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@ Ridge function (plane wave) is a multivariate
function R : RY — R of the form

R(x) =r(a-x) = r(aixq + - - - + adgxq),

DA

a
u]
v
a
v
a
!
v
a
it
v
!



The ridge function

@ Ridge function (plane wave) is a multivariate
function R : RY — R of the form

R(x) =r(a-x)=r(aixqg + -+ agxq),

® where r : R — R is an univariate function, and
a=(ai,...,aq) is a vector from R?,
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@ Ridge functions appear in the Fourier transform

(Ff)(w) = /Rd e_i(W'X)f(x) dx,



@ Ridge functions appear in the Fourier transform

(Ff)(w) :/ e_i(W'X)f(x) dx,
Rd
@ Radon transform

(RN = [ () da(x)



Examples

@ Ridge functions appear in the Fourier transform

(FF)(w) = / e ) £(x) dx,
]Rd
@ Radon transform

(RO = [ () do(x)

® The Hermitte-Genocchi formula for divided
differences

f[xo,xl,...,x,,]:/ F (¢t - x) dx
zn

where X, is the standard n-simplex in RY
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@ Diffusion (superposition) of plane waves
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Applications

@ Diffusion (superposition) of plane waves

@ Ridgelets (Neural Networks): functions of the form
g(a-x+ b), where g : R — R is fixed function
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Applications

@ Diffusion (superposition) of plane waves

@ Ridgelets (Neural Networks): functions of the form
g(a-x+ b), where g : R — R is fixed function

@ Learning Theory
@ Tomography
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Applications

@ Diffusion (superposition) of plane waves

@ Ridgelets (Neural Networks): functions of the form
g(a-x+ b), where g : R — R is fixed function

@ Learning Theory

@ Tomography

@ Different aspects of ridge functions including
applications and also a problems of density and
representations see in the book of
Allan Pinkus "Ridge Functions”, Cambridge tracts
in Mathematics
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Finite linear combination of ridges

@ Let n be a natural number. We consider the sets of
ridge functions with n fixed directions ay, ..., a,

Rn(a1,...,an) = {R(x) =n(ar-x)+---+ry(an-x)}

of all possible linear combinations of n ridge
functions, where r; run over arbitrary univariate
functions n, ..., 1.
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Finite linear combination of ridges

@ Let n be a natural number. We consider the sets of
ridge functions with n fixed directions ay, ..., a,

Rn(a1,...,an) = {R(x) =n(ar-x)+---+ry(an-x)}

of all possible linear combinations of n ridge
functions, where r; run over arbitrary univariate
functions n, ..., 1.

@ and with n arbitrary directions

Rn = {R(X) = rl(al . X) + o+ r,,(a,, . X)}

of all possible linear combinations of n ridge
functions ri(a; - x), ..., ra(a@n - x) with arbitrary a;.
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Connection with polynomials

@ Let PY be the space of all polynomials on R9 of
degree at most n, and

R = {p1(ar-x)+- - +pa(anx) - pi € Py, a € R},

be the set of combinations of ridge functions with
polynomial profiles.
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Connection with polynomials

@ Let PY be the space of all polynomials on R9 of
degree at most n, and

R = {p1(ar-x)+- - +pa(anx) - pi € Py, a € R},

be the set of combinations of ridge functions with
polynomial profiles.

@ Then
P =R,

nd
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The orthogonal basis of polynomial

@ We construct the basis P = P(B?) on the unit ball
B9 by two following bases: the Gegenbauer
polynomial basis on segment I = [—1, 1]

) ={CT ()}, i=01,..
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The orthogonal basis of polynomial

@ We construct the basis P = P(B?) on the unit ball
B9 by two following bases: the Gegenbauer
polynomial basis on segment I = [—1, 1]

d—1
CI)={C">(t)}, i=0,1,..
@ and the spherical harmonic basis on unit sphere S9!

Y(STH ={Y;(&)}, j=0.1,..
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The orthogonal basis of polynomial

@ Construct the basis P by the following convolution
of the basis C(I) and the basis Y (S91)

P(BY) = C(I) ® Y(S'™)
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The orthogonal basis of polynomial

@ Construct the basis P by the following convolution
of the basis C(I) and the basis Y (S91)

P(BY) = C(I) ® Y(S'™)

@ where
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Properties of the basis P

@ The system
P ={Pi}

is the complete orthogonal system of polynomials in
the Hilbert space L, of functions defined on the ball
Be.
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Properties of basis P

@ P is invariante with respect to rotation operator in
RY ie ifAc SO(d), and

T(A)f = f(Ax)

is rotation operator in RY with the matrix of
operator T(A) in the basis P

T(A) = (T( )P,J, P /) P,'J, P,'/J/ < P,
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Properties of basis P

@ P is invariante with respect to rotation operator in
RY ie ifAc SO(d), and

T(A)f = f(Ax)

is rotation operator in RY with the matrix of
operator T(A) in the basis P

T(A) = (T(A)P,'J, P,'/J/), P,'J, P,'/J/ < P,

@ then

P(A-) =T(A)P()
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Approximation by ridge functions

o Let L, 1 < g < oo, be the space of g-integrable
functions on the unite ball BY = {x: |x| < 1}.
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Approximation by ridge functions

o Let L, 1 < g < oo, be the space of g-integrable
functions on the unite ball BY = {x: |x| < 1}.

@ Given natural n consider in the space L, the set
Rno={R(x) =n(ar-x)+ -+ r(an-x)}

of all possible linear combinations of n ridge
functions ri(a; - x), ..., ra(a@n - x).
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Approximation by ridge functions

@ Let W = {f} be a function class. Define the best
approximation of a function class W by the set of
ridge functions R,:

e(W,R,, Lg) = sup e(f, Rn, Lg)
feWw

= sup |nf Hf— R,
few RER
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@ We have

pol J
Rnd_l o Pna

«O>» «Fr «E>» < ) .



@ We have

pol _ 5d
Rnd_l B Pna
@ and hence

e(f; Rnd—l) S e(f, Rpol

pd—1/-
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Connection with alg. polynomials

@ We have

@ and hence
e(f, Rpo1) < e(f, R2L).
@ Therefore,

e(f, Rya-1) < e(f,P9).
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Connection with trig. polynomials

° I;et f € L,. Consider the i-moment vector
fi = ({f, Pij))j=1..m of the function f where
m; = dim#H,;

Vitaly Maiorov (Technion) About efficiency of approximation by ridge fui August 30, 2015 14 /25



Connection with trig. polynomials

@ Let f € L,. Consider the i-moment vector
f, = ({f, Pij))i-1...m of the function f where
m; = dim#H,.

@ Let ay, ..., a, be any points on the sphere S9!
Introduce in the space R™ the subspace of
trigonometric polynomials

Ti(a1, ..., an) = span{( U(al))}n:il?""( U(an))J o

with harmonics ay, ..., a,.
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Connection with trig. polynomials

et f € L,. Consider the i-moment vector

= ((f, Pij));=1..m of the function f where
m; = dim#H,.

@ Let ay, ..., a, be any points on the sphere S9!
Introduce in the space R™ the subspace of
trigonometric polynomials

Ti(a1, ..., an) = span{( U(al))}n:il?""( U(an))J o

with harmonics ay, ..., a,.
@ Then

e(f. Ry) = inf Z (i, Ti(ar, -y 3n), ")

=0

°le
f
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Approximation of smoothness functions

o Let L,(BY) be the space of g-integrable functions
on BY. Consider the Sobolev class of functions

Wy (BY) = {f € Lp: |flle, + Y |D*fll, < 1}.

|s|=r

in the space L,(BY) (the case of compact

embedding 5 > (% — %)Jr).
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Approximation of smoothness functions

@ Theorem 1 (Uniform distribution of directions)
If d =2and 1 < p,qg < oo then

< e(W,;, Ry, Lg) < o
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Approximation of smoothness functions

@ Theorem 1 (Uniform distribution of directions)
If d =2and 1 < p,qg < oo then

(2-3) (2-3)
ne a’t r unif ne a’t
Se(M/pa,]zn 7LQ)§C2

5] e

@ Theorem 2 (Arbitrary distribution of directions) If
1 <q<p<oothen
¢1 r arb
< <
nai e(Wp’Rn ’Lq) !
(Oskolkov 1998, d =2, p=q = 2,

Maiorov 1999, d > 2, g < p)
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Approximation of smoothness functions

@ Consequence 1 If p = g, then the approximations by
ridges with uniform and arbitrary distributions of
directions are asymptoticaly coincide, that is

e(Wﬁfa Rirba LP) = e( Wpr7 Rgnifa LP) = r
nd-1
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Sketch of proof

@ Upper bound follows from the inclusion RP' C P?
and known results about approximation multivarite
functions by polynomials.
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Sketch of proof

@ Upper bound follows from the inclusion RP' C P?
and known results about approximation multivarite
functions by polynomials.

@ Lower bound is based on estimation of number of
connected components of the polynomial variety of
vector-moments

M, ={((R(ay,...,ay),P)) : a1,...,a, € R}
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Efficiency of arbitrary directions

@ In the case p > g the approximation by ridges with
arbitrary directions is better of approximation with
uniform distribution
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Efficiency of arbitrary directions

@ In the case p > g the approximation by ridges with
arbitrary directions is better of approximation with
uniform distribution

@ Theorem 3 Letd =2, p=2and 2 < g < oo. Then

e(Wy, R¥ L) < n "2
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Efficiency of arbitrary directions

@ In the case p > g the approximation by ridges with
arbitrary directions is better of approximation with
uniform distribution

@ Theorem 3 Letd =2, p=2and 2 < g < oo. Then
e(Wy, RYP L) = n"+?
@ just as

r unif - —r+3
e(W27Rn ,Lq)/-\n
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@ Let h be a harmonic function on ball B9 (i.e
Af = 0).



Approximation of harmonic functions

@ Let h be a harmonic function on ball B (i.e
Af =0).

@ Assume that best approximation of harmonic
function h by the subspace

Pp=span{x;"---x; : s1+---54 < n}

of polynomials of degree n in L,-norm satisfies
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Approximation of harmonic functions

@ Let h be a harmonic function on ball B (i.e
Af =0).

@ Assume that best approximation of harmonic
function h by the subspace

Pp=span{x;"---x; : s1+---54 < n}

of polynomials of degree n in L,-norm satisfies

1
e(h,P,) < —.

na
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Approximation of harmonic functions

@ Theorem 4 Let ay, ..., a, be a fixed collection of
equidistributed point on the sphere S9~!. Then the
best approximation of h by the ridge functions
subspace R satisfies

: 1
e(h,REmf) = .
nda-1
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Approximation of harmonic functions

@ Theorem 4 Let ay, ..., a, be a fixed collection of
equidistributed point on the sphere S9~!. Then the
best approximation of h by the ridge functions
subspace R satisfies

- 1
e(h, R;mlf) = .
nda-1
@ Theorem 5 The best approximation of h by the
ridge functions subspace R

1
e(h, R =< —— (with factor Inn).
né-3
(Oskolkov 1998, d = 2, Maiorov 2014, d > 2)
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@ Let g(x) be a radial function of the form
g(x) = q([Ix]}).



Approximation of radial functions

@ Let g(x) be a radial function of the form
g(x) = q(llx|)-

@ Theorem 6 Let g be a radial s-monotone function
on BY, and e(g, P,) < .

Vitaly Maiorov (Technion) About efficiency of approximation by ridge fui August 30, 2015 23 /25



Approximation of radial functions

@ Let g(x) be a radial function of the form
g(x) = q(|x]).

@ Theorem 6 Let g be a radial s-monotone function
on BY, and e(g, P,) < .

@ Then the best approximation of g by the ridge
functions set R, with arbitrary n directions satisfies

1
e(g,Rn) < —

nd-1

(Oskolkov 1998, d = 2, Konovalov, Leviatan,
Maiorov, 2008))
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@ Theorem 5 Let F be the class of all convex
Lipschitz functions on B¢
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Approximation of convex functions

® Theorem 5 Let F be the class of all convex
Lipschitz functions on B¢.

@ Then the approximation of F by the ridge functions
set R, with arbitrary n directions satisfies

1
e(f7 Rirb) = 3

n2(d-1)

(Konovalov, Kopotun, Maiorov, 2010)
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