored points and whose
edges have endpoints of different colors. Without loss of generality, the vertices of the first
broken line belong to the segments joining Ay to Aqo, A1, A1z, A3q, and the vertices of the
second broken line belong to the segments joining Ay to A4, Agr, Ars, Asy.

Denote by T, the union of triangles

A AgAj, and  AjAjpAy,  where i€ {p,q,r}, je{pqr}

Clearly, this is the body of a 2-cycle. (This is actually a singular polyhedral torus.) The broken
lines are the intersections of 1793 and 1745 with the hyperplane. Since the given 25 points are
in general position and no two triangles with disjoint vertices intersect, analogously to the
proof of Theorem 1.4, A;; is the unique intersection point of Tio3 and T745. This contradicts
the following Parity Lemma 1.31. QED

Jlemma 1.31 (Parity Lemma). Assume that the bodies of two 2-cycles in R* intersect at a
unique point, and a hyperplane sufficiently close to the point intersects the bodies by a pair
of quadrangular broken lines whose vertices are in general position. Then the broken lines
are not linked in the hyperplane.

This lemma is deduced from Parity Lemma 1.29.c analogously to the Parity Lemmas
1.10, 1.24 and 1.28, see details in [Z].

1.8 Embedded sets of segments and realizability of graphs

Embedded sets and linear realization of graphs
A set of segments in R? (e.g. in the plane or in 3-space) is called embedded, if each two
of them either are disjoint or intersect only at a common vertex.
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E.g., vertices of a triangle and a point inside it are 4 points in the plane such that the
set of all the segments joining them is embedded. The Intersection Property 1.1 shows that
no 5 points with this property exist.

1.32 (General Position Theorem). For each n there exist n points in 3-space such that
the set of all the segments joining the points is embedded.

Recall that a graph (V,E) is a collection E of two-element subsets of a finite set V.
12 J51eMeHTE JAHHOrO KOHEYHOrO MHOYKECTBA HA3BIBAIOTCS 6EPUIUNAMU. BblleIeHHble Iaphl
BEPIIIH HA3BIBAIOTC pedpamu. OOMETPUHATHIN TEPMIH /1l TIOHATHUS rpada, JTaHHOTO 3/16Ch
— 2pag 6e3 nemensv u KpamHuT pebep W NPocmot 2pap.

I'pacd ¢ n BepmmHamu, J00OBIE JIBE U3 KOTOPBIX COEIMHEHBI PEOPOM, HA3BIBACTCS NOAHbIM
u obozHauaercd K,. Yepes K, , obosHauaeTca noanvili deydosvnoidl epagh ¢ noaaMu U3 m
U U3 N BEPIINH: B HEM MMEIOTCS BCe pebpa MeK/Iy BepIIMHaMU pasubix josieit. Cm. puc. 3.

A linear realization of graph (V, E) in R? is an embedded set of segments in R¢ whose
vertices correspond to V' and whose segments correspond to E. E.g.

e neither K5 nor K33 is linearly realizable in the plane (by the Intersection Property 1.1
and Problem 1.13);

e cach graph is linearly realizable in 3-space (by Theorem 1.32).

1.33. There is an algorithm for recognition of linear realizability of graphs in the plane.

A criterion for linear realizability of graphs in the plane follows from the Kuratowski and
the Fary Theorems 1.34 and 1.35 below.

Omnpenesienns Tejga u roMmeoMopdHocTu AJjd rpadoB

Hedopmanbho, meao |G| rpada G — durypa, noaydeHHasi W3 KOHEIHOIO UHCJA OT-
PE3KOB OTOK/IECTBJIEHIEM HEKOTOPBIX HX KOHIIOB B COOTBeTCTBHH ¢ rpadom. PopmasbHO,
menom rpacda HasbiBaeTcss 00beIuHEHNE OTPE3KOB JII0OOI0 BJIOXKEHHOI'O CEeMeicTBa OTpe3-
KOB, COOTBETCTBYIOINX pedpam rpada, KOHIIBI KOTOPHIX COOTBETCTBYIOT BepIIMHAM rpada.
O mu rpad mMeeT MHOTO pa3HBIX Tesl. HampuMmep, mapaJsielbHbII IepeHoc Tejia 1aeT APYroe
tesio. O6paTHO, ofHA (burypa MOKeT OBITH TEJIOM HECKOJIbKHX rpadoB. Bce Ttakme rpadbr
roMeoMOp(HBI, CM. JaJee.

<

<

Puc. 10: [logpazaesienune pedpa

Omneparusi nodpaddeaernus pebpa rpacda nokaszana Ha puc. 10. /Ia rpada nHazbBaroTcs
20MEOMOPPHHIMU, €CTTH OT OJTHOIO MOYKHO HEPEHTH K JPYrOMY HPH ITOMOIIH OepAIiii MO/
pasjesenns pedpa u 0OPATHBIX K HUM. DTO SKBUBAJIEHTHO CYIIECTBOBAHUIO rpada, KOTOPBI
MOZKHO TIOJIYIUTH M3 KaXKJIOTO U3 JaHHBIX rpadOB OlEPAIUSME [0/Ipa3/iesenus pedpa.

[Iyctb N C R™ u Y C R™ 3 Orobpazkenme f : N — Y HasbpIBaeTCa HEnpepvieHbLM,
ecu Jys 00bix © € N u € > 0 cymecrByer takoe o > 0, uro npu Jiodbix y € N ¢ ycio-
BueM |z — y| < § Bemosmeno |f(x) — f(y)| < e. Eciim N 3aMKHYTO U OrpaHHYEHO, TO 9TO

2Tpader G1 1 Go HA3BIBAIOTCH U3OMOPPHHOIMU, €CITH CYIIECTBYET B3aMMHO OJHO3HAYHOE OTOOparKeHHe
f muoxectBa Vi Bepmiua rpada (7 Ha MHOXKeCTBO Vo BepmnH rpada (o, yIOBIETBOPSIONIEE CJIEIYOIE-
My ycaoBuio: gepwunvt A, B € Vi coedunenv, pebpom 6 mom u moavko 6 MOM CAYHAE, €CAU GEPULUHDL
f(A), f(B) € Va coedunenwv: peGpom.

BYyraTens MOXKeT MPOIYCTUTL ITOT ab3all U HIDKecIeLyomme TeopeMbl 1.41, 1.44 6e3 ymepba jurs 1mo-
HUMAaHUsI OCTAJIBLHOTO MATEPUAJIA.
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YCJIOBHE PABHOCHILHO CJIC/IYIOIIEMY YCJIOBUIO PAGHOMEPHOT HENPEPLIEHOCTY: IS JTFO00TO
e > 0 cymecrByer Takoe > 0, uro npu J0ObIX z,y € N ¢ ycioBueM |z — y| < 0 BbI-
nosmeno |f(z) — f(y)| < e. Jlpa noammuozxecTsa eBK/m0Ba npocrpanctsa RY naswisatorcs
20MEOMOPPHHLMU, €CITH CYTIECTBYIOT B3AUMHO-00paTHbIE HEIIPEPBIBHBIE OTOOPAYKEHUS MEZK LY
unmMu. Herpyaao coobpasuts, 4To a06wie dsa mena 0drozo 2pagpa 2omeomopdrv.. OKa3bIBa-
eTCsI, ITO 2Padvl 20MeOMOPPHHYL M020a U MOALKO Mo20a, k0204 UL MEAG 20MEOMOPPHHDL. ITOT
KPUTEPHIT SABJIICTCI MOMUBUPOSKOT I Olpee/eHus roMeoMopdHocTn rpadoB, KOTOPOe
[O3BOJIAET TIEPEBECTU M3yUeHNe HEKOTOPBIX (DUTryp Ha IMCTO KOMOMHATOPHDIN A3DIK.

Odromeprvim nosusdpom Ha3bIBACTCA Kiiace roMmeomopduocTu rpados. Tomosory uHTe-
PECHBI MMEHHO MOJIMYJIPBI (YacTo TOMOJIOr HasbiBaeT ux rpadamu). Ho rpadsr u Tena —
yJI00HBIE CPEJICTBA U3YUEHUs TTOJIMIIPOB U XPAHEHUs X B KOMIIbIOTEpE. A KOMOMHATOPIIH-
Ky U JIICKPETHOMY M€OMEeTPY MHTepecHbI Tpadbl n Testa. Ho u momspbl 0Ka3bIBAIOTC J1Ts
HUX TOJIE3HBIMU.

IlnanapaocTth rpadoB

'pad HasbiBaeTcst naaHaprvim (MIH KyCOTHO-JTUHEHHO BJIOXKUMBIM B IJIOCKOCTH), €CJIN
ero MOxKHO 0e3 camollepecedeHnii HaprCOBaTh Ha ILJIOCKOCTH TaK, 9ToObI pebpa m3obpazka-
Jich JjoManbiMu. Vm, ¢popmasibHO, ecii HEKOTOPBIi rpad, roMmeoMOpdHBIH JTaHHOMY, JTH-
HEITHO BJIOXKMM B ILJIOCKOCTb.

Henaanaprocms epagos Ks u Ks3 JOKasblBaeTca aHAJOTHYHO YTBepKAeHHAM 1.1 u
1.13.a. (dua K5 cm. meramu B §2.1.) Jlist Takoro JokasaTesbCTBa HYKHBI JIEMMbBI O 9e€T-
voctu 1.11 u obobienne 2.2 jtemMbl 0 yeTHOCTH 1.10, KOTOpOE JOKa3bIBaeTCs aHAJIOIUIHO.

['py6o roBopst, nodepag marHoro rpada — 310 ero dactb. Popmasnbho, rpad G Ha3bIBa-
ercs nodepagom rpacda H, ecu kaxkgas Bepimna rpada G sapisercs BeprnHoit rpada H,
u kax10e pebpo rpada G ssisierca pebpom rpada H. (Ilpu sTom nse Bepmuub rpada G,
coesiuHeHHble pebpoM B Tpade H, He 00si3aTesibHO coemaenbl pebpom B rpade G.)

Teopema 1.34 (Kyparosckoro). I'pag naanapen mozda u moavko moeda, kozda on He co-
deporcum nodepaga, 2omeomopprozo epady Ks uru Ks3 (puc. 3).

Teopema 1.35 (®Papu). Ecau epag naanapen (m.e., KYcowno-AuHetiHO SA0HCUM 6 MAOC-
KOCMb ), MO OH AUNETHO BA0NHCUM 6 NAOCKOCTID.

N3 teopem Kypatockoro mim @apu BeITEKaeT CyIIECTBOBAHUE aJrOPUTMa PacCIo3HaBa-
HUsI TUTAHAPHOCTH TpadoB. A BOT CJIeIyIONUil pe3y/IbTaT yKe He BhITEKAeT U3 HUX.

Teopema 1.36 (Xomnkpodra-Tapmxkana). Cywecmeyem aunetinviil no KOAUYECNEY SePUUH
aAN20PUMM PACTOZHABAHUA NAGHAPHOCTNU 2DAPOE.

1.9 Linear realizability of hypergraphs

A set of non-degenerate triangles in d-space R? is embedded, if each two of them either are
disjoint, or intersect only at a common vertex, or intersect only by a common side.

E.g., in Figure 1, left, one can see 5 points in 3-space such that the set of all triangles with
the vertices at these points is embedded. By Theorem 1.3 or Problem 1.17 or the Intersection
Property 1.18, no 6 points with this property exist.

E.g., 5 vertices of 4-dimensional simplex and a point inside it are 6 points in 4-space such
that the set of all triangles with vertices at these points is embedded. Theorem 1.4 shows
that no 7 points with this property exist.

1.37. (a) There are 7 points in 4-space such that the set of all but one triangles spanned
by these points is embedded.

(b) For each n there exist n+1 points 0,1, ..., n € R?* such that the set of all the triangles
0jk, 1 < j <k <mn, is embedded. (Hint: Figure 11.)
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Puc. 11: R* is shown as R® and a (3-dimensional) hyperplane in R* is shown as a 2-
dimensional plane in R3

1.38 (General Position Theorem). For each n there exist n points in R® such that the
set of all the triangles spanned by the points is embedded.

Recall that a two-homogeneous hypergraph (shortly: 2-hypergraph) (V, F') is a collection
F' of three-element subsets of a finite set V. (Oupenenenue nzomopdusma 2-runeprpacdon
AHAJIOTMIHO CJIy4aro rpados.)

A linear realization of 2-hypergraph (V, F') in R? is an embedded set of triangles in R?
whose vertices correspond to V' and whose triangles correspond to F. At the beginning of
this section we have shown that

e the complete 2-hypergraph on 5 vertices is linear realizable in R3;

e the complete 2-hypergraph on 6 vertices is not linear realizable in R3 and is linear
realizable in R*;

e the complete 2-hypergraph on 7 vertices is not linear realizable in R*;

e cach 2-hypergraph is linear realizable in R® (by Theorem 1.38).

Vreepxkaenus 1.32, 1.9.ab u 4.1.a nokasbisalor, 4To B R3 jmHeiiHO BIOXKIMBI TPOU3BOJIb-
HbIil Tpad u JekaproBbl npousBesenus K3 X K3 (top), Ky X Kj.

1.39. There is an algorithm for recognition of linear realizability of 2-hypergraphs in R¢
for each d = 2,3, 4.

The product K,, x K, is the 2-hypergraph on mn vertices Aj,, where j € {1,2...,m},
p € {1,2...,n}, consisting of all three-element sets of the form

{A;), Ay, Ajy} and  {Aj,, Akg, Akp}, where 1<j<k<m, 1<p<gqg<n.
For instance, the products
K2 X KQ, K2 X Kg, Kg X Kg, K2 X K5, K5 X Kg, and K5 X K4

are shown in Figures 2, left (a square), 2, right (a torus), 2, middle (a cylinder) 1, right (a
cylinder over Ky), 8, left and 8, right, respectively.

A linear realization of K,, x K, in R? is an (m,n)-realization in R? (defined before
Theorem 1.6). Hence Theorems 1.6, 1.8 and Proposition 1.7 imply that the products K5 x K,
Ky x K4 and K5 x K5 are not linearly realizable in R?, in R® and in R*, respectively.
Presumably an (m,n)-realization need not be a linear realization of K, x K,. However,
Example 1.9 generalize to show that

(a) the product K, x K, is linearly realizable in R? for each n;

(b) the product K3 x K, is linearly realizable in R? for each n < 4;

(c) the product K, x K, is linearly realizable in R?* for each n. 14

Y4 Sketch of a proof. For (a) this follows because in the construction in §1.5
o for any 1 < p < ¢ < n the triangles A, Az A2, and AypAsgAq, intersect exactly by the common side and
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All this implies that

the product K,, x K, is linearly realizable in R? if and only if either min{m,n} = 2 or
orm=mn=23 or{m,n}={3,4}.

the product K,, x K, is linearly realizable in R* if and only if min{m,n} < 4.

1.10 Piecewise-linear realizability of hypergraphs

Onpenesienuss Tejla 1 romeoMOP@HOCTH JIJIst TuneprpadoB

pP=

Puc. 12: Ilocrpoenne Tea 2-KOMILIEKCA,

Kaxk u o rpady, no 2-runeprpady ecTecTBeHHO CTPOUTCA reoMeTpudeckas (purypa, Ha-
3piBaeMasi ero meaom. HedbopmaabHo roBopsi, OHa MOJIyUeHa CKJIEHKONI TpeyroJbHUKOB, CO-
OTBETCTBYIONIUX I'paHaM 2-rureprpada. Ckieiika ocyiecTBigeTcsa He 00I3aTeIbHO B TPEX-
MEpPHOM TIPOCTPAHCTBE: JTUOO B MHOTOMEPHOM ITPOCTPAHCTBE, JTHOO J1arke abCTPAKTHO, He3a-
BUCHMO OT OOBEMJIIOIIEro mpocTpaHcTBa. Hampumep, Ha puc. 12 m300pazkeHO IIOCTPOEHHE
TeJsia MOJHOro 2-Tuneprpada ¢ 4 BepIImHaMA.

dopmasibHO, Mmeaom 2-rutieprpada HasblBaeTcss 00beIuHEeHNe TPEYrOJbHUKOB JIF0OOTO
BJIOYKEHHOTO CeMelCTBa TPEYroJbHIUKOB, COOTBETCTBYIOMINX I'paHdaM 2-runeprpada, BepIiu-
HBI KOTOPBIX COOTBETCTBYIOT BEpIUHAM 2-rurieprpada.

& A

| l

& A

Puc. 13: [logpazmenenus: pebpa u rpaHu

Omnepartusi nodpaddeaenus pebpa n3obpazkena Ha puc. 13 ciesa.

1.40. Onepanust nodpaddenenus 2paru Ha puc. 13 cripaBa BbIpaXKaeTCs Uepe3 OlepaIuio
ojipasjiesieHus pedpa.

Ba 2-runeprpada HA3BIBAIOTCI 20MEOMOPHHOLMU, €CIA OT OJHOIO MOYKHO IMEPEHTH K
JIDYTOMY TIPU TIOMOIIIM OTIepAIuil mojipa3iesienus: pedpa u 0OOPATHBIX K HUM.

lie in the parallelogram 12 X pq.

e since points (0,0,0),V, A11,... A1, are in general position, if parallelograms 12 x pg and 12 x rs have a
common point, then they intersect by a common side.

For (b) and (c) the realizability improvement is checked analogously. QED
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Teopema 1.41. 2-zunepepagor 20meomopdrv, mozda U Moavko mozda, K020a UL MEAL 20-
MEOMOPPHDL.

Definition of an n-homogeneous hypergraph (shortly: n-hypergraph) is analogous to the
cases n = 1,2. 3amMeruM, 9TO aHAJOI YaCTH ‘TOJIBKO Toraa’ TeopeMbl 1.41 BepeH u st n-
runeprpadoB, a aHAJIOT YaCTH ‘Toria’ HeBepeH Jid n-runeprpados mpu n > 5. A counterexample
is the H-sphere and the double suspension of the Poincaré homology 3-sphere.

eymeprvim noausdpom HA3BIBACTCA KJacc ToMeoMopdHocTr 2-runeprpada.

s runieprpadoB cripaBe/IUBLI 3aMedaHus, aHAJOTUYHbIE CIACJaHHBIM B II. 1.8 10 10-
Bojy Tesia rpada u romeomopdHocTH rpados.

Piecewise-linear realizability of hypergraphs

2-runeprpacd HasbiBaerca PL (kycouno-sumnetino) eaoscumoim B R, eciam HeKoTOPDIit
romeoMopdHbIil eMy 2-Tuneprpad IuHEHHO BIoKEM B RY.

dlcHO, 4TO M3 JIMHeHHOMN BioKuMOocTH 2-rureprpada B RY BeITekaeT ero PL BIOXKHMOCTD
B RY. O6parnoe Bepro jy1st d = 2 u HeepHo s d € {3,4}. s d = 3 310 nokazano B [Kadl|
(em. Takzke [MTWOS, §2], [PW]), a qyis d = 4 970 BBITEKAET N3 HUKECTIEYIONMEH TEOPEMBI
1.42.c (cm. takxe [MTWOS, §2]). Tem me Menee, pesyiabrarsl u3 1. 1.9 o suneiinoil Heso-
JKIMOCTH BepHBI U s PL HeBIO2KMMOCTH; TOKa3aTeIbCTBA AHAJIOTUIHBI U UCHOIb3yI0T PL
AHAJIOTH JIEMM O YETHOCTH.

Cy1ecTBoOBaHMEe aJrOPUTMa PACIIO3HABAHUS IJIAHAPHOCTH 2-TUNEPrpadOB BbHITEKACT U3
anajora TeopeMbl @apu u 3agaun 1.39.2, a takeke u3 Kpurepus tuia KypaTtoBckoro 1ia-
Hapuoctu 2-runeprpados (T.e. u3 Teopembl Xasmua-FOura 4.19.b, Ho He u3 4.19.b!). Dror
KpuTepuii yaobuee hopMyInpoBaTh Ha SA3BIKE 2-KOMNAEKCOB.

Teopema 1.42. (a) Cywecmeyem aunetinvili no KOAURECTEY BEPUUH GAOPUTIM PACTOZHI-
sanus PL eaoorcumocmu 2-2unepepagos 6 naockocmo. [MTWOS, Appendiz Al

(b) Cywecmeyem anzopumm pacnosnasanus PL enoocumocmu 2-zunepepagos 6 R3.
[MSTW1/], cp. ¢ meopemoti 4.20.

(c) Anzopummuneckas npobaema pacnosnasanus PL enoocumocmu 2-2unepzpagos ¢ R
aeaaemes N P-mpyonotu. [MTWOS]

ObmenpunsToe dpopmaibHOe onpeesenne NP-Ttpynnoctu Herpocto. Mbl OyaemM ncmosib-
30BaTh CJIEyIoNee S5KBUBAJICHTHOE onpeesenne. AaropurMudeckast mpob/ieMa, 3aBUCAIIAS
OT IEJIOUNCICHHOIO MapaMerpa n, Hasbiaerca NP-mpyonot, eciam, uMesd aBTOMAT JJIS €e
pemenns 3a 1 mar, MOXKHO IIOCTPOMTH IIOJIMHOMHUAJIBLHBIA IO 7 QJIFOPUTM PACIO3HABAHUSI
TOKJICCTBEHHOCTH HYJIIO OyJIeBoil (POPMYJIBI OT 7 IIEPEMEHHBIX, ABJISIONICHCS U3 bIOHKINe
KOH'BIOHKIIUI EPEMEHHBIX U UX OTpullanuil (Hanpumep, f(z1, o, T3, L) = 12273V TaZzxy V
T1xoxy). B §4.10 ujest okazaTe/beTBa TeopeMbl 1.42.¢ NpOULIIOCTPUPOBAHA HA TPEXMEPHBIX
IpUMepax.

T'unmoreza 1.43. (a) Aszopummuueckas npobaema pacnosnasarus PL enoocumocmu 2-
eunepzpagos 6 R3 aeasemca N P-mpyonofi.
(b) Cywecmesyem anrzopumm pacnosznasarnus PL enroorcumocmu 2-eunepepagos ¢ RE.

Topological realizability of hypergraphs
2-rurneprpad Ha3BIBACTCA MON0AORUNECKU 6.A09CuMbLM B RY, ecrm cymiecTByeT HelephiB-
HOe MHBLEKTUBHOE oTobpazkenue B R?Y mekoToporo ero Tea.

Teopema 1.44. There exists a 2-hypergraph that does not topologically embed into R*.

Proof. We present a simplified (possibly the simplest known) proof invented by E. Schepin,
D. Repovs and the author (and, possibly, others) [RS01| [Sk08, §5].
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Puc. 14: A contraction

Let T be a triod, i.e., the graph with four vertices O, A, B, C' and three edges OA, OB
and OC'. The product T° is a cone over some 2-polyhedron N. In other words, N is the join
of 3 copies of a three-point set, cf. Theorem 1.30.

In order to prove that N does not embed into R?* it suffices to prove that 7° does not
embed into R5. Suppose to the contrary that there is an embedding f : 7% — RS5. Let
p: D* — T be a map which does not identify any antipodes of S* = 9D? (e.g. the map
from Figure 14). It is easy to check that the map p3|sps : 9D® — T® also does not identify
any antipodes. Then the composition of p* and f again does not identify antipodes. This
contradicts the Borsuk-Ulam Theorem. QED

Further generalizations can be found, e.g., in §4.5, [Sk03, ARSO01].

1.11 Teopembl Pagona n TBepbepra

Cretytorume 3aa4u pejIarajnch Ha BBIE3THON IMKOJIe KOMAHIbI MOCKBBI U UMEIU TaM
Homepa 1.10-1.15.

1.45. (a) s moboro d cymectsyior Takue d + 1 Touka B RY, mpn mmobom pasduennu
KOTOPBIX Ha JBa MHOYKECTBA, BBIILYKJIbIE 0O0JIOYKI MHOMKECTB HE IIEPECEKAIOTC.

(b2) JIobble 4 TOUKM Ha IJIOCKOCTH MOXKHO Pa3OHTh Ha JBa MHOYKECTBA, BBILYKJIbIC 000-
JIOUKH KOTOPBIX II€PECEKAIOTCL.

(b3) Jliobble 5 TOUEK B HPOCTPAHCTBE MOYKHO Pa3OUTh Ha J[BA MHOMKECTBA, BBIYKJIbIE
000JI0YKH KOTOPBIX HEPECeKAIOTCs.

(b) Teopema Pagnona. /s aoboeo d aobvie d + 2 mouku 6 R mooicro pasbumv na
064 MHOIICECMEaA, GHINYKABLE 0BG0AOYKU KOMOPBLLT NEPECEKAIOMCA.

1.46. (a) Jamsr 4 Toukn 00IIEro MOJIOXKEHUST Ha IIOCKOCTH. [yt KazKaoro (Heymops1o-
YEHHOI0) PasdMeHus ITUX TOUYCK HA JIBA MHOXKECTBA MOCYNTAECM KOJMYECTBO TOUYCK B IEpE-
CEYeHNN BBIMYKJION 060I09KN MHOKECTB. Beerya jim cyMMma HOJIyIeHHBIX YnCces HedeTHa!

(b) Bepen s anasor 1. (a) mag 5 ToYeK ODIIEro IOJOXKEHHs B IIPOCTPAHCTBE !

(c¢) Hdaner 9 Touek obIIEro MOIOKEHUsST B MpocTpaHcTBe. s Kaxkaoro (HeyHmopsoueH-
HOT0) pa3bueHns 9 TOYEK Ha TPU MHOXKECTBA MOCIUTAEM KOJMIECTBO TOUCK B HEPECETCHUN
TPEX BBIMYKJIBIX 000I0UEK MHOXKECTB. Beeryia st cyMMa IIOJIy IeHHBIX dnCesT HedeTHa !

9
1.47. JTio6ie 1 99 ToUYeK Ha IIOCKOCTH, sIBJISIOIIUXCA BEPIIMHAME BBIIYKJIOIO MHOIO-
YTOJIbHIUKA, MOYKHO TaK PacKpacuThb B 9 1BeToB, 4T0 9 (JBYMEPHBIX) BBITYKJIBIX MHOIOYTOJIb-
HUKOB C OJTHOIBETHBLIMU BEPIINHAMU OY/IyT UMETh OOIIYIO TOUKY?

1.48. (a2) CymecTByor 6 TOUeK Ha IJIOCKOCTH, TIPU JIFOOOM Pa3bUEHUN KOTOPBIX HA TPH
MHOXKECTBA, BBIIIYKJIbIe OOOJIOYKI MHOXKECTB He MMEIOT O0ITeil TOIKH.

(b2) JIrobble 7 TOUEK Ha MJIOCKOCTH MOYKHO Pa3OUTh Ha TPU MHOXKECTBA TaK, UTO BBIMTYK-
JIble 00OJIOYKN MHOXKECTB UMEIOT OOIIYIO TOUKY.
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(a3) CymiecTByIoT 8 TOYeK B MPOCTPAHCTBE, MPH JIOOOM pa3OUeHNHd KOTOPHIX HA TPH
MHOKECTBA BBITYKJIbIE 000JIOUKN MHOXKECTB HE UMEIOT OOIIeil TOUKH.

(b3) JItobble 9 TOYeK B MPOCTPAHCTBE MOXKHO Pa30UTh Ha TPU MHOXKECTBa TakK, UTO Bbl-
IyKJIbIe 000JIOUYKU MHOYXKECTB UMEIOT OOIIYIO TOUKY.

(a) Jdaa mo6oro d cymecrsyior 2d + 2 Touku B R, npu jmo60M pazbuenun KOTOPHIX Ha
TPU MHOXKECTBA BBITYKJIbIe 0D0JOYKH MHOYKECTB HE UMEIOT OOIell TOUKH.

(b) Jns moboro d mrobbie 2d + 3 Toukn B RY MoxKHO pasbuTh Ha TP MHOMKECTBA, Bbl-
MyKJIbIe 000JIOUYKH KOTOPBIX UMEIOT OOIIYIO TOUKY.

1.49. (a2) CymiectByior 10 ToYek Ha IUIOCKOCTH, TPH JIOOOM DPa3bHEHUN KOTOPHIX Ha
YeThIPe MHOYKECTBA BBIIMYKJIbIEe 000JI0YKN MHOYKECTB HE MMEIOT OOIEel TOYKHU.

(b2) JIrobble 11 ToYek Ha IIOCKOCTH MOYKHO pa3OUThb HA YeThIpe MHOXKECTBa TaK, UTO
BBIIYKJIbIEe 000I0YKH MHOXKECTB UMEIOT OOIIYI0 TOUKY.

(a3) CymmectBytor 12 ToUeK B IPOCTPAHCTBE, MPH JIIOOOM Pa30UEHUN KOTOPHIX Ha YeThIPe
MHOKECTBa, BBIITYKJIbIe 000JI0UKH MHOKECTB HEe UMEIOT OOIeil TOUKH.

(b3) JIrobbie 13 ToUeK B MPOCTPAHCTBE MOXKHO Pa3OUTh HA YEThIpe MHOMKECTBA TaK, UTO
BBIIYKJIbIe 000JI0YKN MHOXKECTB UMEIOT OOIILYIO TOUKY.

(a) Jna mobwix d,r cymecrsyior (d + 1)(r — 1) Touxkn B RY, npu mobom paszbuennn
KOTOPBIX Ha " MHOYKECTB BBIIIYKJIbIe O00JOUYKH MHOYKECTB HEe UMEIOT OOIEeil TOUKH.

(b)* Teopema Twepbepra. /s aobvix d,r mobvie (d+1)(r—1)+1 mouru 6 R moorcho
Pa3dUMB HA T MHOHCECTNG, BHINYKABLE 000A0UKU KOMOPHLT UMEIOM 00WYI0 MOYKY.

1.50. * (a) Huist sir06bIX d u HenpepbIBHOTO oTOOpakeHwust (d + 1)-MepHOro CUMILIEKca B
R? cymecTByIOT JBe HellepeceKalonuecs TPAHH CUMILICKCa, 00pa3bl KOTOPLIX HePECeKAIOTCH.

(b) Jdns mobbix d m HempepbiBHOTO oToOpazkenus (2d + 2)-meproro cumintexca B RY
CYIECTBYIOT TPU HENEPECEKAIOINECs IPaH CUMILIEKCa, 00pa3bl KOTOPBIX MMEIT OOILYIO
TOUKY.

Teopema. Ecau d > 0 uyeaoe u r — cmenend npocmozo, mo 0as A1006020 HENPEPLIBHO20
omobpasicerus (d + 1)(r — 1)-meprozo cumnaexca 6 R cywecmeyrom r nonapno nenepece-
Karowuecs 2panets CUMNACKCa, 00padv, KOMOPHLT UMENM 00WYI0 TOYKY.

HokazaresnbeTo 7151 061iero ciaydast ve omybsukosaro [0z87|. Tlo moBomy ucropun o-
KazaTesJbCTBa cM., Hanpumep, [MW15].

Tononrozuueckots zunomesots Teepbepea HABBIBACTCS AHATIOT STOTO YTBEPKICHUS JJIsT TIPO-
u3BoJibHOTO 7. OHa 6bl1a onposeprayTa B 2015 I. ¢ HCHOIB30BAHAEM JPYTOro HEOIYOJIHKO-
BaHHOIO pe3ysbrara (cM. §4.8).

Teopema. [Fr15|, [MW14|, [MW15| Ecau r — ne cmenens npocmozo u d > 3r + 1, mo
cywecmeyem nenpepwvishoe (dasice kycowno-aunetnoe) omobpascenue (d+1)(r—1)-meprozo
cumnaexca 6 R, npu xomopom 06pasvi no6bix T MONAPHO HENEPeceRaowuTCA 2paret He
uMerm ooueti MoKy,

3aKJIIOUNTE/IBHBIH Al JJOKA3aTeIbCTBA TPUBOAUTCA B §4.8.

YKa3zaHusi u peameHnsda K HEKOTOPbIM 3a/Ja9aM

1.22. (b) Let triangle A be linked with triangle A’. By the Symmetry Lemma 1.2 A intersects
plane containing A’, so A N1 # (. By general position, the intersection A N1 is exactly two
points. Now let us prove that the pairs of points are proved. Denote by A, B the intersection
points A N[ and by A’, B’ the intersection points A’ N [. The intersection of A and two-
dimensional triangle A’ is a subset of segment A’B’. So exactly one of points A and B is in
the segment A'B’. So pairs A, B and A’, B’ are linked in [.
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Let us prove the converse. Let the pairs A, B and A’, B’ be linked in [. Then according
to the previous assertion, A intersects the two-dimensional triangle A’ by exactly one point,
i.e. A is linked with A'.

1.23. (b) An intuitive argument. Since the vertices move continuously so that they remain
in general position, the number of points at which the outline of the first triangle intersects
the second triangle, is preserved. Thus the triangles remain linked or unlinked.

Another intuitive argument. Let us use the Symmetry Lemma 1.2. When points move
so that they remain in general position and the planes containing triangles are not parallel,
the four points in the line [ move continuously, so they are either always linked or always
unlinked. If there is a moment when the planes containing the triangles are parallel, then at
this moment and during some time before and after this moment the triangles are unlinked.

Hint to a rigorous solution. The number of intersections of a segment and a triangle
(whose 5 vertices are in general position) is preserved under small enough change of the 5
vertices.

(c) Denote by t the height of point A; above the horizontal plane. By (a) the triangles
are linked if t € (—o0; 2) U (3, 5; 4,5) U (6; +00) and are unlinked if ¢t € (2; 3,5) U (4, 5; 6).

1.32. Choose three points in 3-space that do not belong to one line. Suppose that we
have n > 3 points in general position. Then there is a finite number of planes containing
triples of these n points. Hence there is a point that does not lye on any of these planes. Add
this point to our set of n points. Since the ‘new’ point is not in one plane with any three of
the ‘old” n points, the obtained set of n + 1 points is in general position. Thus for each n
there exist n points in 3-space that are in general position.

Take such n points. Denote by A the set of all segments joining pairs of these points. If
some two segments from A with different endpoints intersect, then four endpoints of these
two segments are in one plane. If some two segments from A with common endpoint intersect
not only at their common endpoint, then the three endpoints of these two segments are on
one line. These contradictions show that A is embedded.

1.37. (b) See Figure 11. By General Position Theorem 1.32 there exist n points 1,...,n
in a three-dimensional hyperplane in R* so that the set of all the segments joining the points
is embedded. Take a point 0 € R* not belonging to the three-dimensional hyperplane. Then
the points 0,1, ..., n are the required ones.

1.38. The proof is analogous to General Position Theorem 1.32. A set of points in R® is
in general position, if no six of these points are in one four-dimensional hyperplane.

1.45. (b2) Pacemorpum gerBepky touek A, B, C; D Ha 1I0CKOCTH.

Ecmn xakme-to 3 m3 HEUX JIeKaT Ha OJHON NMPAMON, TO HEKOTOpas M3 HUX, CKaxkeMm B,
JIEZKUT Ha OTPE3Ke MEXKJIy JABYMs JApyrumu, nampumep, mexay A m C. Oboznadmm uepes3
[XY] orpesok ¢ Bepumnamu X, Y. Torga [AC] N [BD] # 0.

BHaunT, HUKaKue 3 TOUKM He JIeyKaT Ha OJHOI npsamoii. Eciu ojiHa u3 9TUX TOYEK JIEKUT
BHYTPHU TPEYTOJIbHUKA, 00Pa30BAaHHOIO OCTAJIBLHBIME, TO 3ajada pelieHa. MHade Kaxkaas u3
9TUX TOYEK JIC2KUT CHAPYKHU TPEYTOJIHHUKA, 00Pa30BAHHOTO OCTAIbHBIME. [10CKOIBbKY TOUKA
D cuapyxu tpeyroibiuuka ABC, To ona Jimb0 BHYTPH OJHOIO U3 YIVIOB, BEPTHKAJILHBIX
yriaam tpeyroibauka ABC, b0 BHYTPH 0HOTO U3 yrioB Tpeyroibauka ABC.

Cayuat 1. Touka D BHYTpH OJTHOTO U3 yTJIOB, BEPTHKAJIBHBIX yryiaM Tpeyrojibanka ABC.
Bes orpannuenus obrrocTr, D BHYTpH yria, Beptukaabaoro yriay ZACB. Torma Touka C'
BHyTpu ABD, npoTnBOpedme.

Cayuat 2. Touka D BuHyTpu ojmoro u3 yryioB tpeyroabauk ABC, ckaxxem /BAC. Ilo-
cKoJIbKY Touka D BHe Tpeyroabuuka ABC u BuyTpu yriaa BAC, to Touku D u A jexar 1o
pasmble croponbl or npsamoit BC. Crenosarenbho, orpeskn [AD] u [BC| nepecekaioTcst.
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(bd) n := d. Crauasa mokazkeM, 94TO HANHILYTCS TAKUE Cq, . . ., Cpio € R, He BCe U3 KOTOPBIX
pPaBHBI HYJIO, 9ITO

01X1+02X2+...+Cn+2Xn+2:0 n Cl—|—...+0n+2:0.

B camom gene, pacemorpum Habop BeKTOpoB X — X190, Xo — X190, ..., X1 — Xipo. Ilo-
CKOJIBKY 9T0 1+ 1 BekTOop B R™, TO JI/I 9TUX BEKTOPOB HAMIETCA HETPUBHUAJILHAS JIMHEHHAS
3aBUCUMOCTH C KO DUIMEHTAMU Cy, . . ., Cpy1. LOTIA HAOOP €1, ..., Cpa1, —C1 — - oo — Cpal —
TpebyeMbIii.

Tenepn mepenymMepyeM TOYKH TaK, 9TOObI CHa4aJsa ILIA MOJOKUATEIbHBIC 3HAYCHUS C;.
[TepeneceM citaraeMble ¢ OTPHUIATEILHBIMU KO puimenTaMu B mpaByio dactb. [loxydmm:
aXi+.. .+ Xy == Xp— ... — CpioXnio. JlOMHOXKUM 9TO paBEHCTBO Ha Takoi Koddpdu-
[IIEHT, 9TOOBI cyMMa KO3 DUIIMEHTOB clIpaBa u cjieBa craJja pasha 1. [locie aToro paBercTBo
OyJIeT yTBEPK/IATh, ITO BBIIyK/ble 000109k MHOKECTB {X1,. .., Xi} u {Xgq1, ..., Xpio}
IIepeceKatoTCs. U

Nmeercs TakaKe JI0KA3aTEILCTBO MPU ITOMOIIU WHJYKIIUNA 10 PA3MEPHOCTHU, KaK W JIJIsd
TeopeM

1.50. (a) Ucnomssyiite Teopemy Bopceyka-Ymama (§5.1).
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2 Buaoxenus rpadoB B MJIOCKOCTh U B IIPOCTPAHCTBO

2.1 OrobpazkeHns rpadoB B IIJIOCKOCTb

Embedded set of segments is defined in §1.8. E.g. there are 5 points in the plane such that
the set of all but one segments joining the points is embedded. The following corollary of
the Intersection Property 1.1 illustrate some ideas of the proof of Theorem 1.42.c.

2.1. /g mobbix gt ToUeK 1, 2, 3, 4, 5 Ha IJIOCKOCTH ecii HabOP OTPE3KOB

(a) jk, 1 < j < k <5, k # 2, BJIOXKEHHBI{l, TO TOUKU | U 2 HAXOJSITCS 110 PA3HbIE CTOPOHBI
OT TpeyroJbHUKa 345;

(b) jk, 1 <j <k <5, (jk)&{(1,2),(1,3)} , BIOXKEHHDI TO

JINBO Toukm 1 1 2 HAXOAATCA 1O pa3HBbIE CTOPOHBI OT TPEYTOJIbHUKA 345,

JINBO Toukm 1 n 3 HAXOAATCS IO pa3HbIE CTOPOHBI OT TPEYTOIbBHUKA 245.

(c) jk, 1 <j <k <5, (5,k) €{(1,2),(1,3),(1,4)}, Broxkenmsrit, To

JINBO Touku 1 1 2 HAXOJATCA 1O PAa3HBIE CTOPOHBI OT TPEYTOJIbHUKA 345,

JINBO Toukm 1 1 3 HAXOAATCA 1O pa3HBbIE CTOPOHBI OT TPEYTOJIbHUKA 245,

JINBO Toukm 1 n 4 HAXOAATCSA IO pa3HbIE CTOPOHBI OT TPEYTOIbBHUKA 235.

(d) Oii... Ber yxke morajmamich, Kak GhOpMyIUpyeTcs 9Ta 3a7ada U BOOOIEe KaK MPU U3y-
YEeHUU BJIOYKUMOCTH BO3HUKAIOT Oy/€BbI (DYHKITUN.

Touka x mepecedennst IByX HECAMOIIEPECEKAIOIINXCS JJOMAHbBIX Ha TJIOCKOCTH HA3BIBAETCS
MPAHCBEPCANLHOU, €CTTU JTI0Dast TOCTATOIHO Majasd OKPYKHOCTH S, C IEHTPOM B X IIepece-
KaeT JIOMaHbIe 0 TapaM TOYeK, 4epedyiouuMcsA BIOJIb OKPYKHOCTH (T.e. e 0603HAYUTD
yepe3 Ap, By TOUYKH Ilepecedenns epBoii jjoMaHoi ¢ S, u dyepe3 As, By TOUKHU IepecedeHus
BTOPOIi JIOMAHOI ¢ S, TO 9T TOUKH II€PECEUCHUsT PACIIOIOKEHBI HA OKPY>KHOCTH B TOPSIKE
A1 A3 B By). HbiMu citoBaMu, ecsiu JiBa 3BeHA OJIHOI JIOMAHO#, BBIXOJISIIIIE U3 TOYKH TIepe-
CeveHnst, HAXOAATCs ‘TIO0 Pa3Hble CTOPOHBI OT JIPYTOii JIOMAHOM B MAJION OKPECTHOCTH TOYKHI
[epeceveHus.

Jlemma 2.2 (0 werHoctn). /J[6e 3aMKHYMbIE HECAMONEPECEKAOUUACA SOMAHDBIE HA TLAOCKO-
CMU, NEPECEKAIOULUCCHA 8 KOHEYHOM YUCAE MOYEK MPAHCEEPCAALHO, NEPECEKAIOMCA 8 YeTNHOM
YUCAE MOYEE.

Hoxazameavemeo nenaanaprocmu epaga Ks. B nokazarenbcrse yreepykaenus 1.1 HyxK-
HO 3aMeHUTD ‘TpeyrobHukn’ Ha ‘tomanbe’. [lepecedenne momansix OAC u OB D TpancBep-
caJIbHO. 3HAYHT, 110 JiemMe o derHocTH 2.2 jomanbie AC u BD nepecekarorcsa. QED

Jlunetinoe omobpasicenue 2paga G = (V, E) 6 naockocmos — orobpazkenue f : V — R2
Ob6pasom f(ab) pebpa ab epaga G nazosem orpesox f(a)f(b).

Kycouno-aunetinoe omobpasicenue epaga G 6 naockocms — juHeiiHoe orodbpazkenne f B
IJIOCKOCTH HeKOoTOporo rpada H, romeomopduoro rpady G. Obpasom f(ab) pebpa ab epaga
(G mazoBeM JIOMaHYIO, cocTaB/ieHHYIO U3 f-00pa3oB pebep rpacda H, ‘comepxkaruxcs’ B ab.

Hanpuwep, (KycouHo-)amnHeitHOe BiioxKeHue rpada ompe/iesiser (KycoaHo- )InHeiHoe 0T00-
pazkenne rpada.

[Ipu jokazarenbcrBe HemtaHapHoCTH rpada Ky JI0Ka3aHO, 9TO 0Af 4100020 KYCOUHO-
Aunetinozo omobpasicenus 2paga Ks 6 naockocmov watidymea dea mecmesncnur pebpa epaga
K, obpasv, komopwix nepecexaromes. (Eie ofHO 10Ka3aTe/IbCTBO HeIlIaHAPHOCTH rpada
K3 3 momyuaercs u3 sroro dakra u puc. 15 [Sk03].) Chopmymupyem 06061menne sToro dakra,
aHaJIOTUIHOe yTBepKJierunto 1.1.

Kycouno-nuneitnoe orobpazkenne f rpada (G B IJIOCKOCTh HA3BIBAETCST OTOOPaYKEHMEM
00We20 NOA0IICEHUA, €CITN

e Jiisi JTIOOBIX JIBYX HECMEXKHBIX pebep e, €’ rpada G somansie f(e) u f(e') mepecekarorcs
B KOHEYHOM YHCJIE TOYCK.
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Ks K33

Puc. 15: ‘Ilourn-Biaoxenue’ K5 — K33

e Jyisi J00bIX JIBYX map (e, ¢e’) u (e,e”) necmexkupix pebep rpada G BoioaaeHo f(e) N
fle)nfle) =0.

Jlemma 2.3. /[aa 1106020 Kycouno-aunetino2o omobpastcenus obuie2o nosodtcenus epaga K
8 MAOCKOCTIL YUCAO TOYEK NEPECEUEHUA 00PA306 HECMENCHVIT PEOED HEYEMHO.

2.4. JIjis1 KyCOTHO-THHEHHOro oToOpaXkenusi f obiero mojoxkennst rpada GG B IIOCKOCTD
Haz0BeM wucaom 6ar Kamnena v(f) deTHOCTD Uncia TOYEK IMepecederrsi 00pa30B HECMEK-
HBIX pebep.

(a) st G = K5 u orobpakenust [y, m300paykeHHOro Ha puc. 3 ciesa, v(fy) = 1.

(a’) dna G = K33 n orobpaxkenns fy, n300parkeHHoro ua puc. 3 cupasa, v(fy) = 1.

(b) Ilpusemure nmpumep rpada G u aByx orobpazkenuit f, f’, musa koropbix v(f) # v(f').

(¢) Ecom G mmanapen, o v(f) = 0 aisa mekoToporo orobpazkenus f.

(¢’) Obparnoe K (c) HEBEPHO.

(d) Eciim G — mecBsaznoe o0beunenne AByX mukios, 1o v(f) = 0 s soboro orobpa-
JKeHus f.

(e) Chopmymupyiire n gokazxkure aHagor jeMmbl 2.3 it G = Ks 3.

Jloxazamesvemeo aunetinozo anansoza aemmov, 2.3. s wabopa f msaru Todek oOIIEro
HOJIOZKEHNUS Ha [JIOCKOCTH 0003HaUnM depes v( f) HyKHYIO YeTHOCTD JHCJIa TOUYEK Mepecede-
unit. By Problem 2.4.a it suffices to prove that if we change one point keeping the remaining
4 fixed, so that new 5 points are in general position, then v(f) is not changed. Assume that
Kef,K'¢ f,a:=f—{K}and f:=(f —{K})U{K'} is a general position set.

Proof that v(f) = v(f") when fU{K"} is a general position set. lna A € a oboznaunm
gepe3 A4 TpeyrosibHUK ¢ Bepumaamu u3 a — { A}. Torma

v(f) = o(f) =D (IKAN A4 = [K'ANAL) =D |KK'NAs =0 mod 2.

A€ca A€a

Bropoe paBeHcTBO ciejyer u3 toro, uro uncyio |KK'A N Ay| werHo no jiemMme 0 9eTHOCTH
1.11. Tlocoiennee paBeHCTBO CJIELYET U3 TOIO, YTO JJIA JJIS KazKI0i HEYIOPAI09eHHON Iaphl
{P,Q} C a cymecTByeT pOBHO JiBa TPEYTrOJbHHUKA C BEPIIMHAMU U3 (4, KOTOPBIE COJEPIKAT
orpe3ok PQ). Buauur, jist Kaxkioi Heymnopsaodentoit napsl {P,Q} C a aucio |[KK' N PQ)|
‘BXOJUT POBHO B JIBa CJIAra€MbIX U3 CYMMBI.

Proof that v(f) = v(f’") in general. There exists a point K" such that both f U {K"}
and f'U{K"} are general position sets. Then v(f) = v((f — {K}) U{K"}) = v(f’) by the
previous case. [

2.5. (a) IIpu 11060M KyCOUHO-TMHEHHOM BJIOYKEHUH B IJIOCKOCTH rpada, MOJTy daiomerocst
u3 K5 ynanenuem pebpa 12, o6pasbl Touek 1 1 2 HaXOAgTCs 10 pasHble CTOPOHBI OT 00pas3a
TPEYTOJIbHUKA 345.

29



(b,c,d) Cdopmynupyiite u qokazkure anaaor 3ajgad 2.1.bed a1t KycOTHO-THHERHBIX BJIO-
JKCHUN.

QopmyMpoBKa 3a/1a9n 2.5 OCMBICIEHA 110 HUKECJIEIYIONIE TeopeMe.

Teopema 2Kopmana. 3amMKkHymMas HECAMONEPECEKAIOWAACH SOMAHAA HA NAOCKOCTIU Je-
AUM NAOCKOCTD POGHO HaG d8e “wacmu. /[6e mouku naockocmu, He NPUHGONEHCAULUE SOMA-
Hot, Aedcam 6 00HOT “acmu moz2da U MoAbKo Mo20a, k020G UL MOAHCHO COCOUHUMDB HEeKOo-
mopoti AOMaHOU, He nepeceraroweti daHHot AOMAHOU.

2.2 Linking modulo 2

[TonsiTre KO3(bhuImeHTa 3aIEIICHNsT STBIISIETCS OJHUM U3 BayKHEHIUX B TOMOJIOTUU. 3/1€Ch
MBI M3JIaraeM TOJBKO 6a30BYI0 MHMOPMAIINIO, U PEKOMEHJIYeM UUTATEN0 00PaTUThCs 38 00-
cyxkennsivu u ipumepamu K [BE82, §19]. First we formalize the intuitive notion of linking
(fig. 16). Before reading this text it is recommended to read §1.2 and §1.4.

Q& OO0

Puc. 16: Linked and unlinked curves

Puc. 17: The Borromean rings, the Whitehead link and the trefoil knot.
Which pairs of curves in (b), (w) are linked?

A spatial piecewise-linear closed curve is a non-self-intersecting closed broken line in 3-
space. We abbreviate ‘spatial piecewise-linear closed curve’ to just ‘curve’. By P(Q) we denote
the segment whose ends are P and @), and by Int P() its interior.

Let a and b be disjoint curves in 3-space. A point A is in general position to pair (a,b)
if for each edge M N of a the triangle AM N contains no vertices of b. E.g. any point of the
cube is in general position to opposite squares of the cube.

2.6. (a) There are disjoint curves a and b such that no vertex of @ is in general position
to (a,b).

(b) For each disjoint curves a and b there is a point A which is in general position to a
and b.

(c) If a point A is in general position to disjoint curves a and b, then for each edge M N
of a the intersection AMN N b is a finite number of points.

Disjoint curves a and b are called linked modulo 2 if there is a point A in general position
to a and b such that > |AMN Nb| is odd, where the summation is over edges M N of a.
MN

Remark. For a point A in space let the singular cone A x a spanned by a be the union

U AX of segments. A point A is in strong general position to (a,b) if
Xé€a
e 1o vertex of b belongs to A x a and
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e if X is either a point of a such that a N Int AX # () or a vertex of a, then bN AX = ().
Disjoint curves a and b are linked modulo 2 if |(A*a)Nb| is odd for some (or, equivalently,
for any) point A in strong general position to a and b. This equivalent definition is less

abstract but harder to work with (in particular, it requires stronger general position property).
Cf. Problem 2.20.a.

2.7. (a) Curves a and b are linked modulo 2 if and only if Y  |[AMN Nb| is odd for each
MN

point A in general position to a and b.

(b) Curves a and b are linked modulo 2 if and only if b and a are linked modulo 2.

(c) Which pairs of curves in Figure 17.bw and in [Pr95, Fig. 3.16, 3.17| are linked modulo
27

Proof of (a) requires the Parity Lemma 1.25.b, and proof of (b) uses an analogous idea.

A plane is in general position to a union of two curves, if for the two broken lines which
are orthogonal projection of these curves onto this plane the following hold:

e no three sides of broken lines have a common interior point;

e no vertex of a broken line lies inside a side of a broken line;

e if two sides of broken lines have a common vertex, then they are adjacent sides of one
broken line.

2.8 (Projection lemma). Assume that a plane is in general position to two curves (give
definition!). On the projection of the curves onto the plane show which of the sides passes
above the other at the intersection points. The curves are linked modulo 2 if and only if the
number of intersection points at which the first curve passes above the second curve, is odd.

Informally, two collections of pairwise disjoint curves are piecewise linearly isotopic if one
pair can be transformed to the other by a piecewise-linear deformation during which the
curves remain pairwise disjoint. A formal definition generalizes the following one. Suppose
that the sides AC' and C'B of the triangle ABC' are edges of a curve a that does not intersect
the triangle ABC' at any other points. An elementary move is replacement of the two edges
AC and CB by the edge AB [PS96, Fig. 1.4]. Two curves are called piecewise linearly isotopic
if they can be joined by a sequence of curves in which each subsequent curve is obtained
from the previous one by an elementary move (of the type described above) or its inverse.

2.9. (a) Define piecewise linearly isotopic pairs of disjoint curves.
(b) The property of being linked modulo 2 is preserved under piecewise linear isotopy.

2.10. (a) Teopema Konsea—Iopdona—3axca. Ilycrs B mpocTpancTBe JIaHbL 6 TOUEK, JTFOOBIE
JIBé U3 KOTOPBIX COEIMHEHbI HECAMOIIEPECEKAIOIIUMUCS JIOMAHBIMU, IIPUIEM IIEePeCeKaroTCs
TOJIBKO JIOMaHbIe, UMeIOIe OOIuil KOHeIl, U TOJIBKO B 9TOM KOHIe. Torma HaiiayTcsa aBa
3alemIeHHbIX uKIa 1nHbl 3. (MHbIME ciioBamu, TpH JII0OOM KYCOYHO-JTHHEHHOM BJIOYKEHUH
rpada K B IPOCTPAHCTBO B 9TOM Tpade HaleTcst mapa 3allellJIeHHbIX [HKJIOB. )

(b) Teopema Baxca. [Tycts B ipocTpancTBe JaHbl 4 KpACHBIE U 4 CHHUAE TOYKH, JIIOOBIE JIBE
pPa3HOIBETHBIE U3 KOTOPBIX COEINHEHBI HECAMOIIEPECEKAIOMINMUCS JIOMAHBIMU, IIPUUIEM IIepe-
CEKarOTCA TOJBKO JIOMaHble, UMeEIOIIe OOl KOHEI, 1 TOJbKO B 9TOM KOHIE. Torma Haii-
JIyTCsI JBa 3aIeIIeHHBIX IUKJIa JyinHbl 4. (VHBIME c10BaMu, IpH JIIOO0M KYCOYHO-THHEHHOM
BrIoykenun rpada K 4 B IPOCTPAHCTBO B 9TOM rpade HalAETCs Mapa 3alleIICHHbIX THKJIOB. )

DTH TeOpeMbl JOKA3bIBAIOTCS aHAJOTUYIHO UX ‘JIMHEeHHBIM aHasoram [Z13].

2.3 Linking number

IIpumep 2.11. There are two curves which are linked (i.e. are not piecewise linearly isotopic
to curves which are contained in disjoint cubes) but not linked modulo 2.

31



The linking number 1k(a,b) of disjoint oriented curves a and b is the sum of signs of the
intersection points of b and the singular cone over a with a vertex A in general position to

a and b:
lk(a,b) := Z Z sign X, where
MN XeAMNNb

e the first summation is over edges M N of a oriented from M to N;
e for each point X € AMN N b the sign sign X of X is +1 according to the Left hand
rule applied from the oriented triangle AP and a small oriented part of b near X.

2.12. (a) lk(a, b) is well-defined, i.e. is independent of A. (Hint: state and prove suitable
generalization of the Parity Lemma 1.25, cf. Problem 1.26.b.)

(b) For each n there are oriented curves a and b such that lk(a,b) = n.

(c) k(a,b) = 1k(b, a).

(d) Reversing the orientation of either of the curves negates the linking number.

(e) Taking the mirror image negates the linking number.

2.13. (a) Find the linking numbers of pairs of curves from Figure 17.bw and in [Pr95,
Fig. 3.16, 3.17] for some orientations on the curves.

(b) Assume that a plane is in general position to the union of two curves. On the
projection of the curves onto the plane show which of the sides passes above the other
at the intersection points. Then lk(a, b) equals to the number of signs (give definition!) of all
those intersection points at which a passes above b.

(c) The linking number is preserved under piecewise linear isotopy.

Note that for two disjoint smooth closed curves 71, v, : ST — R3 we have

71(t1) — 7a(t2) / ,
Tk(vs, :/ A (1) AL (ts)dtydts,
(71,72) 0,207 71 (t1) — Y2 (ta) P Y1 (t1) A vy(t2)dtrdts

IIpumep 2.14. There are two curves which are linked (i.e. not piecewise linearly isotopic
to curves contained in disjoint cubes) but whose linking number is 0.

The example is the Whitehead link (Fig. 17.w). The proof is sketched in §2.6.

2.15. Two links fo, fi : XUY — R? are link homotopic if there is a family f, : XY — R3
of links continuously depending on ¢ and such that f,(X) N fi(Y) = 0 for each ¢.

(a) Pairs of oriented spatial polygons a,b and a',b are link homotopic if and only if
lk(a,b) = lk(a', V).

(b) Take the link whose first component is one of the Borromean rings (fig. 17.b) and
whose second component is the union of two other rings. This link is link homotopic to the
standard link.

(c) Pairs of embeddings of graphs in R? are link homotopic if and only if collections of
their linking coefficients are the same.
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2.4 KoJgabna BoppoMmeo m koMMyTaTOpPhI

2.16. (a) Kak na aByX rBo3/gax, BOUTBHIX B IVIOCKYIO CTEHY, IIO/IBECHTH 3AMKHYTYIO BEPEB-
Ky (C TsAKeJION Me/Iabio), 9TOObI BepeBKa He MaJaJla, HO [OC/Ie BRIHIMAaHHs JTI000T0 MBO3/IS
naJiaJia’?

(b) To ke a1t Tpex rBO3EiL.

(c) Kak 3armenurs Tpu pe3sHHOBBIX KOJIbIA B IPOCTPAHCTBE, 9TOOBI NX HEIb3s OBLIO pac-
ENUTH, HO TI0C/Ie Paspe3aHnst JT000ro N3 HUX OHH PAaCICILISIINCH !

(d) To ke a1t YeTBIpEX KOJIEIL.

Puc. 18: Tpu Jsmuka xoser; Boppomeo, www.mecme.ru/circles/oim /algorfig.pdf

[Moackazka: aba~'b~!.
Rigorous formulation of Problem 2.16.c is as follows. Piecewise linearly isotopy of triples
of pairwise disjoint curves is defined analogously to §2.2.

IIpumep 2.17. There are three curves which are pairwise unlinked but linked together (i.e.
each two are piecewise linearly isotopic to curves which are contained in disjoint cubes, but
all the three of them are not). See Fig. 17.b and 18.

Hecmandapmmoe nocmpoenue. Cm. puc. 18 Buuzy. PaccMoTpum ctaniapTHBIN TOP B TPEX-
MepHOM IpocTpaHcTBe. [lepBas KpuBasi — OKpPY:KHOCTH BHE TOPa, OJIM3Kast K MEPUIUAHY TO-
pa. Bropas kpuBasi — OKPYy»KHOCTH BHE TOpa, 3allellJICHHAs CO BTOPBIM MEPUIMAHOM TOpa, U
repecekalonas Top B JABYX TOUYKax. IpeTbsa KpuBasg — KpUBas Ha Tope, OJIM3Kas K IpaHulle
KBa/IpaTa, IMOoJIyIeHHOI0 U3 TOPa pa3pe3aHreM BJIOJIb lTapaJijie/id U MepuuaHa.

$IcHO, 9TO OCTPOEHHBLIC KPUBLIE IOIAPHO He 3alleIlICHbL.
Cresyrolnee 10Ka3aTeIbCTBO OCHOBAHO HA TIOHIATHU BYHOAMEHMAaAbHOT 2pynno. (CM., Ha-
npumep, [Sk, . 10.5]; apyroe goKazaTeanCTBO IPUBEIEHO B 1I. 2.5).

Jloxaszamenvemeo wepacuenasemocmu 6 npumepe 2.17. Obosuaunm yepes S u S’ mepByio
u BTOpyIlo Kpusyio. I'pynma 71 (R3 — S — S) uzomopdna cBoboanoii rpymme ¢ aBymMs obpa-
sytomumu. [lapasurens u Mepuanan Topa (MIPOU3BOJILHO OPHUEHTUPOBAHHBIE) TIPEJICTABIISIOT
[EPBYIO U BTOPYIO 00Pa3yIoIiue, COOTBETCTBEHHO. T PeThst KpuBast MPEICTABIACT UX KOMMY-
raTop. Tak Kak OH He paBeH eIWHMUIIE, TO e HEBO3MOXKHO cramuTh ¢ S U S'. QED

Analogously, for each r one can construct r curves such that each subset of r — 1 curves
is unlinked, while all the r curves together are linked.

2.18. B TpexMepHOM IPOCTpPAHCTBE CYLIECTBYIOT Helepecekalommecs Kpusbie S, S’ ne
[IepeCceKaIoIne CTaHIAPTHLIA TOp, /s KOTOPBIX

e S He 3aleIlIeHa 110 MOLYJIIO 2 ¢ MEPHIMAHOM TOpa, a S’ — ¢ HapaJlIesblo;

e S 3allelyieHa [0 MOJLYJIIO 2 ¢ HapaJlIeIbio Topa, a S’ — ¢ MepuInaHOM.

(Cmandapmmvim mopom HasbiBaeTcs (urypa, obpasoBaHHAs BpAIEHHEM OKPYKHOCTU
(r —2)? + y? = 1 Bokpyr ocu Oy.)

Cnenytorue jgemmbl 2.19 u 2.31 o koabiax Boppomeo ucnonb3ytoress Toabko B 1. 4.10.
OrmpesiesieRne KycouHo-AUHETH020 8A0MHCEHUSA 2-KOMILTEKCa B R™ aHAJOIUYIHO JTAHHOMY B II.
2.1 nis rpados.

Jlemma 2.19 (o kosmbnax Boppomeo). (a) B mpexmeprom npocmpancmee danv KYycowHO-
AUNHETIHO 8.A02CEHNBIE MOP U Henepecekarouwueca Jucku D, D', daa xomopuix

e D’ ne nepecexaem napasneau, mopa, a D — mepuduana,

e 0D sauenaeno no modyaro 2 ¢ naparieavio mopa, a OD' ¢ mepuduarom.

Tozda aubo 0D, aubo OD' nepecexarom mop.
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(b) B mpexmeprom npocmparcmee danv KYCOUHO-AUHETHO BAOHCEHHDIT MOP U KPUBDHLE
S, S, nepecexarowuxcs posho 6 00HOl Mouke, OAA KOMOPHIT BLINOAHEHDL 4 CB0UCMEA U3
sadavu 2.18. Tozda mop nepecexaem obsedurerue KpUGHLT.

Ecau 661 B myrkTe (a) Hu 0D, Hu 0D’ He nepecekayn Top, TO KpuByto X Ha TOpe, 6113
KyIO K TPaHUIle KBapara, MOJYIeHHOTO U3 TOpa pa3pe3aHneM 0 TapaJjijiel U MepPUIIaHy,
MOZKHO ObLIO ¢TaHyTH ¢ 0D UJD’ 110 Topy. Ho 5T0 HEBO3MOXKHO aHAJIOIMYIHO J0KA3ATEILCTBY
HepacrterisieMocTu B npumMepe 2.17. Urak, myHKT (&) MOKA3bIBAET, UTO MEpecevdeHre Topa ¢
oIHEM U3 KoJjiel, Boppomeo B nmpumepe 2.17 He caydaiiHo.

HokazaresbeTBO MyHKTa () IMpejjiaraeM JUTATeN0 3aBePIINTh CAMOCTOITebHO. JloKa-
3aTebCTBO MyHKTa (b) aHAJIOMMYHO, HO UCHOJb3yeT TeopeMy CTOJUIMHICA O HUXKHEM IeH-
TpasibHOM psizie rpymmbl, cM. [FKT94, Lemma 7.

2.5 Massey-Milnor number modulo 2

For proving that the curves in Examples 2.17 and 2.14 are linked we need the following
notions which are interesting in themselves.

A Seifert chain of curve a is a finite collection S of triangles in space such that

e cach side of a is the side of exactly one triangle from S;

e cach segment that is not a side of a is the side of an even number (possibly, zero) of
triangles from S.

An example can be obtained from a singular cone A x a for any A. Cf. [Pr95, §3|.

The support |S| of a Seifert chain S is the union of its triangles.

Let a and b be disjoint curves. A Seifert chain S of a is in general position to b if b
intersects any triangle from S by a finite number of interior points. Below we tacitly assume
that Seifert chains are general position Seifert chains. Define the intersection of S and b by

SNb:=>Y |AND| € Z,.

AeS

2.20. (a) The following conditions are equivalent:

e curves a and b are not linked modulo 2;

e there is a Seifert chain of a intersecting b by 0 € Z,

e cach Seifert chain of a intersects b by 0 € Zy

e there is a Seifert chain of a whose support misses b.

(b) If curve a is not linked modulo 2 with each of curves b and ¢, then there is a Seifert
chain of a whose support misses b U c.

Let ay, as and ag be curves in space pairwise not linked modulo 2. By Problem 2.20.b there
are their Seifert chains Sy, Sy and Ss such that |Sk| N (agy1 U agsz) = 0 for each k =1,2,3
(here and after Problem 2.23 numbering is modulo 3). Moreover, we may take Seifert chains
in general position, i.e. so that A; N Ay N Ag is either empty or a point for each triangles
Ap € Sk, kK =1,2,3. The curves aq, as, as are linked modulo 2 if the number of intersecting
triples (Ay, Ay, Ag) is odd:

Z |A1ﬁA2ﬁA3‘:1€Z2.
ARLESE, k=1,2,3

2.21. (a) Assuming that being linked modulo 2 is well-defined, prove that the Borromean
rings (Fig. 17) are linked modulo 2.

(b) Assuming that being linked modulo 2 is well-defined, find out if the curves in [Pr95,
Figure 3.17] are linked modulo 2.
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(c) Being linked modulo 2 is well-defined, i.e. is independent of general position S, Sa
and Sj.

(d) How does being linked modulo 2 depends on permutations of three curves?

(e) The property of being linked modulo 2 is preserved under piecewise linear isotopy.

2.22. Let S; and S be Seifert chains of curves a; and ay such that |S7|Nay = [Sa|Na; = 0.
Assume that S; and S, are in general position, i.e. that A; N Ay is either empty or a non-
degenerate segment each triangles A; € 57 and Ay € Sy. Define S1N Sy := {A1NAy : A €
S1, Ay € S5} to be the collection of such intersections. A 1-cycle is a collection of segments
such that each point is the side of an even number (possibly, zero) of segments from the
collection. The property of being linked modulo 2 for cycles is defined analogously to §2.2.

(a) S1 NSy is a 1-cycle.

(b) Three curves ay, as, az in space pairwise not linked modulo 2 are linked modulo 2 if
and only if a3 is linked modulo 2 to the 1-cycle S; NSy, for some (or, equivalently, for any)
general position Seifert chains S; and S5 as above.

Analogously one can define and use the property of being linked modulo 2 for r curves.

2.6 Massey-Milnor and Sato-Levine numbers

2.23. Let a and b be disjoint oriented curves.

(a) Define an oriented Seifert chain using Figure 19. Define the intersection of b and an
oriented Seifert chain S, of a.

(b) Ik(a,b) = S, Nb.

(c) Ik(a,b) = 0 if and only if there is an oriented Seifert chain S of a whose support
misses b.

(d) If ¢ is a curve disjoint with a Ub and lk(a, b) = lk(a, c¢) = 0, then there is an oriented
Seifert chain of @ whose support misses b U c.

Puc. 19: Agreeing orientations

Let aq, as, az be oriented pairwise disjoint curves in space such that lk(ay, agy1) = 0. By
Problem 2.23.b there are their oriented Seifert chains S, Sy and S5 such that |[Sk| N (ag1 U
agr2) = () for each k = 1,2, 3. Moreover, we may take Seifert chains in general position, i.e.
so that A; N Ay N Ag is either empty or a point for each triangles A, € Si, k =1,2,3. The
Massey-Milnor number p(ay, as, az) is the sum of signs of such oriented intersections:

play, as,az) == Z sign(A; N Ay N A3) € Z.

ARESE, k=1,2,3

2.24. (a) Assuming that the Massey-Milnor number is well-defined, find it for certain
orientation of the Borromean rings and for three curves from [Pr95, Figure 3.17].

(b) p(ay, as, az) is well-defined, i.e. is independent of general position Sy, S and Ss.

(c) Give an example of three curves whose Massey-Milnor number is greater than 5.

(d) How does the Massey-Milnor number depend on the permutations of three curves?

(e) How reversing the orientation of either of the curves changes the Massey-Milnor
number?
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(f) How taking the mirror image changes the Massey-Milnor number?
(g) The Massey-Milnor number is preserved under piecewise-linear isotopy.

Let a and b be oriented curves in space such that lk(a,b) = 0. By Problem 2.23.b there
are their oriented Seifert chains S, and S, such that |S,| Nb =0 = aN|S,|. We may assume
that S; and S, are in general position. Then by Problem 2.22.a S, NS, is a l-cycle. Its
segments have a natural orientation (define!). Let o’ be the shift of S,N Sy along S, (define!).
The Sato-Levine number of a and b is

sl(a,b) := 1k(S, N Sy, a’).

2.25. (You may start with mod 2 analogue.)

(a) Assuming that the Sato-Levine number is well-defined, find it for the Whitehead link
(Fig. 17.b) and for [Pr95, Figure 3.16].

(b) sl(a, b) is well-defined, i.e. is independent of general position S, and Sj.
(c) For each even n there are oriented curves a and b such that sl(a, b) = n.
(d) Is sl(a, b) = sl(b,a)?
(e) How reversing the orientation of either of the curves changes the Sato-Levine number?
(f) How taking the mirror image changes the Sato-Levine number?
(g) The Sato-Levine number is preserved under piecewise linear isotopy.
(h) Prove or disprove: sl(a, b#c) = +2u(a, b, c).
2.7 3alleljieHHOCTh B MHOI'OMEPHOM IPOCTPAHCTBE

Omnpenenente (kycouno-aunetnot) uzomonnocmu B R™ anansornano nanaomy B 2.2. Henepe-
cekaroruecsd o0beKThl B R™ 3auensernl, €Cim OHE He M30TOIHBI TAKUM, KOTOPBIE COICPKATCS
B HellepeceKaloNuXcs Iapax.

2.26. (a) Ecim 6 Bepimun 1Byx TpeyroibHukos B R Haxoaarcs B o6IIeM MOJIOKEHUH, TO
KOHTYD IIEPBOTO HE Ie€peceKaeT BHYTPEHHOCTH BTOPOTO.

(b) Jliobas xpusas B R? usoronma crangapTHOiL.

(c) JTrobwie nBe xkpusble B R? He 3aneriensr.

(d) O6beaunenue MmoOLIX ABYX KpUBLIX B R nzoTonno crammpaprHoMmy.

TpeyronbHuk u TETpas/Ip B R4, 7 BEpIINH HAXOISITCs B ODIIEM IIOJIOYKEHHH, HA30BEM
3AUENAEHHBLMU N0 MOOJYAI0 2, €CTIN TPEYTOJBHUK IIepeceKaeT MOBEPXHOCTH TeTpasdIpa POBHO
B OJIHOI TOYKE.

2.27. (a) [IpuBeure nmpuMep TPEYTOJIbLHUKA U TETPAdIPA, 3alEIUICHHBIX 110 MO0 2 .
(b) Moryr it TpeyroJgpbHUK W MMOBEPXHOCTH TETPa’pa B R* nepecekaTbcs poBHO B 3
TOYKaX?!

2.28. O6oznaunm uepe3 T u A BbIlTyKJible 060JI0MKH TpeyrobHuKa 1 TeTpas3ipa B R, a
depe3 0T u OA — UX KOHTYD U IIOBEPXHOCTh, cooTBercTBeHHO. CIieyiomue yegoBusi PaBHO-
CUJIBHBL:

(1) [T NOA| =1, T.e. TPEYTONBHUK U TETPA3D 3aIEILIEHBL.

(1) |0T NA| = 1.

(2) |T N OA| megerHo

(27) |0T N A| megerno

(3) mrockocTh TpeyrosibHEKa Jub0 He mepecekaer A, ymbo mepecekaeT A 110 OTPe3KY,
OJIMH KOHEIT KOTOPOro JIeKUT B 1, & Ipyroit — HeT.

(37) rumepruiockKocTh TeTpasjpa gubo He nepecekaer T, b0 nepecekaer T Mo OTPE3KY,
OJIMH KOHEIl KOTOPOI'o JIEXKHUT B A, a JIpyroif — Her.

(4) Tlpsaimas [ mepecevyeHust MJIOCKOCTH TPEYTOJbHUKA ¥ IHIEPIIOCKOCTU TeTpasjipa Iie-
peceKaeT KaxK/plii U3 HUX 10 [Iape TOUeK U 9TH Hapbl YePejyloTcs Ha MpsMOoif [.
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Ioauadparvrot (uau kycowno-aunetno 6a0otcernnot) cepoti B R™ HazbiBaeTCst KOHETHOE
CBA3HOE BJIOXKEHHOE CEMECTBO TpeyroibHUKOB B R™, 711 KOTOPOTO

® JIJTsl KaXKJI0W BEPIITUHBI U OJTHOTO U3 TPEYTOJLHUKOB MHOXKECTBO BCEX TPEYTOJHLHUKOB Ce-
MeCTBa, ee cojiepKariux, obpasyer ‘nenouky’ {v, ai, as}, {v,as, a3} ... {v,a,_1,a,}, {v,a,, a1}
JIJIST HEKOTOPBIX MONAPHO PA3IUIHBIX BEPIIUH G, . . ., (, TPEYTOJbLHUKOB CeMEHCTBA.

oV — E+ F =2 nna koyimdecTB F' TpeyroJibHUKOB, V' uX BepiuH U F UX CTOPOH.

2.29. (a) Onpeesiure 3aleIIEHHOCTD 10 MOJIYJIIO 2 JIJIS HEIIEPECEKAIOMXC KPUBON 1
nosmapaabHoit cdepnr B R,

(b) CymecTByIoT 3allellIcHHbIe KpuBas 1 HoJu3/paibHas cdepa B RY.

(¢) Omnpenenure Ko3hGUIMEHT 3allenIeHusl J1JIs HellepeCeKaroIMuXcst OPUEeHTHPOBAHHBIX
KPUBOII I TOJII3ApabHoit cepsl B R

IIpumep 2.30. (a) B R? cywecmeyiom nonapro nenepecekaowueca Kpucas, noiusdpaiy-
HaA chepa u noAuIOPaILHAA chepa, u3 Komopwuix Aobvie dea obsexma 6e3 MPemvbe20 MOHCHO
PACTNAUWUMD 6 HENEPECEKAIOULUCCA ULAPDL, G BCE MPU BMECTNE — HEALIA.

(b) Cywecmeyrom sauenaernnvie Kpueas u noausdpasvnas chepa 6 R, xoasdduuyuenm
3AUENACHUA KOMOPOLT PAGEH YA (NPU 4100017 0PUEHMAUUL).

(c) (Artin, 1925) Cywecmeyem saysaennas noausdparvhas chepa 6 RY.

(d) (Rolfsen, 1975) Cywecmesyrom dee 3auenaentvie HE3aY3AEHHbE NOAUIOPANLHDIE CHe-
pre 6 RY. (Hx xospuvuenm sauenaenus pacen myao, ubo npuHuMaem 3HAUeHUs 6 2pYnne

Hy(RY — f(5%):2) = 0.)

JIlemma 2.31 (o kosbiax Boppomeo). B wemuwpexmeprom npocmpancmee damnv, KYycouHo-
AUHETHO BAOHCEHHBIT MOP U HENEPECEKANWUEC NoAUIOpasvHbe chepv, S,S’, das Komopoix
sunoAHeHbL ceoticmaa u3 3adayu 2.18. Tozda mop nepecexaem obsedunerue cphep.

OTa JIeMMa JJOKA3bIBaeTCsd aHAJIOrn4HO jJeMMe 2.19.b.

2.32. [l m06bix Jin 3 u3 4 cBoiicTB 3a/1a4u 2.18 B 4e€THIPEXMEPHOM IIPOCTPAHCTBE CYIIEe-
CTBYIOT TIOIIAPHO HENEPEeCceKaloNuecs KyCOYHO-JTUHENHO BJIOYKEHHBIN TOP U MOJUIIPAIHHBIE
cepnt S, S’ I KOTOPBIX BBIOJHEHBI 9TU 3 CBOHCTBAT

2.33. (a) Oupejenure 3aEIIEHHOCTD 110 MOJLYJIIO 2 JIJI JIBYX HEIEPECEKAIOIIUXCS TIO/IH-
sapaababx cdep B RO,

(b) CymiecTBytoT JBe 3alelieHHble Toau3apaibibie cdepbl B RS,

(¢) Onpenenure KO3 (DUIMEHT 3alleIUIeHUs Il JBYX HEePEeCeKAIOINXC s OPHEHTHPO-
BaHHBIX MOIM3IPAJIBHBIX cdep B RO,

(d)* Ecoin koaddurpenT 3amnenienust IByX HEIEPECEKAIONIIXCS TOJUIPATbHBIX cdep B
R5 papen HyJo (IIpU HEKOTOPOi OPUEHTAIMK), TO 3TU cdepbl He 3allellIeHbL.

(e)* JTrobast mosmsapanbubix cepa B R® u3oronna crangapTHOIL.

2.34. (abede) CopmymupyiiTe u joKazKUTe AHAJIOT TIPEIBLIYINEH 380891 JJIsT N-MEPHIT
noausdparvuuir cep B R
Teopema. /s mrozoo6pasus N o6osravum wepes E™(N) mmoorcecmso eaooceruts N —

R™ ¢ mownocmwio do uzomonuu.
(a) Omobpasicenwue 1k : E?*" (ST 1 ST) — Z saseasemea buexyuets npu n > 2.

(b) Habop nonaprwiz xosdduyuenmos sayenaernus E*H(SPUSTU---USP) = Z
ABAAEMCA buexyuet npu n > 2.

(c) Ecau Ny, ..., Ny — n-meproie MH02000pasus, cpedu Komopur k 3aMHYmMuLT, mo npu
n > 2 cywecmeyem buexyua E*"TH Ny U Ny U -+ U N,) — 7

B Boicmiux pasmeproctsx cymecrsytor [Sk08, §3|, [MA] u 3aysnennsie cepnr S™ C R™,
u anajiorndubie npumepam 2.17 u 2.30.a ‘kosbiia Boppomeo’

SUS3US? ¢ R?, S2uS?us® c RS, Stusiust c R, S2usPust c RS, SPLS3Ls?® ¢ RS.

k(k—1)
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2.8 HMaBapuant Ban Kamnena 3ay3jieHHbIX rpadosB

Hpa Baoxkenust f,g : N — R™ Ha3bIBAOTCS (KYCOUHO-AUHETHO 006EMALMO) USOMONHbLMU,
€CJTH CyIIECTBYeT TaKOi KycOdHO-JInHEHHbIH ToMeomopduam F': R™ x [ — R™ x I, urto

(i) F(y,0) = (y,0) mas moboro y € R™,

(i) F(f(x),1) = (g(x),1) msa moboro x € N, u

(i) F(R™ x {t}) =R™ x {t} pms smoboro t € I.

Dot romeomopdusm F' HasbiBaercs (obbemitonieit) nzoronueit. (O6bemitionieit) n3oro-
nueit Takzke HazbiBaoT romororuio R X [ — R™ uiu cemeiictBo orobpaxkenuit Fy : R™ —
R™, oueBUHBIM 00pa30M MOPOXKJIEHHbIE OTOOparXkeHueM F'.

Kpurepuit uzoronnoctu. Baoswcenus f,g @ G — R? epada 6 naockocmov usomonmw
mozda u moavko moeda, xkozda uxr uneapuarmo, Ban Kamnena cosnadarom.

Puc. 20: Paznuanabie Bioxkenns rpada B IJIOCKOCTD

Nusapuant Ban Kamuena onpejesien najiee B 3roM naparpade.

CymecrBytor u 6oJiee mpoctbie Kpurepun uzororntocru [Sk05]. B ormmane or vux, npu-
BeJIEHHBIN KpuTepuii 0000IaeTcs Ha cTapiime pasMepHocTH (3a71a4da 2.39); 9TUM OH U UHTe-
pecen. Cu. takzke [Pe08].

g snoxenua f : G — R? onpenemnm rpynmy H ;(@) (obmenpunsiTOE 0603HAUEHUE:
HY(G*; Zr)) n unsapuant Ban Kanmena Uy(f) € HY(G). s 9T0ro sa/1a/11M OpHCHTAIIMIO
Ha IJIOCKOCTHU U HallpaBjieHHs Ha pebpax rpada G.

CoeananM 0b6pasbl BepiinH rpada JoMaHoit L.

Bosbmem Bepriuny a u pebpo be rpada G, opuenTupoBanuoe ot b K ¢, a € {b, c}.

Eciin jlomanas L jiexkuT Ha TpgMoil, TO ompeieanM mnosyrenoe ducio w(f, L)gxpe Kak
KOJIMYECTBO 0OOPOTOB BEKTOPA ¢ HAYAJOM B BepiiuHae f(a) U KOHIOM, IpoOeraionmmM pedpo
f(be) ot f(b) x f(c). D10 UMCaO HEe OyAET MEJBIM B TOYHOCTH TOrJa, Korja f(a) exur
mexiy f(b) u f(c) va nomanoit L.

[IycTh Teneps jiomanas L nipounsBosibHa. [locTponM opueHTHPOBAHHBIHN ITUKJI, 00pa30BaH-
HbIit pebpom f(be) u yaactkom somanoit L ot f(c) mo f(b). Ecoim f(a) nexur mexmy f(b)
u f(c) na jgomanoit L, To Bo3bMeM IpsMosuHeiHble orpe3kn a, f(a) n f(a)a_ momanoit L,
He cojiepzKaliue o6pa3oB Bepiiud rpada G, OTINIHBIX OT . 3aMEHUM B 3TOM IUKJIE IYTh
as f(a)a_ wa orpe3ok aya_. Oupenenum w(f, L)axpe KAK KOJHIECTBO 0O0OPOTOB BEKTODPA C
HaJaIoM B BepiiuHe f(a) U KOHIOM, TIPOGErafoIuM 3aMEeHEHHBIN TTHKJI.

Ananornano onpeaeauM w( f, L)pexq-

2.35. (a) Hug moboit Beprmabl a u pebpa be rpada G, a & {b, c}, umeem w(f, L)oxpe =

w(fv L)bcxa-
(b) st sirobbIx Hemepecekaroruxcst pebep ab u cd rpada G uveem

W(f, L)axcd +w(f, L)abxa + w(f L)pxde +w(f; L)paxe = 0,

vie wW(f, L)axys .= —w(f, L)oxzy 8 W(f, L)yoxs = —w(f, L)syxz, €cm pebpPo 2y OPHEHTUPO-
BaHO OT 2 K Y.

[TocTpoum HOBBII rpad G. Bepmunsr rpada G — mapel a X b, rime a u b — pazauaHbIe
Bepiiunbl rpada G. Bepiuna a X b coeuaena pedbpoM ¢ BEpIINHOM a X ¢, ec/in b 1 ¢ coeInHEeHbI
pebpom B ucxonnom rpade G. Ananorndno b X a u ¢ X a coejunensl pebpom, ecin b u ¢
coeqmHeHbl pedpoM. pyrux pebep B rpade G Her.
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2.36. (a) Eciiu G — 1nukJt ¢ Tpemsi BepIIMHAMU, TO G— IIUKJI C MIECTHIO BEPIIUHAMU.

(b) Eciiu G — tpuon, t.e. rpad ¢ derbipbMs Beprmuaamu 0,1,2,3 u pebpamu 01,02,03, To
G— OKPYZKHOCTD C JIBEHAIIATHIO BEPITMHAMU. R

(c) Ecim a X b u b x a coeunensr myreM B rpade GG, TO CyMMa [MOCTaBIEHHBIX MOJIYIEIbIX
qnces Ha pebpax 9TOro IyTH He sIBJISeTCs IHEJION.

Bosbmem Ha pebpe (a X b, a X ¢) HalpaBJ/ieHre, COOTBETCTBYIOIIee HAIIPABJIEHUIO Ha pebpe
be. O6o3HaunUM 1OCTPOEHHYIO paccTaHOBKY duced w(f, L)axpe 1 W(f, L)pexq Ha (OpueHTHPO-
BaHHBIX) pebpax rpada G gepe3 w(f, L).

Omupenenum asemenmaphyto koepanuyy 0(a X b) BepIMHBL a X b KaK PacCTAaHOBKY YHCE]T
+1/2 na pebpax rpada CA?, BXOJIAINX B a X b, ancen —1/2 Ha pebpax, BHIXOJSIINX U3 @ X b,
u 0 Ha ocTaabHbIX. ONPEETUM 2AEMEHMAPHYI CUMMEMPUYHYIO KOZPAHULY BEPITHHBL ¢ X b

Kak d5(a x b) :=d(a x b) + (b X a).

Puc. 21: Iamenenue npensgTcTByIoONeil pacCTaHOBKU. 3aMEHUTh a4, HA .

2.37. (a) Ilycre somansie L u L', coepmusiomue obpasbl Bepmus rpada G, oramda-
IOTCS TeM, YTO BEpINUHBI ¢ U j, i < j, moMeHsuin Mecramu. CM. pucyHOK 21(a), Ha KO-
TopoM m300pazkeHa JoMmaHast L', a He pebpa rpada G; jgomanas L Ipeanoaraercs ropu-
sorTasbHOi. Ha jomanoit L Bepriumubl umesnn mopsyiok (1,...,n), a Ha jgomanoii L' 1o-
psinok Beprwd (1,...,6 — 1,564+ 1,...,5 — L,4,5+1,...,k). Torma w(f, L") — w(f,L) =

> (£6s(g x i) £ I5(g X 7)), Tae 3HAKK IUTIOC U MUHYC BBIOUPAIOTCS HE 00SI3aTEILHO COTJIa-

1<q<j
COBAHHO.

(b) Ilycrs pebpo (i, + 1) jomanoit L 3akpyTHIN N-KpaTHO BOKPYT myTu i + 1,..., k u
nostyanym jgomanyto L. Cum. pucynok 21(b). Torma w(f, L) — w(f, L) = > nds(i x q).

1<q
(c¢) Haitnmure w(L') — w(L) mas u3MeHeHnsT JTOMaHOM, H300pazkKeHHOro Ha pucyHke 21(c).
(d)* TIyers gy ommoro Bioxkenus f : G — R? nocrpoenst ase jomanbie L u L/, co-
enuHstrormue obpasel BepimH rpada G. Torma pasuocts w(f, L) —w(f, L) asagercs cymmoii
9JIEMEHTAPHBIX CUMMETPUIHBIX KOIPAHUII C [EeJLIMU Ko duIeHTaMu. Y KasaHue. AHAIOTnY-
HO cJiydalo npenstctBug Ban Kammena.

HazoBeM paccTaHOBKE Wi U Wo KO20MOA0UNHBLMU, €CITH W1 —Ws ABJIACTCA CyMMOI 3/1eMeH-
TapHBIX CUMMETPUYHBIX KOTPaHUIL ¢ HesbiMu Kodddunentamu. Onpenesnm rpynny Hl(G)

39



KaK I'PYIIy PACCTaAaHOBOK, Y/IOBJCTBOPSIONINX YCJIOBUAM U3 3aj1a4 2.35.ab u 2.36.¢, ¢ TouHO-
cThIO /10 KoromoJiormaroctn. Omnpenenum naBapuanT Ban Kammena kak

Us(f) = [w(f)] € HY(G).

KoppekTHocts omnpejienenust BoiTekaer u3 3agadn 2.37.d. HeobxomumocTs B Kpurepun uso-
TOIHOCTH OYeBUIHA. [[JIs1 TOoKa3aTeIbCTBa JOCTATOYHOCTH 110 TeopeMe Makieitia- 9 iKnccona
006 u30TONMHOCTH BJIoXKeHUH Tpada B mwrockocThb [Sk05| ocTaercst permmuTh creayonyo 3a1a4dy.

2.38. nBapuant Ban Kamnena paznnyaer BiIoKeHus
(a) OKPY2KHOCTH B IJIOCKOCTH, OTJIMYAOIIAECS OCEBON CUMMETPHEIA.
(b) Tpuosa B MJIOCKOCTH, OTJINIAOIIMECS IEPECTAHOBKOI JIBYX U3 TPeX ero pebep.

2.39. (a) lna rpada G onpenemure unsapuarnm Ban Kamnena U(f) € H*(K*;Z) Bo-
xenus f 1 K — R3.

(b) dna n-mepuoro kommtekca K onpenenmre uneapuanm Ban Kamnena U(f) € H*"(K*;Z)
Baokenua f : K — R+

(¢)* Ecmm n > 2 u U(f) = U(g), To BioxkeHnst f U g N30TOIHBL

(d)* dyst n > 2 cymiecTByeT aJropuT™M paclo3HABAHUS M30TONHOCTH JIMHEHHBIX BIIOKE-
Huit n-kommiekca B R?"1.

YkKazaHUus 1 peaieHnsd K HEKOTOPbIM 3aJda49aM

2.1. (a) 5 TOUEK MOXKHO IPUBECTH B 00IIee TOJOKEHIe, He U3MeHsIs HU OJIHOTO M3 PaccMar-
puBaembIx cBoiicTB. By hypothesis, the number of intersection points of segment 12 and the
outline of triangle 345 equals to the number of intersection points of interiors of segments
joining the points. This is odd by the Intersection Property 1.1.

2.4. (b) G — nuk gauHBL 4.

2.6. (a) One triangle inside the other in the plane.

2.7. Recall that XY Z is the 2-dimensional (closed) triangle XY Z. Denote by (XY Z)
the outline of a triangle XY Z and by (XY ZT) the outline of a tetrahedron XY ZT.

(a) Assume that a pair of points A, A" is in general position to (a,b) (define!). Then

> (IAMN OB+ |AMN b)) = > [d(AAMN) N bl = 0.
MN 2 MN 2

Here the summation is over edges M N of a. The third congruence follows by the Parity
Lemma 1.25.b.

(b) Assume that a pair of points A, B is in general position to the pair of curves a and b
(define!). Then

S JAMN b = ) [AMN N PQ| = > |AMNNO(BPQ)|

MN MN,PQ MN,PQ

2

2

> |0(AMN) N BPQ) = ;; la N BPQ).

MN,PQ

Here the summation is over pairs of edges M N of a and PQ of b. The second congruence
follows because

e cither AMN N BPQ = (), then AMN No(BPQ) = d(AMN) N BPQ = ),

e or AMN N BP(@ is a non-degenerate segment, which has 2 endpoints, so
|AMN No(BPQ)| = |0(AMN) N BPQ).

The last congruence follows analogously to the first equality and the first congruence.
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(c) Use the Projection Lemma 2.8.

2.9. For general position piecewise linear isotopy (define!) the assertion follows by the
Parity Lemma 1.25.a. Piecewise linear isotopy can be decomposed into general position
piecewise linear isotopies.

2.19. (a) Tak kak gucku D, D’ KyCOUHO-JIMHEHHO BJIOXKEHBI U HE [IEPECEKAIOTCsI, TO 3aIlell-
aenue D LIOD' uzoronno crangapraomyto [Tostomy rpymma i (R?* — 0D 110D') uzomopdna
cBOOOIHOI TpyIme ¢ aAByMst obpasyrommumu. Tak Kak mapaJjuiesib Topa He nepecekaer D' u
3alerieHa mo Moaysto 2 ¢ 0D, To mapaJjiensb IpeICcTaB/IsieT HeYeTHYIO CTeleHb OJHON u3
obpasytonux. AHAJOTHIHO MEpPUINaH TOpa MPE/ICTABISIET HEIeTHYIO CTelleHb JPYroit oOpa-
gytoreit. O6o3uaunM Yepes3 S KPUBYIO HA TOpe, OJTM3KYIO K I'PAHUIE KBAJIPATa, IOy IeHHOTO
U3 TOpa pa3pe3aHueM 1o napasuieaun u Mmepuanany. OKpyKHOCTb S PEJICTAB/ISICT KOMMYTa-
TOP 3TUX 00pa3yONNX, KOTOPHI He paBeH exnnniie. Ho S romoromnHa Hysio B Tope. [losromy
OH 1epecekaer 60 0D, mubo 0D’

2.12.ac, 2.13.abc. Analogously to the mod 2 case.

2.30. PaccmoTpuM (mocTpoenHbie panee) Koublia Boppomeo B R3. Pacemorpum R? xax
runepiiockoets B RY. TlocTpouM ase nenepecekatomuecs cdepbl B R?, KoTopbie nepecexaror
CUIEPIIOCKOCTD 110 IEPBOMY U TI0 BTOPOMY 3 KOJIeIT BoppoMeo, COOTBETCTBEHHO. DTHU JIBE
chepsl BMecTe ¢ TpeThUM KOJIBIIOM BoppoMeo — MCKOMBIE.
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3  VYcroitdymBOCTh caMollepecedeHunii rpadoB Ha IIJIOCKOCTH

3.1 AnmpokcuMupyeMoOCTb IIyTeil BJIOXKEHUSIMU

HadgmeMm ¢ HalvVIAJHbIX 3a/a4, IMOACHAIOIINX HpO6H€My AIIMIPOKCUMUPYEMOCTHU BJIOZKECHUAMMU.

Cu. [Mi97], [RS96, §9], [CRS98, §4], [RS98, §1], [ARS02, §4].

3.1. (a) OXOTHHUK IyJIsIeT IO JIECHOM JIOPOXKKE, UMeOIel (hOpMy HPSIMOIHHERHOTO OTPe3-
ka (mymubl 1 kM), [Ipr 95T0M OH MOKET MeHsITh HallpaBJieHne cBoero npmxkenus. OH BesieT Ha
HOBOJIKE JIUHON 1 M cobaky (T.e. paccTosiHue MeXKLy COOAKON U OXOTHUKOM HE IMPEBOCXOJIUT
1 m). JlokaxkuTe, 9TO HE3ABUCUMO OT JIBUKEHHsI OXOTHHKa CODAKA MOYKET JBUIATHCHA TaK,
4TOOBI HE IEPECEKaTh CBON CJIE,

(b) To ke mist gopoKKU B hopMe OKpyzKHOCTH (pajmyca 1 KMm).

(c) JIBa oxorHuKa TpoILIn (pABHOMEPHO He MeHslsl HAIpaBJIeHUsl, B OTJIMYHe OT & U b)
0 IIPSIMOJIMHEAHBIM JIOPOKKAM, IEPECeKAIOMUMCS M0 IPAMBIM yIJIOM B TOYKE, OTCTOSIIECI
OT KaXKJIOro M3 X KOHIOB Ha 1 KM (puc. 22, Ha koropoMm f([1) u f(Iy) — myTu OXOTHUKOB).
Kazk 1prit 3 HuX BeJl Ha IMOBOJIKe JTHHBI 1 M cobaky. /JlokaxkuTe, 9To 0/iHa cobaKa repecekasia
cJebl APYrou.

f(l2)

()

Puc. 22: TpancsepcaibHoe 1iepecedenne He allpOKCUMUPYEMO BJIOYKCHUSIMU

3.2. (a) OxoTHEK (pABHOMEPHO He MeHsisl HAIIPABJIEHUS) JBUIAJICS 10 JIECHON JOPOXKKE
B (bopMe OKPY?KHOCTH JaMeTpoM 1 KM, ciesas gsa obopora. OH Bel Ha IOBOJKE JUIHHOM
1 M cobaky, KoTopasi B KOHIIE JIBUZKEHUsI BEpHYJIaCh B UCXOAHYIO TOUKy. Jlokazkure, 4T0
cobaka 06s3aTeIbHO TIepecekalia CBOM ciiejl (B HEKOTOPBIi MOMEHT BpEMEHH, OTJIMYHbIH OT
KOHEJHOTO).

(b) Bepho i (a) 6e3 MpeIIoNIokKeHnsT O TOM, 9TO cOOAKa B KOHIIE JIBUYKEHUsT BEPHY/IAChH
B UCXOJIHYIO TOUKY !

(c) Jokakure aHasor (a) mis caydas, KOTJIa OXOTHHK Ceaasl mpu 0bopoTa.

(d) Jys kakoro wmesia 060poToB B (&) cobaka 06s3aTe/IBHO IepeceKaia CBOi coes’?

[Tpusenem dopmasbhbie omnpenenennsa. Oboznaunm depes [ := [0, 1] orpe3ok u depes
St:={z € C : |z| =1} oxkpyxuocTb. Bece 0TOOpazkeHHsl CIUTAIOTCA HEIPEPLIBHBIMH, €C/II
HE OroBOPEHO IpoTuBHOE. BiipoueM, peaabHO ¢hOPMYIUPOBAHHBIE 33/1a4U Oy/IyT U3yIaTbCs
JUTSL KYCOUHO-AUHETNHLT BIOXKEHU. Baooicenuem HasbiBaeTcs n3obpazkeHue 06€3 camorepe-
ceuenuil (mwin, GopMaILHO, HENPEPBIBHOE MHBEKTUBHOE 0TOOpAYKEHNe, ec/in Mbl paboTaeM ¢
KoHeuHbLMU TpadaMu Il 2-TI0JUIPAMA ).

[Iyts ¢ : I — R? Ha IIOCKOCTH HA3LIBACTCH ANNPOKCUMUPYEMBIM GAONHCEHUAMU, CCTII
CYIIECTBYET CKOJIb YIOJIHO OJIM3KMIT K HEeMy IyThb 0e3 camorepecedenwuit. Vmm, dopmasibho,
ecim g joboro € > 0 cymecrsyeT Takoe Biaoxkenue f : I — R2 uro paccrosume Mexiy
toukamn f(z) u ¢(x) Menbine € st 060 ToUKH * € . AHAIOTHYHO ONpPEETIAeTCs all-
IPOKCUMHUPYEMOCTD BJIOXKEeHHAMI yukaa @ : St — R? 1 1azke IpOU3BOILHOIO OTOOPasKeHHsT
¢ : G — R? rpada G.

Ctporue dhopmyauposku 3a1ad 3.1 u 3.2.a TaKOBBI:

e ccim obpazom p(I) mytu ¢ : [ — R? gpiagercss 0TPe30K UM OKPYKHOCTh, TO 3TOT IyTh
AIMMTPOKCUMUPYEM BJIOZKEHISIM;

42



e TpancBepcasbHoe nepecedenne ¢ : Iy L I, — R? (puc. 22) He allpOKCUMEPYeMO BJIO-
JKEHUSMU;

e xommosmud ¢ : ST — S C R? nByKpaTHO# HAMOTKH M CTAHIAPTHOTO BKJIIOUCHHA HE
AIIIPOKCUMUPYETCsT BIIOYKEHUSIMU.

Puc. 23: [losgakn 1 TPOIUHKHI

[IpuBeseM 9KBUBAICHTHYIO KOMOMHATOPHYIO (GOPMYINPOBKY 3aa4n 3.2.a (9KBUBAJICHT-
HOCTD Jloka3ana B [Mi97]). Paccmorpum jBe mossiaku (T.e. [Ba Kpyra), COeIUHEHHBIX JBYMSI
TpornmHKamu (T.e. mosockaMu) a u b, kak Ha puc. 23. Cobaka Gerasa 10 IOJISTHKAM U TPOIIH-
KaM I BEPHYJIach B HUCXOAHyI0 Touky. Kaxkaplii pas, Korja cobaka mepeberasa ¢ MOJISHKA Ha
TPOIMHKY, OHAa 3alUChIBasIa 0bo3HaueHue IToil TpornunKu. B 3a1ade 3.2.a yTBepKIa€TCSA, ITO
eCJIM MOJTyInIach 3amnuch abab, To cobaka 0bs3aTeIHHO MIepeceKaia CBoil ciiefl (B HEKOTOPBIi
MOMEHT BPEMEHH, OTJIIMIHBI OT KOHETHOTO).

3.3. (a) IIyrp wan nuks B rpade Ha3BIBACTCS IUAECPOSHIM, €CTU OH TIPOXOIUT TIO0 KaK-
JioMy pebpy rpada poBHO OJMH pa3. DIIEPOB MyTh WM UK B rpade Ha IIOCKOCTH all-
[IPOKCUMUPYEM BJIO2KEHUSIMU TOTJA@ M TOJHKO TOIJIA, KOTJ@ OH HE MMEeT TPaHCBEPCAJIbHBIX
camonepecedenuit (puc. 22).

(b) CymiecTByer 1myTh, HE COAEPKAIIUIl TPAHCBEPCAJBHBIX II€PECEUCHNUT U HE aIlPOKCHU-
MUDYEMBIil BJIOXKEHUSAMU.

(c) Kommozumust ¢ : S' — I C R? npousBobHOrO 0TOOpasKeHUs U CTaHIAPTHOIO BKJIO-
YEHUS AITPOKCUMUPYEMa BIIOYKCHUSMH.

(d) IIycts P — rpad, romeomopdubiii 6ykse P. Kommnosunusa ¢ : P — I C R? npous-
BOJIBHOI'O OTOOparKeHUsl U CTAHIAPTHOIO BKJIIOUECHUS AIIPOKCUMUPYEMa BJIOKEHUSIMU.

e(I)
f{) .
o(I) >
a) b)
(=) ﬂ
f(I) N
(1) (c >,
c) d)

Puc. 24: IlyTtu, ne anmnpokcuMupyeMble BJIOYKEHUSIMU
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[Ipumepnr k 3agade 3.3.b npuBeseHbl Ha puc. 24, rie Iy HAIJIFIHOCTA HAPUCOBAH HE
caM IyThb, a 6u3Kuil K HeMy myTh obrero mosoxkerns. Cwm., Brpodem, [Mi97], [Sk03].

3.4. (abed) IlyTu Ha puc. 24 He ANIPOKCUMEUPYEMBI BJIOYKEHUSIM.

[Ipobsiema ammmpOKCUMUPYEMOCTH Ty TH BJIOKEHUSIME TTOXOXKa Ha KJIACCHIECKYIO MpobJie-
My 1aHapHocTu rpados (§2) u jaxe CBOAUTCS K PACIO3HABAHUIO IJIAHAPHOCTH TPadoB.
Brpouewm, unciio rpadoB, mIaHApHOCTH KOTOPBIX HAJI0 BBISICHAT JIJISI OJHOTO JAHHOTO Iy TH,
Bestnko. [Ipobsiema manapHocTu rpadoB pelraeTcs, HanpuMep, Kpurepuem KypaToBcKoro.
st ipobJteMbl alPOKCUMUPYEMOCTU BJIOYKEHUSIMU aHAJIOTUYHOTO KPUTEPHs HE CyIIECTBY-
er [Sk03’].

[Ipobiema anmpoOKCUMUPYEMOCTH Iy Tel BJIOXKEHUSIMI HHTEPECHA HE TOJBKO C TOUKHU 3pe-
HUsI Teopuu TpadoB, HO U € TOYKHU 3PEHUsS TOMOJOIHH: OHA SIBJISETCS YACTHBIM CJIyIaeM
npobsieMbl peasm3ain orobpazkennii rpados B miockocru, M. §3.6, [Si69], [SS83], [RS8,
[Ak0O], [ARS02], [Sk03’].

Herpyamno tak:ke 10KasaTh, ITO NpobAeMa ANNPOKCUMUPYEMOCTNU BAOHCEHUAMY AN20~
pummusecku pazpewuma [Sk03’]. OpHako UHTEpECHO MOIYYIUTH 6oaee ObiCMPIt aJITOPUTM
pacIo3HaBaHUS AMTPOKCUMUPYEMOCTH BJIOYKEHUSIMU. BO3MOXKHO, KpUTEPHil B TEPMHUHAX ITPe-
narcreust Ban Kammena (cM. gasee) mact takoii 60siee OBICTPBIN AJTOPUTM.

Cohopmymupyem OMU3KYIO 1, BO3MOXKHO, Oojtee mpocTyio, mpobsemy. [lapa myreit o, 1 :
[0, 1] — R? na m10cKoCTH HAa3bIBACTCS Pa3600UMOT, €CIN CYIIECTBYIOT CKOJIb YTOIHO OJIU3K1e
K HUM yTH 6e3 nepecedenuii. Vi, popmasibao, eciiu st 06010 € > () CyImecTBYIOT TaKuie
nyru f, g : [0,1] = R? uro paccrognue mexay Toukamu f(x) u ¢(r), a Takxe mexy g(x)
u 1 (x), Menblie € s oboit Touku x € [0, 1].

3.5. (a) Eciu obpasamu myreit ¢, @ [ — R? apansrorcs OTPE30K WJIM OKPY2KHOCTb, TO
3TU IIyTU PA3BOJUMBI.

(b) CyrecTByeT He pa3BojmMMas Iapa ImyTell, He cojeprKaliasl TPAHCBEPCAJIBHBIX epece-
YEeHUIA.

(c)* Haiiiute OBICTPDIiT AJITOPUTM PACIIO3HABAHUA PA3BOIMMOCTH JIJIT KYCOUHO-TUHEHHBIX
yTeil Ha IJIOCKOCTH.

Jlnst orobpazkennii 2pago6 B TIOCKOCTb MOYKHO BBECTH aHAJIOTMIHOE MOHATHE Pa3BO/IN-
MOCTH U TIOCTABUTH AHAJIOTUIHBIE ITPOOIEMBI.

3.2 MWnes noctpoenusa npengarcrtBus Ban Kamnena

Yr1006bI 00BSICHUTD 1J1e10 TOocTpoeHus pengarcrsust Ban Kamirena, npusegeM HaOPOCKU HEKO-
Topbix perennii. Cp. ¢ yrBepxkaerusyu 1.1, 2.3 u 3amaqdeit 2.4.

fi-1) f00) fG-1) fG) fi-1) G-
-1 £G) fG-1 £ OO
0 (a) 1 (b) 1 (c)

Puc. 25: Kak craBarca unciia Ha IMOJISTHKE

Habpocok nepsozo pewenus 3adavu 3.2.a. Bo3bMeM MOJSHKA U TPONUHKH JIJIS IIYTH ¢
(pmc. 27).
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€i45 = €i—1

€i+2
€i41

Puc. 26: HezaBucumocts v(f) or f

HazoseM myTh cobaku wesametinuevim, €CIi BO BpeMsl JIBUKEHHS IO TPOIIMHKAM OHA He
repeceKkaJia CBOM cyieqbl. JlocTaToYHO J0Ka3aTh YTBEPXKJEHWEe 3aJa9u JJIs He3aTeHTNBBIX
Iy Te.

Boeibepem mpousBosibHbIE HezaTeiuBbiil yTh f. [locraBuM Ha KaxKoit MOJITHKE HOJIb,
€CJTM TOYKHU BXOJla CODAKM Ha TOJISTHKY U €€ BBIXOJa C IOJISTHKH PACIOJIAraloTcs, Kak Ha
puc. 25.a, U eJIMHUILY B IIPOTUBHOM CJiydae, Kak Ha puc. 25.b,c. Obosnaunm depes v(f) cym-
My [0 MOJYJIIO 2 5TuX AByX uncen. st mytu f cobaku na puc. 23 v(f) = 1. fcno, aro v(f)
3aBUCHT TOJBKO OT PACIOJIOKEHUsI OTPE3KOB IyTH cOOAKM Ha TpPommHKaX. lIpm m3menenun
TAKOI'0 PACIOJIOKEHUS HA OJHOW TPOIMHKE YHMCJIO HA KaXKJIOM MOJITHKE MU3MEHUTCS, ITO9TO-
My v(f) He mamenntcs. Tak Kak oT JIIOOOrO PACIIOJIOKEHUsI OTPE3KOB IIyTU HA TPOIMHKAX
MOKHO TIepeifiTi K JIIoOOMY JpyroMy ykKasaHHbIMU oneparmsivu, 10 v(f) = 1 ays 06020
nezareiyimporo mytn f. [TosTomy cobaka obsizaTebHO mTepecekasta cBoit cien. QED

Habpocox emopozo pewenus 3adavwu 3.2.a. Paznenmum BpeMsi pAaBHOMEDHOTO JIBUYKCHUS
OXOTHHUKA HAa MIECTh PABHBIX MMPOMEXKYTKOB. IIycTb €1, ..., €5 — COOTBETCTBYIOIIUE OTPE3KU
nytn [ cobaku. [Tomoxum e;,¢ := €;. MOXKXHO CIUTATDH, 9TO STOT MyTh OOIIETO MOJIOXKEHUSI.
Torma r00bIe 1Ba M3 OTPE3KOB €; IIepPeceKaloTcss B KOHEYHOM ducie To4uek. Ilomoxkum

v(f) = Z le; Ne;| mod 2.

{ig} : li=jl>1

st iyt fo cobaku, mokazannoro Ha puc. 23 v(fy) = 1.
Awnayornano jemme 2.3 v(f) me 3aBucur or f. [eiicrBuresbro, eciu orobpaxkenus f u
f/ oTimHaoTCs TOIBKO BHYTPEHHOCTBIO IyTH €; # €; (puc. 26), To

v(f) —o(f") =l(e;Uel) N (2 Ueipzs Ueig)] mod 2 =0.

[Tocennee paBeHCTBO CIIPABE/JINBO, MTOCKOJIBKY MYTh €19 U €;13 U €;14 MOKHO 3aMKHYThH JI0
IIUKJIA, He 0OaBIIsIs HOBBIX IIepecedeHnit ¢ MuKIoM e;Uel. JIroboit myTh f obrmero momoxkenms
(cobakm) MoKeT OBITH 3aMeHEH Ha fj MOCJIeI0BATETHHOCTHIO HECKOJIBKIX TOMeOMOP(hU3MOB
miockocT R? M HECKOJIBKHMX M3MEHEHUH BHYTPEHHOCTH JIMIIL OJHOTO pebpa (Mbl He J0oKa-
3BIBAEM 9TO MHTYUTUBHO OYEBUIHOE yTBepKjeHue). 3uaunt, v(f) = 1 maa awbozo nytu f
cobaku. CieoBaTeIbHO, JII0OO IyTh cobaku umeeT camorepecedenns. QED

IIyTts ¢ : I — R? HaswpIBaeTCA CUMNAUYUGADHOLM, €CIH CYIIECTBYET pasOMeHue OTPE3Ka
Ha TaKyue OTPE30YKHU, YTO Ha KarKJIOM OTPE30YKe IIYTh JIMHEEH, U UTO 00pas3bl JIOOBIX JIBYX
OTPE30YKOB HE IIepeceKaloTcs Win coBlagaior. Vam, dpopmaibHO, eciid Jjisd HEKOTOPOI'o 7
CyIIeCcTBYIOT Takne dncia 0 =ap < a; < --- < a, = 1, 910

(1) cyxxenne @l , q, MMHEIHO JyIs moboro i =1,...,nn

(2) 06passl OTPE3KOB [a;_1, a;] 6O HE HepeceKatTes, OO COBIAIATOT.

Bysem cuurars Bce BCTpeUaroNuecst MyTH CUMILIUIUAILHBIME (C DA3HBIMHU 7).

st cumnmammaibHOro myTH @ cyinectByer okpectHocth O(1) rpada ¢(I), npeacras-
JIEHHAsI €CTEeCTBEHHBIM 00pa30M B BHUJIE 0ObeUHEHNsI ‘TIOJISTHOK (T.e. JINCKOB, OKPYKAOIMINX
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Puc. 27: [losigauky 1 TpONMHKT

Toukn @(a;)) u ‘TponuHOK’ (T.e. ‘JIEHTOUEK', COeJMHSIIONIMX MOJISTHKU BIOJHL pebep rpada
©(I)). Cm. puc. 27 g oyt Ha puc. 24.b. (Dro ymoswenue rpada p(I), onpeenentoe B
6.

[TepedopMyIMpOBKa CBOMCTBA AIIPOKCUMUPYEMOCTH BJIOXKCHUSME Ha S3LIK IIOJISHOK U
TPOIMHOK IPOBOIUTCA aHAJOTMYHO IepedpOpMYyJIMPOBKe 3a1a4du 3.2.4.

Haszosem niyth f : I — Op(G) nesametiauebim, ecn Ha TPOIMHKAX HET ero caMorepece-
YeHNit.

Habpocox pewenus 3adavu 3.4.b. Mbl obobiiaem mepBoe perienne 3aga4u 3.2.a. Mbl uc-
0JIb3yeM TepedOpMYINPOBKY CBONCTBA AIMIPOKCUMUDPYEMOCTH BJIOYKEHUSIMU HA SI3bIKE I10-
JISTHOK ¥ TPONUHOK (puc. 27). Beibepem npoussosbHblil HesaTeiuBbliil myTh f. [ToctaBum Ha
JIEBOW CpeIHEl MOJIAHKe HOJIb, €CJIM TOYKN BXOJA Iy TH Ha TOJISTHKY U €TI0 BBIXOJIA C TOJISTHKA
pacrojiaraforcsi Kak Ha puc. 25.a, U eJMHUILy B IPOTUBHOM ciydae (puc. 25.b). Tlo mpaoii
MOJISTHKE TIYTh IPOXOJUT TpU pasda. PaccMoTpuM TOJBKO TEpBOE U MOC/IEIHee TTPOXOK ICHUE
[y THU TI0 PABOM MOJIsTHKE W TIOCTABUM Ha Hell HOJIb WU eIUMHUILY 110 TOMY Ke mpaBuiy. O60-
sraunM depes v( f) cymmy 1o Moyt 2 srux AByX unces. g nytu f wa puc. 24.b v(f) = 1.
asee moka3aTeIbCTBO JIOCTOBHO TIOBTOPSAET HIEPBOE pelenne 3a/a49u 3.2.a.

3.6. /lokakure aHAJIOTUYHO, YTO IIYTU HA puc. 24.a,c HE allIPOKCUMUPYEMBI BJIOYKEHUSI-
MH.

3.3 IlIpensrcrBue Ban Kamnena

Teopema annpokcumupyemoctu. Cumnivyuasonsidi nyms @ @ I — R2 ne omobpasica-
WU HU 00UH OMPEZOK 8 MOYKY, ANNPOKCUMUPYEM BAOAHCEHUAMU MO2004 U MOALKO Mo20a,
koeda ipenarcTBre Ban Kammena v(p) € ZS(SD) HY.AEB0E.

B ocrasriefics 9acTu TOro IMyHKTa Mbl IPUBOJAUM OIpejeieHne ducia c(y), BeKTopa
v(p) U JOKA3ATETHCTBO HEOOXOJAUMOCTU B TeOPEMe alllPOKCUMupyemMoctu. JlokazaTeaneTBo
JIOCTATOYHOCTH MBI He TpuBoaAnM. OHO GBLLIO HOJIYYeHO CIymaTeaeM JIeKIuii, 10 MaTepuaiaM
KOTOPBIX HarmucaH 1ot naparpad [Sk03’].

4
1x7 TG

2%6

2x4e
Puc. 28: Cunrymnsipusriit rpad A

Onpedenenue cunzyaaprozo epaga A. Boibepem Toukn 0 = a9 < a1 < --- < a, = 1 Kax
B omnpe/iesiennn cuMInaiuaabHoctu (§3.2). Bepmunbt rpada A — rtakue napb

ixj, uro ¢(a;) =¢(a;) m 1<}
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Pebpa rpada A coemunsitor Bepuuabt ¢ X j u (i £ 1) X (j £ 1) sroro rpada, ecan rakue
BEPIIUHBI €CTh. 3/1€Ch 3HAKH T BLIOMPAIOTCS HE3aBHCUMO.

Hanpumep, cm. puc. 28 g mytu na puc. 24.b: Bepmunbl rpada — 1 X 7,2 X 6, 2 X 4 u
4 X 6; peOpOM COEJIMHEHBI TOJILKO TIEPBBIE JIBE.

3.7. I'pad A 3aBucuT HE TOJIBLKO OT (0, HO U OT BBIOOPA TOUEK (g, (1, . . . , Uy

Onpedenerue wucaa c(p). Obo3HaIIM depe3 ¢(p) KOIMIECTBO KOMIIOHEHT CBSI3HOCTH IDa-
dba A, e comepxkarmux Bepuun i X (i —2), 4 X 0 u n X i.

Hanpumep, mig mytu ¢ Ha puc. 24.b umeem c(p) = 1.

3.8. Yucsio ¢(p) 3aBUCAT TOJBKO OT , HO HE OT BBIGOPA TOUYEK g, (1, - - - , (.

Onpedenenue paccmarosku v(f). Beibepem Toukn 0 = ag < a3 < -+ < a, = 1 Kak
B onpejenenun cuMiuimaabaoctu (§3.2). Mbl ucrnosb3yem nepedopMyIMPOBKY CBOHCTBA
AINIPOKCUMUPYEMOCTH BJIOKEHUSIMU Ha sA3bIKE ITIOJSHOK ¥ TpoinuHOK (puc. 27). BosbMmem
POU3BOJILHBIN HezaTeimBbli myTh f. Pacemorpum Bepmmmy ¢ X j rpada A M HOIAHKY,
comepzkaryio ¢(a;) = ¢(a;). (3amMeTnm, ITO K IOJIAHKE MOXKET IPHMBIKATH OOJIee IBYX TPO-
mrHOK.) [locTaBuM B BepIinHy ¢ X j €JIUHHUILY, €CJIU TOYKU repecedenns oopa3oB fla;_1a;41]
U fla;—1aj41] ¢ 'PAHIYHON OKPY?KHOCTBIO STOM IOJIAHKH “epedylomces Ha STOM OKPYZKHOCTH
(puc. 25.b,¢) u HOJIb B ipoTUBHOM ciiydae (puc. 25.a). [loyueHHyI0 pacCTaHOBKY 0003HAUNM

gepes v(f).
Hanpumep, mis myreit ¢ u f #a puc. 24.b umeem v(f) = (0, 1).

3.9. (a) Ecim nyts f Hecamonepecekaroruiicst, To paccranoBka v(f) HyseBas.

(b) O6parHOEe HEBEPHO.

(c) Paccranoska v( f) HyseBas TOr/Ia 1 TOJILKO TOTJIA, KOTJIA Iy Th f MOXKHO TaK U3MEHUThH
Ha TIOJITHKAX, He MEHss Ha TPOIMHKAX, YTOObI OH CTaJl HECAMOIIEPECEKAIOIIUMCS.

(d) PaccranoBka v( f) 3aBHCHT He TOJIBKO OT (0, HO U OT f ¥ OT BBIOOPA TOYEK g, (1, - - - , (.

Onpedenerue npenamemeus Ban Kamnena v(p) € Zg(“)). Mg kaxkmoir u3 c(p) pac-
CMOTPEHHBIX KOMIIOHEHT CBA3HOCTH I'pada A BbraucanM cymmy mod 2 9ucest paccTaHOBKI
v(f) B Bepmmuax 370it Kommonentsl. [Tomywennsiit nabop v(p) = v(p, f) € Zg(@ Ha30BEM
npenamemeuem Ban Kamnena (¢ xosfduyuernmamu 6 Zs) K allPOKCUMAPYEMOCTH TIYTH

BJIOYKEHUSIMU.
Hanpuwmep, mis myreit ¢ u f #a puc. 24.b umeem v(p, f) = (1).

Jlokaszamenvcmeo nesasucumocmu v(p, f) om f npu dukcuposanmvir moverx ag, ay, . . . , ay,.
dcno, uro paccranoBka v(f) 3aBUCUT TOJLKO OT PACIOJIOXKEHUs OTPE3KOB IyTH f Ha mpo-
nunkax. PaccMoTpuM npeobpa3oBaHue TAKOTO PACIIOIOXKEHUS Ha IIPOU3BOJILHON OIHOM TPO-
IIMHKE IS BYX OTPE3KOB [a;_1¢;] U [aj_1a;], 0OPA3BI KOTOPBIX IIEPECEKAIOT ITY TPOINHKY.
Ot siro6oro f (T.e. pacrnoozKeHust OTPE3KOB Iy TH HA TPOIMHKAX) MOXKHO MEPEHTH K JII00OMY
apyromy [’ rakumu npeobpasosanusamu. [losromy HesaBucumocts v(p, f) or f BbITekaeT u3
caemytomieit 3amagan. QED

3.10. Bekrop v(¢p, f) He usMeHsieTcsi IPU TAKUX MPEOOPA30BAHUIX, €CJIH

(a)i#j—1ui#1uj#n. (b)i=j7—1wmi=0unmj=n.

3.11. (a) v(¢p, f) He 3aBUCAT OT BBIGOPA TOUYEK Gg, A1, - - - , Gy

(b) Jokazkure HEOOXOAUMOCTD B T€OPEMe allPOKCHUMUPYEMOCTH.

(c) Ecu v(p) = 0, To cymecTByeT Takoe otobpazkenue f : [ — R? obmiero moJoxkenusl,
6imskoe K ¢, 9to fla;_1,a;] N flaj—1,a;] = 0 psa moboit maper ¢ X j pebep orpeska I, s
KOTOpOI BepmMHa i X j rpadga A He COIepKHUTCS B KOMIOHEHTE CBA3ZHOCTH C BePIIMHAMU
ix (i—2),1x0wun x1i(rakoe orobpaxkenne [ He 00s13aHO ObITH BIOKEHUEM ).

3.12. (a) I[Tocrpoiite anamormuno npensitcrere Ban KamiieHa K amnmpoKCHMUPYEMOCTH
BJIOYKCHUAMU CHMILIHIUAILHOrO MuKaa ¢ @ St — R2.
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(b) Jokazkure, 9T0 OHO HEOJIHO.

(c) lokazkure, 9TO OHO HEIOJHO Jlazke JJisi OTOOparKeHus, 06pa30M KOTOPOTO sIBIISIOTCS
TPHOJIBL.

(d) Hocrpoiite anamoruano npensrcreue Ban Kamiena K anmpoKCHMUPYeMOCTH BJIOZKE-
HUSIME CUMILIMIUAILHOTO oTobpaskenust ¢ : I; LI I, — R? (cp. ¢ konmom §3.1).

(e) IMosaro sn oHO?

Henovucaennoe npenamemeue Ban Kamnena V(@) € Z¢%) crpoures ananormano. Heo6-
XOJIUMBI JIUMID CJie/ytonue u3Menenus. Hyzkuo Boiopars opuenranuio B R?. Tlpu nocrpoenun
paccTaHoBKE V() B BEPIINHY i X j CTABATCS €IMHUIA, €CIM TOUYKH BXOJA IyTH f Ha 9Ty
HOJIAHKY W TOYKHN €TO BBIXOJA C 3TOH MOJIAHKH PACIoIaraloTcd, KakK Ha puc. 25.b, n MuHyc
€JIMHATIA, €CTIN OHU pacIoJliaraloTcs Kak Ha puc. 25.c. [lomydennas pacctanoBka obo3HadaeT-
cat N(p). dra kazxa0it u3 ¢(p) pacCMOTPEHHBIX KOMIIOHEHT CBA3HOCTH Tpada A BBIYUCIIM
CyMMy 4HCEI B BEpIIMHAX 3Toil KommonenTsl. [losyuennstit mabop V(p) = V(p, f) € Z®)
HasbpIBaeTcs npenamemeuem Ban Kavnena (¢ xosgguyuenmamu 7, ) K anmpoOKCHMAPYEMOCTI
IYTH (© BJIOKCHUAMM.

3.13. (a,b,c,d) Pemnre ananoru 3amaa 3.12 s meabix KoahGUIMEHTOB.

3.4 JIpyroe nocrpoenue npensarcreusa Ban Kamiena

D10 mocrpoeHue 0bodIaeT emopoe pertenue 3aaa4qu 3.2.a. OHO CI0KHEe MPEbIIYIIEro, HO
UMEHHO OHO 000011eH0 B §4.8 10 npensitcTBus Ban Kamiena k Biaoxkumoctu rpadoB B ILIOC-
KOCTb (M N-MEpHBIX TOJIUIPOB B 2n-MepHOe MpocTpaHcTBo). Brpodem, dopmaibao §4.8
HE3aBUCUM OT HACTOAIIETO ITyHKTA.

IIycte ¢ : I — R? — cuMmummuaibHbIEl TyTh OOGIIEro TOJOMKeHHdA. BribepeM TOUKH
0=a9g <a <---<a, =1 Kak B onpejiejiecHnu cuMILTHIHaIbHOCTA. OOO3HAYUM OTPE30K
[a;—1, a;] TucaoM i.

I*

W &~ Ut O = o

Puc. 29: Bepxugaa najgauaronans [*

ObosnaunM gepes3 [* BEpXHIO 'Ha I IMaroHaJIb’ TabJHILI 12 X N, T.€. 00beIMHEeHe KIeTOK
ixjci<j—1 (orBevaronux napam Hecoceuux pebep rpada I). Cum. puc. 29.

Hna mo6oro mytu f : I — R? obmiero moso:kenus, J0CTATOYHO OJU3KOIO K (¢, U JIO-
OBIX JIBYX HecoceqHux pebep i, ) nepecederue fi M fj cOCTOUT U3 KOHEUHOTO UUCTA TOUECK.
[TocraBum B Kjtetke @ X j € [* gucyio |fi N fj| mod 2. TlomydenHyo paccTaHOBKY HA30-
BeM npensmemeyrouet u obosnadnm depes v(f): ecau myTh f HecaMOIEPeCeKAIONHIACS, TO
v(f) = 0. PacctanoBKE MOXKHO CKJIQJIBIBATD: JIJISI 9TOTO IPOCTO CKJIAJIBIBAIOTCS IUC/IA, CTO-
sIIue B KaxKJI0M KJeTKe (Takoe CJIOKEHNE HA3BIBACTCS MOKOMNOHEHIHBIM).

[Tokpacum B 4YepHBIA OBET KJIeTKU ¢ X j Tabmunsl I*, mag koropbix @i N @) = (). Tak
Kak myTh f 67130k K ¢, To v(f) = 0 B 4epHbIX Kierkax. OO03HAUNM Yepe3 T MHOMKECTBO
BCEX PACCTaHOBOK HYJIell M eJIMHUI] B KJIETKAaX TaOJIUILI ¢ HYJIsMH B YePHBIX KieTKax. VTak,

v(f) €x.
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Puc. 30: [Ipeobpazosanue Paiijemaiicrepa Jiid myTeil B IJI0CKOCTH

[Ipu npeobpaszoBannn Paiinemaiicrepa mytu f, nobpaskeHHoM Ha puc. 30, paccTaHOBKa
v(f) usmensiercst pOBHO B JIByX COCEJHUX KJeTkax ¢ X j u i X (j + 1) (wmm j X i u (j +
1) x 7). Eciu onHa u3 9THUX JABYX KJIETOK He JIEXKUT B [*, TO YHCIO B Hell HE CTOUT WU He
MeHsiercsd. PaccraHoBKa eIUHUILI B KJIeTKax Tab/mibl I*, coceHuX ¢ pedpoM €, U HyJsd B
OCTaJILHBIX KJIeTKaxX TabJMIbl [* HAa3bIBACTCI 2AEMEHMAPHOT Koeparuuet pebpa e mabiuivl
I* u obosnagaercs de.

Cremaem ykazauHoe peobpaszoBanne Paiinemaiicrepa st pebep ey, . . ., e, Tadauinl [*.
OO003HAYNM TIOJTy9€HHBIH IIyTh 9epe3 fe, ... Torma

V(f) - V(fel,...,ek) = 561 + -+ 56k.

ITokpacum B Gesblit IiBeT pebpa ¢ X a; U a; X ¢ TaOmmipl I*, 1jid KOTOPBIX pa; € i.
[TokpacuM B YepHBIil TBET OcTasbHbIe pedpa (TakuM 06pa30M, IPaHUIA YePHON KIETKH CO-
CTOUT M3 YEPHBIX pebep, HO MOTYT ObITh 1 JApyTHe YepHble pebpa). Tak kak f GJIM3KO K ¢, TO
yKazaHHOe mpeobpaszoBanue PaiiiemaiicTepa BO3MOXKHO JIUITE Jjist OeIbIX pedep ey, . . ., €.

HazoBeMm paccranHoBKE vy, Vg € T K020MOAORLUYHBLMU, €CITH V] — Vy = 0€1 + - - - + dey, I
HEKOTOPBIX Oesbix pebep ey, ..., ex. ['pymma HZ(I *) = x/ ~ paccTaHOBOK C TOYHOCTBIO JIO
KOTOMOJIOPHYHOCTH HA3bIBAETCS 08YMepHoTl 2pynnotll kozomoroeull (¢ xoadduyuenmamu 6
Zs) npocmparcmea I* omuocumensvro ez2o ueprozo nodnpocmparcmea. (Cranmapraoe 060-
snagenue: H2(I*,1*?), tne I*¥ — obbeauHeHne YepHbIX KJICTOK 1 pebep. )

IIpensamemeue Ban Kamnena (¢ xospduyuernmamu 6 Zs) onpemessiercss Kak

v(p) = W(f)] € H(I").

Tak kak v(f) = 0 1y Brozkenus f, 10 v(yp) ABIAETCS MPEHATCTBACM K AIITPOKCUMUAPYEMOCTH
[yTU © BJIOXKEHUSIMU.

Jlokxazamenvcmeo koppexmmuocmu onpedeaenus npensmemeus v(y), m.e. HE3GBUCUMO-
cmu v(p) om ewbopa nymu f. Iycts nytu f, f': I — R? obmmiero noJoxkenus, 6usKue K ¢,
OTJIMYAIOTCS TOJILKO Ha BHYTPEHHOCTH OJIHOTrO pebpa j. [l Kaxk10ii BepIiuHbl a; IpOBeIeM
HEKOTOPBII IYTh, COSJMHSIONMI 3Ty BEPIIMHY ¢ GECKOHEYHOCTHIO, M HAXOJIAIIMNACA B 00IIEM
nosiozkennn otHocuresibuo tukia f(j) U /(7). [lyers by, ..., by — BCce Te BEPUIUHBI, JJisi KO-
TOPBIX TIPOBEJICHHBII 1My Th Tepecekaer nuki f(j) U f/(j) B neuemmnom aucie rouek (HabOp
9TUX BEpINUH HE 3aBHCHT OT BbiOOpa myTeii). Torma

v(f) —v(f) = 6{br, s} + -+ o{bx, j}.

JIo6oit myts f : I — R? obmero nosoxenns, 6/U3KIIL K (0, MOXKeT OLITh 3aMEHEeH Ha, J1I000i
JIPYToii HOCIeI0BATEILHOCTLIO HECKOJILKIX FOMEOMOP(MU3MOB ILIOCKOCTH R? U HECKOILKHX
U3MeHeHUH BHYTPEeHHOCTH JIUIh OJHOrO pebpa (MBI He JIOKa3bIBAEM 5TO WHTYUTHBHO OYe-
BujiHoe yTBepKenne). [Tosromy v(p) ne 3aBucur or f. QED

JIpyroe moKa3aTebCTBO MOy YaeTCd PpACCMOTPEHNEM ITPOU3BOJIbHOM roMmoToruu f; @ K —
R? 0611110 MOJIOMKEeHUs MezKy 3aJaHHLIMI OToOpaskeHusMu fo, f1 : K — R? obmero moJio-
»Kenus. BozbMeM npousposibHyio romotomuio f; 1 I — R? ¢ € [0,1], obmiero mosozxenusl,
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o6m3kyio K . Ha kaxkmom pebpe j X a; wim a; X j tabaunsl [* moctaBuM 4ducyio  mod 2
MOMEHTOB BpeMeHH t, 1yt KOTopeiX fi(a;) € fi(j) (310 “meio KoHedHO MO COOOparKeHnsIM
obrero mosioxkenwst). [Tycrsb eq, ..., e — Bce pebpa, Ha KOTOPBIX MOCTaB/eHa efuHuia. Tak
Kak f;(r) 6mmsko K (), 10 U3 wa; ¢ j Beirekaer fi(a;) € fi(j). [losTomy Ha wepHBIX
pebpax croar Hy/u. Jlerko nmposeputb, uto v(fy) — v(f1) = deq + - -+ + deg. [Hosromy v(p)
He 3aBUCUT OT f.

3.14. (a) H2(I*) = Z§, rae k — 4ucio Kyckos TaGuuipl I*, OrpaHIYeHHBIX YePHBIMU
pebpamu (T.e. B IpaHuIle KOTOPBIX MOAbKO YepHbIE pedpa) U COJAEPIKANMX XOTs Obl OJIHY
Oe/IyI0 KJIETKY.

(b) k = c(y). Cymectsyer ecrectennblii nmzomopduaym (Ilyankape) Zo¥ = H(] %), Jsa
[OCTPOEHHBIX IpenaTcTBus Ban KaMiieHa nepexoisT Apyr B Apyra IpH 95TOM K30MOPdU3Me.

3.15. (a) B kax0ii Touke (z,y) Ha pebpe Tabuibl [* HOCTABUM BEKTOD C HAIIPABJIEHHEM
or f(z) k f(y). Torna B KaxK10it KJeTke TabIUIbL [* CTOUT 9€THOCTD YHCIa 060POTOB BEKTOPA
pu 00XoJe 1O ee TpaHuIIe.

(b) Ecitu HeBBIPOKAeHHbBI 1y Th 0 : I — R? anmpoKcuMupyem BJIOXKEHUSIME, TO
(R) das ar06020 nenpepuernozo deusicenus movwex x uy no ompesxy I, 6 npoyecce Komopozo
o(x) # ¢(y), a 6 KoHue KOmopozo Mowku T U Y 6036PAWANMCA KAHCOAA 8 C60E UCTOOHOE
nosaootcenue (m.e. das 06020 nenpepvicrozo omobpascernun St — {(x,y) € I x I | p(x) #
o(y)}), wucao obopomos eexmopa om o(x) K p(y) 6 npouecce 3Mo20 JBUNHCEHUA PABHO HYAK.

(¢) Pacemorpum 6oitee crabyto dopmy (r) yeraoust (R): wucao obopomos wemio. Torma
(r) < (v(p) = 0). YemoBue v(p) = 0 ciokHee GOPMYIUPYETCs, HO TOPA30 MPOIIE TIPOBE-
psiercst, geM (r).

IIpensmemeue Ban Kamnena V(p) ¢ yeavmu xospduyuernmamu cTpouTcs Tak. Bbl-
Gepem opuentanmioo B R? u na I. dna moboro orobpaxenus f : I — R? obmero 1o-
JIO?KEHU, JOCTATOYHO OJIM3KOTO K (p, W JIIOOBIX JIByX HECOCeTHUX pebdep i, j, repecevdeHne
fiN fj cocrouT M3 KOHEYIHOTO YHUCIa TOUYeK. [locTaBuM B KIeTKe i X J uHdekc nmepeceueHus,
fi-fi=>{signP | P € fin fj}, ome sign P = +1, ecru BekTopbl opuentanuii fi u fj (B
3TOM TIOPSAJIKE) COCTAB/IAIOT Gaszuc opueHTauy 1IockocTn R?) u sign P = —1 B npoTuBHOM
ciyaae. Obo3HAUNM 10Ty deHHY0 paccTaHoBKY depe3 N (f). O6o3naunm depes X MHOKECTBO
BCEX PACCTAHOBOK IIE/IBIX YMCEJ B KJIETKaX TabJIUIbl ¢ HYJsIME B 9epHBIX KjeTkax. Ompeje-
JIIM KOTOMOJIOTHYHOCTD aHAIOrHaHoO u nofoxum V(@) = [N(f)] € HA (I Z) = X/ ~.

Herpy/no nokaszars, uto V() 3aBucut oT BbIGopa opuenTanuii B R? u na pebpax rpada
I b ¢ TOYHOCTBIO 10 aBTOMOPh U3Ma IpyIbl H 5(] 7).

3.16. (a) H2(I*;Z) = ZF.

(b) (R) < (V(e) = 0).

(¢) Hocrpoiite anagormano npenarcTBus v(y) u V(@) 11 almpOKCHMAPYEMOCTH YUKAOS
BJIO?KCHUSIMU.

3.5 IlIpensarcrBue Ban KamiieHa K pacipoeKTUpPyeMOCTH

Orobpaxkenue ¢ : G — R koneunoro rpacda G B NpaMyI0 HA3BIBACTCI PACNPOEKMUPYEMBIM,
ecyiu cymiecTByeT Takoe Bioxkenue f : G — R? uro ¢ = wo f, rme m : R? — R — opToro-
HAJIbHAS TPOEKIINS.

[Ipusesem erre 6oJtee s1eMeHTAPHYTO TIePeOPMYIUPOBKY ITOTO ONPEICICHUS [T KyCOTHO-
JIMHERHbIX 0TOOpakeHuii ¢ obiero nosoxkenus (puc. 31). (OBIHOCTD MOMOXKEHHsT 0O3HAYAET
3/1eCh, YTO HUKAKON OTPE30K He MepexoiuT B Touky.) as sToro dukcupyem mpekapToBy
cucTeMy KOODJMHAT Ha 1tockocTu. HazoBem pacnososicenuem takoe nsobpazkenue (¢ camo-
nepecederusivm) rpada G Ha IIOCKOCTH, JJjisi KOTOPOTO

(1) abcrycenl BepIuH TeIble,
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(2) ecn JBe BepIIMHBI cOeMHEHBI peGPOM B HareM rpade, TO UX abCIUCChI OTIMIAI0TCS
poBHO Ha 1, 1 3TO PedPO SABIAETCST OTPEIKOM.

Pacronioxkenne Ha3bIBaeTCS 6400tC€HUEM, €CTTU BHYTPEHHOCTH 00pa30B JIIOOBIX JBYX €ro
pebep He mepecekaroTcsi. PacrosioxkeHnne Ha3bIBACTCA PACNPOEKMUPYEMBIM, €CITA BO3MOXKHO
1Ipeobpa30BaTh €ro BO BJIOYKEHHUE IIyTEM OJHOBPEMEHHON IePeCTAHOBKU BEPIINH, HE M3MEHSsI-
IOINel uX abCIUCC, U COOTBETCTBYIONIETO M3MEHEHUs pebep.

—

Puc. 31: [Ipumep pacroyioxkenust

Puc. 32: [Ipocreiimme nepacipoeKTUpyeMbIE PACIIOIOXKEHU S

3.17. (a) JIroboe oTobpazkeHrne 0Tpe3Ka B OTPE30K SIBIAETCS PACIIPOEKTUPYEMbIM.

(b) Pacmosioxkenust Ha puc. 32 He SIBISAIOTCST PACIPOEKTUPYEMbBIMU.

(c) (I'umoresa) Pacrnosoxkenne rpada B MI0CKOCTH, abCIIUCCHl BEPIITUH KOTOPOTO PaBHBI
0 wu 1, siBjIsieTcst pacpPOEKTPUYEMbIM TOTJAa U TOJILKO TOIJIa, KOTJIa OHO HE COJICPYKUT Pac-
ITOJIOZKEHUsST OKPY?KHOCTU C YETHBIM YUCJIOM BEPIITUH, aOCIMCCHI KOTOPBIX PABHBI II00YEPETHO
HYJIIO WK enHuIe (puc. 32 cjeBa) WM PACIOJOKEeHNs TPUOJIa Ha puc. 32 cripasa.

(d) Pacnommoxkenns 6yks H u X ¢ puc. 7?7 (naxke 6Ju3Kne K HIM) He sIBIISIIOTCSA PACIIPO-
eKTUpyeMbIMU. YKazanue. Eciu He moJiydaercs, TO ¢M. HUXKE.

B sTom myHKTe nccenyerces caeayomast mpobaeMa: Kakue CuMnAuyuaibve omoopaice-
HUA 00ULE20 NONONCEHUA ABAAIOMCA Pacnpoexmupyemvimu? IIoHITHE PACTPOEKTHPYEMOCTH
(crpoekTHpoBaHHOTO BiIOKeHUs) Bo3HUKIIO B |?], [AkOO| u n3zyuanocs B [ARS02] B cBasu ¢
po0OJIEMOIt AIIIIPOKCUMAITIN BJIOKCHUAME 0TOOpazkenuii rpadoB B mI0ckocTh. Ilo moBomy
AJITOPUTMIIECKON Pa3PEIIUMOCTH IIPOOIEMbI PACIPOCKTHPYEMOCTH U HEBO3MOKHOCTH KDPH-
Tepust Turna KypaToBCKOro MOXKHO CIesIaTh 3aMeYaHus, aHaJOMHTIHbIC TPUBE/ICHHBIM BBIIIC
10 IpobJIeMe AIITPOKCUMUPYEMOCTH BIIOKEHUSIMU.

Teopema pacnpoekTupyemoctu. Fcau omobpascenue ¢ : G — R pacnpoexmupyemo,
MO NaApa Movex He MOAHCem HENPePuieHo deuzamuvea no 2papy G max, wmobv, 6 npouecce
dBUIICENHUSA UT (P-00Pa3bL COBNAJAAU, A CAMU MOYKY HE cO8Nadany, U 68 pe3ysvmame Jdsudice-
HUA TOYKU NOMEHANUCH Dbl MECTNAMU.

s cumnavyuanvrozo omobpasicenus p : G — R obwezo noarostcenus 3mo neobrodumoe
ycaosue (Banw Kamnena) ssasemes docmamownvim, ecau us xaxncdoll eepuunv, epaga G
svixodum He menee mpex pebep.
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3.18. (a) Jokaxure HEOOXOMMOCTH B T€OPEME PACIPOEKTUPYEMOCTH.

(b) JlokarkuTe HEOOXOAMMOCTH aHAJOIUIHOrO yeaoBus Ban Kawmrena st pacipoekT-
PYEMOCTH paCIOJIOKEHUI, MOy IeHHOTO 13 c(DOPMYJIMPOBAHHOIO BBIIIE 3aMEHOM '(p-00pa30B’
Ha 'abCIHCChI .

Hampumep, cireaytorime moc/ieI0BaTeIbHOCTH Tap MMOKa3bIBAIOT, ITO PACIIOJIOKEHUS C
puc. 7?7 He ABIAIOTCS PACIPOEKTUPYeMbIME (9TO pemtaer 3a1ady 14.d):

aa, €eq, d1d27 b2b17 CaoC1, €26, be7 d1d7 ci1C, a1a;

aay, dds, ccy, ffl; dyds, exeq, cacy, dads, baby, dsds, f2f7 bab, eze, dsd, a;a.

B [ARS02] mist cumimiua ibHbIX 0TOOpayKeHuit OOIIEro MOJI0KEeHNs JOKA3aHO, YTO Heo0-
xomqumoe yemoBue Ban Kammena jeficTBUTEIHHO PABHOCUIBHO HEKOTOPOMY arebpamaecKo-
MYy YCJOBHIO, H0JIee TIOXOKEMY Ha, BhIIIeonucanubie npensarctsusd Ban Kawmrena. 13 sToro,
B YACTHOCTH, BbITEKAET, UTo ycaobue Ban Kamrena jierko mpoBepsaTh aJropUTMIIECKH (CM.
npsiMoe JlokasareaberBo Huke). B [ARS02| BeiasuayTa Takzxke rumoresa O J0CTATOYHOCTH.
Hocrarounocrs B Teopeme pacrpoektupyemoctu BbiTekaer u3 [ARS02|, [Sk03’]. Samernm,
YTO TaKOe JOKa3aTeIbCTBO OYeHb HempsiMoe. [IpsiMoe moKa3aTeIbcTBO TPHU JAPYTOM JOIOJ-
HUTEJIbHOM orpanmdennn cM. B [GS].

[Ipusesiem nepedopMyIupoBKy HeoOxomumoro yeiaoBus Ban Kawmmena. 13 nmepedopmy-
JIIPOBKU OyJIeT sICHO, YTO €ro JIerko mpoBepuTh ajgropurmudecku [ARS02|. Yuopsmouenmyio
napy (A, B) nByx takux pasiaudHbX BepiwH rpada G, aro ¢(A) = ¢(B), byuem Ha3bIBATH
npocto napoti n obosnadars AB. Ilapa A;B; Ha3bIBaeTCs saeMeHMAPHO JOCTUNCUMOT T3
napel AB, eciu rpad G comepxut pebpa AA; u BB;. [lapa ST naswiBaercss docmusrtcumot
u3 mapel AB, ecm ST moxker ObITH mostydeHa n3 AB mociie10BaTeIbHOCTBIO dIeMeHTap-
HO jJocTKUMBbIX map. Obosnadenue: ST ~ AB. O4eBUIHO, JTOCTUKUMOCTb — OTHOIIEHUE
skBuBasieHTHOCTH. Heobxomumoe yesoBue Ban Kamiena paBHOCHIBHO ciieyroriemy (st
pacrioyioxkenuii): nuxarxas napa AB wne docmuosicuma u3 napv, BA. Ilpusenennas rumore-
3a MPUHUMAET CJIEAYIONYI0 (hOpMYy: pacnososicerue, 0aa kKomopoz2o wukakas naps AB we
docmuotcuma u3 napv, BA, asasemcesa pacnpoexmupyemuvim.

3.6 Approximability by embeddings

A possible method of studying embeddability of compacta is by decomposing them into
inverse limits. See [Isb, McC67| [Si69], [SS83|. Roughly speaking, the embeddability of
compacta is reduced to the embedability of PL. maps between polyhedra.

A map f: N — R™ is said to be approximable by embeddings if for each £ > 0 there
is an embedding ¢ : N — R™, which is e-close to f. A map f : K — M is said to be
embeddable in R™ if there exists an embedding ¢ : M — R™ for which ¢ o f is approximable
by embeddings (this notion differs slightly from that of [Si69, SS83]).

The following examples [Si69] show that this notion is rather geometric and is also
interesting in itself.

Example 3.6.1. [Si69| (a) A map f : ST — S' C R? is approxvimable by embeddings if
and only if deg f € {0, £1}.

(b) Let H, T and X be the graphs homeomorphic to letters H, T and X, respectively.
The maps I — H CR?, f:1 - T CR? H—1CR?and X — I C R? in Figure are not
approzimable by embeddings. In Figure a general position map g - H — R?, close toio f, is
shown.

Theorem 3.6.2. (a) For each n every map f : I" — I" is embeddable in R*" [Si69)].
(b) For each n > 2 every map f :T" — T™ between n-dimensional tori is embeddable in
R [KW85].
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(c) For each n > 1 every map f : S™ — S™ is embeddable in R*".

The proof of Theorem 3.6.2.a is obvious: one just need to take the graph of f in I" x I™ C
R?" and compress it to the first factor. The proofs of Theorems 3.6.2.b, are much more
complicated [Me04]. In [Akh96S, Akh96P]| it is erroneously proved that for n € {1,3,7}
there is a map f : S®™ — S™, non-embeddable in R?".

The partial case of the approximability problem, important for dynamical systems, is the
following. Take m = 2n = 2, replace the range R™ to an arbitrary 2-manifold, let N and fN
be wedges of p and ¢ circles, respectively, and suppose that f is represented by p words of ¢
letters and [Zh]. E.g.,

(Smale) The map S* Vv S* — SV St defined by a — aba and b — ab is embeddable into
torus but not into plane.

(Wada-Plykin) The map S'V S'v St — Stv Stv St defined by a — aca™, b bab™?
and ¢ — b is embeddable into plane.

(Zhirov) The map S'v Stv Stv St — Stv Stv Stv St defined by a — ac, b — ad,
¢ — bac and d — c is embeddable into pretzel but not into torus.

An interesting an perhaps easier analogue of the approximability problem is its disjoinability,
or link map analogue:

gwen a map f: KUL — R™, under which conditions it is disjoinable, i.e. can be arbitrary
closely approximated by a map ¢ such that pK N oL =(?

Cf. [Ko93] and references there. For the case K = L and g a composition of the
identification of the two copies and an embedding K — R? see [RSS95| and references
there.

Another analogue of the approximability problem is as follows. Let 7 : R?> — R be the
canonical projection and 7 : R — R? the canonical inclusion. A map f : N — R is called a
projected embedding if there is an embedding f : K — R? such that f = 7 o f. Evidently,

if f is a projected embedding, then the map i o f is approrimable by embeddings.

The converse is false, as the example of a constant map shows. We conjecture that

the converse is true for general position maps f.

This is so if A(f) (see the definition below) has exactly two connected components [Skr]|.

YKa3aHusi u peaieHnsd K HEKOTOPbIM 3a/JaaM

3.4. Moxkno cectn K HettanapHoctu rpados Kyparosckoro K u K 3. [lynkrupnas juHmnsa
Ha puc. 24 MOMOXKeT ¢JeaTh ITO.

3.10. (a) Yucna B BeprmHax ¢ X ju (i — 1) x (j—1) (mwm i x (j—1) u (i — 1) X j)
rpada A usMmeHsaTcs Ha 1, a ducsia B 0OCTaJIbHBIX BepIIUHAX He m3MeHsitcst. [losromy v(y, f)
HE M3MEHUTCS.

3.11. (b) Caeayer u3 3.9.a.
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4 PeanuszyeMocTb AByMepPHBIX KOMILJIEKCOB

4.1 Haragaable 3a1a491 O CKJIeIKaX B IIPOCTPAHCTBE

B sagagax 3Toro myHKTa TPEyTOJBHUK U JIpyTHe (DUTYPHI IPEIITOIaraloTCs IByMEPHBIMU 1
pactskuMbiMu. OTBET ‘MOKHO' 00OCHOBBIBAiTE TPEbIBICHIEM KOHCTPYKIUH (HAIIPUMED,
pucyHKa, Kak Ha puc. 33 crnpasa). JloctaTouno HecTporux oOOCHOBaHHUiT OTBeTa ‘HEJIb3s .
Qopmau3anus TpUBeIeHa B CIEAYIONIX MyHKTAX.

4.1. MoxKHO /1 B TpeXMepHOM HpocTpaHcTse R3, He momyckas caMolepecedenuit, cKie-
UTh C YKA3aHHBIMUA HAITPABJIEHUSIMU CTOPOHBI

(a) AB, AC' u BC tpeyromsunka ABC?  (b) AB u DC, BC u AD xsanpara ABCD?

(¢) ABu CD, BC u AD xsaapara ABCD? (d) ABu CD, BC u DA xsagpara ABCD?

s periennd 3a/1a49 4.1.cd HY2KHBI ‘HEOPUEHTUPYEMOCTH’ (DUTY]D, TOJIYIEHHBIX CKJICHKOI,
u TpexMepHasti Teopema 2Kopjana, cp. 1. 2.2.

4.2. Moxmno mu B R? ckienTs 6e3 caMonepecedenuii TpeyrolbHIK 1 aeaTy Mebmyca Tax,
9TOOBI KOHTYP TPEYTOJbHUKA MPUKJIEUICT Obl K CPEIMHHON OKPYZKHOCTH JIeHThl Mebmyca?

/

Puc. 33: Ckiieusanue pedep

Bosbmem B R? nmpsvoyromsaukn XY B Ay, k= 1,2, ..., n, mo6be 1Ba U3 KOTOPLIX Hepe-
CEKaloTCs TOJILKO 110 oTpe3Ky X Y. Knuowckol ¢ n sucmamu Ha3bIBACTCA 00bEINHEHNTE STUX
npsiMoyrosibHukoB. CM. puc. 33 cieBa jyist n = 3 (cp. ¢ puc. 34, Ky ).

JL1st mIepecTaHOBKY 0 € .S, HA30BEM 0 -CK.AelK0T CKIIEHKY, ¢ YKa3aHHBIMI HAIIPABICHUSIMH,
CTOPOH X_Ak u YB;(k) KHIZKKHU C 1 JTUCTaMu i1 Kazkaoro k = 1,2, ..., n. Cm. puc. 33 s
n=3uo=id.

4.3. Moxno 7 B R? ocymecTBuTh 0-CKJIeHKy 6€3 caMorepecedeHnii?

B)n=3,0=(123); (21)n=3,0=(12)3); (22) n=4, o = (12)(34);

(Bl)n=4,0=(123)(4); (211)n=4,0=(12)(3)(4); (23) n=2>5, 0 = (123)(45).

4.4. JIng KaKnx 1epectaHoBoK o € S, B R? M0KHO 0OCYIIECTBUTE 0-CKIICHKY 6€3 caMoIre-
peceveHnii?

4.5. JIns kaxjoro pebpa AB mekoroporo rpada Bo3bMeMm npsiMmoyrosbhuk ABB'A'.
BosbMmeM HecBsI3HOE 0ObeMHEHNE TAKUX PIMOYTOIHLHUKOB. (B HeM pasubie pebpa AA’ 060-
3HadeHBI OIMHaKoBo.) Jlokaxkure, uro B R? cymecrsyer dburypa, nojydennas u3 3Toro oob-
eMHeHUsT CKIIeiikoit pebep AA’ pasHbIX TPSIMOYTOJIBHUKOB [IJTsT KazK 101t BepmuHbl A rpada.
(Cum. gerkyio dbopMmyanpoBKyY B 3ajade 1.9.a; sra Gurypa Ha3blBaeTCs YUAUHIPOM HAJ, TDa~
dbom, cm. gerkoe onpenernenue B 11. 4.3.)

4.2 OHpe,Z[eJIeHI/Ie ABYMEPHOI'O CUMIININIINAJIBHOI'O KOMIIJIEKCA

B sTom naparpade MbI onpejiesiuM JIBYMEpPHbBIE TOJUIPbI U MHOI0OOPa3usd KOMOMHATOPHO.
DT0 ya00HO KakK JIJId TEOPHUH, TaK U JJIsi XpaHeHUs B MaMATu KomibioTepa. CM. moapobHee

[Sk, . 5.2 u 5.3].
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Puc. 34: /IBymepHbIe KOMILIEKCHI, HE BJIOKUMBIE B ILJIOCKOCTD

Jeymeproim CUMNAUYUUAASOHDM KOMNAEKCOM HA3BIBAETCS CeMEHCTBO JIBYXIJIEMEHTHBIX U
TPEXIJIEMEHTHBIX TIOJIMHOYKECTB KOHEYHOT'O MHOZKECTBA, KOTOPOE BMECTE C KaKIIbIM TPEXJIe-
MEHTHBIM MHOYKECTBOM COJIEDZKHUT BCe TPH €ro JByX3JIeMeHTHbIe mojMHoxKecTBa. (Iloxoxkue
00beKTHl B KOMOMHATOPUKE Ha3bIBAIOTCs Tuneprpadamu.) Bynem cokpallleHHO Ha3bIBATH
JIBYMEPHBIN CUMILTUITUAIbHBI KOMILIEKC TPOCTO 2-komnaexcom. [Ipumepbl 2-KOMILIEKCOB
npuBejieHbl Ha puc. 34 (JABYX3JEMEHTHBIE MOJMHOXKECTBA CeMeiicTBa M300parKaloTCsi OTPe3-
KaMHU, a TPEXJIEMEHTHbIE — TPEYTOJIbHIKAMHE).

DJIEMEHTBI JIAHHOTO KOHETHOT'O MHOYKECTBA, HABBIBAIOTCS GEPUIUHAMU 2-KOMILICKCA, BbIJe-
JIEHHbIE JIBYX3JI€MEeHTHBIE TTOAMHOYKECTBA — pebpamu 2-KOMILIEKCa, a TPeXdJIeMeHTHBIE I10/I-
MHOXKECTBa, CEMENCTBA — 2PaHAMYU 2-KOMILIEKCA.

Hanpumep, xHonkotl HasbiBaeTCst 2-KOMILIEKC ¢ Bepirmaamiu ¢, 0, 1,2, 3 ¢ rpamsvu {0, 1, 2},
{0,1,3} u {0, 2, 3}; pebpamu ABIAIOTCS BCe UX JBYXdIeMeHTHbIE TToMuoKecTBa 1 {¢, 0}. Cwm.

puc. 34, KVI-
Knuotckoti ¢ n aucmamu Ha3bIBaeTC 2-KOMILIEKC ¢ BepImHaMu a, b, 1,2, ..., n ¢ rpansamu
{a,b,1},{a,b,2},...,{a,b,n}; pebpamu gBISIOTCS BCe UX JABYX3JIEMEHTHBIE MTOJMHOKECTBA.

Cwm. puc. 34, Ky, nia n = 3, cp. puc. 33 cjeBa.

Hoarvm 2-Komnaekcom ¢ n gepuwunamy (WM IBYMEPHBIM OCTOBOM (1 — 1)-MepHOTO cuM-
[UTEKCA) HA3bIBAETCsI 2-KOMILIEKC C 7 BEPIIMHAMU M CeMEfCTBOM 6Cer JIBYXIJE€MEHTHbBIX W
TPex3JIeMEeHTHBIX ITOAMHOXKeCTB. [loHbI 2-KOMILIEKC ¢ 3 BepIINHAMHU Ha3bIBAETCA TaK¥Ke
muckom D?. Om. puc. 34, Ky nnan = 4 (3TOT 2-KOMILIEKC Ha3bIBaeTCs Takke cdepoit S 2)

IIPOEKTUBHAsA Oy TBLIKA
mwiockocth RP2 Kireitna K

[
o

JIUCK ITUAJIAHID et cdepa S? Top T2 2

= & (¢
)/

Puc. 35: [Ipocreiimne 2-KoMILIEKChl (1 COOTBETCTBYIOIIHE (DUTYPBI-TEIA)
2-KOMILTEKC MOXKHO CTPOUTH IIPH MTOMOIMHN ‘CK.Aeliku’ CTOPOH KBaJpaTa WIN JazKe MHOTO-

yroiabanka. CM. MEepBYIO W BTOPYIO CTPOKM Ha puc. 35. DTa KOHCTPYKIHS (POPMAIM3yeTCst
HOHSTHEM KAEMOUH020 pasbuenus, cM. [Sk, 1. 6.2]; 3mech HaM He ToHaI00MTCs 9Ta hopMa-
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JIN3AINS, JOCTATOTHO WHTYUTUBHOTO IIPeICTaBICHNSI.
Kaxk u rpadnl, 2-KOMILIEKCHI MOXKHO 33/1aBaTh (u2ypamu, B T.9. ‘TIAIKUMI U caMoTepe-
CEKAIOINMIUCs, T.e. uX meaamu. CM. TPEThIO U IeTBEPTYIO CTPOKH Ha puc. 35.

JlokajpHO €BKJIMJOBHI JBYMepHbIE KOMIIJIEKChI

2-KOMILIEKC HA3BIBACTCH A0KAALHO €8KAUIOBHIM WIH MpuaHaysiuuet 2-mro2000pa3us,
ecyu Jioboe ero pedbpo COJEPXKUTCH B HEKOTOPOI rpaHu U Jijisd JII0OOH ero BEpIIUHBI U BCe
rpaHu, ee cojiepKailine, o0pa3yoT TenouKy’

{U7a17a2}7 {U7a27a3}’”{vvan—17an} nJjm {Uvalan}v {U7a27a3}"'{vuan—17an}7 {Uvanval}

JUTsT HEKOTOPBIX ITOTIAPHO PA3JNYIHBIX BEPIINH a1, ..., 0,. ECIN g BCEX U UMEET MeCTO
BTOPOI CTydaii, TO JIOKAJbHO €BKIUIOB 2-KOMILJIEKC HA3BIBAETCS 3AMKHYMBIM.

Kycouno-aunetinoim 08YMEPHLLM MH02000pa3uem Ha3BIBAETCS KJIACC TOMEOMOP(MHOCTH
JIOKAJIbHO €BKJIMIOBa 2-KoMiLIekca. Mbl Oy1eM Ha3bIBaTh KYCOTHO-IMHEHHOE IBYMEPHOE MHO-
roobpasue mpocTo 2-mHoz2000pasuem. Ilpeacrapiasgoniuii 2-KOMILIEKC Ha3bIBACTCS MpuaH2y-
AAYUET COOTBETCTBYIOIIETO 2-MHOTOOOpA3HSI.

BwmecTo TepMuHa ‘JTOKAIbHO €BKJIAJIOB 2-KOMILIEKC HCIIOJIB3YETCs TEPMUH ‘TPUAHTY AT
2-MHOTO000Opa3us’. ITO HEYTOOHO JJIsI HAIMHAOIIEr0, TOCKOJIBKY ITPU U3y IeHUN 2-MHOT000pa3mii
¢ KYCOYHO-JIUHEHHON TOUKU 3peHUsT N3HAYAJIbHBIM O0BEKTOM SIBJIAIOTCS 2-KOMILIEKCHI, U Te-
pe3 HEUX OIpeHessiorTcs: 2-MHOroobpasusi. B aTom maparpade Mbl UCIOIB3yeM TEPMUH ‘JIO-
KaJIbHO €BKJIMJIOB 2-KOMILIEKC', a B JajibHeflllieM — ‘TPpUaHTYJIANRsS 2-MHOrooOpa3us’ Win
naxke ‘2-MHOrooOpasue’, ecjii pedb HJIET O CBOMCTBE 2-KOMILIEKCOB, HHBAPUAHTHOM OTHOCH-
TeJIbHO TOMeOMOP(MHOCTH.

Kpaem (nnm rpanurneit) ON J1oKaJabHO €BKJIMIOBA 2-KoMILIekca N HasbBaeTCs 00beu-
HEHIE BCEX TaKUX ero pedep, KOTOPbhIe COAEPKATCs TOJBKO B OJHOI I'DaHM.

4.6. (a) JIro6oe 2-MHOTOOGPA3HE C HEITYCTHIM KPAeM UM OPUEHTUPYEMOe KyCOUHO-TMHENHO
BJIOKIMO B R3.

(b) Hukakoe 3aMKHyTOE HECOPUEHTUPYEMOE 2-MHOT000pa3ne He BJIOXKUMO KYCOTHO-JIMHENHO
B R3.

(c) JTioboe 2-mHOrOOOpasHe KyCoTHO-THHEHHO BI0KIMO B RY.

4.3 JIpyrue KOHCTPYKIIUU 2-KOMILJIEKCOB

Konyc Con G nad epagom G — 2-KOMILIEKC €

e muoxkecrBoM Beprma V(G) U {c}, ¢ ¢ V(G),

e BceMU TpaHsamu {c, i, ]}, tae {i,j} — pebpo rpada G,

e Bcemu pebpamu rpada G u Bcemu pebpamu {c, i}, rae i — BepriuHa rpada G.

Konyc maji myreM mim KOHYC HaJ IUKJIOM HA3bIBAIOTCS TAKZXKe JIUCKOM (MM KHUXKKOIL
¢ 1 cTpanuneil, WM KHIZKKON ¢ 2 CTPAHUIAMIE), & KOHYC HAJ N-0J0M — KHUKKOI ¢ 1 Jin-
cramu (puc. 33 cieBa jmiag n = 3, cp. puc. 34, Ky ). Urak, unorna He mzoMopdHbe, HO
20MEOMOPPHDBLE, KOMILTIEKCHI HA3BIBAIOTCSA OJIMHAKOBO.

4.7. (a) Oupejennre MOHATHS 2-MOJKOMILIEKCA U N30MOPdU3Ma 2-KOMILJIEKCOB aHAJIO-
TUYHO MOHATHAM Hojarpada u m3omMopdusma rpados.

(b) TTosHbIii 2-KOMILIEKC ¢ 1 BEPITHHAME COJIEPXKUT TIOJKOMILIEKC, m3oMopdubiii Con K.

(c¢) Kumxkka ¢ n jmcramMu u30MOphHA KOHYCY HAJT N-0JI0M.

(d) Knomnka msomopdna Korycy Haj HeKOTOpbIM rpadom. Har kakum?

(e) Momnprit 2-KoMmIuIeKe ¢ 4 BepiuHAMEI He U30MOp(deH KOHYCY HU HaJi KaKuM rpadoM.

Hastee B 3roMm nynkre G u H — opuenTupoBaHHble rpadbl ¢ BepmmHamMu 1,2, ..., 0g 1
1, 2, ...
Huarundp G x I nad epagom G — 2-KOMILIEKC C
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e 2ug Bepmmnamu 1,2, ..., vg, 1,2/ . o,

e Bcemu rpauamu {4, 7,4} u {i,j', 7}, vae (i, j) — opuenrupoBarnoe pebpo rpada G,

® BCEMU JIBYX3JIEMEHTHBIMU MOJMHOXKECTBAMU rpaHeil U Beemu pebpamu {i,4'}, riae i —
u30/MpoBanHad Bepimuna rpada G.

Takoe HaszBaHHE HPHUHATO IIOTOMY, YTO LMIMHJID HAJI HMUKJIOM ‘BBIVISIUT KaK OOKOBasd
MOBEPXHOCTD (OOBIYHOIO) TATHHIPA.

4.8. (a) Humuaap waj myTeM roMeoMopdeH JIUCKY.

(b) Humuuapy HaJT n-070M TOMEOMOPhEH KHIZKKE C 1L JTHCTaM.

(c) st HEKOTOPO# OpUeHTAINH N-0/ia IIUIMHD HAJT HUM U30MOpPQEH KOHYCY HaJl HEKO-
TopbiM rpadom. Hax kakmm?

Aexapmoso npoussedenue G X H epagos G v H — xoMmILIEKC €

e vguy BepmHamu (7,7), 1 < i <wg, 1 <j <oy,

e scemu rparamu {(4,7), (4,1), (k,j)} u {(k, 1), (¢,0), (k,7)}, vme (i, k) u (j,1) — opuenru-
poBaHHBIE pebpa,

e scemu pebpamu {(i, 7), (¢,1)}, vme (j,1) — pebpo rpacda H, u {(k,1), (i,1)}, rme (i, k) —
pebpo rpada G.

JlekapToB KBaJIpaT IMUKJIA HA3BIBACTCH MOPOM.

4.9. (a) Hekaproso npoussenenue rpada G ua Ky uzomopduo nummuiapy G X 1.

(b) HexaproB KBajpar Tpuoja ¢ HEKOTOPOIl OpreHTanuell 130MOpdeH KOHYCy HaJl HEKO-
TopbiM rpadom. Hax kakmm?

(¢) lekapToBbl pou3Be/ieHNsT KAaKiX Ipad OB JIOKAJIBHO €BKJIUIOBbI!

Bsapesannwiii xeadpam G epaga G — nogkomiLieke Komiuiekca G X (G, moJydeHHbIil yia-
JIEHWeM BceX TpaHeil u pebep, cojiepKaliux XoTs Obl OJIHY ‘IuaroHaabHyto’ Bepruny {(i,7)}.
Cp. . 2.8, zamauy 4.30.c u 1. 5.1.

4.10. Yemy romeoMopdeH B3pe3aHHBIN KBaIpaT (a) mytu;  (b) mukiaa  (c) Tpuo-
Ja.
4.11. (a) K5 u K33 0KaabHO €BK/IHIOBBL 3aMKHYThL.  (b) Yemy omu romeomopdub?

Onpenenenne I- u S'-paccaoeruti nad zpagamu cm. B[Sk, m. 13.1].

4.4 JIuneitHagd BJIOXKUMOCTDHb 2-KOMIILJIEKCOB

A set of non-degenerate triangles and segments in R3 is embedded, if each two of them either
are disjoint, or intersect only at a common vertex, or (for two triangles) intersect only by a
common side.

From now on we denote points in R?* (and in R*) by numbers.

4.12. (a) There exist 6 points 0,1,2,3,4,5 in 3-space such that the set of all triangles
0jk, 1 <j <k <5, k=#2is embedded.

(b) Suppose that we have 5 points in 3-space. If the set of all triangles with vertices at
these points is embedded, then for each point of space one of the 5 interiors of segments
joining this point and one of the given points intersects at least one triangle with vertices at
given points.

The following corollaries of Theorems 1.3 and 1.4 illustrate some ideas of the proof of
Theorem 1.42.c.

4.13. For any 6 points 0,1,2,3,4,5 in 3-space, if the set of triangles

(a) 0jk, 1 < j <k <5, k#2, together with segment 12, is embedded, then the triangles
012 and 345 are linked.

(b) 0jk, 1 < j <k <5, (5,k) & {(1,2),(1,3)}, together with segments 12 and 13, is
embedded, then either the triangles 012 and 345, or the triangles 013 and 245, are linked.
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(c) 0jk, 1 < j <k <5, (5,k) &{(1,2),(1,3),(1,4)}, together with segments 12, 13 and
14 is embedded, then either the triangles 012 and 345, or the triangles 013 and 245, or the
triangles 014 and 235 are linked.

(d) Dare you to guess the statement!

4.14. For any 7 points 1,2,3,4,5,6,7 in 4-space, if the set of triangles
(a) ijk, 1 <i < j <k <5, k+#3,is embedded, then the triangle 123 and tetrahedron
4567 are linked.

(b,c,d) Dare you to guess the statements!

HedopMasbHO, 2-KOMILIEKC AUHETHO 6.A09CUM 6 mpexmeproe npocmparncmeo R, ecin
ero MOXKHO 0e3 caMollepecedeHnii HapuCOBaTh B IIPOCTPAHCTBE TaK, YTOOBI pedpa m300pazka-
JINCH TIPAMOJIMHEHHBIMI OTPE3KaMH, & I'PAHM — IIOCKUMU JIByMEPHBIMUA TPEYTOJIbHUKAMHE.

A linear realization of 2-complex (V,E, F) in R? is an embedded set of triangles and
segments in R? whose vertices correspond to V', whose segments correspond to E and whose
triangles correspond to F. At the beginning of this section we have shown that

O0begumHEeHNEe TAKUX OTPE3KOB U TPEYTOJBHUKOB HA3bIBAETCS MEAOM JAHHOTO 2-KOMILIEKCA.

4.15. Hu oun u3 2-xkomiuiekcoB Ha puc. 34.111-VII #e BIoKUM JIMHEHHO B IMJIOCKOCTb.

4.16. Byioxkum Ji1 JIMHEHTHO B ILJIOCKOCTh

(a) numHIp Ha IyTeM? (b) mekapToBO TpOM3BEsIEHNE TIyTeil?

(C) TMIMHID HAJ] ITUKIOM? (d) kaOMKA?

(e) HEKOTODBI TOD, T.€. JEKAPTOBO MPOM3BE/IEHIEe TUKJIOB HEKOTOPOI JIJTHHBI?

st moKa3aTebeTBa BIOXKHUMOCTU HYKHO TPEIbABUTH KOOPJIUHATHI BEPITUH U ITPOBE-
puUThH ycsoBue Biaoxkennoctu. HedpopmaabHo, J10CTATOYHO HAPUCOBATH MOHATHYIO KAPTUHKY.

O6oznaunm gepes T Tpuon u depes S' MUK AuHLL 3.

Cam pucyHOK 34 1MOKa3bIBAET, YTO N300PaKEHHbIE Ha HEM 2-KOMILICKCHI JTUHEITHO BJIOYKU-
Mel B R3. YrBep:aenns 0-emex3.a, 1.9.ab u 4.1.a nmokaseiBaioT, uTo B R? JIMHEHHO BIOKIMEI
2-koMmrutekc, mosrygarommuiicss n3 Con K5 yaaieHneM OgHON TpaHu, MUJINHIP HaJTl TPOU3BOJIb-
HBIM TpagOM U HEKOTOPBIH 2-KOMILJIEKC, TTPEICTABIAIONINN IIIyTOBCKOM KOJITaK 3uMaHa.

Vreeprxaenns 0-ne3.a, 0-emex3.b, 0-ne3pr.n,mn u 4.1.bc moxaswBaior, uro B R® mHe
BJIOYKUMBI JIMHEHHO HU TOJIHBIA 2-KOMILIEKC ¢ 6 BepIIUHAMU, HU OObEJIUHEHUE IMTOJTHOIO 2-
KOMILJIKCa, ¢ 5 BepIIMHAMUI U KOHyca HaJl MHOzKecTBoM ero 5 sepumn, o Con K, nu Ky x St
HU TIpOoeKTHUBHAas myockocTh RP? (puc. 35), nu 6yTeuika Kieitna K (puc. 35).

4.17. Baoxkum(o) s ymuneiino B R3
(a) KOHYC HAJ| TPOM3BOJILHBIM ILJIAHAPHBIM Tpadom? (b) T xT?
(¢) nekaproso npoussenenne S' u npoussosbHoro mwianapuoro rpacda’  (d)¥ Kz g x S1?

Paccyxenne 1epes puc. f-con n pemenusa 3ajad 0-emb4 mokasbisaior, 9To B R* m-
HEIMHO BJIOYKUM KOHYC HaJ IIPOU3BOJIBHBIM I'pacoM, MOJHBIN 2-KOMILIEKC ¢ 6 BepIImHAMU 1
2-KOMILIEKC L, TIOJIyYeHHBI U3 MOJTHOTO 2-KOMILIEKCa ¢ 7 BEPITUHAME YIAJICHUEM T'DAHMU.

Vreepxkaennsa 1.4, 1.8 u 1.30 mokasbiBaioT, uTo B R* He BIOKIMBI JHHEHHO HI MOJIHEBIT
2-komIuieke ¢ 7 BeprmHamu, HU K5 X K5, HU JZKOHHOKYO Tpoerouns (T.e. 2-KOMILTIEKC C
JIEBATHIO BEPIIUHAMU, pa30UTHIMU HA TPU TPOIKH, JIIOObIE JIBe BEPIINHBI U3 PA3HBIX TPOEK
COEJIMHEHBI PEOPOM, ¥ Ha JIFOOBIE TPH BEPIIMHBI U3 PA3HBIX TPOEK HATSHYTA I'DAHb).

4.18. Broxum(o) ym smneiino B R

(a) HEKOTOPBI 2-KOMILIEKC, TIPECTAB/IAIOINIMI IPOEKTUBHYIO 110cKocTh RP? (puc. 35).

(b) HeKOTOpBIH 2-KOMILIEKC, TpejcTaB/somuil 6yTeuiky Kieitna (puc. 35).

(¢) eKapTOBO MPOM3BE/IEHsT JIIOOBIX JIBYX I'PpadOB, OJMH U3 KOTOPBIX ILJIAHADEH.

(d>* K5 X Kg,g. (e)* K373 X K3’3.

Pemmenns 3amaa 0-nedpr.mn, 0-ne4.mn, 4.17.bed, 4.18.cde 1103B0JISIOT OIIUCATD BCE JIeKap-
TOBBI TIpou3Be/ienus rpados, uHeitno Biaoxumble B R u B R* [Sk03]. (B kycouno-nuneitnom
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cIydae OTBET TaKOl rKe, JOKA3aTeIbCTBO AHAJOTUYIHO; BMecTO jieMM 1.11 m 77 HyKHBI nX
KYCOYHO-JINHEHbIe aHAJIOTN. )

4.5 KycodHo-JIuHeliHble BJIOYXKEHUS KOMIIJIEKCOB

Teopema 4.19. [HJ6]] (a) /l6ymeprviii Komnaeke KYCoOWHO-AUHETHO BAOAHCUM 6 NAOCKOCTL
mozda u MmoAbko Mo20a, K020 HUKAKOT 20MEeOMOPPHHVIT EMY KOMNAEKC HE COOEPAHCUM NO0-
Komnaexca, 2omeomopdrozo epady Ks, epady Kiz, xnonke Ky uau cepe S? (puc. 34).

(b) eymepnviii Komnaekc KYCOUHO-AUHETHO BAOHCUM 6 NAOCKOCML M020d U MOADKO
moezda, ko020a on He codepaHcum NOOKOMNAEKCA, 20MEOMOPPHH020 00HOMY U3 U30OPAHCEHHDLT
Ha puc. 34.

[Ipu mokazaresbeTBe ITOrO pesyiibraTa (1 TeopeMbl 1.42.a) UCHosb3yiiTe 6e3 JjoKa3aTe b
CTBa aHAJIOTUYHBIH pe3ysbrar s rpados — reopemy 1.34 Kyparosckoro (u Teopemyl.36).
[IpuBeiennoe B peneHnsx J0Ka3aTeIbCTBO TeopeMbl 4.19.a HCIo/ib3yeT MoHATHE 2-MHOI000pa3us
U TeopeMy KJacCuUuKaIu 2-MHOTo0Opa3uil.

Teopema 4.20. [Tol1] Cywecmeyem anrzopumm pacnosHasaHuA 6A0HCUMOCTIU 08YMEPHO20
KOMNAEKCA 6 HEKOMOPYN MPETMEPHYI 20MOA02UNECKYI0 cepy (he Pukcuposarnyto 3apa-
Hee).

General Position Theorem. Every n-polyhedron embeds into R*"+1,

Here the number 2n + 1 is the least possible: for each n there exists an n-polyhedron,
non-embeddable in R?*". As an example one can take

e the n-th power of a non-planar graph (conjectured by Menger in 1929, proved by [Um78,
Sk03]);

e the n-skeleton of a (2n + 2)-simplex [vanKampen1932, Flores1934];

e the (n + 1)-th join power of the three-point set [vanKampen1932, Flores1934|.

Teopema 06 N P-tpyauoctu. [MTWOS| /s mobwiz m,n ¢ yciosuem 4 < m <
3+ 1 anzopummuneckan npolaEMa PACNOZHACANUA KYCOWHO-AUNETNOT 6A00ICUMOCTIU T-
KOMNAEKCO6 6 m-meproe npocmparncmeo R™ aeasemesa N P-mpyonofi.

WNnes nokaszarenbcTBa npuseaerHa B 1. 4.10.

Teopema o pacnoznaBaemoctu. [MTWOS|, [C11] Jaa aobwx m,n ¢ yciosuem m >
S cywecmeyem (dadice nOAUNOMUAALIDILL) AAZOPUMM PACTIONACANUA KYCOUNO-AUNETHOT
BAOACUMOCTNU N-KOMNAEKCOE 6 M-MepHoe npocmparcmeo R™.

YesioBre 3TOi TEOPEMbBI BBIIIOJIHEHO, B YACTHOCTH, JJIst JIIOOBIX m = 2n > 6. Wnes moka-
3aTeJIbCTBa IIpuBeeHa B II. 4.7 1 4.8.

E\d| 2 3 4 ) 6 7 8 9 10 11 12 13 14
1 P + + + + + + + + + + +  +
2 P 7?7 NPh + + + + + + + + +  +
3 ? NPh NPh P + + + + + + +  +
4 NPh UND NPh NPh P + + + + +  +
5 UND UND NPh NPh ? P + + +  +
6 UND UND NPh NPh NPh 7 P + +
7 UND UND NPh NPh NPh 7 ? P

The complexity of EMBED(k,d) (P = polynomial-time solvable, UND = algorithmically
undecidable, NPh = NP-hard, + = always embeddable, ? = no result known).

29



4.6 3agaum JIJid NCCJIeJOBAHUS: BJIOXKEHUS KOCHIX ITPOU3BEIEHUI

3/ech 1 Jajiee BMECTO ‘KyCOUHO-JIMHEIHO BJIOXKMM MBI MUIIEM KOPOTKO ‘BJIOKUM .

Kocvim npouseedenuem G, epaga G na 0KpyscHocmpb, 0MEEMAOUUM ASMOMOPHUIMY
© HasblBaeTcs (uUrypa, HoJaydeHHas u3 uinHapa Haj rpadom G ckieiikoil pebep A'B’' u
w(AB) ms kaxgoro pebpa AB rpada G. Cp. ¢ m. 4.6. fcHo, uro Kocoe mpousBejieHIEM
rpada G Ha OKPYKHOCTH ‘BBITJIAJINAT

e Kak OOKOBasi MIOBEPXHOCTH (OOBITHOIO) TMIMHIpA WM Kak JeHta Mebuyca /s myTu
Ga

e KaK TOp win Kak Oyrbuika Kieitna (3amaum 4.1.be) mis mukina G,

® KaK pe3yJ/ibTaT HEKOTOPOW o-ckJjeiiku jyis n-ona G.

4.21. (a) (K4);q peanusyercs 6e3 camonepecedennii B R? (cp. ¢ §1).

(b)* JIns kakux aBromopdusmos ¢ : Ky — K4 B R? peanmusyercs 6e3 camonepecedennii
(K4)so?

(c) (K35)iq He peanusyercst 6e3 camonepecedenuii B R? (cp. ¢ Teopemoii 1.6 u ee Kycouno-
JIMHEHHBIM aHAJIOTOM ).

(d)* Ins xkakux asromopdusmos ¢ : K5 — Ky B R® peanusyercs 6e3 caMornepecedeHuit
(KS)so?

4.22. * Jlna kakux rpados G u aBroMmopdusMoB ¢ : G — G Kocoe npoussesenne G,
peasmsyeTcs 6e3 camorepecedenuii B R3?

Onpegienienne I- u S'-paccioennit naj rpadom npusesennst B [Sk|, naparpad ‘pacciioe-

I

HUA .

4.23. (a) JToboe I-paccioenne naji rpadom Broxumo B R3.

(b) S'-paccioenue nas rpacdom Baoxkumo B R3 Torga n TobKo Tora, Korja rpad mia-
HapPEeH, & PACCIOCHNE SBJISIETCS MPSMBIM ITPON3BEIEHUEM.

(c)* Kakue pacjioenust HaJ|, oKpy»kHOCTbIO ST co cioem rpad Biaokumbr B R3?

(d) T-paccioenue Haj CBA3HBIM rpacdoM BIokKHMO B R? Torja m TOJIBKO TOr/a, KOrua
9TOT rpad dABJsSeTCcs MUKJIOM U IepecTaHOBKa pebep Tpuoa, olpeiesionias 1 -paccioenne,
gernas. (Onpegenenne T-paccioenust s Tpuojga T anajormdno onpejenennio [- u Si-
paccioeHuii. )

Pemennsa 3aa1 4.23 1m03BOJIAT ONMUCATDL BCE KOCHIE MPOU3BE/ICHIA IPadOB, BIOKIMbBIEC B
R3.

4.24. (a) Ipousseaenne P x S 2-xommiekca P u OKpyzKHOCTH (3TO TpeXMepHbIH KOM-
mieke) BaoxumMo B R? Torga u TosibKo Torma, Korja P rjaHapen.

(b) I'unomesa. Unmuanp P X I Haj 2-komiiekcoM P (9T0 TpexMepHBIil KOMILTIEKC) BJIO-
»xuM B R3 Torma u ToIbKO Torsa, Korga HUKaKo# ToMeoMopgHDI P KOMILIEKC He COMePKUT
HOJIKOMILIEKca, romeoMopdHoro kuomnke (puc. 34, Kg) nm jseare Mebuyca. (Oba tu cBOIi-
CTBa PABHOCWJIBHBI BJIOKUMOCTU P B chepy ¢ HEKOTOPBIM KOJTMYECTBOM PYUEK. )

(c) Kaxue npsiMble TIponssejieHus 2-KOMILIeKca Ha rpad BJIOKAMBI B R3?

(d)* Kakue [-paccioenust HaJl 2-KOMILIEKCAME BJIOKUMBI B R3?

(e)* A S'-paccioenusa?

4.7 Asaropurm Ban Kamriiena pacrio3dHaBaHUS BJIOXKNMOCTHU TI'padoB

B 5T0M U cile/yoneM [yHKTax Mbl IPUBEJEM HJIEI0 JIOKA3aTe/bCTBA TeOPEMbI PACIIO3HABA-
emMocTn u3 1. 4.5.

‘[ToHsiTHE MPENSITCTBYS, [I0-BUINMOMY, BIIepBble BO3HUKIO y Ban Kamiena npu perenun
pOG/IEMBbl O BJIOXKHMOCTU N-MEPHBIX Hoam3ApoB B R*® maua n > 2 [No76]. (Hamomumnw,
qTo 060N n-MepHblil monmaap BiaokuM B R*HL) Cm. [FKT94|, [RS96, §2], [RS99, §2],
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[RS99’, §2], [Fo04], [Sk08, §4]. Ho mokazaTh OCHOBHYO HJIEI0 TOPA3/I0 MPOIIEe Ha si3bIKEe TEOPUH
rpadoB: Ha npuMepe npobsem IiaHapHocT rpadoB (B 9TOM IyHKTE), pAMCEEBCKOIl Teopun
sarerienuii (§2) ¥ anmpoKCHMUPYEMOCTH Iy TH BioxKeHusME (§3).

Wero mocrpoenus HIpendaTcTBUA BaH KaMileHa MILIIOCTPUPYET JI0Ka3aTeJbLCTBO Hellla-
napaoctu rpada Ks mpu momoru jgeMMbl 2.3. YTo6bl 0000IMUTL TO PaccyzKIeHne, BBEIEM
onpesnenenns. Kycouno-mmmeitnoe orobpaxkenne f : K — R? obmero monoxkenns rpacda K
HA3BIBAETCA Zio-68A00HCEHUEM, €CJTN f-00pas3bl JTIOOBIX JIBYX HECMEXKHBIX pebep IepeceKaroTcst
B YETHOM 4uncjie ToueK. ['pad Zs-naanapen, eciiu CylmecTByeT ero Zg-BJIOXKEHHUE B ILIOCKOCTD.

4.25. I'pad mianapen Torga u TOJBKO TONA, Korja oH Ze-uianaped. (Mcnosb3yiite Teo-
pemy Kyparosckoro 1.34. TIpsmoii BBIBOJ, TIaHAPHOCTH U3 Zo-TIaHADHOCTH CM. B [Sadll.
K. Capkapus moaTBepzKiaaer, YTO B 9TOM BBIBOJE MMeIOTCs Ipobenbl. [Ipsvoit BBIBOM, Zg-
IUIAHAPHOCTH U3 OTCYTCTBHs IoArpados, romeomopdubix K5 u K33 cv. B [Sadl].)

[IpogeMonCcTpUpPYEM HJICIO JTIOKA3aTEIbCTBA TEOPEMbI PACIO3HABAEMOCTH Ha IIPUMEpE I10-
CTPOEHUsI AJITOPUTMA PACIO3HABAHUS Zo-TIJIAHAPHOCTH I'padoB.

ITocmpoenue paccmanosxu v(f) das omobpasicenua f : K — R? obwiezo noaosicenus 2pa-
¢a K. Jls mo0BIX IBYX HECMEXKHBIX pebep o, T mepecevdenne fo M fT cOCTONT U3 KOHETHOTO
qucsia To9ek. [loctaBuM B COOTBETCTBHE HeymopsiiouenHoit nape {0, 7} Bbraer

V(f)or :==|foN fr| mod 2.

O603HauNM Yepe3 K* MHOKECTBO HEYIIOPSIOUEHHBIX TIap HeCMesKHbIX pebep rpada K. (3Ha-
KOMBIE C TOHSATHEM 2-KOMILIEKCa MOTYT HpeAcTaBiaTh cebe K* 2-kommrekcom.) Torma v(f)
— oToOpayKeHne u3 ITOr0 MHOXKECTBA B Zy. (Ul paccraHoBKa Hysieil u eIMHAI HA ‘KBaJIpa-
Tukax’ 2-komiutekca K*.)

4.26. (a) ITocrpoiire oTobpaxkenue f : Ky — R?, nys xoroporo v(f) # 0.
s f(x) — f(y)

(b) Kaxkmoit Touke (x,y) pebpe 2-komiutekca K* conocraBum BekTop f(z,y) 1=
[f(x) = f(y)]

¢ nanpasienuem ot f(y) K f(x). Torma B kKazkaoM ‘KBajparuke’ 2-kominiekca K* ctout ger-
HOCTB 4nc/Ia 000pPOTOB BEKTOPA TIpH 06X0JIe o ero rpanute, T.e. V(f),, = deg J?a(ow)-

(c) Ilycrb A — BepimHa, He sIBJIsTIONIasicst KOHIIOM pebpa e. [Ipu mpeobpasosanmnu Paii-
Jemaiicrepa Ha puc. 36 K v(f) mobasiagercsa (IIOKOMIOHEHTHO U IO MOJLYJIIO 2) PACCTAHOBKA
equHUIBL Ha nape {€', e} g € 5 A u Hysist HA OCTAJBHBIX Tapax.

Puc. 36: IIpeobpazoBanue Paiinemaiicrepa st rpados B miockocru (3amern V — A, a — e)

Hocmpoenue npensmemeus Ban Kamnena dan epaga K. Paccranoky u3 3agaun 4.26.c
Ha30BeM asemenmaphnoti xKoepanuued 0(A, e) naper (A, e). HasoBem paccraHoBKE Vy, Vs K020~
MONOUMHDLMU, €CTTT

V — Vo = (5(141,61) + -+ 5(Ak7€k>

JIJIT HEKOTOPBIX BepruH Ay, ..., A, u pebep eq, ..., €.
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O6osnaunm gepes H2(K*) MHOKECTBO PACCTAHOBOK C TOYHOCTDIO JI0 KOTOMOJIOTHIHOCTH.
> [Ipenamcmeue Ban Kammnena (¢ xosduvuernmamu 6 Zo) onpeensaercs Kaxk

v(K) = [v(f)] € H*(K).

HAcno, aro v(f) = 0 ana Zo-noxenns f. [losromy v(K) = 0 mist Zo-mtanapuoro rpada K.

e X X %

lj lIH lIV lv

Sl

Puc. 37: IIpeobpazoBanus Paitnemaiictepa s rpadoB B IIOCKOCTH

)=t

Hoscnenue. JIrobbie Ba 0TOOpaXKeHUsT OOIIErO MOJIOXKEHWsT OJHOTO rpada B IIOCKOCTh
MOKHO TIEPEBECTH JIPYT B JIpyra npeobpasoBanusiMu Paiijiemaiicrepa, puc. 37. (91o yrBep-
JKJICHWE MBI He JIOKA3bIBaeM, OHO HYKHO TOJIBKO JIJIs MTOSICHEHUsI, HE3aBUCUMOCTD IPEIIsT-
crBug Ban Kammena ot BeiOOpa f JOKa3bIBaeTCd HAIPAMYIO, CM. 3amady 4.27.a u yKa3aHue
K Heil.) VI3 sTux mpeobpazoBanuii TOJBKO TOCTeqHee MeHseT paccranoBky V(f). Koromo-
JIOTUIHOCTD — 9TO TO OTHOIICHHUE SKBUBAJEHTHOCTH Ha PACCTAHOBKAX, KOTOPOE MOPOXKIAET
u3MeHeHne oTodpazkeHus f.

4.27. (a) [penstereue v(K) onpeneseHo KOPPEKTHO, T.e. HE 3aBUCAT OT BBIGOpa 0TOO-
paxkenus f.

(b) 'pad K sBistercst Zo-nitaHAPHBIM TOT/Ia U TOJBKO TOTa, Korja v(K) = 0.

(¢) Mocrpoiite anropur™m pacrnosuasanus ycaosus v(K) = 0. Boicrpee on uiu MejjieHHEee
aJITOPUTMa, PACcIO3HABaHUA HaJIM4ns noarpada, romeomopdHroro Ky nmm K37

3Hak TOUKHU TIepecevdeHns yIopsI0UeHHON mapbl (a,b) HEKOJIMHEAPHBIX HAIPABJIEHHBIX
OTPE3KOB Ha IIJIOCKOCTU paBeH +1, ecjiu 3Ta mapa MOJOKUTEIHLHO OPHEHTUPOBaHa, U PaBeH
—1, ecim oTpULIATEIHLHO.

Kycoumno-mneitnoe orobpazxkenue f : K — R? obmero nosmoxkenns rpada K nasbBaeTcs
Z-6.0001C€HUCM, €CTTU JIJIS JIIOOBIX JIBYX HECMEXKHBIX pedep cyMMa 3HAKOB TOYEK IepecevueHust
ux f-obpa3oB paBHa HYJIIO, JJisi HEKOTOPBIX (WM, 9KBUBAJIEHTHO, JIJIsI JIOOBIX) OPUEHTAITMI
Ha TuX pebpax. ['oBopsaT: f-oOpasbl 3TUX pedep IepeceKaroTcs B HYJIEBOM UHCIE TOYEK C
y4aeToM 3HaKa. ['pad Z-naarapen, ecim CymecTBYeT ero Z-BJIOKEHHUE B ILJIOCKOCTb.

4.28. I'pad mranapen Torja u TOJLKO TOIJA, KOTJa OH Z-ILJIAHAPEH.

J1a orobpaxkerns f : K — R? obmero nosoxkenns rpacda K MocTaBIM B COOTBETCTBHE
yropsiiouenHoit nape (o, 7) opuenTupoBaHHbIX pebep uuciao N(f),, TOUeK uX mepeceveHust
CO 3HAKOM.

4.29. (a7) N(f)m’ = _N(f)TCT

(a) Kak menstercst paccranoBka N (f) npu mamenenun opuenraiuu pebpa’?

(b) Kak mensiercst paccranoska N (f) npu npeobpazosannu Paiinemaiicrepa na puc. 367
(¢) Ioctpoiite npensamcemeue Ban Kamnena V(K) € H*(K*; Zr) x Z-11anapHoCTH.

(d) 'pad K sBisiercst Z-mmaHapHbIM TOTJa U TOJBKO ToTa, Korga V(K) = 0.

15Qno nazpiBaercs deymepHots epynnoti xKoeomonoeuti ¢ xoagduyuenmamu 6 Zy 2-komiaexca K*. 3naTh
9TO Ha3BaHUe (M ONpeIeJIeHNe 2-KOMILJIEKCA) JIJIs Olpeiesienust pensarcTeus Ban Kammena He 06g3aTebHO.
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(e) IlocTpoiite amroput™ pacnosnasanus yciaosus V (K) = 0.

[Tepes mocTpoeHueM MHOTOMEPHOIO OOOOIIEHMs YUTATEII0 MOMKET OKA3AThCS MOJIC3HDLIM
HOCTPOUTL MAJIOMEPHOE: OIpeIe/nTh npernarcrsue Ban Kamnena K Zo-Biaoxkumocru rpada
K B mpamyio. Cp. m. 2.8, 8.1. Bupouewm, cienyromyio 3amaay (u 3amaun 4.31.ef) moxHO
IPOIIYCTUTEL, OHU He UCIOJIL3YIOTCS Jasee.

4.30. (a) st 06bx orobpaxkenus f : K — R obriero mosoxkenust rpada K u napst
{AB,CD} necmexubix pebep rpada K

[F(A) N FCD) +[f(B) N F(CD)| + [f(AB) N F(C)| + [ f(AB) N f(D)| = 0.

(b) Hna mobeix orobpaxkenns f : K — R obmiero nosnoxkenns rpada K obosHaunm
qepes v(f) conocrasienue unciaa |f(A) N f(BC)| xaxnoit nape A, BC' u3 BepIIUHBI U HE
comep:kaiero ee pebpa. Oupenennre anajor npeobpaszoBannn Paiinemaiicrepa na puc. 36
JUIst oTobparkeHuil rpacoB B NpsMyio. BbisgcHuTe, KaK MeHsiercs: coroctaBjenue v(f) mpu
TAKOM aHAJIOTe.

(¢) Ompenesum rpad K*V. Ero Bepmmms: — neynopspouennbie napbt { A, B} pas/mdambix
BepmnH rpada K. Kaxmoit mape A, BC u3 BepImuHBI U He COJEPZKAINEro ee pebpa B rpade
K coorserctiyer pe6po B rpade K*( | coemumaromee sepmmmn { A, B} u {A, C'}. Dro pe6po
obozuagaercss A X BC'= BC x A. Cp. ¢ onpejieniennem rpada K nepe1 3agadeit 2.36.

Haitmnre K*1 | ecotn K — ki ¢ TpeMs BepIIMHAMU, TPUOd, [{y.

(d) Ilycrs manm Kouuka v (3TO paccTaHoBKa HyJIel m emuuun Ha pebpax rpada K*(D).
Omnpenemm oToOparkenme

V2 K* = Zy dopmynoit  v*{AB,CD} := v(AxCD)+v(BxCD) = v(ABxC)+v(ABxD).

(T.e comocraBum ueymopsinodennoii nape {AB,CD} uenepecekatoruxcsi pedep rpada K
CYMMY JIBYX YHCEJT Ha «[IPOTHBOIOIOKHBIX> pebpax A X C'D u B x C'D «psiMOyTroJibHIKA». )

Hokazkure, aro eciin v = 0{ A, B} siByisiercst s;1eMeHTapHOl Korpanuiei Bepiiuaet { A, B}
rpaca K*1) | 1o 12 = §(A x §B), rue 6B — MHOXKeCTBO pebep ¢ KOHIoM B.

[Tostomy xeadpam Boxwmetinag H'(K*) — H?*(K*), x — z?, KOPpeKTHO oIpejieieH
dbopmyioit [v] — [V?]. DTy onepanuio MOKHO ONpPEIEUTD I MTPOU3BOILHOIO KOMILIEKCA,
HO MbI OPPAHIYUJINCH HEOOXOAUMBIM B (€) 9aCTHBIM CJIyIaeM, B KOTOPOM OIIPe/IeJIeHHe TPOIIIE.

(e) Comocrasmenne v(f) ecTh paccTaHoBKa HysIeil U emuHmI Ha pebpax rpada K*(),
[To n. (a) cymma derbipex umnces pebpax A x CD, B x CD, C x AB, D x AB paBHa
HyJ110. PaccTaHOBKHU ¢ TAKUM YCJIOBHEM HA3BIBAIOTCA KOUuKAaMU. OTPEIETUM IAEMEHMAPHYIO
koeparuy 0{A, B} sepmmuupl {A, B} kax paccranosky emunmi Ha pebpax rpada K*(1)
COJIepzKAIUX 3Ty BEPIIMHY, W HyJell Ha oCTajJbHbIX peOpax. HazoBeM KOIMKIIBI w; U Wo
KO2OMONOZUMHBLMU, €CTTH W1 — W SIBJISETCS CyMMON HEKOTOPBIX 3JIEMEHTAPHBIX KOI'DAHUIIL.
Onpesieum rpynny H'(K*) Kak Tpymlily KONMKJIOB C TOYHOCTBIO JIO KOTOMOJIOTHYHOCTH.
Onpegnemum npenarcreune Ban Kammena vy (K) € H'(K*) x Zy-snoxumocru rpada K B
npsivyto kak vy (K) = [v(f)] € H'(K*). KoppekrHocTb onpe/ieienns BhITeKaeT u3 1. (c).

Toxkazkute, uto v(K) = v (K)>.

(f) Oupenenure Gumneitnoe ymuoxenue Koamozoposa-Anexcandepa U : HY (K*)x HY(K*) —
H?(K*), nist kotoporo 22 = z U z.

4.8 Augaropurm Ban Kamnena pacrozHaBaHUsI BJIO>KNMOCTH

XOTS B 9TOM IIYHKTE MBI IPUBOINM UJIEI0 JOKA3aTETHCTBA TEOPEMBI PACIIO3HABAEMOCTH U3 II.
4.5, 3HATH OIpe/Ie/ICHIE BJIOKEHUS He HYKHO, IIOCKOJbKY MbI UCIOJIb3yeM 0€3 JT0Ka3aTe Ib-
crBa teopemy Ban Kammnena-Illamupo-By (cMm. masee). Bmecto sroro monaobsarces ciiempyto-
IUe OTIpe Ie/IeHNS .
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Jlunetinoe omobpasicenue 2-xomnaexca K = (V, E, F) ¢ R? — orobpaxkenue f: V — R3.
Obpasom f(ab) pebpa ab 2-komnaerxca K wazosem orpesok f(a)f(b). Obpasom f(abe) epa-
nu abe 2-komnaexca K wazosem tpeyrosbuuk f(a)f(b)f(c) (T.e. BBIIyKIYIO 060JIOUKY STHX
Tpex To4ek). Jljsi n-xkomiuiekcoB 1 R™ onpejiesieHusi aHAJOIUIHbL. BIpoyeM, 3TOT MyHKT
UHTEpeceH Jaxke it n = 2.

Kycouno-aunetinoe omobpascenue komnaexca K 6 R™ — npuneitHoe oTobOpakenme f :
L — R™ mekoroporo Komiuiekca, romeomopduoro komiutercy K. Ob6pazom f(agay . .. ay)
CUMNAEKCA QoA - . . Ay, KOMNAeKca K HazoBeM oObeuHeHne f-00pa30B CUMILIEKCOB KOMILIEK-
ca L, ‘comep:Kammmxcs’ B agay . . . Gy,.

Kycouno-imueitnoe orobpaxkenue f : K — R™ komiuiekca K Ha3bIBaeTCs OTOOPAZKEHIEM
00We20 NOAOIICENUA, €CIT 0Opa3bl BEPIIMH KOMILIEKca, romeomMopdnoro K, HaXOIATCa B
ODIIEM TIOJIOXKEHU.

Kycouno-mmneitnoe orobpaxkenne f : K — R?" obmero mosoKenns n-KOMIIeKca K
HA3BIBACTCS Zg-GA0HCEHUEM, €CTA f-0Opa3bl JIIOOBIX IBYX HECMEKHBIX 7-CHMILICKCOB IIepe-
CEKAIOTCA B YETHOM YUHCJIE TOUCK.

4.31. (a) [dna mobbix otobpazkenus f : K — R?™ obiiero mojioxenust 1 HECMEXKHBIX
CUMILIEKCOB 0, T KoMmIutekca K ux obpassl f(o) u f(7) ne nepecekatorcs npu dim o +dim 7 <
2n U mepecekaroTes B KOHEIHOM ducie Todek npu dimo = dim7 = n.

(b) Ins orobpazkenus f : K — R?" obmero nojoxenuss n-komiiekca K MocTaBuM B
COOTBETCTBYE HEYTIOPSI0UEeHHON TTape {0, T} OpHEHTHPOBAHHBIX N-CUMILIEKCOB YUCIO V( f)qr
TOYEK MX IIepecedeHns co 3nakoM. Kak mensiercst paccranoska v(f) Ipu n-MepHOM aHaJore
npeobpaszoBanus Paiiemaiicrepa na puc. 367

(c¢) octpoiite npenarcreue Ban Kamnena v(K) € H?"(K*) K Zy-BI0XKUMOCTH N-KOMILTEKCA
K B R*™,

(d) Kommieke K pasmepHOCTH 1 siBjifieTcst Zy-BI0KUMBIM B R?™ TOrIa U TOJIBLKO TOTJIA,
korma v(K) = 0.

(e)* IMocrpoiite npenarcreue Ban Kamnena v,,(K) € H™(K*) K Zy-BIOXKUMOCTH -
koMmiutekca K B R™. (Haunure c n =2 um < 3.)

(f)* CdbopmynupyiiTe n JOKayKuTe PABEHCTBO Uy, (K ) = vy (K)™ misa n-komiutekca K.

3HaK TOYKH MepecedeHus YIOPs0IeHHO napsbl (a, b) OPUEHTHPOBAHHBIX 71-CUMILIEKCOB
obero noJyozkenus B R2™® pasen +1, eciiu Jjist HOJIOXKUTEILHBIX OA3HCOB S1, ..., Sy Ul1, ..., 1,
B a 1 b, COOTBETCTBEHHO, S1,. .., Sp,t1,...,t, ABjIdeTcs IOJOKUTEILHLIM 2n-6a3ucoM B R?™,
u paBeH —1, eCcJIM OTPHUIATETbHDBIM.

Kycoumno-mneitnoe otobpazkernne f : K — R?" obmero mosoxkennsa n-KoMmiaekca K ma-
BBIBACTCA Zi-BAONCEHUECM, €CITH JIJIsA JIIOOBIX JIBYX HECMEYKHBIX N-CHMILIEKCOB CyMMa 3HAKOB
TOUEK Tepecevdenns ux f-06pasoB paBHa HYJIO, /I HEKOTOPLIX (WMJIM, SKBUBAJEHTHO, JIJIs
JIFOOBIX) OPHEHTAIUI HA 9TUX N-CHMILIeKcax. [oBopar: f-oOpasbl 9TUX Nn-CHUMILIEKCOB IIepe-
CEKAIOTCS B HYJIEBOM YHCJIE TOYEK C YIETOM 3HAKA.

Teopema Ban Kamnena-IITanupo-By. Komnaexe K pazmeprocmu n # 2 ea0ocum 6
R2" mozda u moavko moeda, xo2da on Z-croorcum 6 R?".

DTa TeopeMa JlaeT, B YaCTHOCTU, KPUTEPHUil I1anapHocTu rpadoB. XoTs Ipyriue KpUTepun
IJIAHAPHOCTH IIPOIIE, TOJbKO IPUBEICHHBIN KPUTEPHil 00001aeTcst Ha BBICIIAE PA3MEPHOCTH.

Sagaun 4.39.a u 4.35 nokaswiBaioT, uTo anajor reopembl Ban Kammena-Ilanupo-By mis
n = 2 HeBepeH.

J1a orobpaxkerng f : K — R?" obmero mooxKeHns n-KOMILIEKca K ITOCTaBIM B COOT-
BETCTBHUE YIOPsIZIOUeHHOiT ape (0, T) OpHEHTHPOBAHHBIX N-CUMILTEKCOB 9ucao N (f),, Touex
UX IIepecevdeHnsT cO 3HAKOM.

4.32. (a> N(f)oT = (_1>nN(f>7—o-

(b) Kak mensiercst paccranoBka N (f) Ipu n3MeHEHUH OPUEHTAIUH N-CHMILIeKca !
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(c¢) Kak wmensiercst paccranoBka N (f) mpu n-mepHOM aHajore mpeobpasoBanus Paiie-
Majicrepa Ha puc. 367

(d) Tocrpoiite npensarcreue Ban Kammena V(K) € H?"(K*;Zr) K BIOXKAMOCTH 7~
komitekca K B R?™.

(e) Kommieke K pasmepnocTu n siBjgercs Z-BaoKuMbiM B R?™ Torja u TOJIBKO TOT/IA,
korga V(K) = 0.

(f)* Tocrpoiite npenstcreune Ban Kamnena Vi3(K) € H3(K*;Zr) K Z-Broxumoctn 2-
komiiekca K B R3.

(g)* Tocrpoiire 2-komiteke K, we Baoxkumblit B R?, qyia koroporo V3(K) = 0.

CdopmymmpoBatHas B Havdale TeopeMa cienyeT n3 Teopembl Ban Kammena-IITanupo-By,
sajaan 4.32.b u Hamuaus aaroputMa pacrnosnaBanns yeaosusa V(K) = 0.

4.33. (a) Jliobbie Tpu 2-1uKJia B R3 ) BepmnHbl KOTOPBIX HAXOAATCA B OOIIEM HOJIOKEHIH,
[EPECEKAIOTC B Y€THOM KOJMIECTBE TOYCK.

(b)* dmst 2-komrutekca K mocTpoiite mpensTcTBre Ban KaMmiieHa K HATUIHIO 0TOOpazKe-
g f: K — R3 obuiero mosozxkenus, o6pasbl IIPH KOTOPOM JIIOOBIX TPeX HOIIApHO Hellepece-
KAIOIIUXCA 2-CUMILICKCOB IePeCeKAIOTCs B YeTHOM HUCJIE TOYEK.

(c)* Jokazkure MOJHOTY TOCTPOEHHOTO MPEISITCTBHSI.

Orobpaxkenne f : K — R™ u3 n-kKoMmiuiekca K Ha3bIBACTCA 7'-NOUMU GAONHCEHUEM, €CIIN
f-00pasbl JITOOBIX 7 TOMMAPHO HEIEPECEKAIOIINXC CHMILIEKCOB HE MMEIOT ODOIIel TOUKMU.

Otobpaxkenne f : K — R™ xommiexca K pasmepnoctn (1 — 1)k HaspiBaercs r-nouwmu
Z-6a00tceHueMm, ecn f-0Opa3bl JTIOOBIX T MTOTIAPHO HEIePeceKAIOINX sl CUMILIEKCOB Iepece-
KalOTCs B HYJIEBOM UHCJIe TOUEK C YIeTOM 3HAKa, JJisi HEKOTOPBIX (WJIH, SKBUBAJIEHTHO, JIJIs
JIFOOBIX) OpHEHTAIUIl HA STUX CHMILICKCAX.

Teopema Mabwuiisipa-Baruepa. [MW14|, [MW15| ITyem» k > 3. Komnaexe K pas-
mepnocmu (r — 1)k asasemca r-nowmu eaodicumvim 6 R™ mozda u moavko moeda, xozda
on asaaemca r-noumu Z-eaoocumoim 6 R

Teopema. [Tycmo 1, k yeavie nosootcumenrvhvie u r e cmenens npocmoezo. Tozda a10601
(r — 1)k-meproviti Komnaexc r-nowmu Z-eaooicum 6 R™.

Dra Teopema gokasana B [Frl5, Corollary 3| ¢ ucnonp3oBanneM HeOmyGJMKOBAHHOTO pe-
syasrara [Oz87].

Jokxazamesvcmeo onposeporcenus monoao2udeckots 2unomesv. Teepbepea us §1.11. Ilpu-
MEHHM BBIINIEIPUBEIeHHbIe TeopeMbl it r = 6 u k = 3. [loayuum 6-mmoutu BIIOXKeHUE
(A109)15) 3 RI8 15-pmeproro octosa 100-Meproro cuvmreca A, TIpomomsKmM ero mpoms-
BosibHo Ha cumiuieke A0, O6osmaunm yepes g(x) paccrosnue or Touku z cumiiekca A%
10 ero 15-mepnoro ocrosa. Jlokazkem, uro f x g : A% — RY gpngerca xonTpnpumepoM K
Tonojorudeckoit runoresze Teepbepra mia d = 19 u r = 6. Ilycrs 6 Todek x4, ..., x5 € A
oTobpasuamuch B oy Touky B R n jexkar B momapHo Hemepecekarommxcs rpamax. Pas-
MEpHOCTDb OJIHOW W3 9THX I'paHell (H.y.0., epBoii) He GoJblie 101 _ 1 me. me 6omibire 15.
Buaunt, g(z1) = 0. Torma g(z2) = ... = g(z,) = g(z1) = 0. Hosromy f(x1) = ... = f(x,).
[IporuBopeune. QED

4.9 HenouHoTta npensitctBusa BaH Kammena st 2-KoMmiiekcos B R?

st TpexMepHoro aHaJiora HyKHbBI TpexmepHas jJeMMa 2.19.a o kosbiiax Boppomeo u Teo-
pema 2.10 Konseg-T'opiona-3akca (ccbUIKE Ha Hee MOXKHO 3aMEHUTH CCBLIKAME HA €€ CJIe]I-
CTBHE — KYCOYHO-JINHEHHbI anasor 3amaun 4.13). s camoro mokasarenbcrBa (3ajada
4.35) HyKHBI YeTbIpexMepHas jemMa 2.31 o Kosbiiax Boppomeo u pesysbrar 4.14 derbipex-
MEPHON paMCEEeBCKON TEOPUU 3allCIIJICHUNA.
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B sTom m ciemytomem mnynkTe obos3nHaduM depe3 T’ Top, depe3 a u b ero MepujmaH u
napaJsiensb, K ;= Con K5. Bymem 0603Ha9aTh MITPUXaMU KONUY KOMILIEKCOB U UX 9JIEMEHTOB.
Yepes (ijk) obosnaqamm rpanb Komiuiekca Con Ky (M BHYTPEHHOCTb TPAHK — YTO UMEHHO,

BUJIHO U3 KOHTeKcTa). Uepes [ijk] 0bo3HaMNM 00beUHEHIE JIOMAHBIX i, jk, ki KOMILIEKCa
Con K5.

Puc. 38: www.mccme.ru/circles/oim/algorfig.pdf, P, vz

Komnaexc P = Py vz, , neeaoscumoti 6 R3. Tlomoxkum

P =K — (012)] | J[K' — (012)] U

0=0’ [012]=a, [012]'=b

Cwm. puc. 38 (Ha HeM u Ha puc. 39 u 40 HUKe HY?KHO 3aMeHUTh 0Tpe30K 0ul)’ Ha TOUKY).

[Iycts, mampoTus, P BiaoxknM B R3. Bygem paccMaTpuBaTh ero Kak IOJMHOMKECTBO B
R3, T.e. 0TOXKIeCTBUM ero ¢ ero obpasom. 1o Teopenme 2.10 Konpea-Topaona-3akca 3aMKHy-
Tas joMaHast [345] 3anemena ¢ mepumunanom [012] = a Topa 7. AHAJIOrHYHO 3aMKHYyTAast
nomanas [345] sanerena ¢ napasiesasio [012) = b Topa 1. Ilo onpe/eneHuio BIOKeHUs
HE ofHa 3 JoManbix [345] m [345] me mepecekaer Topa T'. 3amkHyTble Jomamnbe [345] u
[345)" orpammumsator qucku A := (034) U (035) U (045) u A, coorsercrBenno. 3natut, 11
JIOMaHbIe OIPAHUIMBAIOT JBa (JIPYIUX) HEEPeCeKAIONNXCsl HeCaMOePeCeKarouXesl JUCKa
(mokazkure!). IIporusopeune ¢ gemmoit 2.19.a 0 Kosbitax Boppomeo.

Crnenytomas 3a1aqa 4.34 OKa3bIBaeT, UTO MPUBEIECHHOE PACCYZKJIEHNE IEHHO JINIIb KaK
TpexMepHOe 00bsIICHEHNE YeThIPEXMEPHON HJIEN.
4.34. Kommeke [K — (012)] |J T ue Baoxum B R
[012]=a
4.35. 3ajaguMm KomIieke () Toit ke dopwmysoi, uro u P, ¢ 3amenoit K Ha MOJHBII
rurieprpad ¢ 7 BepIImHaMHU.

(a) Q ne Baoxum B R (b) v(Q) =0. (c) V(Q) =0.

4.10 WMnpesa nokazareabcTBa Teopembl 1.42.c 06 NP-TtpyanocTu

[Iycts nmeercs dopmyna f st 6yieBoit YHKIINN, sIBISIOMASICS U3 bIOHKINEH KOHbBIOHK-
Wi TIepeMeHHbIX U UX oTpuiianuii. IlycTh pm 9TOM B KaxKja0M ‘cjaaraeMoM’ He 60jiee Tpex
‘comnoxuTesneit’. Vcrmompsya m. §4.9, MBI mocTponM 2-KOMILIEKC Py co clleylonuM CBOii-
crBoM: ecau Py eaooicum 6 R®, mo f # 1. Bosee Toro, kosmdecTBo rpaneii (Bcex pasMepHO-
creil) B KOMILIEKCe P $BJIsieTcs TIOJIMHOMOM OT KOJIMYECTBA EePEMEHHBIX 1 B MyHKIWMH f, 1
nocrpoenue Py 1o f peaqmsyercsa HOJMHOMHAIBHBIM 10 70 aJTOPUTMOM. AHAJIOTHIHO CTPO-
UTCs 2-KOMILIEKC () o caegryromum cBofictBoM: Q 6aootcum 6 R moeda u moavko moeda,
Koeda f # 1. BmecTe ¢ aHAJIOTUYHBIME CBOMCTBAME ‘TIOJUHOMUAIHHOCTH TOTO JIOCTATOTHO
Jtst TeopeMbl 00 N P-Tpy/IHOCTH.

Y10o06b!I 1MOKa3aTh OCHOBHYIO HJICI0 0€3 TEeXHUYECKUX IOJAPOOHOCTEN, CHavasIa MOCTPOUM
KOMIUTEKC Py 1171 9aCTHBIX CTydaes.

Puc. 39: www.mccme.ru/circles/oim/algorfig.pdf: Py, vz, vz,

4.36. (a) (370 He 3aa1a, a 3azadka [VINH|) [Todemy nHe mpoxomuT g0Ka3aTeIbCTBO HEB-
JIOXKUMOCTH KOMILIeKCa Py vz, B R? (§4.9) mist cremyromero kommiexca?

Pyrasver = Pryvay, — (013) = [K — (012) — (013)] | J[K" — (012)] U T.

0=0 [012]=a, [012]'=b
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(b) Cremyromuit komiieke (puc. 39) He BiaokuM B R3:

Pryasvarva, = [K — (012) — (013)] | [K' — (012)'] | [K” — (013)"] U TUT'.
0=0’ 0=0" [012]=a, [012]'=b,
[013]=a’, [013]"=V

(c) (zaraaxa) IToyemy He HPOXOJUT JIOKA3aTEILCTBO HepjaozkuMoctd B R? usz mynkra (b)
JIsI CJIEJIYIOIIEr0 KOMILIEKCa?

Pyyapvmrz, = [K — (012) — (013)] | J[K" — (012)' — (013)'] U TUT'.

0=0 [012]=a, [012]'=b,
[013]=a’, [013]/=b'

Puc. 40: www.mccme.ru/circles/oim/algorfig. pdf: Py, uprsva va,vas

(d) Cremyromuit komiieke (puc. 40) He BaokuM B R3:

Pryasagvmivasvas = [K = (012) = (013) — (014)] | J [K' — (012)] [ [K" — (013)"] |

0=0’ 0=0" 0=0""

U [K/// . (014>///] U T/ U T// U TW.
0=0"" [012]=d’, [012]'=V/,

[013]=a"’, [013)"=b",

[014}:alll7 [014]///21)///

(e) Cremyrommuit KOMILIEKC He BJIOKHUM B R?:

Pyyayvermve o= [K = (012) — (013)] | J [K' - (012)" — (013)'] |

0=0/ 0=0""

|J (K" — (012)"] U TUT UT".
0=0"" [012]=a, [012]"=b,

[012]'=a’, [012]"=V,

[013]=a", [013])'=b"

4.37. Cremyronie KOMIUICKCE He BIOKIMBI B R,
(a) [K — (012)— (013)] U  TUT".
[012]=a, [013]=a’
(b) [K — (012) — (013) — (014)] U TuT'uT"”.
[012)=a’, [013]=a”, [014]=a'"
TpexmepHasi Bepcusi OCHOBHOIi JieMMbl. [[ycms 3adana dopmyaa

s “/s
f(xl”"’ \/xps@ Ps(?’ ps(4)
3decy 2° =T, 2t =z up, : {2,3,4} = {1,2,...,n} unsexyuu. Ioroocum
Pr=|J [K—(012) - (013) — (014)], U UijnTijn-

01=02="-=0m [01p; (k)]s =asjk, [o1p;1(k)}j:bijk

3decv undekcor s u ijk 03HaMaAOM HOMED KONUU, NPUYEM
s mpobezaem ece ueavie wucaa om 1 do m;

ijk npobezaem sce (ynopadowernnvie) mpotru (i,7,k) € Ly X Ly X Ly, 045 KOMOPHIT &
i-M CAGRAEMOM ECTB Tk, G 6 j-M ecmb Ty (makue mpotxu Ha308eM KOHPAUKTHBLMUL).
Ecau Py eaootcum 6 R?, mo cywecmeyem T, dan xomopozo f(Z) = 0.
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4.38. Ecm f = 1, To cymecTByer
(a) kordIMKTHASA TPOitKa ijk.
(b) koudmkTHAST TpOiiKa jk, IyIsT KOTOPOR X M Tj CTOAT HA MEPBOM MECTe.

Jlokasameavcmeo mpexmepnoti eepcun ocnoenot semmot. Ilycrs, nanporus, f =1 n Py
Bioxken B R?. Torga pacemorpum Py Kak moamHozxkectso B R3.

[To Teopeme Konpes-I'opmona-3akca MOXKHO canTaTh, 9TO s Jioboro s = 1,2, ....m
3aMKHyTbIe JIoManble [345]; u [012]y 3amemiens! (Toro, YTo0bI UIMEHHO STU JIOMAHbIe ObLIH
3allCIJIeHbl, MOKHO JIOOMTHCs, IEPEHYMEePOBaB BEPIIHMHbI 2, 35, 4,). Tak kak f = 1, To s
JIIOOOTO BBIOOPA OJTHOTO COMHOXKUTEJIA U3 KaXKJI0r0 ‘c/laraeMoro’ HailyTcs JBa COMHOXKUTE TS
T} U T CPEIU BHIOPAHHBIX. 10 eCTh CyIecTBYeT KOHMIUKTHAS TPONKa 1 jk, JIJId KOTOPOii L) 1
T), crogAT Ha mepBoM Mecte (T.e. p;(2) = p;j(2) = k). Ilo onpenesieHnIO BIOKEHUS 3aMKHYyThIE
aoManble [345); u [345]; me nepecekator Topa T, C Py.

Hna s € {i,j} samxuyTas jgomanas (3455 orpannanBaer juck (034); U (045)s U (045)s.
Buaunt, somansle [345); u [345]; orpannuuBaIOT ABa (IPYrHX) HEIEPECEKAIOMINXCA HEeCAMO-
nepecekatomuxcst jgucka D? u D2. TIporusopeune ¢ jieMMmoii o Kosibiiax Boppomeo. QED

Sazauan 4.34 u 4.37 OKa3bIBAIOT, YTO CIPaBeJIUB U OoJice CHIbHBIN bakT: ecn Py Bilo-
xuM B R, TO B KaxK/IOM c/IaraeMoM eCTh COMHOMKUTEb, He yIACTBYIOMINI HI B KaKOH KOH-
GIAUKTHOIT TPOIIKe.

Ob6parrenue TpexMepHOil BEpCUU OCHOBHOMN JIEMMBI, TTO-BHIMMOMY, HeBepHo. [losTomy s10-
Ka3aTeJIbCTBO TeopeMbl 1.42.c He IPOXOJIUT JIJIsI TPEXMEPHOT'O ciydas, cM. runore3y 1.43.a.

Saa1uM KoMIteke () p Toit zke hbopMyItoit, uto u Py, ¢ 3aMeHoit K Ha HOIHBI 2-KOMILIEKC
L ¢ 7 BepmmHamMu.

4.39. Ecom Qf Baoxum B R, To cymecrsyer Z, aa koroporo f(Z) = 0.
BwmecTo obimero jokazareberBa 00paTHOrO PACCMOTPHUM CJICIYIONINE BayKHBIE ITPUMEPHDI.

4.40. Cuestytomue KOMILICKCHI BJIOKIMBI B R?.

(a) [L=(012)] U T.  (b) Quyzova, = [L—(012)—(013)] U [L'—(012)'] U T.

[012]=a 0=0’ [012]=a, [012])'=b

YKazaHUus 1 peaieHnd K HEKOTOPbIM 3aJda49aM

4.1. Orsernr: (a,b) — na, (c,d) — Her.

4.3. Orsersr: (3,22) — na, (21, 31, 411, 32) — Her.

4.4. ]I mepecTaHOBOK 0, CONPSIZKEHHBIX CTerneHsiM 1mukia (12...n).

4.16. Orsets: (a,b,c) — na, (d,e) — Her.

4.17. Orsetst: (a,b,c) — na, (d,e) — Her.

(b) Ananorununo puc. f-con.

(d) On romeomopden Con K 3.

(e) Ceemure K nourn newaoxumoctn Ks x S' B R? npu nomomu nowmu-eaoocenud (puc.
fig-almemb).

4.18. Orsets: (a,b,c) — na, (d,e) — Her.

(d,e) Crenure x mourn nepjoxumoctn Ky x Ky B R? npu nomonu noumu-enoorcenudi
(puc. fig-almemb).

4.6. (b) RP? romeomopdna ety Mebuyca ¢ IPUKIEEHHBIM 110 TPAHUYHON OKPYKHOCTH
nuckoM. Vcemobayiite TeopeMy KiaccuuKalum 2-MHOI000pa3nii.

4.19. (a) HerpusuaiabHa JIMIIb 9aCTh ‘TOTA’ U JIMIIb JJIst ¢6A3HbT 2-KoMILiekcoB. Ciie-
JIyIollee JI0Ka3aTebeTBO (BUAUMO, siBJIsonieecs (hboJbKIOpHBIM, cM. [Sk05]) mpore opuru-
naspHoro. (Bupouem, Xamun un FOur cpasy mokasssann qacts (b).)
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Puc. 41: TIpeobpazoBanne OKPeCTHOCTH TOYKU

[ycrs ceasubiii kommeke N % S? we comepzxut nu rpados Ki, K33, nu sontuka U. Tax
Kak [N He COJEpP:KUT 30HTHKA, TO OKPECTHOCTH JI000i Touku B [N sBJisieTcs 00be/IMHEHUEM
JICKOB M OTPE3KOB, CKJIEEHHBIX 3a OJHYy TOUKY (puc. 41 ciesa). Eciu srux auckos GoJibiie
OJTHOTO, TO 3aMEeHHM 3Ty OKPECTHOCTh Ha m300pakeHHyI0 Ha puc. 41 cmpasa. IIpm srom
npeobpaszoBanun He nogBuTcd noarpados Ks u Kj 3. ObparHoe mpeobpa3oBaHue ABJIACTCA
CTATUBAHUEM ‘3BE3JIbI C HECKOJILKUMU JIy9aMu’ U MO9TOMY COXPaHSeT ILIaHAPHOCTb. SHAYNT,
JIOCTATOYHO JIOKA3aTh TCOPEMY s OJIy9eHHOTO 2-KOMILIeKca. Pacemorpuym obbemunenue N
ero JBYyMepHBLIX Tpameil. Torma OKpecTHOCTD Jii060i TOYKH B N ABJISeTCS JIUCKOM. 3HAYUT,
o TeopeMe KiaccuduKarmu 2-MHoroobpasnit N apidgerca cdepoil ¢ pydKaMu, MICHKaMHT
Mebnyca n geipkavu. [Tockonpky Kaxkapiit u3 rpacdos K5 u K3 3 BIOKAM U B TOP C JIBIPKOI,
u B ymctT Mebuyca, To N ecTh HecBsI3HOE 00LEIMHEHNE JUCKOB C JIBIPKAMI.

Puc. 42: [IpeobpazoBanne 1ncKa ¢ IbIpKaMK

SaMeHnM KaxKIblii U3 9TUX JMCKOB C JIbIpkaMu Ha Tpad ¢ puc. 42. [lomydennsrnii rpad
mwianapen. [lo Bioxkenuio 3Toro rpada B IJIOCKOCTH JIETKO IMIOCTPOUTD BJIOYKEHHE KOMILIEKCA
N B ILJIOCKOCTD.

4.24. (b) Ucnonsayiire nuero JokazarenbcTBa TeopeMbl Xanuna-tOnra.

4.27. (a) AHAJIOTHYHO JIOKA3aTEIbCTBY JEMMBI 2.3.

(a) Apyeoe dokasameavcmeo. Ilycrs orobpaxkenns f, f' : K — R? obmiero moJo:kenus
OTJINYAIOTCS TOJILKO Ha BHYTPEHHOCTH OJIHOTO pebpa e. s kaxkioit BepiuHbl a rpada K
[POBEJIEM HEKOTOPBIH 11y Th, COEMHAIONINI 9Ty BEPUIMHY ¢ OECKOHEUHOCTHIO, U HAXOSAIIUIC
B 00111eM ToJ102keHnn oTHocuTebHO TmKIa f(e)U f'(e). Ilyers ay, . . ., a; — Bce Te BepIIUHbL,
JIUIST KOTOPBIX TPOBEJICHHBIN Iy Th mnepecekaer nuki f(e) U f'(e) B neuemmom ducie Touex
(Habop STHUX BepIIUH He 3aBUCHT OT BbIOOpa myreit). Torma v(f) — v(f') = d{ai, e} +--- +
6{ag, e}. (HToxaxwure!) Jlioboe orobpaxenue f : K — R? 06mmero mogoKenust MOXKeT OBIThH
3aMeHeHO Ha JII000e JPYToe TOCIeI0BATETLHOCTHI0 HECKOIBKIX TOMEOMOPMU3MOB IIJIOCKOCTH
R? 1 HECKOILKUX M3MEHeHHil BHYTPEHHOCTH JIMIIL OJHOTO pebpa (MBI He JOKa3biBaeM 3TO
UHTYUTUBHO O4eBUHOE yTBepKaenue). [losromy v(K) He 3aBucut or f.

4.29, 4.31, 4.32. [MTWO08S|.

4.30. (e) BosbMmem nmneiinoe orobpazkenue g : K — R?, obpasbl BepHUIMH IIPH KOTOPOM
0o0pas3yorT ‘gamky’, T.e. Jexkar Ha rpaduke BoITyK/I0# ¢dyukiun. Obosnaanm depe3 f 1 K —
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R! kommozuiuio g u npoexknun Ha ock Ox. Torga v(f)? = v(g). Uz storo cieuyer HyxKuas

dopmya.

4.34. (a) [Iycrs Brokum. 3amkryTas jJoManas [345] orpanmansaer auck (034) U (045) U
(045). Dror auck mepecekaeT TOp B eauHCTBeHHON Touke 0. [lomosimenne jucka 0 9TOi
TOYKHU HAXOIUTCS 10 OJHY CTOPOHY OT Topa. Torjga 3ToT AUCK MOXKHO 3aMEHUTH Ha JIPyroi
quck B R® ¢ Toil e rpaHuvHON OKpY*KHOCTBIO [345], KOTODBIH yXKe He HepeceKaeT Topa.
(ro6bl 5T0 CTPOTO JOKA3aTh, MOXKHO PACCMOTPETh MAJIEeHbKYI cdepy ¢ IEeHTPOM B TOUKe
0.) BHauwT, 10 JIeMMe 0 YeTHOCTH JoMaHas [345] me 3amenena ¢ napastensio [012] Topa (cp.
¢ 3amaqeii 77). IIporusopeune ¢ Teopemoit Konsesi-I'opona-3akca.

4.36. (b,d,e) AHATIOTHYHO JTOKA3aTEILCTBY HEBJIOKUMOCTH KOMIUTIEKCA Py, vz, -
4.37. Anajornuno 3atage 4.34.

4.38. CM. J10Ka3aTeILCTBO OCHOBHOM JIEMMEI.
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5 Kondurypalimontuble IpOCTPAHCTBA 1 MJIaHAPHOCTb

5.1 IlIpensarTcTBue B3pe3aHHOro KBaJApaTa K IIAHAPHOCTH rpadosB

Kondurypanmonasie mpocTpaHCcTBa, MOJE3HbI KAK B TOIOJOIMH, TaK U B APYTHX 00JIaCTIAX
MaTeMaTUKU. [TosgCcHUM MIe10 UX HpUMEHEeHUs Ha IPUMEpPe KPUTEPHs ILIaHAPHOCTH rpadoB
(u mostmapoB). Konewno, mpoBepsiTh IIaHAPHOCTH TpadoB (U MOJU3IPOB) Tpolie 6e3 KOH-
dburypannoHHabix mpocrpascTB — 1o reopeMe Kyparosckoro (1 Xamuua-FOura). Oqaako 1ist
BJIOZKEHUl B BBICIIIIE pa3MepHOCTH aHasora TeopeMbl Kypartosckoro (n Xamuna-FOura) mpo-
CTO HeT, & BOT MeToJ| KOH(UTYPAIMOHHBIX [TPOCTPAHCTB Xoporno padoraer [RS96, §6|, [RS99,
84|, [Sk02]|, [Sk08, §5]. Urtak, B 9TOM IyHKTE YMTATE/Ih HA IIPUMEPE U3yUEHUsl ILIAHAPHOCTU
rpadoB (K TOJIUIIPOB) OCBOUT METOJ, KOTOPBIA XOPOIIO paboTaeT B MHOIOMEPHOM CJIydae,
a TakKyKe SIBJIFETCA JaCTHBIM CIydaeM 0oJjiee ODIIMX METOJOB, IMOJIE3HBIX JJId APYIUX 3a1a4.
Hazosem B
N ={(z,y) e Nx N |z #y}

63pe3antvIM Keadpamom rpada (M jazke MOaUdIpa Win KoMoakTa) N.

Ecin 3amana rpuanryssiius T rpada (wim 2-mosmsapa) N, To HA30BEM CUMNAULUAAD-
HBLM 63PE3AHHBILM KEAOPAMOM ITON TPUAHTYJISIIIUHN 2-TI0 3P (Uin 4-10JTI/Ip ) T := {oxT €
TxT|ont=0}.

5.1. Paccmorpum (Munumasibuble) tpuanryssanun rpados K3 (tpuon), Ky u Ksj, a
rakxke 2-toymapa U (30HTHK), cM. puc. 3. CUMIUIAIIAIbHBIE B3PE3aHHbIE KBAPATHI ITUX
TpuaHryIAnmit rpada K 3, nommsapa U, rpada K5 u rpada K3 romeoMopdHBI COOTBET-
creernno S', 82, chepe ¢ 6 pyuxamu u cdepe ¢ 4 pyIKaMm.

PaccMoTpuM 0TOBpasKeHue ‘IepecTanoBKy comuoxkureneir’ ¢ : N — N 1 CHMMETPHIO a :
St — S! orHOCHTEILHO TEHTpa OKPYKHOCTH.

5.2. Ykazauubiii B 3aja4e 5.1 m3oMopdu3M 1nepeBoInT 0ToOparkeHus ¢ Ha CUMILIUIIUA b
HBIX B3PE3aHHBIX KBaJpaTaxX B AHTUIOJIAJIbHBIE OTOOPAKEHUSI.

Ecmm f : N — R? Bokenue, To MOXKHO OIIPEICINTDL HEIPEPEIBHOE 0TOOparKeHne

~ = .= flx)— fy)
N St = "I
f:N— bopmymoit  f(z,y) @) = fW)]
st oTobpazkeHust fBbIHOJIHeHo f(y,x) = —N(:L',y), T.€. fot =ao f Takue HenpepbIB-

HbIe OTOOpaKEHUS N — S' naswsatorcst axeueapuanmuvimu. Utak, ecau N eaoocum 6
NAOCKOCY, MO CYwecmeyem sksusapuanmmoe omobpascenue ® : N — St.

Vcmonb3yst Teoprto MPEnsTCTBUI, MOXKHO TOCTPOUTH ajredpamtdeckoe IMPEersiTCTBhae K
CYIIIECTBOBAHUIO TAKOI'O 9KBUBApPUAHTHOrO OTOOpazkeHusi. OHO OKarKeTcsd PaBHBIM IIPEIIsIT-
creuio Ban Kammena k mmanapaoctu rpados.

5.3. Teopema By. Ecau das noausdpa (6 wacmmocmu, epaga) N cyuecmeyem sxeusa-
puanmmoe omobpascerue ® : N — St mo N enoorcum 6 naockocmv [Wub5|, [SSS98].

Teopema By nnrepecha, mOCKOJIbKY IMOKA3bIBAET, YTO ‘MHOIOMEPHBIN KPUTEPUil B3pe3aH-
HOI'O KBaJIpaTa CIPaBeIJINB U JJId IJIOCKOTO ciaydas. KpoMe TOro, UMEHHO KpUTEPHUil B3pe-
3aHHOT'O KBaJ[paTa MOYKET OKa3aTbCs CIIPABE/JIUB Jjis OoJiee MIUPOKOro KJiacca KOMIIAKTOB,
9eM TIOJIMJIPBI (CM., BIIPOUEM, IYHKT ‘MPEHSTCTBUAE B3PE3AHHOIO KBaJpaTa K ILIAHAPHOCTU
KOMIIAKTOB.”).

HokazarenbcTBo Teopembr By ocHoBano Ha kpurtepnu Kyparosckoro (Xammna-FOwnra)
wianaprocTy rpados (moamsapos), 3agadax 4.10 u 5.2, a Takxke ciaydae n = 1 ciemyromero
3HAMEHHUTOrO pe3yJsibrara (JApyrue ero mpuMeHeHHsl CM. B ciieiayromneM myHKTe). OTobparke-
e f @ S™ — S™ cdepbl B cepy HA3BIBACTCS IKGUBAPUAGHMHIM (HIH HEUEMHBIM), €CITH
f(=z) = —f(x) ana kaxmoro x € S™.
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Teopema Bopcyka-¥Yaama. Hukaxoe omobpasicerue S™ — S™ wne axeusapuanmmo.

Kommenmapuii no nosody doxazameavcmea. loctaTtodno joKa3aThb, 9TO JiI00OE HEUeT-
Hoe orobpaxkenue f : S™ — S™ umeer Hedernyo cmenens. dng n = 1 em. [S]. st mpo-
U3BOJILHOTO 1 MOYKHO JIOKA3aTh U MCIOJIH30BATH KOMMYTATHBHOCTD CJIEIYTONIEH INArpaMMbl
(ko3bpurrenTHI Zs):

H,(S") —2= H,(RP") 22 [ (RP™)

P

H,(S") —2= H,(RP") 22 [ (RP™)
Hpyroe nokazarenberso npusejiero B [Pr04, §8.8].

5.1. lna K5 u Ks3. IIposepnre, uTO T awnserca 2-MHOTroOOpasueM 0e3 Kpast, BhIYUC-
JIUTE €ro 3UIEPOBY XapaKTePUCTUKY U JOKasKUTE €ro OPHEHTHPYeMOocTh. OpUEHTUPYEMOCTh
CJIeJIyeT, HaIlPUMED, U3 BJIOKUMOCTH 2-Tosimaapa 1 Bo 63pedannvill dorcotin (Ompeie/leHHbIi
B |[Pr04]) rpada K wm Kj 3, Koropbrii romeomopden S?.

5.2 Ilpunoxkenue: Teopema Mypa o Tpmogax m HelJIaHApPHOe OecKo-
HEeYHOEe JIepPeBO

Teopema Mypa. [lrockocmv He codeporcum HeCUemHo20 cemeticmea nonapHo Henepecexa-
0UWUTCA MPUOIOS.

[TockosbKy J1I060e HeCUeTHOE TIOIMHOKECTBO B (IIOJTHOM ) IPOCTPAHCTBE 3aMKHYTHIX OI'pa-
HUYEHHBIX I10/IMHOXKECTB IIJIOCKOCTU COJEPKUT CXOJAILYIOCA IIOCTIEI0BATCIbHOCTD, TO TeOPe-
Ma Mypa BbiTekaer u3 ciemyioiieit semmbl. Obo3naunm vepe3 1 Tpuos,.

Jlemma. Jlna aobozo enoorcenus fo: T — R? cywecmeyem € > 0, das xomopoeo obpas
f-(T) mobozo eaoocenus f. : T — R?, asasmowezoca e-bauskum % fo (m.e. | fo(z), fo(z)] < e
das mobozo x € T), nepecexaemcsa ¢ obpasom fo(T).

Jloxaszameavcmeo. Bynem cantars Tpuos T’ BJIOXKEHHBIM B IIJIOCKOCTD MTPHU TIOMOIIHA 0TO0-
paykeHus fy W, TeM CaMbIM, TIPOIYCKaTh fy B 0003HaYeHUAX. BO3bMEM UHCIO & HACTOJBKO
MajibiM, 9ro Ha Tpuoje 1’ = fo(7T) MOXKHO MOMEHSITH MECTaMU J[BE TOYKH IIyTeM HX HEeIpe-
PBIBHOTO JIBUXKEHHUsI, B IPOIECCE KOTOPOI'O PACCTOSTHIE MEKIy HUMHU 60JIbIe €. UToObI T0JTy-
YUTH MPOTUBOPEUNE, JJOCTATOTHO OIIPEIeIUTh HEIIPEPBIBHOE OTHOIIEHNe ‘<’ Ha Mapax TOYeK
X,Y €T, nnst koropbix | XY | > e. (910 oTHOIIEHNE He 00s13aTeIBHO OY/IeT TPAH3UTHBHBIM,
re. yenosust A < B u B < C He obsizarenbho Biekyr A < C.)

Paccmorpum jiBuzkenne Byx Touek — ofuoii B 17, a apyroit B f.(T'). B mepsbiii MomeHT
BpeMeHu oHu coBagaioT ¢ Toukamu X u f.(Y'), coorBercTBenHO. 3aTeM IepBasi TOUKa, JIBU-
KeTcs BJoJIb (exmacTBenHOM) nyru [ C T or X kK Y, a Bropast ToUKa JBUKETCS BJIOJb JTyTH
fe(l) € fo(T) or fo(Y) x fo(X). Ecau BekTOp, CMOTpAIIHil OT TI€PBOH TOYKH KO BTODOI,
MTOBEPHETCH 10 YacOBOW cTpesike, TO mojoxkuM X < Y'; ecjim mpoTus, TO moJyiokuM Y < X.
HAcuo, aro misg map Touek X, Y ¢ | XY| > € 910 oTHOIIEHNE OMpeiesieHo (T.e. BEKTOP He MOT
HOBEPHYThCST HA HYyJIEBOi yroi). Bosee Toro, orHomenne ‘<’ HempepbIBHO 3aBUCUAT OT X U
Y. QED

5. [Tycts K — (1ByMepHBIii) MHOTOYTOJIBHUK HA IJIOCKOCTH U @ — BEKTOP, JJIsl KOTOPBIX
obpaz K + a mHOTOyroJibHUKaA K TpU CABUTE Ha BEKTOP a He mnepecekaercs ¢ K, t.e. K N
(K 4+ a) = (). Torna nBa Boza (T. e. Kpyra JuaMerpa @) HE MOI'YT MOMEHSThCA MECTAMHU IPU
HENPEPBIBHOM J[BUKEHUN WX MEHTPOB 10 K| TaK 9TO BO3BI HE CTATKHBAIOTCS.

B ocrapireiics yactu 3T0oro IIYHKTa M BO BCEM CJICAYIOIIEM IIYHKTE HCIIOJIb3YETCA ITOHA-
THE KomMnaxma. dnraresab MOKeT IIPOITYCTUTDH 9TY 9aCThb TEKCTa 6e3 ymep6a JJId IIOHNMaHM A
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JAJIbHEIIero uim npountarh onpejesenns B [Ku68|. 3mech 3aMeTnM JIHIb, 9T0 MOHATHE
KOMITaKTa sIBJIsIeTCsi 00oOIIeHneM OHATHil rpada u BoobIme mojamdapa. KommakTel ecre-
CTBEHHO MOSIBJISTIOTCSI [IPU U3YYEHUH JMHAMUIECKUX cucreM (azke riaakux!).

KomMmmakT Ha3bIBaeTCss 00HOMEPHDIM, €CITU Y HErO CYMIECTBYIOT MOKPBITUSA CKOJIb YTOIHO
MEJIKIMU OTKPBITBIMI MHOYKECTBaMU, HUKAaKKHe TPU U3 KOTOPBIX HE IepeceKatoTcs. FcHO, 9To
rpad sIBJISETCsT OTHOMEPHBIM KOMITAKTOM.

JTroboit cmazusaemuiti epag, T.e. nepeso, miaHaper (u3 chOpPMYTUPOBAHHON HIZKE TEO-
pembl KimsiiTopa BeITeKaeT Tak:Ke, 9TO JIIO0OH cmazusaemoili 00nomeproid xomnaxm I[learno
wianape). Creayomuil mpuMep MOKa3bIBAET, UTO JJisi KOMIIAKTOB JIeJI0 OOCTOUT MHAME.

ITpumep HeBIIOKMMOCTU. Cyuiecmsyem cmazu8aemvili 00HOMEPHBLT HENAAHADHBLT KOM-
naKm.

OToT npuMep gBIAeTca DOTBKIOPHBIM pe3ynbraroM 1930-x romos. B kadecTtse Taxkoro
KOMIIaKTa MOXKHO B3ATb N = T x (0U % Ux x [0,1], tne T — tpuog u x € T'. flcno, uro

KOMIAKT N CTATHUBAECM 1 OJHOMEPEH.

A

Puc. 43: CraruBaemblii 0JITHOMEPHBIN HEILJIAHAPHBIN KOMIIAKT

Saemenmaproe dokazamenvbemaeo nesaodcumocmu komnarma N 6 naockocmo [CRS9I|, [KS99)
noJiygaercs npuMenenueM Jlemmbl K fo = fryo.

[Ipusesem dpyzoe dokazamenvcmeo nesaoocumocmu komnaxma N 6 naockocmov. Ero
[PEUMYIIECTBO B TOM, YTO OHO HOJXOJUT U JIJIsl JIOKA3aTEIbCTBA CJIELYIONIEr0 MHOTOMEPHOIO
aHAJIOra [IPUMepa HEBJIOXKUMOCTH.

6. JIy1s1 1I06OTO N CYIIECTBYeT CTATUBAEMbIii n-MepHbIH KOMIAKT, He BIoxkuMbIi B R [RSS95,
nokazaresascrBo Crenersus 1.5], [RSO1].

Joxazamenavcmeo nesroocumocmu N 6 naockocms, ocnosannoe wa meopeme Bopcyka-
Vaama. Tpemmonoxmm, 9To cymectsyeT Biaoxkenue f : N — R2. 3amerny, 9To CyIecTByeT
orobpazkenue ¢ : S* — T, KoTOpoe He CKJIeMBaeT aHTUNOABI (T.e. JUAMEeTPAIbHO IPOTUBO-
noJozKHbIe Toukn). Toraa Mbl MozKeM olpeie/uTh otobpazkenue 1 : St — T x T dbopmy.ioit
P(s) = (¢(s), p(—s)). Tak Kak ¢ He ckiaeuBaer antunoos, To S N diagT = (). Crenosa-
TEJbHO, MOYKHO OIPEIE/NTH OTOOPaKEHUS

Cal 1 MYIIOH x _ @0 = f(y,0) i
go:9S" — S dopmynoit  go(w,y) |f(2,0) = f(y,0)]

gr: T xT — S'  dopmynoit  gi(z,y) = 750 - f<y’ %> .
.0 = (v 1)

Orobpazkenus 1, gy U gp dKBUBAPHAHTHLI OTHOCHTEIbHO uuBOsomuit na ¥S' C T x T u
St mepecTaB/IAIONMX COMHOKUTEIN W aHTHIO/bI, cooTBeTcTBeHHO. Tak Kak [0St diag T| >
0, To mst Toukn (z,y) € S u mocrarouno Gosbmoro k Touku go(z,y) u gr(w,y) GyayT
6simskumu. CiieloBaTeIbHO, OHU He MOTYT ObITh aHTuiogamMu. [1osToMy ¢y 9KBUBapUAHTHO
TOMOTOIIHO g |yps1. HO g |yst mpomomkaercs Ha craruBaemoe npocrpanctso 1 x T u mosTomy
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Hyab-romotonmo. CrenoBaTensro, gy : YS! — S mymb-romoronmo. 3HauuT, oTo6paykenne
goo v : St — S sKBEBAPHMAHTHO U HYJIL-TOMOTOIHO, UTO IPOTHBOPEUNT TeopeMe Bopcyka-

Ynama. QED

5.3 IlpusoxkeHue: mpensaTCTBUE B3PEe3aHHOI0 KBajpaTa K IJIaHAP-
HOCTU KOMITAKTOB

SHAMEHUTON HEPeIeHHOo# MTPOOIEeMOil ABJISIETCs MPODJIeMa OIMMCAHUS C8A3HIL KOMNAKMOB,
BJIOYKIMBIX B IIJIOCKOCTD.

CBs3HBIIT KOMIIAKT HA3BIBAETCS A0KAALHO C68A3HuiM (Win KoHTHHYyMOM [Teano), eciu st
JII000M ero TOYKM & U ee OKpecTHOCTH U CyIecTBYeT TaKasl MeHbIIas OKPECTHOCTH V' TOYKHN
X, 9TO JIIOOBIE JIBe TOYKM U3 V COEIUHSIOTCS HEKOTOPBIM IIyTEeM, IEJIUKOM JiexkaruMm B U
(mn, SKBUBAJICHTHO, €CJIN OH sIBJIsIeTCs HenpepblBHBIM obpasoMm jgyru [0, 1]). Korrumyymer
[Teano moryT GBITH O4eHb CJI0KHO ycrpoenbl [Ku68|. Tlostomy yauBuTennHO, 9TO MMeeTCst
CJICIYIOIINN pe3yJIbTaT.

Teopema Kunaiitopa. Konmunyym Ilearo sarosicum 6 S? mozda u moavko mozda, xo20a
on ne codeporcum Komnaxmos Ks, Kss, Ck, u Cr,, (puc. 44).

Pucynok 44 noka OTcyTCTByeT‘

Puc. 44: Kontunyymor Kyparosckoro-Kimiitopa

Iocmpoerue xomnaxmos Cy; u C, ,. BosbMmem pebpo ab rpacda K5 n ormeTnm Ha HeM
HoByto Bepuiuny a'. Ilycrs P = K5 — (ad’). Ilycrs P, xonust rpacda P. O6o3naunm depes a,
u a,, BepumHel rpada P,, coorBercrByiomue a u a'. Torma

Co,=P PP )L

/ /
aj=az as=ag

rie {P,} — nocienoBarebHOCTD rpadOB HA MJIOCKOCTH CO CTPEMSIIIUMUCS K HYJTIO THaMeT-
pamu, cxofdmmasicss K Touke x ¢ L%, P,. TouHo Tak e MOKHO onpeneanTh KoMnakT C, 5,
B34B B Hadase K33 BMecTo K.

flcHo, 9TO OTCYTCTBHE HMOAKOMIIAKTOB, TOMEOMODPMHBIX ofHOMY n3 rpadoB K; m K3
(1axKke BMeCTe C OTCYTCTBHEM IIOJKOMIIAKTOB, roMeoMopdubix komnakrtaM Cg, u Cg,,),
HEJIOCTATOYHO JIJIsI TJIAHAPHOCTH KoMitakTa (mokaxkure!). Tlosromy Jijist usydeHus: yKasaH-
HO¥ 1po6JIeMbl HYZKHBI HOBBIE IPEISATCTBUAS K BJIOXKMMOCTH B IIOCKOCTL. B 3TOM IIyHKTE
MBI JIOKAXKEM, UTO NPENAMCMEUE 63PE3AHH020 KEAOPAMA NOAHO OAfL KoHMunyymos Tlearo u
HENOAHO OAA NPOUSBOALHULT CEAZHUT Komnarmos [SkIS].

oxazamenavcmeo meopemvr By das wonmunyymoe Ilearo N. Ilo Teopeme KisiiTopa
JIOCTATOYHO JI0KA3aTh, €TO HE CYMCCTBYCT SKBHBAPHAHTHEIX orobpazkennit Cg, — S' u
CKss — S'. Ilycrs, nanporus, ® : Cx, — S' — skBupapuanTHoe oTOOpazKenne. O603Ha-
quM gepe3 S, OKPYKHOCTHL B P, COCTaBJeHHYIO U3 pebep, He COAEPKAIUX BEPIINH G, U
al. s nocrarodno Gosbmux n U m < [ HOCIeI0BATEILHO MOIYYaeM TOMOTOMMYECKYIO
TPUBUAJILHOCTH cykenuit ® Ha cie/ryionme MHOXKeCTBA:
rx1, S, x1, S, x0, S,XSn, SuxS, SnXan SnXa,.
(IlepBblit Iepexo/1 BepeH, Tak Kak S, cxoauTces K x. Bropoil nepexo BepeH, Tak Kak Plg, » 1
sIBJIsieTCs roMoTonuei MexkTy Plg, o 1 P|s, x1. Tpernii mepexos BepeH, Tak Kak Sy, CXOIUTCs
o ) Y
K x. [Tarsiit nepexon Bepen, Tax Kax P|s,, xa,, # P[s,,xqa;, 'TOMOTOIHBEI'.)
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Buant, |5 sxBuBapuanTHO MpoOKaeTea Ha Py, U Sy, X (ad')y, U (ad’)y X Sy, 10

IPOCTPAHCTBO 9KBUBAPUAHTHO I'OMHOMOP(HO [A(j:,, YTO IPOTUBOPEUUT OTCYTCTBHUIO SKBUBA-
pUAHTHLIX oToOpazkenuit K5 — St

Hecy1ecrBoBanme 3KBUBApUaHTHOIO OTOOPAXKEHUsT C/’;;; — S nokasbIBaeTCa aHAIOTHY-
HO. (CpaBHHUTE 9TO JIOKA3ATEJLCTBO € JOKA3aTEJIbCTBOM HEBJIOXKUMOCTH B Teopeme Kimiiro-
pa [Sk05].) QED

IIpumep Tpexanu4ueckoro cosenonpa. Tperaduueckuli corenoud Yz He 6A0HCUM 6
NAOCKOCTY, TOMA CYWECTNGYem sKeusapuanmmoe omobpasicenue ® : Y3 — ST [Sk9Sg|.

[IpuBemeM mocTpoenne 3HAMEHUTOIO p-aduueckozo corenouda Bueropuca-Ban anmnura,
KOTOPBII BOBHUKAET B PA3HBIX OTJEIaX TOIOJOIUU U TEOPUN JUHaMuIecKux cucteM. OH sB-
JIIeTCsl TiepecevdenneM OECKOHETHOM 0C/IeI0BATeIbHOCTH TOJTHOTOPHI, KasK Iblii U3 KOTOPBIX
BIMCAH B IPEJILLLYIIHI cO cTenenbio p. Bosee Touno, BossMeM nosmoropue 1 C R3. Ilyern
T, C T} Gymer MOJTHOTOPUEM, TIPOXOSIIUM P pa3 BIOIb OcH mojaHoTopust 1. AHAJIOrmIHO,
nyctb 13 C T, OyJaeT MOJHOTOPUEM, MPOXOJAINIUM p pa3 BIOJb ocu rojnoropus 1h. IIpo-
JIOJIZKas aHaJIOTMIHO, ToJIydaeM OeckonedHoe cemeiictBo nostHotopuit Ty D 1o D T3 D .. ..
ITepecedenne Bcex mosnoropuii 1; 1 Ha3bIBaeTCA P-aJUICCKUM COJICHOUIOM X,. PopMasIbHO,

Ep:{(xl,xg,...)€l2(51) : xiESl,xfﬂzxi}, e S'={zxeC : |z|=1}.

D10 MPOCTPAHCTBO paccMaTpuBaercs ¢ TomnoJorueii Tuxonosa (kak u > u U, B HIZKECIIE/1y-
OIEM JI0KA3aTe/IbCTBE).

3aMeTuM, 9TO P-aIuIeCKUil COJIEHOU AOKANADHO BAONHCUM 6 NAOCKOCTND, HO HE GAONCUM
HU 6 KaKoe 2-MH02000pa3ue.

ITocmpoenue sxsusapuarmmnozo omobpasicenus g — St. Vmeen

S 1 3
Y ={(z1, 01, 22,92,...) | i,y €57, Tip1 = Ty,
yf’ 1 = Vi I KaxKJOro @ U T # y; JJIsl HEKOTOPOTO 1 }.

Ob6ozHaumm B
Un = {($1>yla T2,Y2; - - ) €X : |ZI§'n, yn| > 4—n}
Tax Kak |7y, Yn| < 3|Tpa1, Yna1| ist KAKIOTO N, TO [Ty, Yp| > 47" 1151 JOCTATOUHO GOJIBIIOTO
o0

n. Hostomy Uy C Uy C ... u ¥ = |J U,. Tak kax U,, OTKpPBITO, JTOCTATOYHO HOCTPOUTH IO~
n=1

CJIeI0BATEIbHOCTD TAKMX SKBUBAPUAHTHLIX oTobpazkenuit R, : U, — S, uro R, = R, 1|v, .

O6oznaunm S,, = {(x,y) € S x St : |z,y| > 47"}. TocTaTouno HocTpouTh MoOCIeI0BA-

TEJIHLHOCTH TAKUX SKBUBAPUAHTHBLIX OTOOParKeHMI
. 1 3,3y _ 3.3
Tn: Sy — S, wro r,(2°,y°) =rp(z,y) wpn (2°,y°) € S,.
Mz 6y/ieM CTPOUTH TaKme 0TOOpaXKeHns T, HOCIeoBaTeabHo. Ilyers ro @ Sy — S — mpo-
U3BOJILHOE SKBUBapHAaHTHOE OToOpazkeHue. IIpeanoaoKuM, 9To r,_; yzKe HOCTpPoeHo. s
nyru M C S' ¢ konnamu B a u b o6oznaunm uepes A(M) = {(:E,y) € St x S| arg € M}

KOIBIO ¢ rpanuaneivi mukaamu A(a) u A(b). OGosnatunm € = 5p—. Henonssys yeaosue
To(2,y) = rp_1 (23, y?), MBI MOJKEM OIpeIe/TUTEL OTOOPAZKEHHE T, Ha O0EJUHEHHI TPEX KOJIEI]
(0bo3HAYEHHBIX OesIbIM Ha puc. 45)

27 27 47 47
Alsg —efua[F reg —cJuafF e
€ 3 el U 3+5 3 el U 3+5 m™—¢

Tak Kak cyzkeHus oToOpazkeHus 7,1 Ha OKpyzkHocTH A(3€) nm A(2m — 3¢) roMOTONHEI, TO

Cy»KeHUsI OTOOpayKeHus T, Ha OKpYKHOCTH A <%’T —5) uA %’T —l—s) TOKE TOMOTOITHBI. SHAYUT,
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I

3.4n—1> 3.4n—1

Puc. 45: Orobpaxkenue 71, OIpeeseHO Ha OEJIbIX KOJIbIAX U IIPOJIOIKAETCS Ha YepHBIE.
3aMeHuTb 3=t 431,1 — ¢

r, Ipomo/KaeTcs Ha A %’T — g, %’r + ¢|. CietoBaTeNbHO, T, SKBUBAPUAHTHO ITPOIOIZKACTCS
Ha S,. MbI 6epeM B KadecTse 7, : S, — S! moboe Takoe npogoskenne. QED

I'mnoresza. Cywecmeyem npeBOBUIHBIN Komnakm N, He 8A0MHCUMDBIT 8 NAOCKOCTIL, HO
0 KoOmMopozo ecmwb dKeusapuarmmoe omobpasicerue N — St
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6 YTouameHnuda rpadoB

6.1 PeanmszyemocTh meporandoB Ha IIJIOCKOCTH

6.1. Yaurps ropofa (¢ JABYCTOPOHHMM JIBIZKEHHEM) MIyT JIHOO ¢ ceBepa Ha for, Jmubo ¢
3ama/ia Ha BocTOK. (Cm. puc. 46.)

(a) U3 omHOro mepekpecTka BBIEXAJIO J[BA BEJOCHUIIEINUCTA: MEPBBI HA ceBep, BTOPOil Ha
BocTOK. Oba OHHU TIpmexajum Ha STOT XK€ MEePEeKPECTOK: MEPBBIN € [ora, BTOPOH ¢ 3araja.
JlokazkuTe, 9TO OIUH W3 BETOCUTIENCTOB MEPeceKasl Ce/ibl IPYToro.

(b) W3 ognOro mepekpecTka BbIEXajio TPH BEJIOCHIEINCTA: EPBbI Ha ceBep, BTOPOi Ha
BOCTOK M TpeTuil Ha 3amaj. Bce onm mpuexannm Ha APYToil MepeKpecToK: MEPBBIi ¢ ceBepa,
BTOPOI ¢ BOCTOKA W TpeTuii ¢ 3amaaa. Jlokaxkure, 9T0 OIUH U3 BEJOCUIIEINCTOB IIEPECEKA
CJIEIBI APYTOro.

Puc. 46: Ilyru BesocumencroB mepecekatoTcst (H3MEeHUTh; ...C ceBepa Ha for...!)

HpI/I pemennn ITON 3aJa4911 MO2KHO HCIIOJIb30BaThb oe3 JOKa3aTeJIbCTBa CJIG,ILyIOLU,HfI (baKT.

Teopema 2KopaaHna. 3amkrymasn Hecamonepecekarouaacs Kpusas Ha naockocmu de-
AUM NAOCKOCTD POBHO Ha dee wacmu. Jlee mouku niockocmu, He npunadiedxcauue Kpusot,
AEACAM 6 00HOT Hacmu mo20a U MOoALKO mo20a, K020a UL MOHCHO COCOUHUMD NOMAHOT, HE
nepecexarowet Kpueo.

Bynem paccmarpuBaTh cioBa JnHBL 2n 13 1 OYKB, B KOTOPBIX Kask/1as OYKBa BCTpeda-
ercsl JIBa pasa. YnpouLeHHoviM Uepoziu@om Ha3bIBAETCSI TaKOe CJI0OBO ¢ TOYHOCTBIO JO IIepe-
MMEHOBaHUA OYKB, IUKJIMIECKOTO CABUTA U CUMMETPUM.

DKBUBAJIEHTHO, YNPOUEHHBIM UEPO2AUPOM HA3BIBAETCS CEMEHCTBO (3aHyMEpPOBAHHBIX)
meTesib ¢ O0IIel BePIMHOM, JIJIsT KOTOPOTO YKa3aH HEOPUEHMUPOSAHHbIT TTAKTTIECKAN TOPsI-
JIOK BBIXOJIAIINX U3 BEPIIUHBI OTPE3KOB (OTPE3KU, OTBEYATOIINE OJIHOM TeTIIe, 3aHy MEePOBAHbI
HOMEPOM STOM MEeTIIN ).

DKBUBAJIEHTHO, YNPOULLHHbLM UEPO2AUPOM HASBIBACTCA PUTYpa U3 21n OTPE3KOB ¢ 0D
BEPIINHON Ha TIOCKOCTH (‘IIIIOCKAsi 3Be371a ¢ 2n JiydaMu’ ), OTPE3KH KOTOPOH MepecekaroTcst
JIPYT € JIPYTOM TOJILKO TI0 00IIeil BepIinHe U MPOU3BOJIbHBIM 06pa30M pa3OUThl HA (3aHyMe-
POBaHHBIE) TIADHL.

B sTom u ciieayromneM myHKTax, €C/ii He OrOBOPEHO IIPOTHBHOE, YIIPOIIEHHbIE HePOrTH]bI
Ha3BIBAIOTCSI IIPOCTO UEPO2AUPAMU.

Puc. 47: Yrommenus cios (abab), (abacbe) u (abcabe)

Wepornudnr nzobparkaiorcs pucyakamu tuna puc. 47, 48. Ilpu sTroMm mukmdeckuii mo-
PSIOK 3371aeTCsl 0OXOI0M BBIXOJAIINX M3 BEPIINHBI OTPE3KOB BOKPYT BEPIIHUHBI.

Hepornud Ha3bIBaeTCA pearudyemvim Ha NAOCKOCMU, €CTTU MOYKHO COeIMHATE pedpa KarK-
JIOf TTaphl JIOMAHO Tak, 4TOOBI He OBLIO mepecedennii. Vm, SKBUBAJIEHTHO, €CIIN €ro MeTIN
MOXKHO HapHCOBaTh 0e3 caMollepeceveHnii Ha IJIOCKOCTH TaK, YTOObI P 00XOJIE IO ILIOC-
KOCTH BOKDPYT BEPIIUHBI BBIXOJSIINE U3 HEe OTPE3KU IPOXOJUINCH Obl B COOTBETCTBUU C
YKa3aHHBIM ITUKJITIECKIM TTOPSTKOM.
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Puc. 48: VYroamenuss ciaoB w3 derbipex OykB  (3aMenuTh Ha puc. 15 ¢
http://www.mccme.ru/circles/oim /nedosta.eps)

Hanpuwep, wepornud (abab) (puc. 47) He peannsyem Ha IJI0CKOCTH (cp. ¢ 3asadeit 6.1.a).

6.2. Uepormud G peamusyeM Ha INIOCKOCTH TOLJA MU TOJBKO TOIJIA, KOTJA BBLIITOJIHEHO
M000€e U3 IBYX CJICIYIOMNX S5KBUBAJCHTHLIX yCIOBHIL:
G He comepxut uepornuda (abab).
rpacd neresns ueporiuda G aBageTcs 0ObeIUHEHIEM U30IMPOBAHHBIX BEPIIUH.

[TousaTre ‘comepkut’ /i HeporandoB OIPeaeInTe CaMOCTOATEHHO.

I'paghom nemenwv uepornuda HasbiBaeTcs rpad, BEPIIMHAMUA KOTOPOI'O SIBJISIOTCS TIETIIN
neporda; JBe BEPUINHBI COENHEHBI PEOPOM, €CJIM COOTBETCTBYIONINE JBE IeT/IH 00pa3yioT
ueporiud (abab) (T.e. ‘cKpermuBaoTcst’).

6.2 PeanmsyemocTh meporandoB Ha JByMEPHBIX MHOroo0Opa3msx

Weporymnd HA3BIBAETCS PeasudyemviM HA Mope, eCIi Ha TOPe MOXKHO COEJIMHUTH JIOMaHOM
OTPE3KHU KaxKJIOi mapbl B 3Be3jie TaK, 4TOObI He ObLIO mepecedenuii. Vn, SKBUBaJIEHTHO,
ec/In ero IeT/IM MOXKHO m300pa3uTh 0e3 caMolepecevdeHnil Ha TOpe TaK, 9TOObI Ipu 00XOme
[0 TOPY BOKPYT BEPIIUHBI BLIXOJLINNAE U3 HEE OTPE3KU MPOXOJIMJINCH ObI B COOTBETCTBHUU C
YKA3aHHBIM ITUKJITIECKUM MOPSTKOM.

Hanpuwmep, nepornudet (abab), (abcabe) u (abacbe) na puc. 47 peanusyemsl Ha TOpe (CM.
[Sk], 3amaun 2.17.ab u nepe numn).

B strom naparpade ucriosibyiite ne 2omeomopprocms dpye dpyey chep ¢ pasHvim YUCAOM
pyuex [Sk, §5.5]. Kommenrapun mo mosogy romeomopduoctu cm. B [Sk, §2.4].

6.3. (a) Top ¢ ABIPKOII HEBO3ZMOXKHO BbIPE3aTh U3 ChHEPHI.
(b) Cdepy ¢ aByMst pydKaMu U OJHOI JBIPKOi HEBO3MOXKHO BBIPE3ATh M3 TOPA.
(cdef) Uepormuder va puc. 48 He peannsyeMbl Ha TODe.

6.4. [Cu8l], |[KPS|. Cnexyromue ycioBusi Ha ueporud G SKBUBaJIEHTHBI
(1) G peamusyem Ha TOpE.
(2) G ue comepKuT HU OiHOTO Heporuda ¢ puc. 48.
(3) rpad merens nepormuda G gBiseTcst 06beIUHEHIEM W30JMPOBAHHBIX BEDIIUH W
IIOJIHOT'O TPeXI0JbHOro rpada K, ;.
(4) G penymupyercst 10 oguoro u3 ueporaudos () (Tak obosHauaercst weporaud 6e3
neresb), (abcabe) win (abab).
Pedyryuet (yupormennoro) ueporynda Ha3bIBAETCS KOMIIO3UIUA HEKOTOPOTO YUCTIa CJie-
JIYIOIINX Ipeobpa3oBaHmil.
(D) Ynasenne HEKOTOPOH N30JUPOBAHHON MET/IH (T.€. TAKOM TET/IN, KOTOpasl B IUKJINIe-
CKOM TIODSIJTKE 3aJIaeTCs JIBYMsI HOJPsIZ, Wy muMu Oyksamu (aa . .. )).
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(R) Bamena aByx 'mapaJienbHbIX’ meTeqb a U ¢ (T.e. HeTesb, COOTBETCTBYIONIHE KO-
TOPBIM OYKBBI B IUKIMTICCKOM IOPSIKE HAXOIATCH HA COCEHUX MECTaX M HE YePEyIOTCH:
(ad’...d'a...)) Ha onmy.

Ueporind Ha3bIBACTCS PEaAUyemvim Ha cepe ¢ g pywKkamu, ecau Ha cdepe ¢ g pyIKaMu
MOZKHO COCIMHATH JIOMAHON OTPE3KH KasKJIOi Iaphl B 3B€3/i¢ Tak, ITOOBI He OBLIO mepecete-
Huii. Vlim, sKBUBaIEHTHO, €CJIn IeTJIM MOXKHO M300pa3uTh 6e3 camonepecevdennii Ha cdepe ¢
¢ PYUKaMHI Tak, ITo0BI IpH 00x071e 10 cepe ¢ g PydKaMi BOKPYT BEPIINHDLI BHIXO/AIINE U3
Hee pebpa [POXOAUINCH Obl B COOTBETCTBUM C YKA3AHHBIM IUKJIMYECKUM TIOPSIIKOM.

Hanpumep, kaxplii u3 ueporyindos Ha puc. 48 peasusyeM Ha cdepe ¢ AByMsl PyUKAMI.

6.5. (a) [Ipumymaiire neporiud, He peajmsyeMbiii Ha cdepe ¢ ABYMsT PYIKAMH.

(b) Hust kazxaoro g npugymaiite uweporiud, He peajusyeMblii Ha cdepe ¢ g pyIKaMu.

(c) Ecim nepormud He peanmsyem Ha cdepe ¢ g pydKaMu, a MpH yajeHud 060 ero met-
JI TIOJTy9aeTCsl Mepornd, peaan3yeMblit Ha cdepe ¢ g pydKaMi, TO B UCXOTHOM Heporande
2g + 2 nerin.

(d) Teopema. /Jlas xkastcdozo g cyuecmeyem as2opumm pacno3HasaHuL PEAU3YeMOCU
uepozaudos na chepe ¢ g PYUKAMU.

(e)* Iljst KazKJI0r0 ¢ CyIecTBYIOT Takue (ynusepcasvhvie) nepornudet Ey, . .., E co cie-
JIYIOIIAM CBOHCTBOM: JIaHHBIH neporaud peajusyeM Ha cdepe ¢ ¢ pydKaM# TOIJA ¥ TOJBKO
TOrJIa, KOIJIa OH PeyIupyeTcs 10 ofHoro u3 ueporiaudos Fi, ..., E)

(f)* s kazkoro g cymecTByoT Takue (3anpeusennoie) nepormudor Ey, . .., Ey co cie-
JIYIOIIAM CBOHCTBOM: JaHHbIH neporaud peagusyeM Ha cdepe ¢ ¢ pydKaMH TOIJA U TOJLKO
TOIJIA, KOIJIa OH He COAEPXKUT HU OIHOro u3 meporaudos K, ..., E,.

(g)** Haiiaure KoJmuecTBa YHUBEPCAJIBHBIX U 3AIIPEIIEHHBIX HEPOrINhOB it g = 2.
Ornennre ux Jjist IPOU3BOJIHLHOTO (.

Bouto 661 uaTEpECHO HAWTH U JApyrue ommcaHus ueporyindos, peaansyeMbix Ha cdepe ¢
¢ pydKamu, u oneHnThb ux qucsao. Cm. 3amaqay 6.4, [Cu8l| [VA95] [Vd9I6] [VdIT7|. Dra 3anaua
CBsI3aHA C TIOJICYETOM YHCJIa MHOTOYTOJBHUKOB, CKJIEHKON KOTOPBIX MOIydaeTca cdepa ¢ g
pyYKaMu.

Peanusyemocmv ueporimda na senre Mebuyca (puc. 58, 35) u ma Oyrbuike Kisiitna
(puc. 35) ompe/iesisieTcsl aHAJIOTUIHO PEATH3YeMOCTU Ha cdepe ¢ PyIKaMH.

D
Z 1
X1 XZ
1
1 1
0
X
3
X4
| ?
X5

Puc. 49: 3amnpermenusie neporyudb s 0yTeuikn Kieitna

6.6. (a) Ueporimudnt (abab) u (abcabe) (puc. 47 ciea) peanmsyembl Ha Jjincre Mebuyca.
(b) Pemykius neporiindos He 06s13aTeIbHO COXPAHSET PeaTn3yeMocTh Ha jucte Mebuyca.
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(c) Caemyromiue ycioBust Ha Hepornd paBHOCUIIbHBL:

peam3yeM Ha jucte Mebuyca;

He cozepkut ueporsndos (ababeded) (puc. 48 caesa) u (abacbe) (puc. 47).

ero rpad Imeresib ABIAETCS 00beIMHEHNEM N30 IMPOBAHHDBIX BEPIINUH U ITOJTHOTO rpada.
(d) Omumure neporudsbl, peanusyembie B 6yThiike KiieiiHa.

I/ j /
{ \
| ]

: /

Nepornnd 1_1 Peanusayua nepornucha 1_1
0 //
// = -,\\ X, ///'
t ) A
R LA
& / — i
\\ /“/ .\\
\ "
7™ 1 Sy
.
\\
\\
ol
Nepornud I_2 Peanusayus nepornucha I_2

Puc. 50: Yuusepcasbubie ueporyudnl i oyreuiku Kiretina

6.7. * Jluck ¢ m aenmamu Mebuyca onpenenen B [Sk|, §2. Peasusyemocmsb neporimuda Ha
Jucke ¢ jientamu Mebuyca onpejesisieTcss aHAJIOTMIHO PeAJIM3yeMOCT! Ha cdepe ¢ pydIKaMu.
Omnurmure ueporyiudbl, peajgusyembie B jucke ¢ m jguctamu Mebuyca.

Hepoeaupom (He yIpoIeHHBIM) HA3bIBAETC UEPOrId BMeCTe ¢ HEKOTOPOil pacCTaHOB-
KOM HyJteit 1 eIuHuIl Ha ero newisax (puc. 49, 50).
Ueporiind (He yupolrneHHbI) HAa3bIBAETC peasusyemvim Ha jucte Mebuyca, ecim ero
IEeTJIM MOYKHO M300pa3uTh 6e3 camoriepecedenuii na jucre Mebuyca Tak, 4TOOBI
— mpu 06xoe 1o JucTy Mebuyca BOKPYT BEPITUHBI BBIXOISIIIE 3 Hee OTPE3KN ITPOXO-
JIJIACH ObI B COOTBETCTBHUM C YKA3AHHBIM IUKJIMIECKUM IIOPSIIKOM, U
— BJIOJIb TIeTeJIb, Ha KOTOPBIX CTOUT €JIMHUIA, MEHSIJIACh Obl OPUEHTAIHA, & BJIOJIb II€TE/Ib,
Ha KOTOPBIX CTOUT HOJIb, HE MEHSLIaCh Obl.
Pedyruyueti neporsnda (He ympoIeHHOT0) HA3BIBAETCS KOMITO3HIIHST HEKOTOPOTO YHCTIA
npeobpaszosanuit (D) u (R) s nmerensb ¢ Hymem, a TakzKe CIEYIONEr0 TPeodPa30OBAHHUS.
(R’) Bamena nByx 'mapaJiiefbHbIX  HeTesb a 1 a' ¢ exuHuIeil (T.e. Jyist KOTOPbIX B IUK-
JIMYECKOM IIOPsAJIKE OYKBBI, COOTBETCTBYIOIIHE STUM IIE€T/IsIM, HAXOJATCS Ha COCEIHUX MECTax
'...)) Ha oxmy.
6.8. Cp. [Cu8l] (a) Caeayromue ycioBus Ha ueporaud (He yIpoIeHHbIil) pAaBHOCHIBHBI
peasim3yemocTu Ha Jjincte Mebuyca:
HE COJIEPYKUT HU OJHOTO ueporiuda ¢ puc. 777
pesynupyeTcs K ueporaudy ¢ oJHoi neTieil ¢ e IuHuIei.

u yepenytores: (ad .. .aa
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(b)* Ciemytorue ycaoBust Ha neporiud paBHOCHIBHBI peatu3yeMocTu Ha OyThuike Kieii-
Ha:
HE COJIEPXKUT HU OJIHOrO meporymda ¢ puc. 49;
pejlyliupyeTcst K OJHOMY U3 JBYX ueporaudos ¢ puc. 50.
(¢)* Onumure wepormudbl (He YIPOIIEHHBIE), peajn3yeMble Ha JIUCKe ¢ m juctamu Me-
ouyca.

6.3 Ormpegesienre u TpuMepbl yTOJINICHA

Koncrpykimst ymoauienus BOSHIKaeT BO MHOTUX 3a/1a9aX TOMOJOIHA 1 ee IPUJIOKeHu il (cu-
HOHUMBI: Tpad ¢ Bpamenusamu, scku3 [Ha|, [KPS|, [LZ]).

Ipagpom ¢ neragmu 1 KpaTHBIMU peOpaMil HA3bIBAETCS KOHEYHOE MHOXKECTBO V' BMecTe ¢
TakuM oTobpazkerueM € : V X V — Z, B MHOXKECTBO IEJIbIX HEOTPUIATEIHHBIX YUCEJI, 4TO
e(z,y) = e(y, x). DaemenTsl MHOKeCTBa V HasbiBatoTCs sepuwunamu. [lapa pasmnanbix (wim
COBIIQIAONINX ) BEPINUH, Tepexo/idinas B uncyio k > 0, HasbBaercs pebpom (usu nemaets)
kpamnocmu k. (Pebpom mmun nerseit kparaoctu 0 y00HO HA3BIBATH MAPY, MEPEXOJSIIYIO B

0.)

Puc. 51: Bce opuentupoBannbie yTosenus rpada Ky ¢ HesaHyMepOBAaHHBIMU BEPIITHHAMUI

Loaypebpom rpacda Ha3bIBaeTCs 1OJI0BUHKA pedpa. [Ipu sToM metsie KparHoctu k orBeva-
er 2k nostypebep. Opuenmuposarrvim ymoaueruem rpada Ha3bIBAeTCd STOT I'pad BMecTe
C YKa3aHUeM JIJIs KaKJI0#l ero BEePIIUHBI OPUEHTUPOBAHHOTO ITUKJIUYECKOTO MOPSIKA BHIXO-
ndamux u3 #Hee nosypedep. Cwm. puc. 51.

[IpuBesiem sKBUBaJICHTHOE ‘Olpe/ieieHne’ OPUEHTHPOBAHHOTO yTostmeHus. OHO CI0XKHee
TeM, YTO JIByMEpPHO (& He OJIHOMEPHO), HO HUMEHHO OHO BO3HHUKAET B JPYTUX 00JIACTIX MAaTe-
MaTuku. Kpome Toro, uHorjia ¢ HUM yjobHnee padboOTaTh.

—{ =

Puc. 52: Coequnenne MuCKOB JIEHTOYKO

Jnsg mamnnoro rpada G paccMOTpUM HECBA3HOE OObEJMHEHUE JUCKOB, YHUC/I0 KOTOPBIX
paBuo uwmciy BepmmH Trpada. Ha kaxkoft rpaHnvHoil OKpYKHOCTH JIMCKA BBIOEPEM OpPH-
EHTAINIO U OTMETUM HEIePECEeKAIONIecs OTPE3KH, OTBEYAIONINe BLIXOSIINM U3 COOTBET-
CTBYIOIIEH BEPIMUHBI pebpaM, B YKa3aHHOM OPUEHTUPOBAHHOM ITHKJIMIECKOM Mopsike. [liis
KaxkJ10ro pebpa rpada coeuauM (He 00s13aTETHHO B IJIOCKOCTH) COOTBETCTBYIOIINE €MY /1B
OTpe3Ka JIEHTOUKOM-IIPSIMOYTOJIbBHUKOM (TakK, 4TOOBbl pa3HbIe JIEHTOYKH HE MEePECeKaJINCh),
cM. puc. 52. Ilpu sT1oM cTpesiku Ha OKPYKHOCTAX JIOJI2KHBI OBITH IIPOTUBOHAIIPAB/ICHBI. 3a-
METUM, YTO KaXKJbIil U3 JBYX CIOCOOOB Ha PHC. D2 MOYKET OTBEYATH TAKOMY COEIMHEHUIO
JINCKOB JICHTOYKAMH.

O6o3HaunM depe3 N o0be/IHEHNe TIOCTPOEHHbIX JAUCKOB 1 JieHToueK. [lapa (N, G), co-
crosimast w3 N u rpada G, jexamiero B N, Ha3bIBACTCS (08YMEPHHIM) OPUCHMUPOBAHHBIM
ymoawenuem rpada G. (I'pad G mazwiBaercst cnatinom, wim ymoweruem buryper N.)

ITpumepvr opuenmuposanmvix ymoarwernud. (1) Lummaap ¢ ero cpeneii JInHMElH SBIISETCS
OPHUEHTHUPOBAHHBIM YTOJIIECHIEM OKPYZKHOCTH.
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Puc. 53: Tlocrpoenune yrosmenus o orobpazkeHuio rpada B IIOCKOCTh (J100aBUTH psiji 6e3
camoriepeceveHmii! )

(2) Ecu rpad BaozkeH B II0CKOCTD (111 B ¢pepy ¢ pydKaMu), TO JIETKO BHIOPATH OKPECT-
HOCTB 3TOr0 rpada, ABJIIONLYIOCS er0 OPUEHTHPOBAHHBIM yTOJIIICHUEM.

(3) Ecin nano orobpazkenune obwezo nososicerua rpada G B mwiockocTsb (mmm B cdepy ¢
PyUKaMm), TO MOXKHO TIOCTPOUTH OPHEHTHPOBAaHHOE yTourenne rpada (G, cOOTBETCTBYIOIIEe
sTomy oTobpazkenuio (puc. 54, 51, 53).

Puc. 54: Yrommenue rpada K; 3

6.9. (a) CKOJIbKO OPUEHTHPOBAHHBIX YTOJIIEHNI ¢ 3aHYMEPOBAHHBIMU BEPIIIMHAMHU Y I'Da-
(1)& K4?

(b)* To ke ¢ He3aHYMEPOBAHHBIMU BEPIIUHAMHU (T.€. CKOJIBKO OPUEHTUPOBAHHBIX yTOJI-
MeHnil ¢ TOYHOCTHIO J10 u3oMopduama y rpada Ky7?).

KommenTapun 110 1moBojly ToMeoMOpPMHOCTH ¥ KPaeBbIX OKpyxKHOCcTel cM. B [Sk, §2.4,
§2.5].

6.10. (a) ¥V 106010 OPHEHTHPOBAHHOTO YTOJIIIEHUS JePeBa OJIHA KpaeBas OKPYKHOCTb.

(b) ¥V s11060ro OpUEHTUPOBAHHOTO YTOJIIIEHUSI [IUKJIA JIBE KPACBBIX OKPY?KHOCTH.

(c) CymecrByer rpad, UMeOImUil 1Ba OPHEHTHPOBAHHBIX YTOJIIEHUS ¢ PA3HBIM YUCIOM
KPaeBbIX OKPYZKHOCTEH.
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(d) TTo opueHTHPOBAHHOMY YTOJIIEHHUIO TTOCTPOiiTe rpad, UHCIO KOMIIOHEHT CBSI3HOCTH
KOTOPOTIO PaBHO YHCJIY KPAEBBIX OKPYKHOCTEll yrosenns. (3HATUT, TO YUCIO MOKHO Ha-
XOJIUTH HA KOMIIbIOTEpE, He PHUCYsl PUCYHKA.)

6.11. (a) O6beuHEHNE AUCKOB ¥ JIEHTOUYEK OPHEHTHPOBAHHOTO YTOJIIIEHHsI IepeBa MOK-
HO M300pa3uTh 6€3 caMoIepecevueHnit Ha TIJIOCKOCTH TaK, ITOOBI OHO 3aIlOJTHSIO JIBYMEPHBIT
MHOTOYTOJIbHUK.

(b) O6beuHeHNE TUCKOB U JICHTOYEK OPUEHTUPOBAHHOIO YTOJIIECHUS IIUKJIA MOXKHO U300~
pasuThb 6e3 caMoliepecedeHnii Ha IJIOCKOCTU TaK, 9TOOBI OHO 3aIO/IHSIO 3aMbIKAHUE JTOIOJI-
HEHHs OJIHOTO JIBYMEPHOTO MHOTOYTOJIBHUKA JIO JIDYTOTO, B HEM JIEYKAIIIETO.

(¢) JTroboe OprueHTHPOBAHHOE YTOJIIIEHIE ‘BOCBMEPKH TOMEOMOPMHO JIHOO0 JUCKY C JBYMST
JIBIPKAMHU, JINOO TOPY C JIBIPKOIA.

(d) Yemy mozkeT OBITH TOMEOMOPMHO OPHEHTUPOBaHHOE yTOoJeHne rpada K47

6.12. (a) QPopmyaa Jiaepa. OpueHTHPOBAHHOE yTOJIIEHNE CBsI3HOTO rpada ¢ V' Bepiiu-

Hamu 1 E pebpamu, nmeroree F' KpaeBbIX OKpyzKHOCTeil, romeomopduo chepe ¢ (2 — V +
E — F)/2 pyukamu u F' nbipkamu.

Puc. 55: O6xo1 MakcuMaabHOIO JIepeBa

(b) @opmyaa Moxapa. Tlycts mano opreHTHpPOBAHHOE YTOJIIEHHE CBsi3HOTO rpada ¢ V
BepmmHaMu 1 E pebpavu. BosbMeM MaKkcnMaIbHOE JePEBO B I'pade U COOTBETCTBYIOIIEE T0-
JyTodinenne (puc. 55). DTO MOLYTOJIIEHNe UMEET OJ[HY KPAaeBYIO OKPY:KHOCTE. [Ipu 06xo/e
1o Hefl mojiyvaeTcs IMUK/IMYIecKas MOCIe0BaTe/IbHOCTh pedbep BHE MaKCUMAaJIbHOIO JIepeBa,
B KOTOPOIl KakJi0e pedpo BCTPEYaeTCs JIBa pa3a. 3aHyMepyeM 5T pebpa ducjaamu oT 1 10
n:= FE—V + 1. [loctpoum maTpuity n X n ciaeayromum odpaszom. Ecim ¢ # 7 u pebpa i n j B
[OJTy 9eHHO IHKJIMIeCKON MOC/IeI0BATEIbHOCTH YePeyIoTCs (T.€. UIYT B MOPSIJIKE 1jij, a He
ijji), TO B KJIeTKe { X j MMOCTABUM €JMHUILY. B oCTaabHbIX KIeTKax moctasuM Hyan. O603Ha-
quM 4depe3 b panr Haj Zo nosydennoit Matpuiibl. Torja b 4eTHO U JaHHOE OPUEHTUPOBAHHOE
yTosenne romeoMopdno cdepe ¢ b/2 pydkaMu U HEKOTOPBIM KOJHYECTBOM JIBIPOK.

6.4 Peann3zyeMoCcTh OPUEHTUPOBAHHBIX yTOJIIIEHUI

[Ipobisiema BIOKIMOCTH (T.€. peanm3yeMocTn 6e3 camorepecedenuii) rpacdos mimm rpados ¢
JIOIOJTHATEIBHON CTPYKTYPOIi B IUIOCKOCTH, B TOP, B JIeHTY Mebuyca (1 B Ipyrue moBEepXHO-
CTH) — OJiHa W3 OCHOBHBIX B Tomnosiormdeckoit Teopun rpados [MTO01]. Oxna n3 KpacuBbIx
dbopm pemennsa 3Toit TPoOIEMBI — HANTH HECKOTIBKO TaKUX HOATPad OB, YTO IMPOU3BOJILHBIH
rpad G BIOKIM B JAaHHYIO IOBEPXHOCTBH TOLJ@ M TOJIBKO TOrja, Korna (G He COAEPXKUT HH
ozHoro n3 rakux noiarpados. Hampumep, o xkpurepun KypaTtosckoro mianapHocTu rpadgos
cm. [Pro4], [Sk05], [ST07].

#cno, uro /moboit HapHCOBaHHBII 6e3 caMollepecedeHuil Ha IIJI0CKoCTU Tpad ‘3ajaeT’ opH-
eHTUPOBaHHOE YTOJIIeHre (CM. Ompe/iesienne B Hadase §6.3 u npumep (2)).

OpueHTHPOBAHHOE YTOJIIEHIE HA3BIBACTCA NAGHAPHDIM, €CJIH €T'0 MOYKHO HApPHCOBATh 0€3
caMoIepecedeHnii Ha IUIOCKOCTH TaK, YTOOBI /I KazK/I0i BEpIMTHHBI 00XOJ BBIXONAMINX U3
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Hee moJrypebep 1o 9acoBOil cTpesiKe COBIAA/ Obl ¢ YKa3aHHBIM OPHEHTHPOBAHHBIM ITUKJIH-
qecKuM TopsaakoM. Vim, sKkBuBasieHTHO, ecin obbeaunerne N JIMCKOB M JICHTOYEK MOYKHO
HApUCOBATL 6€3 camoriepecedeHuii Ha II0CKOCTH.

HAcno, uro 1060it rpad UMeeT KOHEUHOE YUC/IO OPUEHTUPOBAHHBIX yTosteHuii. [Tosromy
BOIIPOC O BJIO2KUMOCTH T'Ppad OB B IJIOCKOCTH CBOJUTCS K BOIIPOCY O BJIOXKUMOCTU OPUEHTUPO-
BaHHBIX YTOJIIEHUH B IJIOCKOCTD. 1O 2Ke crpaBe/yInBo JIjis BIOKUMOCTH rpadoB B cdepy ¢
pyukamu u B Juck ¢ jerntamu Mebuyca (win B cepy ¢ miaenkamu Mebuyca).

6.13. Kakue u3 opueHTHpOBaHHBIX yrosmenuii rpada Ky (puc. 51) mranapubi?

Ecmun L — moarpad rpada G, to moboe yrommenune N rpada G COmep:KUT yTOJIIEHTe
rpada L, Ha3bIBaeMoe nodymonuieruem yToarmeHuss N.

6.14. Teopema naaHapHOCMU OPUEHMUPOBAHHBLT Ymoswenud. Kaxkmoe n3 cireTyronmx
ycJIoBHil Ha opueHTupoBanHoe yrosirenue (N, G) cBsa3Horo rpada paBHOCHIBHO €ro ILIaHAD-
HOCTH.

(E) V- FE+F =2 tneV u FE — konmvectBa BepiuH u pebep rpada, a F — quciio
KpaeBbIX OKpYyzKHOCTeH B V.

(S) (N,G) ne comepKUT OPUEHTHPOBAHHBIX Oy TOJIIEHNUIT, TOMEOMOPMHBIX n300pa-
JKeHHBIM Ha, puc. H53.

(I) ms smoboro makcumasbaoro JepeBa 1T’ B G B IUKJIMYIECKON MOCTIEOBATEIHHOCTI
pebep Bue T u3 3amaun 6.12.b HuKakue aBa pebpa HE UepeyIOTCH.

OpHEHTHPOBAHHOE YTOJIIEHUE HA3BIBACTCI PEAAUSYEMBIM 1A cPHepe ¢ § PYUKaAMU, eI
€ro MOXKHO HapHUcOBaTh 0Oe3 camorepecedeHuil Ha cepe ¢ g pydIKaMu Tak, ITOObI T KaxK-
JIOI BEPIUHBI 00XOJ, BLIXOJANINX U3 Hee MoJypedep 1o 9acoBOil CTpeJIKe COBIaa/l Obl C
YKa3aHHBIM OPUEHTHPOBAHHBIM ITUKJINICCKUM IIOPATKOM.

6.15. Teopema pearusyemocmu 0pUeHMUPOSaHHLT ymoawenuti. Kazkmoe u3 cireayommux
yesioBuii Ha opuentTupoBannoe yrosienue (N, G) cBss3Horo rpada paBHOCUILHO €10 PeaJiu-
3yeMocTH Ha cepe ¢ ¢ PyIKaMH.

(E)V—E+F >2-2g,tne V u E — konudecrBa Bepins u pebep rpada, a F' — gucio
KPaeBLIX OKpysKHOCTeil B N.

(I) mst mo6oro MakcuMa bHOTO Jepesa B G uucsio b u3 3agaqu 6.12.b e npesocxogut
2g.

6.16. Teopema. Jis xa2icdo20 § CYWECMEYEm AAZ0OPUMM PACTLOZHAGAHUS PEANUSYEMO-
cmu ymoawenuti 1a chepe ¢ g pYuKaMm.

OcTaToK 9TOro MyHKTa MOCBAIIEH MUIoTe3aM 00 aHaore Kpurepus (S) /i peajnsyeMo-

CTH Ha TOpe.

T 88 L
=l

Puc. 56: VTommenus, He BJIOXKUMBIE B TOP
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6.17. ITycrs (N, G) — opueHTHpOBaHHOE yTOJIIEHNE CBsI3HOTO rpada G crenenn 3 (T.e.
U3 KazkJI0ii BEPIIMHBI KOTOPOTO BRIXOJUT 3 pebpa), He peajn3yeMoe Ha Tope, Jboe CBsI3HOe
MOy TOJIIEHNE KOTOPOIO PEaJM3yeMo Ha TOpe.

(a) B G ner neren.

(b) B N onna KpaeBast OKpy?KHOCTb.

(c) B G 6 Beprun u 9 pebep.

(d)* Jlwoboit casmblii rpad cremenu 3 ¢ yemosuamu (a) u (¢) m3oMopdeH OTHOMY U3
rpadoB Ha puc. 56 (maxe omgHoMy U3 1-ro, 3-ro, 4-ro, 6-ro u 8-ro) wim Ha puc. 57.

(e)* T'unomesa. TycTh u3 KaxK 10l BepuHbl cBA3HOrO rpada Berxogut 3 pebpa. Opuen-
TUPOBAHHOE yTOJIIIEHUE 3TOro Ipada peaausyeMo Ha TOpe TOTa M TOJIBKO TOra, KOrIa OHO
HE COIEPYKUT IIOLYTOJIICHIN, N300pazKeHHbIX Ha puc. H6.

Puc. 57: [lecroit rpad

6.18. ITycrs (N, G) — opueHTHpOBaHHOE yTOJIIEeHUe CBA3HOrO rpada G cremenn 4, He
peajmsyeMoe Ha TOpe, JH000e IOy TOJIIEHIEe KOTOPOro Pean3yeMo Ha TOpE.

(a) B G mer nereb.

(b) B N onna KpaeBasi OKPYZKHOCTb.

(c¢) Ckosbko B G Bepuiun u pebep?

(d)* Ouumure opueHTHpPOBAHHBIE YTO/IIEHUS I'PachOB CTENeHn 4, peaju3yeMble Ha TOPE,
B TEPMUHAX 3AIPEINEHHBIX Oy TOJIICHIA.

(e)* Onmmmmre X-rpadwl, peamusyembie Ha Tope. Cum. onpenenenne X-rpada B [Sk10]. Cp.
[Fr], [FM].

6.5 PeaausyemocTs yToJmIeHni

Ymoawenuem Ha3bIBaeTcs rpad BMecTe ¢ pacCTAHOBKOM HyJIell M eJIMHUIL Ha ero pedpax M,
JUTST KasK10# BEPIIMHBI rpada, OPUEeHTHPOBAHHBIM ITUKJIMIECKUM TTOPSIIKOM BBIXOJISIIIIX 13
Hee 1oJIypedep.

JIBymepHoe ‘ompeeeHne’ yTOIIEHNsT AaHAJTOTTIHO BBIIIEIIPUBEICHHOMY /I OPUEHTHPO-
BAHHBIX YTOJIIIEHNI, TOJIBKO CTPEJKHA HA OKPYKHOCTSIX JO2KHBI OBITH IIPOTUBOHAIIPABJICHBI,
ecm Ha pebpe crout 0, u coHanpasyensl, ecan Ha pebpe crout 1. (IIpu sToM KazK 1biit u3 AByX
CII0cOOOB Ha pUC. 52 MOXKeT OTBeYaTh KaK JIEHTOUKEe ¢ HyJIeM, TakK U JIEHTOUKE C € [MHUIIEI. )

Puc. 58: Jlmcr Mebuyca c ero cpemneil JuHneil — yTOIIEHNE OKPYKHOCTH

Hanpuwmep, cm. puc. 58. U3 npumepos (2) u (3) OpHEHTHPOBAHHBIX YTOJIIIEHUN MTOJIY-
YaIOTCsl IPUMEPDI YTOJIIEHHUT, eC/ii 3aMeHUTh ¢hepy ¢ pydKamu Ha OObeIMHEHHE JIMCTOB
Mebuyca, 100bIe JBa U3 KOTOPBIX IEPECEKAIOTCs 10 OTPE3KYy WX Kpas, W JIIoOble TPU U3
KOTOPBIX HE IIE€PECEeKaIOTCH.

(3ameTMm, 9TO MeporIudbl He SIBJISIIOTCI YACTHBIME CIy9asiMEi yTOJIEHUH, 100 JiIs
neporindoB J1Ba Toypedpa OJIHO# [T/ PABHOIIPABHBL. )

6.19. Chopmynupyiite u jokaxkuTe anagorn 3agad 6.9— 6.12.b aisa yrosmennii.
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Puc. 59: PaccranoBka 4mces Ha pebpax

Omnpeneenne yTOINEHNs IPUBEICHO B KoHIE §6.3. YTo/menne Ha3bIBACTCA Peanuslye-
MBLM 1A CPepe ¢ § PYwKaMU, eCIH ero MOXKHO M300pa3nuTh 6e3 caMolepecedeHuil Ha JHUCKe ¢
cdepe ¢ g pydKaMu U OKPY2KHThb KarKyl0 BEpPIIMHY MAaJIeHLKOI OPHMEHTUPOBAHHON OKPYIK-
HOCTDBIO TaK, 9TOOLI

— JUI KasKJ0i BepIIMHBI 00X0/] BLIXOAAIINX U3 Hee Hoaypedep BIOIb OPUCHTUPOBAHHOMN
OKPYZKHOCTH JIaBaJl Obl 3aJJaHHbI OPHCHTHPOBAHHLIN IUKJINICCKUN MOPAIOK.

— ma pebpe crout 0 TOrIa ¥ TOJBLKO KOIJIA, KOTAa OPUEHTAIINN OKPY2KHOCTEI, MOCTPOCH-
HBIX BOKPYT' KOHIIOB TOTO Pedpa, co24acosanv, 6004 amozo pebpa (puc. 59).

Omnpegesienne peaju3yeMOCTH YTOJIIICHUsS Ha JIUCKe ¢ m jJenTtaMu Mebuyca aHaJOrngHo.
(B peasmsarnuu BepIIMHBL HE JOJZKHBI JIEZKATh Ha KPAIo. )

6.20. CdopmynupyiiTe u JTOKayKUTE aHAJIOT TEOPEMBbI ILJIAHAPHOCTU JIJIst YTOJIIICHMIA.
;O O;
1

Puc. 60: Yrommenus, ne peanusyembie na jgucte Mebuyca (mobasuts!!!)

[

=
=
O
O

o
o
(=)

6.21. (a) Yrommenns na puc. 60 e peammsyemsl Ha jucre Mebuyca.

(b) Ecoin mpu ynasiennn HeKoToporo pebpa u3 rpada mosrydaeTcs JepeBo, TO JIIOoe yToul-
menue 3Toro rpada peaaundyeMo Ha Jjucre Mebuyca.

(c¢) Kakue yrosmenus rpacda K, peanmusyembl Ha jincre Mebuyca?

(E,I) Chopmymupyiite u gokazxure anajoru kpurepues (E.I) misa peamusyemoctn yros-
ImeHns Ha Jiucke ¢ m jauctamu Mebuyca.



OcraToK 9TOro IMyHKTa MOCBAIIEH aHaJIoraM Kpurepus (S) JJis peaan3yeMOCTH.

Hneepmuposanuem 6 éepuune 1Ji yTOMNEHNs Tpada Ha3bIBACTCH 3aMEHA OPHEHTAIH
UKJIA 0JIypebep, BLIXOAAMNX U3 9TOH BEPIINHBI, OJHOBPEMEHHO ¢ 3aMEHOM HyJIeil eIuHu-
HaMu, a eJUHUI] HyJgMU Ha BeeX pedpax, BBIXOJSIIUX U3 ITON BEPUIMHBLI (IPU ITOM UUC/IA
HA TETJIsIX HE MEHSAIOTCS ).

JBa mabpocka Ha3LIBAIOTCA IKGUGAACHMHBLMU, €CIIM OT OJHOTO MOXKHO IEepeiTH K JIpy-
rOMY HECKOJIbKUMU WHBEPTUPOBAHUSIME (BO3MOXKHO, B PA3HBIX BEPIINHAX ).

(3ameTnM, 9TO Hepord MOKHO PACCMATPUBATH KaK KJIACC S9KBUBAJEHTHOCTH yTOJIIIE-

6.22. * (a) (I'umoresa) Yroumenne peannsyemo Ha jmcre Mebuyca Tora i TOJIBKO TONJIA,
KOIJIa OHO HE COJIEPZKUT MOy TOJIIIEHNT, SKBUBAJIEHTHBIX N300parkeHHbIM Ha puc. 60 [Pe].

(b) (Tunoresza) Yrosmenue rpada crenenu 3 peajmsyeMo Ha OyTbuike Kieitna Torga u
TOJIBKO TOIJA, KOIJa OHO HE COJIEPXKUT II0LyTO/IIICHUI, SKBUBAJCHTHLIX N300PazKeHHBIM Ha
pucyHke (HApUCyHTe PUCYHOK CAMOCTOSITEHHO!).

(c) (Heperennast 3amava) Kakne yrosmenus: rpadoB crenenn 3 peaansyeMbl Ha TOpe?

(d) I'pagom ¢ nHeopuenmuposarnvmMy 8pawseHUAMY HA3BIBAETCS Tpad, I KazK 10l Bep-
HIMHBI KOTOPOI'O YKa3aH HEOPUEHTHPOBAHHBIA HMUK/INYCCKUIl IIOPAIOK BBIXOMANIMX U3 Hee
nosypebep. ChopmynmupyiiTe u J0KazKUTe aHAJIONU BBIMIEH3/I0KEHHLIX TEOPeM U 33,139 J1JIsI
rpacoB ¢ HEOPUEHTUPOBAHHBLIMU BpalenuaMu. Haunure ¢ rpados crenenu 4.

6.6 OpmeHTHPYEMOCTh U KJAacCUDUKANNS yTOJIIIEHUI

Ornpejiesienre SKBUBAJIEHTHOCTU JAHO B KOHIIE TIPEIBILYIIETO IIyHKTA.
YVTo/enre Ha3bIBAETC OPUEHMUPYEMbLM, €CITU OHO SKBUBAJEHTHO YTOJIIECHUIO, UMEIO-
ImMeMy TOJBKO HyJIM Ha pedpax.

Teopema opuenTupyemocTu yroJirenuii. Caedyrouue yeaosus na ymoswenue (N, Q)
PABHOCUABHDL €20 OPUEHTNUPYEMOCTIU:

(M) (N, G) ne codeporcum aucma Mebuyca (m.e. nodymoauenus, 20Meomopdrozo u3o6-
pastcernomy Ha puc. 58).

(E) B xastcdom necamonepecexarowemcs yukae 6 epade G wemnoe xoauuwecmeo pebep c
COUHUUAMU.

(W) Iepewiii xaacc HImugers-Yumnu wi(N,G) € HY(G) nyaesofi.

Kpurepuit (W) He unrepecen cam 1o cebe. OjHAKO KOHCTPYKIIUHM M3 €r0 JOKA3aTeb-
CTBA MHTEPECHBI KaK UJLIFOCTPAIHs TEOPUHU MIPENSITCTBIN U HEOOXOMUMBI JIJIS KAGCCUPUKAUUL
YTOJIIIEHNU#T (CM. HIZKE).

Jlokasameavcmeo kpumepues (M) u (E). fcuo, aro (M) sksusasnenrro (E), u aro ycio-
Bue (E) meobxommmo st opuentupyemoctu. JloKaykeMm ero J0CTaToqHOCTb.

Pacemorpum ocros T rpada G. CyiecTByer yToJleHne, SKBUBAJICHTHOE JaAHHOMY, [
KOTOpPOro Ha pedpax ocroBa 1’ crodat Hy/n. Bo3bMeM HecamMoriepeceKaromuiics 1MuKJI, oopaso-
BAHHBIIT IIPON3BOJILHBIM PEOPOM € BHE OCTOBa U HEKOTOPBIME pebpaMu 0CTOBa. B 3ToM 1uKIie
YETHOE KOJMIECTBO pebep ¢ eMHUIAME, K00 9TO CBOMCTBO HE MEHSIETCs IIPH HHBEPTUPOBa-
uun. [losroMy B JaHHOM yTONIIEHUN Ha PeOPe € CTOUT HOJIb. 3HAYHT, JTAHHOE YTOJIICHUE
opuenTupyemo. QED

Onpedenerue epynnve H'(G), waacca wi(N, G) u doxazameavcmeo wpumepus (W). O6o-
3HAYMM JIAHHOE YTOJIIIEHne depe3 0. HazoBeM cOOTBETCTBYIONLYIO PACCTAHOBKY HYJICH 1 e/u-
Hu1l Ha pebpax rpada G npenamcemeyrowet n 0603HadIM ee w(0). Ecim w(o) = 0, To yros-
IIEHIE OPHEHTHPYEMO.

Ecmm w(o) # 0, TO erme He BCe HOTEPSHO: MOYKHO MOIBITATLCH CICIATh HHBEPTHPOBAHNIS
TaK, ITOOBI IIPEIATCTBYIONAS PACCTAHOBKA CTaja HysIeBoil. BoisgcHuMm, Kak w(o) MeHsercs
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[IpU UHBEPTUPOBAHUAX. J[JIs1 9TOr0 3aMeTHM, YTO PACCTAHOBKH MOYKHO CKJIQ/IBIBATD: JIJI 9TO-
r0 TPOCTO CKJIAJBIBAIOTCS YUC/IA, CTOSIINE HA KaXKI0M pebpe (Takoe CJIOXKeHHe HA3bIBAeTCs
noxomnonernmuwim). 1lpn uHBEpTUpPOBaHUN K w(0) MPHOABIISIETCs] PACCTAHOBKA €JIMHUI] Ha
pebpax, BBIXOJIANINX U3 4, U HyJIeil HAa BCeX OCTAIbHBIX pedpax. DTa paccTaHOBKA HA3bIBAET-
cd 2NEMEHMAPHOT Ko2paruuel sepwuts, a 1 obo3HadaeTcsd 0a. flCHO, ITO eCiu yTOJIIEeHUs
o 1 0 ToIy9aloTes ApyT U3 APYra MHBEPTUPOBAHUAMU B BEPIIUHAX (1, . . ., (), TO

w(o) —w(0') = day + -+ + da.

HazoBem xoepanuueti cymmy s/1eMeHTApHBIX KOTPAHUIL HECKOJIBKUX Bepinud. Hazosem pac-
CTAHOBKH W] U Wy KO20MONO2UMHBLMU, €CJIU W1 — Wy €CTh KorpaHuna day + - - - + dag. fcno,
970

(i) [Ipu mHBEPTHPOBAHUY TIPEISITCTBYIOMIAsT PACCTAHOBKA YTOJIIIEHHS 3aMEHSIETCsT Ha KO-
TOMOJIOTHYHYIO PACCTAHOBKY.

(ii) Ecim mpensiTcTByIOIas pacCcTaHOBKA YTOJINEHUs SBJISETCS KODAHUIEH, TO CyIie-
CTBYET 3KBUBAJICHTHOE YTOJIIICHUE C HYJIEBOU IIPEIATCTBYIONIECHT pacCTaHOBKOM.

(iii) KoromoslorudaHOCTh $IBJISIETCSI OTHOIIEHHEM SKBUBAJEHTHOCTH HA MHOXKECTBE BCEX
pPACCTAHOBOK HYyJIeil u eJIMHUI] Ha pebpax.

Odromeproti 2pynnoti kozomonozut epaga G (¢ kospduyuenmamu 6 Zs) Ha3bIBaeTCsI
rpynmna H'(G) paccTanoBoK ¢ TOYHOCTBIO JI0 KOTOMOJIOTHIHOCTH.

Hepevim waaccom IlImugpesn- Vummu yToJIennst Ha3bIBAETCA KJIACC KOTOMOJIOTHIHOCTH
MPENATCTBYONEH pACCTAHOBKH 9TOTO yTOJIIICHHS:

wi(N,G) = [w(o)] € HY(G).

D10 onpejieseHre KOPPEKTHO BBULY YTBEpKIeHus (1).

Acno, aro wy (N, G) sBiIsieTcst MPensATCTBIEM K OpHeHTHpyeMocTu yrourmenns. O6paTHo,
nycrb wy (N, G) = 0. BHauuT, NPEnATCTBYIONAs PACCTAHOBKA JTAHHOTO YTOJIIECHUS SIBJISETCS
korpanmutieii. Torga mo (ii) yrommenue opuentupyemo. QED

6.23. Onpenenenne rpymuisl Hq(G) npuseneno, Hanpumep, B [Sk|, maparpad ‘romosorun
JIBYMEPHBIX MHOTI00Opa3uit’.

(a) @opmyna wi(N,G)[g] = w(o) - g KoppekTHO 3aaaeT jguneinyo Gynknuo wi(N,G) :
H 1 (G) — Z2.

(T.e. nepsbiii kinace [ITudens-Yurnu onpeenser 0ToOpazKeHre U3 MHOKECTBA yTOJIIIIE-
Huil B MHOXKeCTBO JmHeinbx dbynkuuit Hy(G) — Zs.)

(b) wy(N,G) = 0 Torga u TosbKO TOrA, Korja dyukima wi(N, G) myaesasd.

(c) Orobpazkenue ¢ : H'(G) — (H(G))*, sagannoe dbopmymnoit p[v]|(h) = v - h KoppekT-
HO OIpEJIESIEHO, siBjsiercs uzoMopdusmoM u nepesoaut wi(N,G) B wi(N,G) mig moboro
yrommenus (N, Q).

[TpuBeseM B Bue NUKJA 3aJa4 Kaaccudurayuro ymoswenuti. VIX MOXKHO pelarh U He
[POYUTAB TIPEbILYIHIl MaTepuas 06 OpUeHTUPYeMOCTH: onpeesenue rpynibl H1(G) n un-
BapuanTa wq (N, G) camu coboit BOSHUKHYT B mporecce Kiaaccudukamuu. B ocraBmmxest 3a-
Jladax TOro MyHKTa CYMTAETCsI, YTO BEPINUHBI U pebpa rpada 3aHYMEPOSaHbL.

JIBa OpUMEHTUPOBAHHBIX YTOJIIIEHUS OJHOTO CBAZHOTO Ipada IK6USANEHMHDI, €CIIU OJHO
HOJIy9aeTcs U3 JPyroro oOpalieHneM OPUEHTAIMI IUKIMIECKUX TIOPSJIKOB BO BCEX BEPINU-
HAaX.

6.24. (a) DKBHUBAJIEHTHbIE OPHEHTHPYEMbIe yTOJIIEHNS OJHOBPEMEHHO ILIAHAPHBI HJIN
HET.

(b) DKBUBaJICHTHBIC YTOJIIEHNS OJJHOBPEMEHHO peasn3yeMbl Ha jucre Mebnyca uim Her.
(Cm. onpe/ieseHust IIAHAPHOCTH ¥ peasu3yeMocTn Ha jucre Mebuyca B Ipe/IbLIyIieM [y HK-
Te.)
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6.25. 'omeomopdHbIe rpadbl IMEIOT OANHAKOBOE KOJIUIECTBO KJIACCOB AKBUBAJIEHTHOCTH
OPHEHTUPYEMBIX YTOJIIEHNUI (yTOIIEeHHIT).

6.26. CKOJIKO KJIACCOB 9KBUBAJEHTHOCTH OPUEHTUPOBAHHBIX YTOJIIEHUi (yTOosIeHuii)
(a) okpyxuoctu, (b) tpuoma, (c) kpecra, (d) n-oma, (e) Bocbmepku, (f) GykBbI
07

6.27. (a) Yucsio KIaccoB 9KBUBAJIEHTHOCTH OPUEHTUPOBAHHBIX yTOJIIIEHU{T (yTOIIeHNn )
CBA3HOTO rpada, UMEOIIEero TOJIHLKO BEPIIUHBI cTelleHn 3 u uMmeiomiero V Bepiun u E pebep,
pagno 2V71 (2F).

(b) Kaaccupurayus ymoswenuts epaga. [ycrs G — cBsi3ublil rpad, He ToMmeoMopdHBbIi
TOYKE, OKPYzKHOCTU WK oTpe3Ky. Eciau B G umeerca V' pepuiun creneneit ky, ..., ky u E =
%(k1+- - ++ky) pebep, TO KOJIMIeCTBA KJIACCOB 9KBUBAJIEHTHOCTH OPUEHTHPYEMBIX Y TOJIICHUI
U yTOJIIEHU 9T0ro rpada paBHBI COOTBETCTBEHHO

“(ky = 1)l (ky — 1) u 257V (ke — D! (ky — 1)L

6.28. Kaaccugdurayuu mpexmeprur ymoswenud epaga. Ilycrs G — cBasubrit rpad ¢ V
BeprmHamu 1 E pebpamu. Tpexmeprowm ymoswernuem (3-yronmiernem) rpada G Ha3bBa-
eTCsI pacCTaHOBKA HYJIeH U eJIMHUIL HA ero pedpax.

[IpuBenem ‘Tpexmepnoe omnpejesienue’ 3-yToinenus. PaccMoTpuM HecBsa3HOE 00be/InHe-
uue V' Tpexmepubix mapos. Ha rpanunynoit cdepe KarxKaoro Takoro mapa BBEIEM OPUEHTa-
nuro. Ha Kaxkoit Takoil rpanndHoil cdepe OTMETHM HeIepeceKalonuecs JIBYMepPHbIE JTUC-
KU, OTBEYAIONINEe BBIXOJAIINM U3 COOTBETCTBYIOINIEH BepmuHbl pedpam. [Ias KaxKaoro peod-
pa rpada coeguHuM (HE 00s13aTEJILHO B TPEXMEPHOM IPOCTPAHCTBE) COOTBETCTBYIOIIHE €MY
NIBa, JIICKa TpexMmepHoit Tpy6koit D? x I. Ilycth M — obbejuHenne IMOCTPOSHHLIX MIapOB
u tpy6ok. Ilapa (M, G), cocrosimast uz M u rpada G, ecrecrBeHHO BJIOKeHHOTO B M, Ha-
3BIBACTCS MPeTMepHbM ymosuwenuem (3-yrommenuem) rpada G. Tpybka u3 omnpeieeHus
3-yTOJIIEHNsT HA3BIBAETCS Nepexpyuenoti, €CJIU OPUEHTAINN Ha JBYX €€ IPOTUBOIIOIOZKHBIX
OCHOBaHWUSIX, JICXKAINUX B Iapax, COBHaIaioT. TpyOka Ha3bIBAeTCS HenepekpyuenHot, ecjiu
9TU OPUEHTAIUH IIPOTUBOIOIOMKHBI.

Ba 3-yrosmenus rpada G 9x8u8aLEHMHBL, €CTTU OJTHO TIOJIyIAeTCs U3 JIPYTrOro MHBEPTU-
poarusivu. (Vmm, Ha TpeXMEpHOM sI3bIKe, €CJIN MOYKHO M3MEHUTh OPHEHTAIN Ha X cepax
Tak, YTOOBI TPYOKH B JIBYX YTOJIIEHUAX, COOTBETCTBYIOIINE OJIHOMY U TOMY 2Ke pebpy rpada
G, 6bUTH OBl OTHOBPEMEHHO MEPEKPYIeHbl MM HET. )

MmuoxkectBo 3-yrosmenuit rpacda G ¢ TOYHOCTBIO 70 SKBUBAJIEHTHOCTU HAXOJIUTCHA BO
B3aMMHO OJJHOZHAYHOM cooTsercTsum ¢ H(G) = Z&~V+,

YKa3aHusi u peaeHnsda K HEKOTOPbIM 3a/Ja9aM

6.2. Ocranoch joKazaTh dacTh ‘Toryma’. Peasmsyem 3Be3my ¢ 2n jiydamu (M UX 3aJIaHHBIM
[UKJIMIECKUM TOPSIJIKOM) BHE BHYTPEHHOCTH HEKTOPOI'O BBIMYKJIOTO MHOTOYTOJIbHUKA TaK,
9TOOBI KOHIIBI JIydeil m3o00parkaauch Obl BepIIMHAME MHOTOYTOJILHUKA. Torjga ocTaBIIecs
OTPE3KHM MOXKHO Peajn30BaTh MPSIMOJIMHEIHO BHYTPU MHOTOYTOJIHLHUKA.

6.3. (b) Ilycrs u3 Topa Bhipesana durypa K, spisormasicsi ¢chepoil ¢ pydKaMu U OIHOI
JIBIpKOil. Ecin KpaeBasg OKpyKHOCTb (DUTYDPBI He paszbusaem TOp, TO y K JiBe rpaHUYHbIE
OKPYKHOCTH — TIpOTHBOpeune. Kcimm KpaeBast OKPYKHOCTb pa3busaem TOp, TO TPHU ee 3a-
KJIelike B K juckoMm mojiydaercd Top win cdepa. [IporuBopeune ¢ mpuBeieHHBIM (PaKTOM.

(cdef) ocrarouno npuiaymarh rpad, He peaqu3yeMblii Ha TOpe, HO peajin3yeMblil Ha
YTOJIIEHUH KAXKIO0TO U3 9TUX ueporindoB (MoKHO Jin B3dTh Kg?).

Hpyroe perienne Beirekaer u3 (b).
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6.4. Jloka3aTesbcTBO pa3yMHO IPOBOAUTH 1o cxeMe (1) = (2) = (3) = (4) = (1).

6.5. (b) (alblalbl N ag+1bg+1ag+1bg+1).

6.9. (a) Orser: 16 = 21, Vkazanue. I3 kax0it Bepmunbl rpada BLIXOIUT 3 pebpa.
Torma mrs KaxKa0i BepIINHBI NMeeTCs /IBa PA3JIMIHBIX OPHEHTUPOBAHHBIX ITUKINIECKIX TI0-
psIKa, BLIXOAAMUX 13 Hee nosypebep. [Toatomy mmeercs 2¢ pa3IumdIHBIX OPHEHTHPOBAHHDIX
YTOJIIIICHUA.

(b) Orser: 3, cm. puc. 51. Ykazauue. [lopsiku Bbrxojsimux morypedep MOKHO MEHSATH B
0, 1, 2, 3, 4-x Bepmunax. CjeaoBaTe/IbHO, TAKUX OPUEHTHPOBAHHBIX yTOJIIEHNN He OoJtee 5.

6.11.d. /lucky ¢ 3 AbIpKaMU WK TOPY C 2 JbIPKAMHU.

6.19. Anasor 6.9.a. Orser: 1024 = 210,

Amnajior 6.11.d. ducky ¢ 3 mpipkamu, Topy ¢ 2 Jasipkamu, jucty Mebuyca ¢ 2 gpIpKaMu
mwim OyThLIKe Kitelina ¢ JIBIPKOii.

Anajor 6.12.a. @opmysia Ddisiepa. YToenne cBsa3Horo rpada V' Bepmmboamu u F
pebpamu, umeroriee F KpaeBbIX OKPYKHOCTEHl M IUKJI ¢ HEYETHOW CYyMMO# YHCes Ha €ro
pebpax, romeomopdHo Jucky ¢ cdhepe ¢ 2 —V + E — F nucramu Mebuyca u F' ipIpkamMu.

Amnajor 6.12.b. /It Kaxk 1010 pebpa ¢ BHe MAKCUMAJILHOTO JepeBa PACCMOTPHUM HECaMOIIe-
peceKaromuiicd MyTh B MAKCUMAaJILHOM JIepeBe, COeINHSIONNI KOHITBI 3Toro pebpa. [loctaBum
B /IMArOHAJIBHON KJIETKEe ¢ X ¢ MATPHUILI CYMYy IO MOJYJIIO 2 Yucesl Ha pedpax 9TOro MmyTH 1
Ha pebpe 7. [locraBuMm dmciia B ocTajbHBIE KJIETKNA MATPUIlBI, KaK panbire. OOo3HadINM de-
pe3 b panr HaJi Zo MOJYYEHHON MATpHUIlLI. 1TOTIa ecju Ha JUArOHAJU €CTh XOTs Obl OjIHA
€JIMHUIIA, TO JAHHOE YTOJIIeHe ToMeoMOpdHO aucKy ¢ b ymcramu Mebuyca n HEKOTOPBIM
KOJIMYECTBOM JIBIPOK.

6.14. Habpocox doxasameavcmea xkpumepus (S). Heobxomumocts JOKa3biBaeTcss ¢ UC-
11oJib30BaHneM TeopeMbl 2KopgaHa.

,
/

Puc. 61: Bripezanue cpeneii Tpetn

Hoxkazkem mocrarounocts. Beyiesum B (N, G) opueHTHPOBAHHOE TIOJLYTOJIIEHIE MAKCH-
MaJjibHOTrO siepeBa 1. [lokpacum ocrapimecss pedbpa B KpacHbIil 11BeT. 13 KaxKI0ro KpacHoro
pebpa BBIpeKeM €ero 'CpeHIol TpeTh’, Kak Ha puc. 61. Ocranercs OpueHTHPOBAHHOE yTOJI-
menne gepesa T'. Ero MoKHO m300pasuTh (€ y4eToM OPUEeHTUPOBAHHOIO IUKJINIECKOTO MO-
psifiKa) 6e3 camoriepecevyennii Ha IIOCKOCTU BHE (BHYTPEHHOCTH) MHOTOYTOJbHUKA A ... A,
TakK, 9TO0Bbl BEPIIUHBI JiepeBa ObLM Obl BEPIIMHAMEI MHOTOYTOJbHUKA. (DTO JOKA3BIBAECTCS
[0 UHJIYKIIUU ¢ OTOPAChIBAHUEM BUCSYEil BEPIIMHEL. )

[Iycts cymecrBytor Bepruabl A, B, Ay, By nepeBa T', jtexkaliiue Ha TpaHUIE MHOTOYTOJThb-
HUKa B 9TOM IOPsiJIKe, MpudeM Bepmnubl A n A jiexkar Ha 0JTHOM KpacHOM pebpe, a BePIITNHBI
B u B; — na gpyrom. CoequauM myTsiMu B jepese Bepiuay A ¢ Ay u B ¢ By. Eciu st
Iy TU [EPECEKAIOTCsI POBHO B 0JHOM Touke, TO (NN, G) comepkut 'BocbMepky’ ¢ puc. 53. Ecm
9TH IyTH II€PECEKAIOTCS POBHO 110 OHOMY 0Tpe3ky, To (N, G) comepxkur 'tery’ ¢ puc. 53.
OcrasibHbIE CTydan CBOAATCs K paceMorpenHbiM. Utak, (N, G) coepKuT OpueHTHPOBAHHOE
[IOJTy TOJIIIIEHIE, TOMEOMOP(MHOE OTHOMY U3 U300ParKEHHBIX Ha PHUC. H3.

[TosTomy ecm Beprmabl A, A J1esKaT Ha OJTHOM KpacHOM pebpe, a B, By — Ha JIpyrom,
to Bepimabl A, A1, B, By jiexKaT Ha rpaHuile MHOIMOYTOJIbHIKA B 9TOM IUKIXIECKOM IHOPSIIKE
(W B IPOTUBOIOJIOKHOM ). 3HAYHUT, UX MOYKHO COEJIMHUTH BHYTPH MHOTOYTOJIbHUKA HEIle-
pecekatormumucst orpeskamu. Crenoarensro, (N, G) mwranapuo. QED
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6.23. (a) st 106010 (rOMOJIOrH9IecKoro) MukKa g cymma w(o)- g 3HadeHuit w(o) Mo BceM
pebpam noarpada g He 3aBUCAT OT HaAOPOCKA 0.

6.25. JIBa OpueHTHUPOBAHHBIX YTOJIIEHUS IOMEOMOP(MHBIX IpadOB 20MeOMOPHHDL, €CII
OT OJIHOTO MOXKHO IE€pefiTH K JPYromMy IpH ITOMOIIN OIeparuii OJHOBPEMEHHOTO I0/Ipas3-
nenmeHnst pebpa rpada W COOTBETCTBYIONIEH JIEHTOYKHU YTOJIIEHUS, I OOPATHBIX K HIM.
TomeomopdnocTh yToennii romeoMop@dHBIX TpadOB ONPEIEIsdAeTCs AaHAJOTTIHO CJIyYaio
OPUEHTHPYEMBIX YTOJIIIEHUIA.
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7 TpeXMeprle yYroJimeHnnsd IByMEPHbIX KOMIIJIEKCOB

7.1 VYToamaeMocTh 2-KOMILJIEKCOB JI0 3-MHOTroo0pa3mii

[TorsaTHST yTOMIIAEMOCTH U YTOJIIIEHNsI, KOTOPBIE MBI OIIPEIe/INM U U3y9IUM B 9TOM Iaparpa-
e, 1moJIe3HBI, B YACTHOCTH, JJIT XapaKTePU3aIin

e 2-KOMILIEKCOB, BJIOKUMBIX B R?, myTem uzyuenus ‘munumarvnvir’ 3-mro2006pasut, co-
JeprKaIX JIaHHbIH 2-KOMILIEKC I paclo3HaBaHus BiaoxKuMocTH B R? Takux 3-muoroobpasmii;

o pyndamenmarvHulz 2pynn 3-MHOT00OpA3Uil Iy TeM U3y UeHUA BJIOKUMOCTH B 3-MHOTO0OPA3Ust
CMAaHIAPMHLIT 2-N0AUIOPOS, OMBEYAIOUUL KONPEICNABACHUAM 2PYNN,

® 20MEOMOPPHOCTIU F-MH02000pa3 UL TIYTEM WU3YyIEeHUs IKEUBAAECHIMHOCTIU JIEKAIUX B
HUX 2-KOMILJIEKCOB.

Cu. 3aaum o (He)peausyeMocTu 2-KoMILiekcos B R? B §1 u §4.

OcuoBHas ujes sToro naparpada — MoKa3aTh, Kak ajredOpandeckne Uaen BO3HUKAIOT U
paboTaroT P PEIeHnH TOMOJOTTIeCKnX 3a/1at. [loaToMy m3toxKeHne BeeTcst Ha HATISATHOM
ypoBHE, 06e3 (bopMasm3anmum Ha A3bIKe 2-KOMILIEKCOB U 3-MHOT00Opas3uii.

Tpexmepras aenma Mebuyca mosrydaercss U3 TPEXMEPHOTO TUIUHIPA

{(z,y,2) eR* | 2 +¢* <1, 0< 2 < 1}

cKJIeiikoit Touexk (x,y,0) u (z, —y, 1) 1y1st Beex z, y. DTa CKIIeiiKa OCYIIeCTBIIAETCS HE B TPEX-
MEPHOM IIPOCTPAHCTBE, & B YETBIPEXMEPHOM IIPOCTPAHCTBE WU abCTPAKTHO.

7.1. (a) Bioxum Jiu moJIHBIN KOMILIEKC ¢ 6 BepIMHAME B TpexMepHyIo JjienTy Mebuyca?
(b) Kakue u3 ckieek 3aa4 4.1-4.4 MOXKHO OCYIIECTBUTH B TPeXMepHOii jieaTe Mebuyca?

Bosbmem Tpexmepnbiii map. OTMeruMm Ha ero Kpaepoii (=rpaHudHoii) cdepe momapHo
HerepeceKarolecs 1By MepHbIe JUCKH, pasbuTsie Ha napbl. Kaxayto napy D?x {0, 1} muckos
coeHNM (He 06sI3aTeILHO B TPEXMEPHOM MPOCTPAHCTBE) TpexmMepHoil Tpy6koit D? x [0, 1]
(Tak, 9TOOBI pasHble TPYOKM He Tepecekasnch). ObbeuHeHne mapa u MOCTPOEHHBIX TPYOOK
Ha3bIBACTC WaAPOM C MPYOKAMU.

SamMeTnM, 9TO KarxKIyIo Iapy JUCKOB MOYKHO COEIMHATEL TPYOKOit 1ByMs criocobamu. [Ipu
IIEPBOM CIIOCODEe OpUeHTallns KpaeBoil cdepbl Ipu MPOHOCE BIOJIL TPYOKH COBMEIIAETCS C
IIPOTHBOIIOJIOXKHOM OpHEHTalIelt; TaKas TPyOKa Ha3bIBaeTcst Henepekpyuennot. Ipu nepBom
crocobe Ta OPUEHTAIUsT COBMEIAETC ¢ CODOM; TaKasi TPYOKa HA3BIBACTCA NepexpyueHHotl.

AHaJIOruIHO OmpeessgeTcst 00beuHeHNe apoB U TPYOOK, B KOTOPOM TPYOKHU MOTYT CO-
eIMHSATH JUCKU Ha Pa3HbIX Imapax. Ecinm 31o o0beanHeHne CBA3HO, TO OHO roMeoMOp(HO
mapy ¢ Tpyokamu. [losromy Oymem Ha3bIBATH IIAPOM C TPYOKaMU TaKxKe CBI3HOE 00beIu-
HEHUeE IapoB 1 TPYOOK.

[[Tapy ¢ TpybkaMu romMmeoMopdHbBI
JacTh mpocTpancTBa R3, orpammdennas cTanapTHoil cdepoii ¢ pydKaMu;

HEKOTOpasd OKPECTHOCTH M060ro0 rpada, KyCodHO-THHEHHo BIoKeHHoro s R3:;
TpexMmepHas Jienta Mebuyca;

HEKOTOPasi OKPECTHOCTD JIF0O0T0 Ipada, BI0KEHHOTO B TpeXMepHYyIo JeHTy Mebuyca;
HEKOTOPasi OKPECTHOCTD JIF0OOT0 I'pada, BIOKEHHOTO B IHap ¢ TPYOKAMH.

7.2. JItoboit u map ¢ TpyOKaMu MOXKHO BbIpe3aTh U3 TpeXMepHOoit jeHTbl Mebuyca?

Kpaem mapa ¢ TpyGkamm apisgercs cdepa ¢ HepeKpydeHHbIME pydkamu. OTMeTHM Ha
Heil momapHo Henepecekatoruecst Koiblia. K kaxjomy kosbiy S' x [0, 1] npuxienm (me
00s13aTe/IbHO B TPEXMEPHOM IIPOCTPAHCTBe) TpexmepHylo npooky D? x [0, 1] (tak, 4Tobbl
pasmble TIPOOKK He Tepecekatnch). Obbeunenne mapa ¢ TpyOKaMu U IOCTPOEHHbBIX MTPOOOK
HA3BIBACTCS UWLAPOM C MPYOKAMU U NPOOKAMU.
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7.3. Baoxum(a)(0) Jin B HEKOTODBIii AP ¢ HEMEPEKPYUeHHBIME TPYOKAMU U TPOOKaMU

(a) mpoekTHBHAA MIOCKOCTHL R P27

(b) m060e 2-MHOrOO6pPa3HE?

(€) 2-KOMILIEKC, TOJTy YaIOIIUIiCsT U3 JBYMEPHOIO MPABUIBHOIO MHOTOYTOJIbHUKA CKJICHKOM
BCEX CTOPOH C OJHUM HaIpaBjeHueM?

Ecmu cnenytomue 3agaqn 7.4-7.6 He ToTydaioTcs, BO3BpAIAiiTeCh K HUM ITO3XKe.

7.4. Binoxumo Jin B HEKOTOPLIil map ¢ TpyOKamMu u mIpoOKaMu 00beIMHEHHE

(a) tlerThr Mebuyca u ucka, Ipu KOTOPOM KpaeBasi OKPYZKHOCTD JINCKA OTOXKIECTBIISIETCST
co cpeaneit uaueit S entol Mebuyca.

(b) serTsr Mebuyca u Topa ¢ JIBIPKOIA, TP KOTOPOM KpaeBast OKPY?KHOCTb TOPa C JIBIPKOIt
OTOXKIECTBJISIETCS C 5.

(c) senTer Mebuyca u senTbl Mebuyca, Ipu KOTOPOM KpaeBasi OKPY?KHOCTH JIeHTbI Me-
Ouyca OTOXKICCTBIIACTC C S.

(d) npoekTusHoii I10cKOCTH R P? 11 KOJIBIIA, IPU KOTOPOM OJIHA U3 KPAEBBIX OKPYKHOCTE!
KOJIbIIA OTOXKIecTBiIsgeTca ¢ RP1?

7.5. (a) O6benuHeHne IBYX IMAPOB ¢ TPYOKAMHU 0 HEKOTOPBIM JIBYM HAGOpaM M3 OJIMHA-
KOBOT'O KOJIMYECTBA KOJIeI| Ha UX KpasdxX ToOMeoMOP@HO Iapy ¢ TPYOKaMH.
(b) To ke myist IapoB ¢ TPYOKAME U JBIPKAMH.

2-KOMILJIEKC HA3BIBACTCS YMOAUAEMBIM, €CIH OH BJIOXKHUM B HEKOTODBIA (He (urcupo-
BaHHBI 3apaHee) IMap ¢ TpyOKaMu U MPOOKAMU. 2-KOMILIEKC HA3BIBACTCA OPUEHMUPYEMO
YMOAULAEMDLM, €CTTH OH BJIOYKUM B HEKOTODBIii (He (PUKCHPOBAHHBIN 3apaHee) map ¢ Helepe-
KpPY4YeHHBIME TPyOKaMu U Ipobkamu. 0

Teopema. Cyuecmeyrom ar2opummot npo6ePKY YMmoAULGEMOCTNY U OPUECHMUPYEMOT, YMmoa-
ULAEMOCTNU NPOUBONLHBIT KOHEUHOIT 2-KoMNAeKc06 (POTBKIIOP, CM. T0Ka3aTeIbCTBO B [Sk94]).

7.2 JloxxHBIE ITIOBEPXHOCTN N UX YyTOJIIaeMOCTb

2-KOMIUIEKC (UM COOTBETCTBYIONIHI 2-1IOJIMIP) HA3BIBACTCS A0HCHOT NOBEPTHOCTNDBIO, €C-
JIN KaKJasg ero TOYKa MMeeT OKPEeCTHOCTb, TOMEOMOP(MHYIO OJHON M3 CJIEMYIONINX: JTUCKY
D?, kamxke ¢ TpeMd crpammnamu 1 X [ mam Komycy Haj HoHbIM rpadpoMm K, ¢ deThIphb-
Ms BeprmHamu, cM. puc. 62. Takue Touku Mbl OyjeM Ha3bIBATHL mouwkamu muna 1, 2 u 3,
COOTBETCTBEHHO. Kpaesoti moukol JIOKHOU IMOBEPXHOCTU HA3bIBAETCA TaKas TOYKA, IOCTIe
BBIPE3aHUsl HEKOTOPOU OTKPBHITON OKPECTHOCTU KOTOPOU IMOJTyYaeTCs JIOYKHAasd MOBEPXHOCTD,
roMmeoMopdHast UCXOTHO.

S S

Puc. 62: TIpocretiinue ocobennoctu

Mriabable aeakn B R? mMeroT cunryaaprocti B TOUHOCTH TuIoB 2 1 3. [loHaATHe MbLITL-
HBIX ILJIEHOK U3 JuddepennnaabHoil TeOMETPUN SIBJISETCS TaKKe BaXKHBIM CPEJICTBOM U 00b-
€KTOM HCCIeI0OBaHUil B ajareOpanvdeckoil 1 reoMeTpudeckoii Torosorun. Hampumep:

6Bor ompenenenns Ha OOGMENPUHATOM SA3bIKE. 2-KOMILUIEKC HA3BIBACTCS (OPUEHTNUPYEMO) ymoawae-
MBIM, €CIIT OH TOMEOMOP(dEH MOJKOMILIEKCY HEKOTOPOIl TPUAHTYJISIMA HEKOTOPOTO (OPHEHTUPYEMOTo) 3-
MHOroo6pasusi. Jto 3-MHOroOOpasme He IIpeoJaraercss (PUKCUPOBAHHBIM 3apaHee. (DTO OIpejeseHne
KYCouHo-AuHetHOl yTOMIAEMOCTH, Ui 3-MHOr00OPa3uit PABHOCUIIBHOE monoaoeuueckol; [Bi83).)
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® 1000e Mmpermeproe MHO2000PA3UE ABAAECMCA YMOAUEHUEM HEKOMOPOT A0HCHOT NO-
seprnocmu [HMS93, I, Theorem 3.1.b].

e dasa awbozo 2-noausadpa P cywecmeyem cropsexmueshoe omobpascenue f @ QQ — P
A001cnot noseprnocmu @ (‘pesoaveenma’), npoobpazvl Mmovexr NPu KOMOPOM ABAAIOMCA W~
pamu pasmeprocmu 1, 2 uau 8 (u, 6 wacmuocmu, cmazusaemos) |?].

[TprmepamMu JIOPKHBIX ITOBEPXHOCTEH SIBIIAIOTCS

e 00beMHEHNE TOPA C IBYM: JUCKAMU, IPUKJICEHHBIMI K ITapaJljie/Il ¥ MEepUIHany Topa,

e dom Bunea ¢ dsymsa xommamamu [HMS93).

o obobenunenue N jientsl Mebuyca u KoJjiblia, JIi KOTOPOI'O CPE/IH:AS JIMHUS JICHTHI
Mebuyca ckirenBaeTcst ¢ OJHON N3 KPAeBBIX OKPYXKHOCTeil KoJsblia. VI, SKBUBaJIEHTHO, 2-
KOMILJIEKC, TIOJIyICHHBI U3 KHIKKA ¢ 3 smctamu (12)(3)-cKIefKoii.

[Iyrorckoit kosmak 3umana (§77) He ABISETCS JIOKHON MOBEPXHOCTHIO.

O6oznaunm 4depes Q' nacmosuwut 1-ocmoe J0KHOM 1OBEpXHOCTH (), T. €. MHOMKECTBO
Touek Tria 2 uwin 3. fcuo, uro Q' gBisgercs rpadoM, BEPITHHBI KOTOPOTO MMEIOT CTEICHH
1, 2 wim 4. O6o3naunm yepes (" MHOXKeCTBO TOUeK u3 () Tumna 3.

7.6. (a) Teopema opueHTUPYEMOI yTOIAEMOCTH. JI0oicHaA noseprrocms () opuen-
MUPYEMO YMOAULGEME M020a U MOALKO Mmozda, Kozda ona ne codeporcum N [BPIT|, [BRS99].

(b) CymecrByer HeyToJIaeMasi JOXKHasl IIOBEPXHOCTh, HE COJEpKAIas HUKAKOTO 00b-
eaunenust JieHThl Mebuyca u 2-MHOT00Opa3usi pOBHO € OJIHON KPAaeBON IPaHMIHON OKPYZKHO-
CTBIO, OTOZKJICCTBIICHHOM €O cpejreii smuneit sents Mebnyca [BRS99).

(c) Tunomesa. Ilycts ) — noxnas moBepxHOCTh. O603HAYMM Uepes () JomosHenne B (Q
JI0 OTKPBITON perysisipaoit okpectaoctu rpada @' B () (T.e. 06beIMHEHNE CUMILIEKCOB BTO-
poro 6apUIEeHTPIYECKOro HoApasbuenus 2-KoMILTeKca (, He nepecexatomux Q). Torma Q —
2-mHoroo6pasue (JIoKaJabHO eBKJIMIOB 2-KoMIuteke ). HazoBeM kpaeByto okpyzxuOCTb S C 0Q)
onacrod, eciu cymectByer mogkomiuieke X C @, ayst kotoporo napa (X, S) romeomopdna
nape u3 N u Toil KpaeBOil OKPYKHOCTH KOJbIla B N, KOTOpasi He CKJIEHBAaeTCs CO Cpe/l-
Heil sinHuelt JieHTsl Mebuyca. JloxkHas moBepxHocTh () yTOJIIIIaeMa TOIJIa M TOJIBKO TOIVIA,
KOTJ/Ia B KarKJOil KOMIOHEHTE CBAZHOCTH 2-MHOro06pasus () MO0 HeTHOEe HHCIIO OIACHBIX
OKDPYZKHOCTEI, JTMO0 UMeeTcst KpaeBasi TOUKa JIOKHON MoBepxXHOCTH ().

7.3 Jloka3aTeqbCTBO T€OpPEMbl OPUEHTHUPYEMOIT yTOJIIAEMOCTH

HeobxoaumocThb ciiegyer n3 HeyTomaeMocT Komiiekea V. JIokaxkeM 0CTaTOIHOCTb.

BosbMmem 110 TouKe Ha KasKIo# Takoi KOMIIOHEHTe cBA3HOCTH rpada (', KoTopas sBJisi-
erca nukiaoM. Obosnaunm yepes V' obbennnenne B3aTbiX Touek ¢ Q”. Tak Kak JIMHK KaxKkI0i
TOYKH U3 V' — ILUTaHapHbIil Tpad, TO CyIecTByeT HecBA3HOe obbeaunenne My TpexMepHBIX
IapoB, cojlepzKaliiee OKPeCTHOCTh MHOXKecTBa V' (B Q).

s kaxgioit ayru us Q' — My BosbMeM Tpexmepnyio Tpyoky D? x [0,1], B koropyio
OKPECTHOCTH (B Q) 9TOii Jyru BJIOYKEHA CTAHIAPTHBIM OOpa30M. DTa OKPECTHOCTH ‘BbICE-
kaer’ Ha Topuax D? x {0,1} Tpybxku Tpuoabl. IIpukjieum 3Ty TpyOKy MO TOpHAaM K COOT-
BETCTBYIONNM Iapam u3 My Tak, 9ToObI TPHOILI Ha TOPIAaxX TPYOKH COBMECTHIMCH C COOT-
BETCTBYIOIIUME Tpuojamu Ha mapax u3 My. Iomyaum mrap ¢ Tpybkamu My, comepzKariuii
okpecTHOCTD (B () rpada Q'.

Paccmorpum npoussosibabie 2-KoMminieke K u ero Bepuuny A. Hazoem 36e3001i eepuuumvt
A 6 Komnaexce K 2-xommiexc st kA = U{oc € K | A € o}. Ilocrpoum nosbiit rpad lkyx A
— aunk sepwunv. A 6 xomnaexce K. Ero BepImHbI COOTBETCTBYIOT pebpaM 2-KOMILTEKCa
K, Berxosmmum u3 BepiuHbl A. J[Be BepIUHBI COeIMHEHBI PEOPOM, €CJTH COOTBETCTBYIONINE
pebpa jaexar B omauoit rpanu. Van, dopmasibHO,

kA=lkgA:=U{c € K| A¢ 0 C a> x Iy HEKOTOPOTO CUMILTIEKCA (¢} .
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(ke
Puc. 63: [TocTpoenue 3Be3/1bI U JIMHKA

Hanpumep, mmunku Todek Ha puc. 62 roMeoMopdHBI IIyTH, OKPYZKHOCTH, TPHOLY, OyKBe 0
u rpady Ky. dcho, uro lk kA = U{oc € K | 0 C stxAu A & o}, Te., 3Be31a BEPIIUHBI
SBJIACTCS KOHYCOM HaJl €€ JIMHKOM.

7.7. (a) Haitaure IuHKN BepIuH it 2-KOMILJIEKCOB Ha puc. 34.

(b) Hust ro6oro rpada Haiimercss 2-KOMILIEKC ¥ €ro BepINUHA, JUHK KOTOPOi sIBISeTCs
3aJaHHBIM I'PadOM.

(c) JIunk kak10it BepimHbl 2-KoMILekca K5 X S ! mzsomopden Kys.

BeiBesem m3 Toro, uro () He comepxkut N, HelepeKpydIeHHOCTh KarxKaoi Tpyokm. O6o-
sHaunM depes 1’ Tpuon. s moboit Bepmmbabl A € Q" u s mo6bix Bepmmna B,C € 1k A
crenern Gosbmie 2 cymectsyior Tpu iyt B 1k A, coepunsronux B ¢ €' nepecekaronmmxcst
rosibko B B, C. Tlosromy jist oboit okpyzkuoctu J C @ cymecrByer nogkomiuieke J C Q,
[IOJTY YaIOIIHICH U3 KHUXKKU C 3 JINCTAMU 0-CKJICHKOI JIJIsi HEKOTOPOit o € S5, IpUdeM OKPY K-
HOCTD .J TOJIyYaeTcs 9TOH CKIICHKOl n3 ‘Koperka' KHUXKKH. [lepecTtanoBKa o siBjgeTcs Jiud0
TOK/IECTBEHHOI, JINOO TUKJIOM JITTMHBI 3, JIHOO IMUKJIOM JITHHBL 2 (Tpancmosurmeii). Tak kak
(@ ue comepkuT N, TO IMUKJIOM JJIMHBL 2 OHA OBITH He MOKeT. [losromy Kazkias TpyOka He
[IEPEKPYICHA.

Bambikanue Cl(Q — M) ects 2-mHOr000pasue. Kpait 0 Cl(Q — M) aBiisercs HECBI3HBIM
obbemuenueM okpyzknocteit. [losTomy ananornano 3ajgade 7.3.b cyiiecTByeT map ¢ Herepe-
KpydJeHHBbIME TpyOKamu 1 npobkamu Y, cofeprkamnuit C1(Q) — M), npudaem 0 Cl(Q — M;) C
0Y . Tak xak KaxK1aa TpyOka B M) He mepekpydena, To OM; opumentupyemo. llostomy cy-
mectBytoT okpectHoctu My u Y kpas 0 Cl(QQ — M;) 8 OM; u B Y | ABJISIIONTHECS] HECBSI3HBIM
obbeauuenneM Kodier| (6e3 geat Mebuyca). Torma M = M; |J Y ecrb map ¢ Hemepekpy-

M =Y
YeHHBIMU TPYOKaMu U mpobKamu, cojepzKarmuii () (o 3amade 7.5.b). QED

7.8. s noxkHoit noepxuoctu @ onpenenute rpymny H'(Q') u unsapuant Marseesa
m(Q) € HY(Q') Tax, 4robnl () 6bL1a OPHEHTHPYEMO YTOJIIAEMa TOT/IA U TOJIBKO TOTJIA, KO/
m(Q) = 0 [BRS99], [La00]. (Vkazanue: aHAJIOTMIHO CJIELYIONIEMY PA3MBIIILIEHHUIO. )

7.4 Pa3mblnieHust 00 yTOJIIIIAeMOCTH JIOYXKHBIX MOBEPXHOCTEM

[Iycts () — j10KHasA MOBEPXHOCTh. Kak 1 B MpeAblAyIIeM J0Ka3aTe/IbCTBe, oupeaeauM V u
BO3bMEM HecBsi3HOe 0ObejnHenre My TpeXMePHBIX MIapoB, COjepIKaliee OKPeCTHOCTD (B ()
MHOX)KecTBa V.

[Tepecedenne QNIM, siBisieTcst HECBA3HBIM O0ObeIuHeHreM (TI0 BCeM BepIInHaM TPUAHTY-
Jun) rpadoB, KasKIbIil 13 KOTOPBIX ecTh b0 Ky (rpad ¢ 4eThlpbMs BEPIIMHAMU, JTIOObIE
JIBe U3 KOTOPBIX COeJMHEHbI pebpoM), mbo Kio (rpad Gykssr 0), mbo S (0OKpy»KHOCTD).
[ToCKOJIbKY CyHIECTBYET POBHO OJIHO (C TOYHOCTBIO 10 roMeoMopdusma cdepbl S?) Biioxkenue
KasKJI0TO U3 3TUX Tpex rpadoB B Sy, To My eJMHCTBEHHO ¢ TOYHOCTBHIO JI0 TOMEOMOp(HU3MA,
HEIOJIBIZKHOTO Ha () N M.

[TocrpouM yrommenne okpectaoctH 1-octoBa QW) amasormdmo mpenbIyieMy moKasa-
TEJIBCTBY CeayIomuM obpaszom. s kazxoit gyru (‘pebpa’) m3 QM) — M, BosbMeM ee oKpect-
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HOCTb B () — My, roMeoMOpdHYIO KHUXKKE ¢ OJTHOM, JBYMsI WJIH TPeMsl JIUCTaMi (cama Jayra
COOTBETCTBYeT ‘KopemKy KHUKKH). BosbMem Tpexmepnyio Tpyoky D? x [0,1], B koTopyio
9Ta OKPECTHOCTDH BJIOYKEHA CTAHIAPTHBIM 00pa30M. DTa OKPECTHOCTH ‘BBICEKAET Ha TOPIAX
D?x {0, 1} Tpy6ku mbo Tpuos, mbo oTpe3oK. IIpuKienM KaskIyio Takylo TpyOKy IO ee Top-
IIaM K COOTBETCTBYIOIIUM Itapam u3 My Tak, 4ToObl TPHOIBI MJIM OTPE3KU Ha TOpIax TPyOKu
COBMECTHUJIUCH C COOTBETCTBYIONNMI TPUOJIaMU WJIU OTpe3KaMu Ha mmapax. [loayamm map ¢
Tpy6ramu M, comepKamuii okpectHocTh 1-ocToBa Q).

Eciti pe6po uz Q) — M, nexxut B @', TO Ha TOPIAX TPYOKH BHICEKAIOTCS TPUOJBI. SHAUNT,
9Ta TpyOKa npukiaensaercs K My ognosaa4uno. [Tostromy ‘yrosmenne’ M| okpectHocTH Tpada
() €IMHCTBEHHO C TOYHOCTBHIO JI0 TOMeoMOpGU3Ma, HEMOABUKHOrO Ha () N M.

Borsicuum, nipojioskaercs s ‘yrosenue’ M mo ‘yrommenus’ Bcero (). Puxkcupyem Ha-
Oop opmeHTaIuii Ha HecBsI3HOM oObeauuerun OM, cdep. Ha kaxaom pebpe komrurekca ()
moctaBuM (), ecJii OpUEHTAIINN TOPIOB COOTBETCTBYIOIIEH TpyOKH, onpeteneHubie u3 0 My, He
coryiacoBaubl B1oJib TpyOku. [TocraBum 1 B mpoTHBHOM ciiydae. DTy PacCTaHOBKY HA30BEM
pasauvarouset u 0bo3naunM w(Mp). Ha kaxk10ii rpan mocTaBuM CyMMY 110 MOJIYJIIO 2 THCET
Ha orpaHrYMBalomux ee pebpax. IlosyueHHYI0O paccraHOBKY Ha30BEM NPENAMCMEYou,el u
obozradnMm 0w (M;). fAcuo, aro dw(M;) me 3aBucuT or Habopa opumeHTarwit Ha OM, (xors
w(M,) 3aBucur).

Ecnu cymectByer ‘mpogoskenue yroserus M’ 10 yTOMIIEHNsT BCETo (), TO y KaxK 10
IPaHU CyIIECTBYeT MaJiasi OKpeCTHOCTH (B (), mepecekaromiasicss ¢ M 1o KoJiblly (a HE 1o
ety Mebuyca). Torma dw(M; ) paBra nysmo Ha stoif rpanu. CregoBarenbro, econ dw (M) #
0, To M7 He ‘IpoOIZKAETCSA 10 YTOJIIEHNsT BCEro 2-KoMILtekca ().

Onnaxko, eciu dw (M) # 0, To ellie HE BCe TOTEPSTHO: MOYKHO HOTBITATHCA U3MEHUTh M
TaK, 9TOOBI IPEIATCTBYIONAst paccTaHoBKa dw (M) crana HymeBoii. Boiscanm, Kakue GbBaoT
passimgarorye paccranoBku w( M) st pazimuaabix M. Yrosmenue rpada (' e IMHCTBEHHO.
BuaunT, paccranoBka w(M;) Ha pebpax u3 Q' me 3apucur or M;. TpyOKu, cCOOTBETCTBYIOIIIIE
pebpam ere () MoryT OuIThH npuKJIeensl K My nByms ciocobamu. IIpu srux crocobax na pebpe
oyer roctaseno 0 man 1. Takum o6pazoM, MbI MOXKEM TaK 1o100paTh M, 9TO paccTaHOBKA
w(M,) na pebpax BHe ()’ Oyer 060l HaTIEpesT 33/ IAHHOI.

Usmenenue ‘yrommenust’ M na ogaom pebpe e u3 Q| ne mexarem B ', naeT H3MeHeHHe
paccranoBku 0w (M) Ha (JBYyX WM OJHOI) IpaHsIX, IPUMBIKAOIMX K €. VHbIME cioBamu,
K dw(M;) npubasnsiercst xozpanuya de pebpa e, T.e. pacCTaHOBKA, paBHasg | Ha I'paHsX,
MIPUMBIKAOMNX K €, 1 () Ha OCTAJBHBIX I'DAHIX.

Haszosem epynnoti deymeprovix xozomoroeuts komnaexca Q no modyato nodkomnaexca Q'
rpymiy H?(Q, Q') paccTaHoBOK HyJlelf M eJIMHMIL Ha TPaHAX KOMILIEKca () ¢ TOYHOCTBIO J0
cyMM Korpanuil pebep. Hazosem npensmemeuem Mameeesa

om(Q) := [dw(My)] € H*(Q. Q).

Eciim dm(Q) = 0, To cymecrByer takoe yrosrenue My, aro dw(M;) = 0. D10 yrosrieHne

M| MOKHO HPOJIOJIZKATD [0 yTo/menus Beero Q. ITomyuaem creayionmii pesyabTar: A0XCHasA

noseprrocms Q ymoawaema mozda u moavko mozda, xozda dm(Q) =0 € H*(Q, Q') [MaT73].
W3 3T0Or0 MOXKHO TBITATHCA BBIBECTH IUMOTE3Y 7.6.C.

7.5 Kiaaccudukanmsa TpexXMepPHBIX yTOJIINEeHU JIO>KHBIX MOBEPXHO-
cTei

[Tap ¢ Tpybkamu u npobkamu M compepkut 2-momsap (2-KoMmiuieke) P, 1oJiydeHHbld 13
OykeTa OKPY2KHOCTEl, OTBEYAIONINX TPYOKaM, MPUKJIEHKON JIMCKOB, OTBEYAIONINX MTPOOKAM.
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[Ipu sToM BepmmHa GyKeTa COJIEPKUTCA B IIape, JOMOJIHEHHEe OYKeTa JI0 HEKOTOPO#l OKPeCT-
HOCTHU BEPIIWHBI — B O0beIMHEHNN TPYOOK, a JOMOTHeHNe 00beIMHEHNsT TUCKOB 10 OKPECT-
HOCTH OyKera — B oObeuHeHnn mpoboK. (fcHo, uro He y1060il 2-10auIp, HOIyYeHHbIH u3
OyKeTa OKPYKHOCTEHl MPUKIEHKONI JUCKOB MOXKHO IOJIYIUTh U3 IHapa ¢ TPyOKaMu U IIpoo-
kamu.) Ilapa (M, P) naspiaeTca mpexmephvim ymosuenuem oausapa (kommuekca) P. 17
Mp1 Oy/1eM COKpAIIEHHO Ha3bIBATh TPEXMEPHOE YTOJIIEHIE 3-YTOIIIICHUEM. Y TOJIICHUS Pac-
CMATPHUBAIOTCSI ¢ TOYHOCTBIO 110 (KyCOYHO-JIMHEHOr0) ToMeoMopdu3Ma, TOKIECTBEHHOTO Ha
P. Eciu nosmmanp P dbukcnpoBaH, Mbl 71 KpaTkocTr Oyaem nucarb M Bmecro (M, P).

7.9. (a) 2-yronmenue (ompenenure!) p kpas ON npomosmkaercs (ompenenure!) 10 3-
yToJmenns 2-MHoroobpasug N Torja W TOJLKO Torja, Korga dwi(u) = 0 € H?(N,ON).
(Onpenenenus o6berToB dwi (1) u H*(N,ON) ne ob6g3aTebHO 3HATH 3apamee, UX MOMKHO
HPUJYMaTh B [IPOIECCE PEIeHNsl. )

(b) Knaccuduiupyiite 3-yTosimenus J1aHHOIO 2-MHOr000pas3usi.

(c) Chopmysupyiire u JoKazKUTe AHAJIOL IyHKTa (&) JIsi IPOJIoJzKaeMocT Ha N JTaHHOIO
I-pacciioenns i HaT Kpaem ON.

(d) Mpomomxenust I-paccioenus p ¢ rpanuisl ON 2-mHOT00Opasust N HaxomusTes B 1-1-
cooTBeTcTBUM ¢ Takumu sjieMentamu v € HY(N), aro v|oy = wy ().

7.10. JloxxHasi TOBEPXHOCTH UMeEET He 00JIee OJHOTO OPUEHTUPYEMOTO 3-yTOJIIIECHUS.

O6osznaunm uepes T3(P) muoxkectso Beex 3-yrosmenuit (M, P) samannoro noamsapa P,
€ TOYHOCTBIO JIO KyCOYHO-JIMHEHHOrO romeomopdusma, ToxKaectBernnoro na P. Kiraccudu-
Kalus 3-yToJimennii obobimaer 3HameHuTyo Teopemy Kacsepa o exunacrennoctn [HMS93].
Kpowme Toro, 4To cyniecTByeT MHOIO 00IIero Mexk 1y Kiaaccudukaryeii 3-yTo meHnit 2-1omsapa
u kiaccudukanueit rpadg-muoroodbpasuit [Wab7| u uarerpupyembIx raMuIbTOHOBLIX cucteM 7).
[Tpo6ieMbl CyIIECTBOBAHMSA, €AMHCTBEHHOCTH U KJIaCCU(DUKAIIUT N-MEPHBIT YMoAUeHUT 3a-
JIAHHOTO TOM3pa u3ydaanch takxke B [LS69|, [Wa67|, [Wr77|, [GT87, Teopemsr 3.2.3 u
3.2.9.

Omnpegienenne rpynn HY(Q), HY(Q, Q'), orobpaxkenust cyxkenus 7 : H(Q) — HY(Q') n
nnpapuanta Matseesa m(Q) € H(Q') ecTrecTBeHHO NOABIAIOTCS IPH U3y YCHUHT 3-YTOJIIACMOCTH,
CM. BBIIIIE.

7.11. (a) Jma kaxgoro 3-yrommenns M noxknoit nosepxuoctu () mmeeM m(Q) = wi(M)|g.

(b) Teopema kitaccudukanuu yromienuii. [BRS99|, cp. [HMS93, I, Theorem 3.1.b]
Jas S-ymoswsaemoti aoocroti noseprrocmu Q umeemes ouexyua wylg : T3(Q) — r~1(m(Q)),
eder : HY(Q) — HY(Q') — omobpasicenue cyscenus. Ecau Q' cesa3no, mo umeemca buexyus
T9(Q) — H'(Q, Q).

(c) Teopema kiraccuduKanuy yTOJIMEHN BepHa JJist JTF060r0 Takoro 2-mosudapa P, aro
g Kaxuaoit A € P” rpad lk A 3-casen [BRS99]. I'pad masbiBaeTcs S-c6A3HbLM, €CIH
HUKAKIe J[Be ero TOUKU He Pa30bUBaoT ero Ha JBa rpada ¢ 6ojiee, 1eM OJHIM PeOPOM B KaK-
nom |Pr04]. (Hanpumep, rpad Beiykiioro muororpannuka B R? ssiserca 3-ceazubiv [Pr04].)

7.6 3-yToJIIieHus IIPOU3BOJIbBHBIX 2-IIOJIN3/IPOB

[IpuBesem pe3ybTaThbl O CYNIECTBOBAHUU U KJIACCU(DUKAIUU 3-yTOJIIEHUN TPOU3BOJIbHBIX
2-niommaapoB. JlokazaTeIbcTBa OCTaBIIIEM YUTATEIO B KaUeCcTBE 3a/1ad.

JJ1s1 HEKOTOPBIX YACTHBIX CJIyYaeB CYIIECTBYIOT IIPOCThIE Kpurepuu 3-yrosiraemoct [OS74].
st ob1miero cirydast He CyIIecTByeT 0oJiee IMPOCTOr0 KPUTEPHs YTOIIIAEMOCTH, YeM CJIeLy-
IOIIUIA.

17310 onpenenenne papHOCHILHO 06BIaHOMY: mapa (M, P) HasbiBaeTca n-ymoasuenuem Toamsapa P, ecim
n-mHOTrOOGpasue M siasiercss peayasapholi okpecmuocmuio [Sk| mommanpa P C Int M. Tlorsitre yTosmenus
AHAJIOTMIHO MOHSITHIO PACCJIOEHHsI U TeCHO CBs3aHo ¢ HuM [Sk, §13], [LS69].
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OGuiast TeopeMa yToamaemMocTu. 2-noausdp P S-ymoswaem (opuenmupyemo 3-ymoausaem)
mozda u moavko mozda, koz2da cywecmsyem makoe nodwunernoe saogcenue € € E(P), wmo
dm(e) =0 (m(e) =0) |[BRS99], cp. [Sk94]|, [OS74, Theorem 3.2|, [La00].

Jlamum HeOOXOIMMBIE OIIPE/IEICHUSI.

Hacmoswuii 1-ocmoe P’ nonmmaapa P — rpad (tounee, 1-mommsap) B P, cocrosrmuii
U3 TOYEK, He UMEIOIINX OKPECTHOCTU, TOMEOMOPGHOI 3aMKHyTOMY 2-7ucKy. Hacmosawud 0-
ocmos P nosmmsapa P — KoHeYHOEe MHOXKECTBO TOYEK B P, He MMEIOIIUX OKPECTHOCTH, TOMEO-
MOpPQHON KHUKKE ¢ HEKOTOPBIM YUCJIOM CTPAHUIl. 3aMeTuM, 4To P’ sBjsgercs HaCTOANIM
0-ocroBom rpada P’ (T.e. KOHEYHBIM MHOYKECTBOM TOUYEeK B P’ He MMEIOIINX OKPECTHOCTH,
romeoMopdHOit oTpe3ky). s kaxK10if KoMmoneHThl Tpada P’) He cojeprkaiieil TOYeK u3
P” (1.e. siBastronieiicst OKPY>KHOCTBIO MJIH OTPE3KOM ), BO3bMEM IPOU3BOJILHYIO TOUKY Ha Heil.
O6o3naunm depe3 P obbeauaenne P ¢ 3THMEI TOUKaMH.

[peanonoxum, uto Uacpr Ik A Brozkumo B S%. Pacemorpum nabop Bioxkenuit {ga
Ik A — S?} 4cpr. BosbMenm 'neBucsuee pebpo’ d C P’ (T.e. 3aMbIKaHIE KOMIOHEHTBI CB3HO-
cti MuozkecTa P’ — P apnaromeiica orkpoitoit 8 P'). O6oznaunm 1epes A, B € P" ero
KOHIBI (Bo3MmoxkHO, A = B). Pebpo d nepecekaer lk A U lk B B aByx Toukax (pasaidHBIX
naxke ipu A = B). Maubie okpectHoctu 1ux To9ek B Ik A u B 1k B sBisiiorcsa n-omamu,
KOTOPBIE MOXKHO OTOXKJIECTBUTH JIPYT € JIPYTOM 'BIOJIb pebpa d’. Ecau jjist Kaxk10ro Takoro
d 0TOOparKeHUsT g4 U gg JAIOT OJUHAKOBBIC WJIA IIPOTHBOIOJIOKHBIE MUKINIECKUE TTOPSIIKI
Jydeit n-oga, 1o Habop {ga} HazbBaeTcs noduunernviM. (TO ONpeseIeHre OTIINIACTCS OT
CTAHAPTHOTO — TO, YTO OOBITHO HA3BIBAIOT NOOYUHEHHbLM, MBI HAZBIBAEM OPUEHMUPOBAHHO
NOOYUHEHHDLM. )

HaGopnr Bioxkenuit {fa, g4 : kA — S?} 4cpr Ha3BIBAIOTCA U30NOZUUUOHHBLMU, €CITA
CcyIIeCTByeT Takoe ceMeiicTBo romeoMopdusMoB {hy @ S? — S?} qcpr, UTO hy o fi = ga nos
moboit A € P".

flcHo, 9TO M30MO3UNMOHHBIE HAOOPHI OJTHOBPEMEHHO ABJISTIOTCS TTOTIMHEHHBIMI WJIA HET.
O6o3naunym depe3 E(P) MHOXKECTBO IOAIHHEHHBIX HAOOPOB € TOYHOCTDHIO 0 M30MO3UIIIIL.

MHO>XKecTBO BJIOXKEHMH JaHHOrO I'pada B IIOCKOCTH ¢ TOYHOCTBIO JI0 M3OIO3UIMU OBLIO
OIMCAHO Y UTHU JIJIsl JBYCBSI3HBIX IPAOB, U CYMIECTBYET IIPOCTOE 0DOBIIEHIE 3TOTO OITHCAHS
Ha ciIydail mpousBosbHBIX Tpados (dosbkiop, [Sk05]).

IIpenamcmeue Mameeesa m : E(P) — HY(P') crpoutca cieayromum obpasom. s
namnoro £ € E(P) pacemorpum ero npejcrasures {ga : 1k A — S%} ycpr. g kaxaoro
"HeBuCsTaero pebpa’ d mosmdnpa P BO3bMeM IUKJINYECKHe TOPAIKN (OJMHAKOBBIE UJIN TIPO-
TUBOIIOJIOXKHBIE) U3 onpejienenns nogannernoctu. [Tocrasum 0 wian 1 Ha d, ecyin BpaieHus
IPOTHBOIIOIOKHBIE M OJMHAKOBbIe, cooTsercrBento. Torma m(e) € HY(P') — xoromoiio-
PUYECKUIl KJIaCC ITON pacCTAHOBKU /.

Kitacec m(e) xoppekTHO ompejener. JleiicTBuTebHO, MycTh jiBa HAGOpa BJIOKEHWUiT 1n30-
O3UIMOHHBI OCPEJICTBOM ceMelicTBa romeoMopdusmos {hy @ S? — S%} 4. pv. Torma paccra-
HOBKW /( OTJIUYAIOTCS Ha KOTPAHWILY PACCTAHOBKHW ¢, paBHOil 1 mau 0 Ha Beprmmae A, ecyin
h obpalaer win coxpansger opueHTanuio cdepbl S2, cCOOTBETCTBEHHO.

HokazaresbeTBo 0611€eit Teopembl yrosmaemoctu cojepzxkurcst B [Sk94|, [BRS99| u ama-
JIOTUYHO BBINIEITPUBEIEHHBIM PACCYKIEHUAM JIJI JIOKHBIX TOBEPXHOCTEM.

Obmias teopema kjnaccudurkamuu yrosanenuii. [BRS99| /lasa 3-ymoswaemozo 2-
noausdpa P umeemca unserxyus

ex wylp:T*(P) — E(P) x HY(P) ¢ obpasom {(g,w) € E(P) x H(P) | m(¢) = w|p'},

eder: HY(P) — HY(P') — omobpasicenue cysicenua.

W3 sroii TE€OPEMBI BbITEKAECT HaJINIUC 6I/I€KHI/II/I

T3(P) — m *(imr) x kerr.

98



s 3-yronmenus M 2-nionusapa P onpejesinm
e(M) = [{lk pA — Tk ;A = S} scpr] € BE(P).

Tak Kak OKpecTHOCTH Kazkaoro pebpa rpada P’ Biaoxkena B M, To yKazaHHbIH HabOp BJIO-
JKEHUil JIefiCTBUTEIHHO ABJISETCS IO {INHEHHBIM. DKBUBAJIEHTHOE YTOJIIEHNE JIAeT N30M03U-
[MOHHBIe HAOOPBI BIIOKeHuit, mosromy e( M) koppekTHo omnpeseseno. Pasencrso m(e(M)) =
w1 (M)|pr mokasbiBaeTcst aHaIOrMIHO 3a1a9e 7.11, TosbKo BMecTo m(()) HAJ0 PacCMOTPETH

m(e(M)).

YKa3zaHusi u peaieHnsda K HEKOTOPbIM 3a/JaaM

7.1. (b) o-CKIICHKY MOYKHO OCYIIECTBUTE JIJIsI [IEPECTAHOBOK 0, CONPSIZKEHHBIX I€PECTAHOBKAM
U3 MOJIPYIIBL IH3/Ipa.
7.11. (a) BosbMem paccTaHOBKH U w HyJIeli u exunui Ha pebpax rpada @', npejacras-

msiormue Kiaacesl m(Q)) u wi(M)|g. Ilycts mpocras 3amkmyTas kpusasg B () cocronT n3
n n

pebep di, ..., d,. Torna > u(d;) = > w(d;), HOCKOIbKY 06a BbIpayKeHUsI DABHBI €IMHUIE B
i=1 i=1

TOYHOCTHU TOTJIA, KOIJIa HPOXOXKJICHHE BJIOJIb BHIODAHHON KPUBOH 0OpaIaer OpUEHTAINIO Ha

M. Beuny npousBosbHOCTH BBIOOpa KpuBoil momydaem m(Q)) = wq(M)|q. QED
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8 Tomoromnmyeckas KjaaccudukKalusa OTOOparKeHu’ii

OcHoBHast TeopeMa TOIOJIOTHH O TOMOTOIIMYECKON Kjiaccudukaruu oroopazkennit S™ — S™
nokazana Xaitarem Xordom B 1926 1. [Sk, §8 ‘BekTophble 11011 HA MHOTOMEPHBIX TTOBEPXHO-
crsax’]. Ona o6obiena va orobpazkenus: n-moJmdapa B S™ Xaitanem Xordom B 1932 1. (‘o
saka3y’ [lasma Cepreesuua Asekcannposa). [Ipusoaumbre B §8.5 dbopMmynupoBka u J1oka3a-
TesIbCTBO TeopeMbl Xotda npunaiexut Xaccaepy Yurau (1937 r.). Janbreiinee passurne
teopema Xorda-Yuruu nojydusia B padorax Camiodis Dittendepra u Congepca Maxkieitna
(19405 §8.7), JIbBa Cemenosuua [Tounrpsaruna (1941), Hopmana Crunposa (1947; §8.6), dxo-
ua [enpn Koncranruna Vaittxena (1949) u Muxamia Muxaiinosuaa [Toctarkosa (1950). Cu.
rakxke [Sk, §15 ‘Tomoronnueckas kiaaccudukarys u ee MpuUMeHeHus .

Harmomumm, 910 Bce 0TOOparKeHust CINTAIOTCS HEIIPEPBIBHBIMU U IIPUJIATATE/ILHOE ‘HeIpe-
peiBHOE’ omyckaercs. [lycts X, Y — npousBosibHbIe MHOrOOOpa3mne (M jazke Tesia CHMILIN-
UAJIBHBIX KOMILIeKcoB). O6osHadnM depe3 [ X, Y| MHOXKeCTBO HENPEPBIBHBIX 0TOOpaKeHUI
X — Y, nepeBoJsimux OTMEIEHHYIO TOYKY B OTMEYEHHYIO TOYKY, C TOUHOCTHIO JIO TOMOTOII-
HOCTH B KJIaCCE TAKUX OTOOPAZKEHMIA.

8.1 OTobparkeHnda rpada B OKPY>KHOCTbh

[Ipusesem onucanue muoxkectsa [K, S1) (cm. zamaay ?77) na apyrom ssbike, cieys obmeMy
METO/Iy TEOPUH HPENATCTBU (1 ToXKe pa3BuBas ujeio 3a1a4qu 7 7). Xorsa 3tu HpopMyInpoBKa
U JI0Ka3aTeIbCTBO 0OJICe CJIOXKHBI, HO C MOMOIIBIO NX 000OIIEHNST MOXKHO HOJTYIUTh PE3YIlb-
TaTBI, KOTOPBIE HE TOJIYYIalOTCs IPY HOMOINHN 'cTarnBanns pebep’ (M MHOMOMEPHOIo aHajora
CTATUBAHNUS).

Teopema Xonda-Yurau agasa rpadoB. [asa epapa K cywecmeyem obuekyus deg :
[K,SY — HYK;Z).

Hauano doxazamenvemea meopemor Xonda- Vummnu: onpedeaerue npenamemeyou,eti pac-
CMaH06KU. 3HAKOMCTBO C 9TUM JIOKA3aTEIbCTBOM PEKOMEHIyeM HadaTh co ciaydasd K = Ky
(puc. 77).

duxcupyeM IIpou3BobHYI0 TouKy v € St. IlpoussosbHoe oTobpazkenue K — S romo-
TOITHO KAEMOYHOMY, T.€. TAKOMY, JJIs KOTOPOTO KasKJIoi BepiuHe rpada K cooTBeTcTByeT
BekTop v (yokaxkure!). [Tosromy mocraTodno KiaaccuduIupoBaTh KI€TOYHBIE OTOOPAYKEHNUST
K — S' ¢ TOYHOCTBIO 10 TOMOTOINH, OTOOPaYKEHH KOTOPOi He 00g3aTeTbHO KACTOTHEL.

[TocTponm jytst oTobpaxkenusi f npensitcrBue deg f K TOMOTOIMHOCTH OTOOpazkeHus f 10-
cTosTHHOMY oToOpazkennio. PuKcupyeM Mpou3BOJILHO HAIpaBICHIE Ha KaxKJI0M pebpe rpada
K (npengrcrBue deg f Gymer 3aBucerh ot 9T0ro Beibopa). Bosbmem kirerounoe oTobpazkeHme
f: K — S Tlocrasum Ha KaxkioM pebpe e C K uuciio 060poTos BekTopa f(x) 1pu mpoxoe
TOYKOI & 10 pebpy e Bi1oJib Hanpasienus. [loaydennyio paccranoBky obozaadum y(f).

Ecmu f,g : K — S' — kjerounsle orobpazkenus, st Kotopbix Y(f) = (g), To 110
OcHoBHOIT Teopeme Tonojoruu f =~ g.

HUszmenenue npensamemeyrowet paccmanosry. OOpaTHOE HEBEPHO, KaK MOKA3BIBAET ITPH-
Mep ciepytoreii romorornuu (puc. 64). s Beprumaer a rpada K usmennm orobpazkenue f
Tak, 9T00bI BEKTOP B @ CJeJ1ajl OJUH 000pOT IPOTUB YacOBOM CTPEIKH, BEKTOpa B MaJIeHLKOM
OKPECTHOCTH BEPIIUHBI ¢ TOTSHYJIACH 3a BEKTOPOM B @, & BHE 9TOI MaJIEHbKOI OKPEeCTHO-
CTH OTOOparKeHne OCTAJIOCh IIPE:KHIM. B pesysbrare mosydnmM orobpazkenne g : K — St
romorornHoe orobpazenuto f. [Tousaruo, aro v(f) u y(g) ormyarorcs: Ha PACCTAHOBKY TLITIOC
WJIN MUHYC €JJMHUIL (B 3aBUCHMOCTH OT OPHEHTAINN) Ha pebpax, COIepKaIlnX BEPIIUHY @, W
HyJIeil Ha BCEX OCTAJIbHBIX pedpax. DTa pacCTaHOBKa HA3BIBAETC IAEMEHMAPHOT Ko2panuyel
gepuiuHb, @ 1 0003HAYAETCS Od.

100



Puc. 64: [logkpy4unuBanne oToOpazkeHusi B OKPECTHOCTU BEPITHHBI

B okpecTtHOCTSIX BEPIINH a1, . . . , G ClIeJIAeM ONMCAHHYIO BBIIIE TOMOTOIINIO OTOOPAKEHMS
f, MoBOpauMBasi BEKTOpa B 9THX BEPIIMHAX HA N1, ..., 7 000POTOB, cooTBeTcTBeHHO. O60-
3HAYUM IIOJIYIeHHOE OTOOPayKeHHe YePe3 fp, ay+-tnoa.- P ACCTAHOBKH IIEJIBIX YHCEs HA pedpax
MOYKHO CKJI&JIBIBATDH: JIJIsT 3TOTO IIPOCTO CKJIAIBIBAIOTCS YHC/IA, CTOSINNE Ha KaykKIoM pebpe
(Takoe CJIOXKEHUE HA3BIBAETCS NOKOMNoHenmHvim). Torma

V(f) - V(fnlal‘l’""i‘nsas) = n15a1 +oo 4+ ns(sas-

Tenepn paccmorpum romotonuio f; @ K — S1 Mexiry kierounniMu orobpazkenuamu fo, f.
[TocraBuM Ha KaxKJIOf BepIUHE @ IUCIO 000POTOB BeKTOpa fi(a) mpu usmenenun ¢t ot 0 10
1. Honyuennyio paccTaHOBKY 00G03HAIUM Nnqay + - -+ + Nsas. Jlerko mposeputh, 910 Y(fo) —
’)/(fl) = n15a1 + -+ nséas.

Onpedenenue odrnomepnoti 2pynno. xKozomonozuti H(K;Z), omobpasicenus deg u doxasa-
meavbemeo e2o0 buexmusnocmu. HazoBeM paccTaHOBKH 71, Yo LEIBIX YHCe] Ha pedbpax K020-
MONOZUYHDLMU, €CTTH Y1 — Yo = N1day + - -+ + Ngda, JJIsT HEKOTOPBIX MEIbIX TUCET N1, . . . , N
U BepUIUH ay, ..., a,. I'pymna H'(K;Z) paccTaHOBOK € TOYHOCTBIO JO KOTOMOJOTHYHOCTH
HA3BIBACTCS 00HOMEPHOT 2pynnotl kozomonozutl epaga K (¢ xospduyuenmamu 6 Z). O6o-
BHATIM

deg f = [y(f)] € H'(K;Z)
Hcno, 310 Ompeienenne KOPPEKTHO.

Ecmu deg f = deg g /st HEKOTOPBIX KJIeTOUHBIX oTobpazkenuit f u g, To y(f) — v(g) =
nida; + - - - + nyday g HEKOTOPBIX TEJIbIX 9UCEN N, . .., Ny. Loraa f ~ fuia+tnwa. =~ J-
[Tosromy orobpazkenue deg MHHLEKTUBHO.

Yrobbl JJ0Ka3aTh CIOPBEKTUBHOCTH OTOOpazkeHust deg, BO3bMEM ITPOU3BOJILHYIO pacCTa-
HOBKY < IeJbiX quces Ha pebpax. [omoxkum f(a) = v s ka0t BeprmHbl a rpada
K. B kauectse f|. BO3bMeM 7-KpaTHbIH 06X0J1 BJIOJL OKpyzKHOcTH S'. JIs mocTpoeHHoro
KJIETOYHOTO oTobpazkenus [ mmeeM y(f) = v, mostomy deg f = [y]. QED

8.1. (a) I'pynua H'(K;Z) 3aBucuT TOJBKO OT TomoJormveckoro tuma rpacda K, Te.
OJTHOMEPHBIE I'PYIIIBI KOTOMOJIOTHH rOMEOMOPMHBIX I'PadOB M30MOPQHBI.

(b) HY(K,7Z) = 75-V+C,

(c) Orobpazkenue deg : [K, S'] — H'(K,Z) asnsierca uzomopdusmonm rpynn (St sapiis-
erca rpymmoit, mostomy K, S1] asnsercs rpynmoit).

8.2 OrobpaxkeHus rpada B MPOEKTUBHYIO MJIOCKOCTh

[Iycts rpad K pacmosiokeH B TpexmMepHOM IpocTpancTBe. HazoBeM HelpepbIBHBIM 0TOOpa-
xenneM f : K — RP? cemeiicTBO IIpsiMBbIX f(2) TPeXMepHOro HPOCTPAHCTBA, HPOXOJAIIHX
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gepes Toukn = € K, HelpepbIBHO 3aBucATX OT Z. (B 3ToM ompe/ieileHnn MOYKHO 3aMEHHTD
"yepes Toukn x € K’ Ha uepes Touky 0 € R?".)

8.2. (a) JTiobwie mBa oTOGpaKeHus jgepesa B RP? roMOTONHBL.

(b) st moGoro orobpazxkenus f : S — RP? komnosunus aBykpaTHO# HamoTKu ST —
S u f romoTonHa 0TOGPAsKEHHUIO B TOUKY.

(c) Crammaprioe Bmouenne ST~ RP! — RP? He roMOTONHO OTOOPAZKEHUIO B TOUKY.

(d) [ST, RP?) = Z,.

(e) Onmmmnre [K, RP?| (ykazaunue: ucnonnsyiite (b) u crarusanue pebpa).

Teopema Xorda no momaysio 2. Jas epaga K cywecmeyem buexyua deg : [K, RP?| —
HYK).

Habpocox onpedenerus odnomepnoti epynnwi xoeomonozuti H*(K), omobpasicenua deg u
doxazamenvcmea e2o buexmusnocmu. OukcupyeMm B R HekoTOpPyIO IIPAMYIO [y U IJIOCKOCTD
vy, ee cosieprKallyio (T.e. (buKcupyeM Ha MIPOEKTUBHOM I10cKocTH ToUKy RP? 1 OKpYKHOCTD
RP, puc. 65). Jlioboe orobpazkenue f : K — RP? roMOTOIHO KAemouHoMy, T.e. TAKOMY,
JIJIsT KOTOPOTO BCe MPsIMbIe TTapasIesIbHbL (v, a IIPsiMasi B BePIIHe mapaJsuiesbHa ly (T.e. mepe-
BojAIeMy Jobyto Beprmuny rpada K B RP?, a moboe pebpo B RP!). TTosromy jocTaTodno
KJIacCHPUIIPOBATL KJeTounble orobpaxkerns f : K — RP? ¢ TOYHOCTBIO O TOMOTOIINH
(orobpazkeHns KOTOPOIi HE 00s13aTEJIbHO KJIETOUHBI).

Puc. 65: Cxema (kserounoe pasbuenue) MPOEKTUBHO IJIOCKOCTH

s kaerounoro orobpazkenus f : K — RP? mocrasuM Ha KaxkI0M pedpe e KOJITIeCTBO
060pOTOB TpsiMOii f(x) Npu MPOXOXKIECHUU TI0 3TOMY PeOpY OT OJIHOf BEpIIUHBI JIO JPYTOii.
DTO KOJUIECTBO HE 3aBUCUT OT BLIOOpa HAYa/IbHON BEpIIUHBI. [I0JIyUeHHYIO PacCTaHOBKY
HyJsielt u ejuHUIl Ha pebpax rpada K obosnaunm y(f).

Ecmu f,g: K — RP? — kierounsie otobpazkenus u Y(f) = v(g), To f ~ g (HOCKOIBbKY
(S, RP? = Z,).

Tak kak RP? gpisercs 2-MHOroo6pasueM, To Jiodas FOMOTOINS KJICTOYHOIO 0TOOpazke-
HugA f TOMOTOIHA KA€MO4HOTU, T.€. TAKOW, B IPOIECCe KOTOPOI NIpsMble B BEPIIMHAX I'Pa-
dba K mapasuiebHbl IJIOCKOCTH (g (T.e. 06pa3bl BePIIMH HAXOAATCA Ha OKpyzKHocTH RPY).
BamernM, 9T0 0TOOpaAsKEHUS, U3 KOTOPBIX COCTOMT KJIETOYHAsS TOMOTOINS, HE 00A3aTeILHO
Kjerounbl. g Kiaerounoit romorommu f; 1 K — S! MexKIy KIETOYHBIMU OTOOPasKeHUAMM
fo u fi u BepmuHbL @ € K paccMOTpUM KOJHMIECTBO 0OOPOTOB MpsAMOii f;(a) npu mpoxox-
nennn napamerpoum t orpeska [0, 1]. Ilycrs aq,...,as — BCe BEPIIMHBI, JIs KOTOPBIX 9TO
kosdectBo nederno. Torma y(fo) —v(f1) = day + - - -+ das. Koepanuya da Bepumns a € K,
OTHOIIEHNE Kozomonozuwnocmu, rpytma H'(K) n knacce deg f = [hy] € H'(K) onpezenstior-
¢ Kak 1 B TeopeMe Xorda ¢ 3aMeHoi Z Ha Zy. KoppeKTHOCTE ompe/ie/ieHsl, THbeKTHBHOCTD
U CIOPBEKTUBHOCTL O0TOOpazkeHus deg I0Ka3bIBaIOTCa aHAJIOrHIHO Teopeme Xorda. QED
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8.3 kxBuBapuaHTHbIe OTOOpakeHusda rpada

[IycTh jgan cBa3Hbll rpad ¢ cuMmiunuaabHOl nnosmomueit 7 : K — K, He umerorneit Hero-
JIBUKHBIX TOUeK (cM. onpejesienue B naparpade ‘unsomornun’). Orobpaxenne f: K — St
HA3BIBACTCS IK6UBApuaHmHbLm (oTHoCHTeNbHO t), ecmn f(7(x)) = —f(x) ana moboit x € K
(T.€. ec/Im BEKTOPBI B T-CHMMETPUYIHBIX TOYKAX TPOTUBOIOJIOXKHBI). Takie 0To6payKeHust BO3-
HUKAJIA B MYHKTE ‘KOH(MUTYPAIMOHHBIE TPOCTPAHCTBa W TLIaHApHOCTH . OOO3HAYMM depe3
[K, S, MHOMKECTBO SKBUBapHAHTHBLIX oToGpazkennit K — S1 ¢ TounocTbio 10 SKBUBApUAHT-
HOIT roMOTOIHHU (T.€. TOMOTOINY B KJIACCE S9KBUBAPUAHTHBIX OTOOPAYKEHHUIA ).

DkxBuBapuanTHasa Teopema Xotnda. /s ceasnozo epaga K ¢ cumniuyuaivrot uH-
somoyuets T : K — K, ne umerouwets nenodeuscnulr mouek, cyuecmseyem obuexyus deg :
|K; S, - HY(K/T;Z).

Habpocox onpedenenusn omobpascernus deg u dokazamenvcmea e2o buexmusnocmu. Ilpe-
IIOJIOXKUM, 9TO B rpade K HeT meresib U KpaTHBIX pebdep.

QukcupyeM TPOU3BOJIbHBIN e MHUIHBII BeKTOD v. [Ipor3BosibHOE SKBUBApUAHTHOE OTOO-
pazkenne K — S! sKBUBApHAHTHO FOMOTOIHO KACMOYHOMY, T.e. TAKOMY, JJIs KOTOPOTO KazK-
qoit Bepuae rpada K cooTBercTBYeT OMH U3 BeKTOpoB v win —v (gokaxkure!). TTosromy
JIOCTATOYHO KJIACCH(DUIMPOBATE KJIETOUHBIE SKBUBAPUAHTHBIE OTOOPAXKEHUSA ¢ TOYHOCTHIO 10
SKBUBAPUAHTHON roMoTONuHN (0TOGparkeHus: KOTOPOH He 063aTeJIbHO KJIETOUHBI).

glcno, WTO CymecTByeT HEKOTOpOe 3KBHBapHaHTHOE KjeTodnoe orTobpazkenme K — Sl
€ro MOYKHO 3a/IaTh IIPOU3BOJIBHO Ha BEPIINHAX U 3aTEM IIPOU3BOJIBHO MPOJIOJIKUATEL Ha pebpa.
O6o3HaunM OJ[HO U3 TaKuUX OTOOpazKeHuit depes fj.

DuKcHpyeM OpHEHTAIIN Ha OKpyzKHocTH S’ 1 Ha pebpax rpada K Tax, 9ToOB OpueH-
TAIUN Ha WHBOJIOTUBHBIX pedpax ObLIn coryacoBanbl. BodbMeM KJIETOUHOE 9KBUBAPUAHTHOE
orobpazkennue f : K — S, Jlnsa Ha Kazk1oro pebpa paccMOTPUM HOIYIETI0e HCI0 060POTOB
BekTopa f(x) mpu npoberannu x 3roro pebpa B HalpajeHun opuertanuu pebpa. [locraBum
HA& 9TOM pebpe pa3HOCTH STOrO YHUCIa U aHAJOTUIHOTO ducia s fo. [loayanm pacctaHoBKY
~(f) momymenbix gucen Ha pebpax rpada K. Torma

(1) Ha mape WHBOMIOTUBHBIX pebep CTOAT PABHBIE THCIIA.

(ii) cymma grcest Ha pebpax Jioboro myTH B rpade K, COeIMHSIIONIEr0 Be MHBOIOTUBHbIE
BEDIIIHBI, TIEJI1A.

(iii) cymma dnces Ha pebpax Jioboro mukia B rpade K mesasi.

Bropoe yreepxenue cienyer us f(a) = —f(ra) u fo(a) = — fo(Ta).

Bynem mazbBaTh 2%K6U6GPUAHMHNBIMY PACCTAHOBKH, YIOBIECTBOPSIOINIIE STUM YCJIOBHIO.

OmnpeneniM sxsusapuarmuyto koepanuyy d(a, 7a) Mapbl WHBOJIOTUBHBIX BEPIIUH a, TG
TaK: Ha BCeX pedpax, He COJep:KaIliX HU G, HU Ta, CTABUM HYJIU, HA pebpax, BXOJAIIUX B OJ1-
Hy U3 9TUX BEpIINH, cTaBuM +1 /2 Ha Beixogsmux crapum —1/2. [Ipu srom eciiun ectb pebpo
C KOHIIAME TOJILKO B BEPINUHAX @ U Ta, TO Ha HeM craBuM (. OmpeieimM OTHOIIEHTE 9K6UGA-
puarmmoti Kozomonozunnocmu, rpytny HY(K;7Z) sKBuBapHAHTHBIX PACCTAHOBOK ¢ TOYHOCTD
0 SKBUBAPUAHTHO{ KoroMoJiormanoct u orobpaxkenne deg : [K; S|, — HY(K;Z), xak u B
JIoKa3aTeibcTBe Teopembl Xorda. JlokazarenberBa KOPPEKTHOCTH OIPeJIe/IeHIsT 0TOOparKe-
Hust deg M ero MHLEKTUBHOCTH aHAJIOTUIHBI JIOKA3ATEILCTBY TeOPEeMbl XOIda.

st moKasaTebeTBa CIOPBEKTHBHOCTH OTOOpazkeHust deg BO3bMEM ITPOU3BOJIBHYIO SKBU-
BapUaHTHYIO PacCTaHOBKY 7 u Jio0yio Bepuny a € K. [lomoxum f(a) = fo(a) u f(ra) =
fo(ra) = —fo(a). Ilocrenenno, BBIXO/sI OT BEPIIHUHBI @, OYJIEM IIPOJOJIKATH TTOCTPOEHHOE
oTobpaxkenue f Ha Hapbl €, Te WHBOJIOTUBHBIX pebep, HaMaThiBas UX 'C OJMHAKOBOW CKOPO-
CTBIO' HA OKPYKHOCTH HYKHOE YHCJIO pa3. Beuiy ycsoBust (ii) 9T0 moCTpoeH#e KOPPEKTHO
(mposeppbre!). st mocTpoenHoro orobpazkenus f mosydaem y(f) = .

Jokazarenbero nzomopdusma HL(K;Z) — HY(K/T;7) ocrapigeMm B KadecTBe 3a/1a4H.
QED
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8.3. (a) H(K;Z) >~ H'(K/T;Z).

(b) B mpuBeieHHOM OCTPOEHNN PACCMOTPUM ITPOU3BOJIbHYIO Bepinuny b rpada K. Ecam
cyMMa dmces Ha pebpaxX HEKOTOPOro IyTH, CoeauHsonmero a u b, nenas, to f(b) = 1 u
f(rb) = —1, unaue f(b) = —1 u f(7b) = 1. (BBuay ycmosus (iil) cymma dauces Ha pebpax
JIIOOOTO IIyTH, COEIUHSIIONIEro a 1 b, SIBJIAETCs eJI0i WK HOJIYIIEJI0H B 3aBUCUMOCTH TOJIHBKO
OT BEPIIHHEI b, & HE OT BBIOOPA Iy TH).

(c) IlpuBeaure Apyroe 10Ka3aTeILCTBO T€OPEMbI, OCHOBAHHOE Ha OJIHOBPEMEHHOM CTSITH-
BaHUU T-CUMMETPUYIHBLIX pedep B K.

8.4 (OTobpakeHnd IIOJIN3/IPA B OKPY>KHOCTDH

DTOT M CJIEAYIONIUI MyHKTH WHTEPECHO pa300paTh JaxKe Ijid n = 2 (061.[11/1171 cay4dai aHa-
noruder). Koneunvil n-noiusdp MOKHO TPEJICTaBIsITh cebe KaK O0beInHeHne HEKOTOPOTO
KOJIMYEeCTBa IpaHeil pasMmepHocTeil He 60oJ1ee n B pasdueHnn rnpocrpancrsa R™ Ha e IUHUIHbBIE
M-KyOBbl.

Ob6obmennem 3amaau 77.d gBisieTcs CIeayIOuil pe3yabTar.

Teopema BpynummHckoro. /lasa 1100020 koneunozo n-noiuadpa K cyuecmeyem buek-
yus deg : [K; S'] - HY(K,Z).

Habpocox onpedenerus epynnuv xozomonozuti H*(K;Z), omobpasicenus deg u dokasa-
meavemea e2o buexkmushocmu oaa n = 2. OUKcHpyeM IPOU3BOJIBHYIO TPUAHTYIISIUAIO 2-
nosmdapa K.

Bropoit u Tperuit ab3alpl 10Ka3aTe/IbCTBa TeopeMbl Xoiida-YUTHA [ TpadOB HYKHO
HOBTOPUTH €3 M3MeHeHUi (T.e. KJIeTOYHbIe 0TOOpayKeH!sI U MPEMSITCTBYONIAs PACCTAHOBKA
~v(f) ompenensitorcst Tak ke, Kak u B TeopeMe Xomda-Yurau s rpados). [lo reopeme
IPOJIOJIZKAEMOCTH, It paccTaHoBKU Y( f)

CYMMA Yucen Ha pebpax 2paruys, 410000 2panu ¢ C K pasna 0.

(HeiicTBuresibao, 9Ta cCymMMa paBHa KOJIHMIECTBY 000pOTOB BekTopa f(z) npu 0bxome To4-
KO X I'DaHUIIbI TOI IpaHu.)

PaccTtanoBKM ¢ 3THUM yCIO0BHEM Ha3BIBAIOTCSI KOUUKALMU.

Koepanuua da seprmunbl a € K, oTHOmeHue xozomonozuyunocmu, rpytna HY(K; Z) knac-
COB KOTOMOJIOTUMHOCTH K0uuk.A06 u orobpaxkenue deg : [K,S'| — H'(K;Z) oupenensiorcs
Kak 1 B TeopeMe Xomda-YuTHu s rpadoB.

st joKasaTe/bCTBa MHBHEKTHBHOCTUA OTOOparkKeHus deg cHadasia COeJIMHUM OTOOparke-
HUsI OJMHAKOBOII cTemenn ToMoTomnmeil Ha oobeaunenun K pebep Tpuanrynamm (amarmo-
[TUYHO JI0OKA3aTeIbCTBY TeopeMbl Xomda-Yurau s rpados). [lo Teopeme romoronHocTH
9Ty TOMOTOIIUIO MOXKHO MPOJOJKUTHL Ha Bee K (mokaxure!).

Jlns mokazaTe/bcTBa CIOPHEKTUBHOCTU OTOOparkeHnusi deg MbI CHa4aJa Jijisd KOIUKJIA 7Y
cTpouM TaKoe menpepesHoe otobpaxkenne f : KM — S uro y(f) = v (anmamormuno mo-
Ka3aTesbCTBY TeopeMbl Xorida-Yurau st rpados). Tak Kak cymMMa 9ucesl PACCTAHOBKHU 7y
Ha pebpax rpanuiibl Jc¢ MPou3BOJILHON rpann ¢ C K paBHA HYJIO, TO IO T€OPEME IPOIOJI-
JKaeMOCTH CYIIEeCTBYeT HPOJIoJKeHne oTobpaxkenus f : Oc — S! ma rpamb c. Anajorndno
npogo/zKaeM f Ha ocTajbHble I'pann Tpuanry/siuun. QED

8.4. (a) Berunciure H'(K;Z) nna 2-mnoroobpasus K ¢ Tpuanryiasanueii, umerorieit V
BepiiuH, E pebep u F' rpaneii.

(b) Hokaxkure Teopemy BpynimHCKOro Jijist IpOU3BOJILHOTO 7.

8.5. (a) st mogexembr A C K u paccTaHOBKE X dnces Ha pebpax cxeMbl K paccMOTpuM
orpaHmdenue x|, 3Toit paccranoBku Ha pebpa cxemnl A. Torma coorsercrsue [z] — [2]4]
onpegensier orobpazkenue H(K;Z) — H'(A;Z). Ouo HasblBaeTcs cyscenuem.
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(b) Teopema Xonga. Oxpyxuocts S C K B 2-monmsape K siBisercss ero peTpakToM
TOTJIa M TOJIBKO TOIJIa, Korja cymectsyer @ € H(K';Z), cyxenne kotoporo Ha S' apjsercs
obpazytommeit rpymmsl H'(SY; 7).

8.5 OrobpaxkeHusd 1oJm3Apa B cepy Toiil ke pa3MepHOCTH

B sTtom myHKTE MBI Oy/1eM 3aHUMATHCS TPOOJIEMOIT OTTUCAHUST MHOHCECTEG TOMOTOTTITIECKIX
KJIACCOB HENpPepbIBHBIX oToOpaxkennit K — S". Jlna K = S™ Ha 9TOM MHOXKECTBE MMeeTCst
ecrecrBeHHas cTpykTypa epynnu [Sk, §15.1 ‘Beegenue. ['pynmosas crpykrypa.’|, KoTopas
HEeOoOXO/IMMa TIPU PEleHn: Hallleli 3a/1a9u JijIs Tpou3BoJbHOr0 K (HeCMOTpst HA TO, YTO JIJIs
[IPOU3BOJILHOIO K TaKoil eCTeCTBEHHON CTPYKTYPBI 2pynno, HET U OTBET, KOTJa OH U3BECTEH,
JIAETC UMEHHO B TEPMUHAX MHONHCECMSE).

Teopema Xonda-Yurau. /ia n-noausdpa K cywecmsyem buexyus deg : [K, S™| —
H"(K;7Z).

Habpocox onpedeaenut n-meprot epynnot kozomonoeut H™(K;7Z), omobpascenus deg u
dokazamennvcmea e2o buekmuerocmu. PUKCUpyeM MPOU3BOJILHYIO TOUKY v € S™. Gukcupyem
TPHAHTYJIAIIIO TToImyipa K W OpHeHTaInu Ha N-MepPHBIX I'DaHdAX TPHAHTYIAuu. JIroboe
orobpazxkenne f : K — S™ rOMOTONHO KJIETOYHOMY, T.€. llepeBojidrieMy oobeaunenne (n—1)-
MepHBIX TpaHeil B v. [losTomy moctarodno KiaaccuUIIPOBATh KJIETOYHBIE OTOOPayKeHUs C
TOYHOCTBIO JI0 TOMOTOIHU (OTOGPaKeHUsI KOTOPOii He 00s3aTe/IbHO KJICTOYHBI ).

Jnsg kmerounoro orobpaxkenus f : K — S™ paccMOTpPUM IMIPOU3BOJILHYIO N-MEPHYIO
rpasb ¢ C K. ITockosibky f oTobpazkaer ee rpanuily Jc B TOUKY, To oTobpazkenue f|. mpes-
CTABJISETCS B BUJIE KOMIIO3WIIMK CXJIONBIBAHWSI TPAHUIBI TPAHU ¢ B TOYKY ([IPU KOTOPOM
nostyaaercss S™) u Hekoroporo orobpazkenust S — S™. IloctaBuM Ha IpaHU ¢ CTENEHb MO-
ciiesinero orobpakenusi. [losryuennyio paccranoBky obosuadnm y(f).

Koepanuua (n — 1)-mMepHO#i TpaHu, OTHOIIEHUE Ko2oMmoao2uvHocmu, rpynna H"(K;7Z) u
oTobpazkenue deg ompeie/sioTcs Kak 1 B Teopeme Xonda-YuTHu jijisg rpados.

KoppekTHocTs omnpeienienns orobpakenns deg, ero NHLEKTUBHOCTH U CIOPBHEKTUBHOCTD
JTOKA3BIBAIOTCS AHAJIOTHYHO Teopeme Xotida- YurHu st rpados, ucmoabsys m;(S™) = 0 s
1 < M ¥ MHOTOMEPHYIO OCHOBHYIO Te€OpeMy ToroJioruu. st IoKa3aTeibcTBa MHHLEKTHBHOCTH
HEOOXOIUMO CJIeIyIolee JT00aBJICHIE: B CUJIy ODIIEro MOJIOYKEHUsI MOYKHO CUUTATh, UTO I'0-
moromus Mexy f,g: K — S™ orobpaxkaer obbeunenne (n — 2)-MepHBIX PaHeii MoJIu3Ipa

KsveS" QED

s nonmynpa K npousoavhot pazmeprocmu 1 JIIOOOrO KJIETOYHOTO oToOparkenus f :
K — 8™ MOXXHO TOYHO TaK Ke OINpPEJIEJINTh MPENATCTBYOIYI0 paccranoBky y(f). 13 mHO-
FOMEPHOIT OCHOBHO# T€OPEMbI TOIOJIOTHHU CJIEJLYEeT, UTO JJIsi paccTaHoBKH 7 ( f)

CYMMa wuces Ha 2panuye a060t (n + 1)-meprot epanu pasra 0.

PaccraHOBKY ¢ 9THM yCJIOBHEM HA3BIBAIOTCS Kouukaamu. Koepanuya (n— 1)-mepHoii rpa-
HU, OTHOIIEHUE KO020MOAOLUYHOCTNU KouukA06 1 Tpyiina H™(K;Z) oupeiensiorcs Kak U B
(omHOMEpHOIT) Teopeme Xorida. BBry BaxKHOCTH 3TOrO OIpeJIeIeHNs TIPUBEJIEM €ro.

Onpedeaenue 2pynn kozomonozut. (Cp. ¢ onpejieJieHueM IPYII FOMOJIOTUAN B HAYAJIE [JIa-
Bol 4; C"(X;Z) = Co(X;Z).) Beenem opuentanun Ha cuMILIeKcax (HEKOTOPOH TpPHAHTY-
ngnun) nosmapa X . O6osuaunm uepes C" = C™(X;7Z) rpymiy pacCTaHOBOK IEJIBIX Y-
ceJl Ha OPUEHTHPOBAHHBIX N-CUMILIEKCax (C omepariueil MOKOMIOHEHTHOTO CI0yKeHus). st
N-MEPHOTO CUMILIEKCA 0 OIPEIETUM €r0 IAEMEHMAPHYIO K02Panuyy 00 KaK PACCTAHOBKY
IUTIOC WM MUHYC efuHuI] Ha (n + 1)-cuMIUIeKcax, comepKaiiux o, W Hyjeil Ha OCTalb-
HBIX (n + 1)-cumiuiekcax. YTOUHATE 3HAKU, UCXOJS U3 HPEIBLIYIIUX TPUMEPOB, MOTUBUPY-
IOIIAX 9TO OIPEJIe/ICHIE. DJIEMEHTAPHBIE KOIPAHUIILI OIPEIE/ISIOT JIMHEHHOE OTOOpazKeHne

§ = Gpp1: C" — O,
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8.6. 5n+1(5n - 0

Tomoxkum
H"(X;Z) = 6,11(0)/6,(C™™") mman>1 u HX;Z):=d"0).

8.7. s nonmsapa K npouseosvhoti pazmeprocmu 1 Jo60ro KJIeTOYHOTO 0TOOParKeHUsT
f: K — S™ orobpaxenue deg : [K,S"| — H"(K;Z) oupeensercs Kak 1 B (OJHOMEPHOI )
teopeme Xorda (cp. ¢ T0Ka3aTeIbCTBOM T€OPEMbI BPYIIIHHCKOTO).

(a) Orobpazkenne deg mo-npekHeMy KOPPEKTHO OIPEJIEJIEHO.

(b) Ecau dim K = n + 1, To deg cropbeKTHBHO.

(c) TlpuBesure mpuMep He MHBEKTUBHOCTH OToOpaxkenusi deg jag n = 2. Ykazauue.

S3 — §2.

8.6 OTobparkeHns moamdapa B cdhepy MeHbIIeil pa3MepHOCTHI

8.8. Ilycts A — moamomsap mommsapa X u f : A — S™ — HenmpepbIBHOE 0TOOPasKeHHe.
Onpegemre rpyuny H" (X, A;7) (anajorzgno BBIIIEIPUBEICHHOMY ONPEICICHIIO0 TPYIIIT
Koromoyioruit) u nocrpoiire npengarcrsue o( f) € H"W (X, A; Z) k npogonxenuto f na X.

Teopema Crunpogna. /[as awobvx n > 3 u (n+ 1)-noausdpa K cywecmeyem Guexyus
(K, 5" “3° H™(K; Z) x H™Y(K)/Sq2p H" N (K; Z).

Bneck py 1 H*(K;7Z) — H™(K) — npusesenue o mozy.mo 2. Oneparus Sq° : H ' (K) —
H""(K) ompenensercsa Tem ycaosmeM, 4To as orobpawenna f : K™Y — Sn=1 mpo-
nomxaemoro ma K™ spement Sq? pa(deg f) € H"(K) amnserca npenarcrsueM o f) K
POJIO/IZKEHUI0 oTobpazkenus f Ha Bece K.

8.9. * (a) Dro ompeesienne KOPPEKTHO, T.e. HpensitcrBue o f) JAeficTBUTETHLHO MPOITyC-
KaeTcd uepe3 po U 3aBUCUT TOJIBKO oT deg f.

(b) Omneparms Sq* ecrectsenna 110 K.

(¢) dns 4-nommsapa K u orobpazkenus f : K® — S% npomomkaemoro na K©), mo-
crpoiire mpersatcTeue Sq’(deg f) € H(K;m3(S?)) x mpofomkenuio oTobpaskenns [ Ha Bee
K (amamormano 3ajade 8.8). [Tosyunrcsa orobparkenune Sq?, AUIst KOTOPOTO MOCIIEI0BATE b-

nocre (K, 57 N 2K;Z) Ny Y(K;Z) MHOKECTB ¢ OTMEIEHHBIME TOYKAMU TOYHA.

(d) s xonukna a € Z2(K;Z) snement Sq*[a] npeacrasiserca komukmaom b € Z4(K, 7Z),
onpejieseHHbIM 110 hopmyite b(og1234) = a(op12)a(0234).

(e) Ilycrs K — opuentupyemoe deTbipexmepHoe MHoroobpasue u Kinacc a € H?(K;Z)
npoiicrenen 1o Ilyankape kiaccy Da € Ho(K;7Z), TpeIcTaBasSIONeMycsi BIOXKEHHeM h
N — K 3aMKHYTOrO OpUEHTHPYeMOro 2-mMHoroobpasust (r.e. cdepol ¢ pyukamu) N. Torma
Sq? a ectb cymma Touek (co 3makom) B hN N AN, rae b — norpy:xenue, 6/msKoe K h.

(f) Bcmn o« € H*(K;Z), 10 fseo = f1 0 fa, tne 1 € HY(CP?Z) = Hy,(CP*Z) = 7Z
— obpasyiolas n orobpaxenus f2, : K — K(Z,4), fi : CP* - K(Z,4) n f, : K —
CP? coorserctByloT KmaccaM Sq”a, 1 n o npm msomopbmsmax HY(K;7Z) =2 [K, K(Z,4)],
HYCP?*Z) = [CP3 K(Z,4)] w H*(K;Z) = [K,CP?| u3z teopembr Diinenbepra-Maxieiina
HIZKeE.

Teopema Ilourpsiruna. (a) /[as 3-noausdpa N umeemcs cropsexyus deg : [N; S?] —
H?*(N;7) u 6uexyua deg™*(0) — H3(N;Z).

H3(N;Z)
20 UH'(N;Z)

‘Onpenenenue’ npousseenus U : HY(N;Z) x H*(N;Z) — H?*(N;Z): aucio ua cum-
mwiekce 1234 paBHO NMPOU3BEJIEHUIO YUCET Ha CUMILIEKce 12 n Ha cuMminiekce 234. Brpodew,

(b) Jas mobozo y € H*(N;Z) umeemca bueryus deg ™ (y) —
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3TO ONpeJIeIeHne eCTECTBEHHO TOSBIISAETC TP u3yvennu Muoxectsa [N, S?], mostomy ero
MOKHO TIPUJLyMaTh, U He 3Hag OlPe/Ie/CHUs.
Kak 1o ~y 6picTpo ommcars 2y U HY(N;Z)?

8.7 OrobpaxkeHns B mpocTpaHCcTBa JitjieHOepra-MaxkiieitHa

[Tonbitapmuch 0606IUTL Halle Bhraucienue Muoxkecta [K, RP?| na 2-nonmmsap K, jierko
naittu Takoit 2-oymsap K, uro [K,RP?| # H'(K). Hanpumep, K = S%. Oanaxo, Teopemy
Xormda 1mo MO0 2 BCe-TaKM MOXKHO 0DOOIINTEL Ha MHOIMOMEPHBIN CJIydaii.

[Iycrs monmaap K (Hanpumep, 2-muHoroobpasue) pacnosoxken B R™. HazoBem Henpepbis-
HbIM oToOpazkerueM [ : K — RP™ cemeiictBo npsimbix f () B Toukax x € K, napasijieabHbIX
dbukcrpoBanHoMy TompocTpancTsy R C R™ 1 mempepsIBHO 3aBHCATINX OT o. I'oMOTOTI-
HOCTb TAKUX OTOOpazKkeHW n MHO)KecTBO [ K, RP"| onpeesisiioresi aHAJIOTHYHO TIPEJTbI Ty ITe-
My.

Teopema Diisien6epra-Makaeiina g RP L. s n-noausdpa K cywecmeyem 6u-
exyus deg : [K, RP""] — HY(K).

Cnyaait n = 1 ectb Teopema Xorda mo moayio 2. Teopema Ditnenbepra-Maxkeitaa s
R P™ unrepecrna maxke g n = 2 (4 Jazxe JJist 2-MHOT000OPA3Hii ).

Habpocox onpedenerus odnomepnoti epynno, kozomonroeuti H'(K) u dokazameavcmea
meopemuv, Jtinenbepea-Maxaetina ora RP3. ®uxcupyem pasnoxenne RP? € RPY ¢ RP? C
RP3. Kak u pambine, 6y1eM KIaccHpUIIPOBATL TOIBKO KAEMOuHbe OTOOPArKeHNs, T.e. e-
pesosgnume Bepmunbl 2-nojmaapa K B Touky RPY, peopa B RP' u rpamm B RP%. s
KJlerounoro orobpazkenus f : K — RP3, kak u B Teopeme Xomda 110 MOIYIIO 2 olIpee-
M npenamemeyrowud xouukra y(f) (paccTaHOBKY ITesbIX 4duces Ha pebpax, sl KOTOPOii
CyMMa JHCeJI 110 TpaHuiie JIOoil IpaHn paBHA HYJIIO) ¥ KOTPAHUILY da BepIIUHBI a. Tak Kak
m(RP3) =0, o v(f) = v(g) Breuer f =~ g.

Kak u panbIme, gobast TOMOTONUS KJIETOTHOIO OTOOparkeHnsi f MOXKeT ObITh 3aMeHeHa
Ha KACMOuNy10, T.e. TAKYIO, /Il KOTOPOit 00pas3sl BepuH momsapa K naxonarca na RP!, a
pebep — na RP2. Tak kak mo(RP3) = 0, To f ~ g Torga u Tosbko Torma, koraa y(f) —v(g) =
daj + - - -+ das /I HEKOTOPBIX BEPIIUH a1, . . ., as € K. Hazosem takue paccranosku 7 (f) u
v(g) Ko2omoro2uHBIMU.

Onpesieam rpyniy H(K) n otobpaskenue deg Kak U B JJoKa3aTebCTBe TeopeMbl Xorda
o moy.aio 2. Torma orobpazkenue deg ompeaeaeHo KOppeKTHO. VIHbEKTUBHOCTH 9TOr0 0TOO-
paXKeHus JIOKa3bIBAETCS AHAJOTUYHO HHHEKTUBHOCTU OTOOpazkenus deg u3 Teopembl Xorda
110 Moy/i0 2. CIOpBEKTHUBHOCTD JIOKA3bIBAETCS aHAJOTMIHO TeopeMe BpyIiInHCKoro ¢ mc-
nosb3zoBanueM mo(RP3) = 0 u 3amenoit Z na Zy. QED

JokazareabeTso TeopeMbl Ditnentepra-Makiteiina juisg RP™ ! apasornano npeabiyiie-
My, IIOCKOJIBLKY B cuity yeaosus m, (RP™ 1) = 0 mo6oe orobpazenne K2 — RP™ ! nmoxmo
IPOJIO/KNTH Ha Bee K 1 mobyio romoronmio Ha K1) MokHO npomomkuTs Ha Bee K.

Teopema ditnenbepra-Makuneitna niss CP". /[aa n-noausdpa K cyuwecmsyem oOu-
exyus deg : [K,CP"] — H*(K;Z).

Ciyuait n = 1 oueBugen. Coy4ait n = 2 pakTudecku ObLT PACCMOTPEH B JIBYyMEPHOI Te€o-
peme Xonda: [K; CP?| = [K; 5% = H?(K;Z), nockosibKy J11060e 0ToGpazkeHne 2-mo/msjipa
K B CP? u mobag ero romoronus BbITecHaiores na S? = CP! ¢ CP?,

8.10. (a) Tokaxkure Teopemy Ditnenbepra-Maxieitna gy CP? (nokasaTenberBo obmero
cJIydast aHAJOTHIHO).

(b) Haiimure [K, (S')"].
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Jlajiee MBI UCIIOJIB3YEM TOHATHUS HEIPEPBIBHOTO OTOOparKeHus B DoJiee O0IIUe MPOCTPaH-
cTBa M TOMOTOIMIA TakuxX orobpazkenuii, cm. [FF89|. Hamomuum, aro st oboro n cyrie-
CTBYeT Takoii (Kak IIPABUIIO, OECKOHETHOMEDHBIiT) TOJIUIID

K(Z,n), aro [S",K(Z,n)|=7Z n [S',K(Z,n)] =0 nana moboro i # n.

Hanpuwmep, K(Z,1) = S' u K(Z,2) = CP®>.

Teopema ditienbepra-Makueiitna. /[asa 106020 nosusdpa K cywecmeyem buekuyus
deg: [K,K(Z,n)] - H"(K;Z).

8.11. (a) okaxkure Teopemy Ditenbepra-Makieitaa st n = 3 (J0Ka3aTeIbCTBO 001IIE-
ro ciiydas aHAJOIHIHO).

(b) s mommsapa K u abesesoil rpymibl m onpezennTe (BooOIe roBopst, GeCKOHETHO-

MepHbIit) mosmdap K(m,n) u rpynmy H"™(K;7) tak, 91obbl cyriecrBoBaia Ouekims deg :
K, K(m,n)] — H"(K;m).

Vkazanue k 8.10. Paccmorpum touky v = CPY € CP! ¢ CP? ¢ CP3. Kak u Bblie,
[K, CP?] maxomurcss BO B3aUMHO OJHOZHAYHOM COOTBETCTBUM C MHOXKECTBOM KAETMOWHBLT
orobpazkermit f : K — CP? (takux, aro f(KW) = v n f(K®) c CP?) ¢ TounocTsio 10
Kaemounvix Tomotormit f; (taxmx, aro fi(K©) = v, f(K®)c CP'u f,(K®) c CP? ana
moboro t). B wacrnoeru, [K,CP? = [K,CP?. [danbueiiiee aHaJOMYHO JOKA3ATELCTBY
Teopembl Ditentepra-Maxeitna auia RP™ . Ucnonssyiite mo(CP™) =2 Z u 7, (CP") = 0
nng k=1,3,4,5,...,2n.
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