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Ïîëèëîãàðèôìè÷åñêèå ôóíêöèè îïðåäåëÿþòñÿ ðÿäàìè

Lk(z) =
∞∑
ν=1

zν

νk
, k ≥ 1.

L1(z) = −Log(1− z), Lk(1) = ζ(k), k ≥ 2,

Òåîðåìà (Å.Ì. Íèêèøèí,1979)

Ïóñòü a, b öåëûå, a/b < 0, óäîâëåòâîðÿþùèå íåðàâåíñòâó

b > |a|m+1 · e(m−1)(m lnm+2m ln 2) > 0.

Òîãäà ÷èñëà

1, L1(a/b), . . . , Lm(a/b) (1)

ëèíåéíî íåçàâèñèìû íàä Q.
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Ïðåäëîæåíèå

Ïóñòü ω = (ω1, · · · , ωm) ∈ Cm, ω 6= 0. Ïðåäïîëîæèì, ÷òî äëÿ

êàæäîãî äîñòàòî÷íî áîëüøîãî n, ñóùåñòâóþò òàêèå ëèíåéíûå
ôîðìû

Mi (X ) =
m∑
j=1

ai ,jxj , ai ,j ∈ Z, 1 ≤ i ≤ m,

÷òî

I M1, · · · ,Mm ëèíåéíî íåçàâèñèìû íàä Q,
I | ai ,j |≤ σ(n) c σ(n)→∞ ïðè n→∞,

I | Mi (ω) |≤ σ(n)1−λ, äëÿ íåêîòîðîãî ôèêñèðîâàííîãî ÷èñëà

λ > 1,

Òîãäà ñðåäè ÷èñåë ω1, · · · , ωm èìååòñÿ íå ìåíåå λ ëèíåéíî

íåçàâèñèìûõ íàä Q.
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Ïóñòü

R(s) =
∑
`∈P

m∑
k=1

B`,k
(s + `)k

, B`,k ∈ Q,

ãäå P - ìíîæåñòâî ðàçëè÷íûõ ïîëîæèòåëüíûõ öåëûõ ÷èñåë, d -

íàòóðàëüíîå ÷èñëî.

F (z) =
∞∑
ν=0

R(ν)zν =
∑
`∈P

m∑
k=1

B`,k

∞∑
ν=0

zν

(ν + `)k
=

=
∑
`∈P

m∑
k=1

B`,kz
−`
∞∑
ν=`

zν

νk
=
∑
`∈P

m∑
k=1

B`,kz
−`

(
Lk(z)−

`−1∑
ν=1

zν

νk

)
=

= A0(z−1) + A1(z−1)L1(z) + . . .+ Am(z−1)Lm(z).

Ak(x−1) =
∑
`∈P

B`,kz
−`.
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Íèêèøèí

Ïóñòü

R(s) =
s(s − 1) · · · (s − N + 1)

(s + 1)n1 · · · (s + 1)nm
, nj ∈ Z,

n1 ≥ n2 ≥ . . . ≥ nm ≥ n1 − 1, N + 1 =
m∑

k=1

nk ,

(s + 1)n = (s + 1)(s + 2) · · · (s + n).

Èìååì
∞∑
ν=0

R(ν)zν+1 = A0(z−1) + A1(z−1)Li1(z) + . . .+ Am(z−1)Lim(z),

ñ ìíîãî÷ëåíàìè Ak(x) ∈ Q[x ], óäîâëåòâîðÿþùèìè óñëîâèÿì

degA0(x) ≤ n1 − 2, degAk(x) ≤ nk − 1, 1 ≤ k ≤ m,

ordz=0

∞∑
ν=0

R(ν)zν+1 = N + 1.
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Íèêèøèí

R(s) =
s(s − 1) · · · (s − N + 1)

(s + 1)n1 · · · (s + 1)nm
, nj ∈ Z,

1

2πi

∫
<s=−1/2

R(s)
π

sinπs
(−z)sds =

=
∞∑
ν=0

R(ν)zν+1 = A0(z−1) +A1(z−1)L1(z) + . . .+Am(z−1)Lm(z).

z =
a

b
.
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1978, Apery:ζ(3) 6∈ Q

R(s) =

(
(s − 1) · · · (s − n)

s(s + 1) · · · (s + n)

)2

=
n∑

k=0

(
Bk,2

(s + k)2
+

Bk,1

(s + k)

)

R ′(s) =
n∑

k=0

(
−2

Bk,2

(s + k)3
−

Bk,1

(s + k)2

)
1

2πi

∫
<s=1/2

R(s)
( π

sinπs

)2
ds =

∞∑
ν=1

R ′(ν) = Anζ(3) + Bn, .

An ∈ Z,Bn ∈ Q,
n∑

k=0

Bk,1 = −Ress=∞R(s) = 0.
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(T. Rivoal,2000)

Ðàçìåðíîñòü ëèíåéíîãî ïðîñòðàíñòâà íàä Q, ïîðîæä¼ííîãî
÷èñëàìè 1, ζ(3), ζ(5), ζ(7), . . . , ðàâíà áåñêîíå÷íîñòè.

R(s) =
(s − rn) · · · (s − 1)(s + n + 1) · · · (s + (r + 1)n)

(s(s + 1) · · · (s + n))m
,

m íå÷¼òíî, n ÷¼òíî ⇒ R(−n− s) = −R(s), r = [m ln−2m].

∞∑
ν=

R(ν) = A0 + A3L3(1) + A5L5(1) + · · ·+ AmLm(1),

Ak = Ak(1) = (−1)k+1Ak(1), Lk(1) = ζ(k).
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(Â. Çóäèëèí)

Ïî êðàéíåé ìåðå îäíî èç ÷èñåë ζ(5), ζ(7), ζ(9), ζ(11)
èððàöèîíàëüíî.

T (x) = x
[(x − u)(x − u + 1) · · · (x − v)(x + v) · · · (x + u − 1)(x + u)]3∏10

j=1(x − wj)(x − wj + 1) · · · (x + wj)
,

u > v > w1 > . . . > w10 > 0, u, v ,wj ∈ Z, ord∞ T (x) ≥ 2,

T (−x) = T (x), R(s) = T (s + u + 1)

G =
1

2

∞∑
ν=0

R ′′(ν)

R(−2u − 2− s) = −R(s) ⇒ A2k(1) = 0,

ords=∞ R(s) ≥ 2 ⇒ A3(1) = 0.

G = A0(1) + A5(1)ζ(5) + A7(1)ζ(7) + A9(1)ζ(9) + A11(1)ζ(11),

u = 91n, v = 37n, wk = (35− 2k)n, 1 ≤ k ≤ 10.
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2

∞∑
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Ïîêàçàòåëü èððàöèîíàëüíîñòè

Ïóñòü α ∈ R \Q. Åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïàð

qn, pn ∈ Z òàêèõ, ÷òî

0 < |qnα− pn| → 0 ïðè n→∞, òî α èððàöèîíàëüíî.

Ïîêàçàòåëü èððàöèîíàëüíîñòè µ(α) äåéñòâèòåëüíîãî ÷èñëà α
îïðåäåëÿåòñÿ êàê òî÷íàÿ âåðõíÿÿ ãðàíü ìíîæåñòâà âñåõ ÷èñåë

κ òàêèõ, ÷òî ìíîæåñòâî ðåøåíèé íåðàâåíñòâà∣∣∣∣α− p

q

∣∣∣∣ < q−κ (2)

â ðàöèîíàëüíûõ ÷èñëàõ
p

q
áåñêîíå÷íî.

Ñâîéñòâà:

1. Åñëè κ > µ(α), òî ìíîæåñòâî ðåøåíèé
p

q
íåðàâåíñòâà (2)

êîíå÷íî.

2. Åñëè κ < µ(α), òî ìíîæåñòâî ðåøåíèé
p

q
íåðàâåíñòâà (2)

áåñêîíå÷íî.
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Ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ãàóññà

F (a, b, c , z) =
∞∑
ν=0

(a)ν(b)ν
(c)νν!

zν

(α)ν = α(α + 1) · · · (α + ν − 1)

Ïðèìåðû.

F (1, 1, 2; z) = − ln(1− z)

z
, F (1/2, 1, 3/2;−z) =

Arctan
√
z√

z
,

Arcsinz = zF (1/2, 1/2, 3/2; z2), (1− z)r = F (−r , 1, 1; z).

• F.Thue (1908), C.L. Siegel (1937), A. Baker (1964) è äðóãèå

èñïîëüçîâàëè ãèïåðãåîìåòðè÷åñêèå ôóíêöèè äëÿ ïîñòðîåíèÿ

ðàöèîíàëüíûõ ïðèáëèæåíèé ê êîðíÿì èç ðàöèîíàëüíûõ ÷èñåë.
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Ðàçëè÷íûå ïðåäñòàâëåíèÿ ãàóññîâîé ôóíêöèè

F (a, b, c , z) =
∞∑
ν=0

(a)ν(b)ν
(c)νν!

zν =
Γ(c)

Γ(a)Γ(b)

∞∑
ν=0

Γ(a + ν)Γ(b + ν)

Γ(c + ν)ν!
zν

Ýéëåð

Γ(a)Γ(c − a)

Γ(c)
F (a, b, c ; z) =

∫ 1

0
xa−1(1− x)c−a−1(1− zx)−bdx ,

<c > <a > 0, |z | < 1.

Barnes

Γ(a)Γ(b)

Γ(c)
F (a, b, c ; z) =

∫ i∞

−i∞

Γ(a + s)Γ(b + s)Γ(−s)

Γ(c + s)
(−z)sds,

ãäå êîíòóð èíòåãðèðîâàíèÿ ïðîõîäèò ñíèçó ââåðõ òàê, ÷òîáû

ðàçäåëèòü ïîëþñà ïîäèíòåãðàëüíîé ôóíêöèè 0, 1, 2... îò

ïîëþñîâ −a,−a− 1, ...,−b,−b − 1, ....
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Ëîãàðèôìû ðàöèîíàëüíûõ ÷èñåë

Alladi and Robinson, 1979: a = 1, b = 1, c = 2

F (1, 1, 2; z) = − ln(1− z)

z
.

zn
n!n!

(2n + 1)!
F (n + 1, n + 1, 2n + 2, z) =

zn
∫ 1

0

tn(1− t)n

(1− zt)n+1
= Qn(1/z) ln(1− z)− Pn(1/z),

Qn(x),Pn(x) ∈ Q[x ], degQn(x) ≤ n, Pn(x) ≤ n.

z = −1 ⇒ ðàöèîíàëüíûå ïðèáëèæåíèÿ ê ln 2

Þ.Â. Íåñòåðåíêî Îöåíêè ëèíåéíûõ ôîðì îò çíà÷åíèé ïîëèëîãàðèôìîâ



Å. Ðóõàäçå, 1987, µ(log 2) ≤ 3, 89139 . . .

∫ 1

0

x6n(1− x)8n

(1− zx)7n+1
dx =

(8n)!

(7n)!

∞∑
k=0

R(k)zk = Q(1/z) ln(1−z)−P(1/z),

ãäå

R(s) =
(s + 1)(s + 2) · · · (s + 6n)

(s + 7n + 1)(s + 7n + 2) · · · (s + 14n + 1)
=

`=14n+1∑
`=7n+1

B`
s + `

.

z = −1 ⇒
∫ 1

0

x6n(1− x)8n

(1 + x)7n+1
dx = un log 2− vn

un = (−1)n
14n∑
k=7n

(
k

7n

)(
8n

k − 6n

)
∈ Z, vn ∈ Q.

Áëàãîäàðÿ àñèììåòðèè âñå ñëàãàåìûå èìåþò áîëüøîé îáùèé

äåëèòåëü è ýòî óëó÷øàåò ñòåïåíü ïðèáëèæåíèÿ.
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14n∑
k=7n

(
k

7n

)(
8n

k − 6n

)
∈ Z, vn ∈ Q.

Áëàãîäàðÿ àñèììåòðèè âñå ñëàãàåìûå èìåþò áîëüøîé îáùèé

äåëèòåëü è ýòî óëó÷øàåò ñòåïåíü ïðèáëèæåíèÿ.
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Ïðèáëèæåíèÿ ê π

F (1/2, 1, 3/2;−z) =
Arctan

√
z√

z
,

zn
Γ(n + 1/2)Γ(n + 1)

Γ(2n + 3/2)
F (n + 1/2, n + 1, 2n + 3/2;−z) =

= zn
∫ 1

0

tn−1/2(1− t)n

(1 + zt)n+1
= Qn(1/z)

Arctan
√
z√

z
− Pn(1/z)

Qn(x),Pn(x) ∈ Q[x ], degQn(x) ≤ n, Pn(x) ≤ n.

z = 1 ⇒ ðàöèîíàëüíûå ïðèáëèæåíèÿ ê π

z =
1

3
⇒ ðàöèîíàëüíûå ïðèáëèæåíèÿ ê

π√
3
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Îáîáù¼ííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ

F (z) = mFm−1

(
a1, a2, . . . , am

b2, . . . , bm

∣∣∣∣ z) =
∞∑
ν=0

(a1)ν . . . (am)ν
(b2)ν . . . (bm)ν

· z
ν

ν !
,

(a)0 = 1, (a)ν = a(a + 1) · · · (a + ν − 1), ν ≥ 1, aj , bj 6= −1,−2, . . . .

Ðÿä àáñîëþòíî ñõîäèòñÿ ïðè ëþáîì |z | < 1 è ïðè |z | = 1, åñëè

δ = 1 + <(b2 + · · ·+ bm − a1 − · · · − am) > 1,

Ïðåäñòàâëåíèå Ýéëåðà z ∈ C, | arg(1− z)| < π

F (z) =
m∏
j=2

Γ(bj)

Γ(aj)Γ(bj − aj)

1∫
0

· · ·
1∫

0

∏m
j=2 x

aj−1
j (1− xj)

bj−aj−1

(1− zx2 · · · xm)a1
dx2 · · · dxm.

Ïðåäñòàâëåíèå Áàðíñà

F (z) =
m∏
j=1

Γ(bj)

Γ(aj)
· I (z) =

1

2πi

∫
L

∏m
j=1 Γ(s + aj)∏m
j=2 Γ(s + bj)

· Γ(−s) · (−z)sds,
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×èñëî π2

Lambert, 1766: π èððàöèîíàëüíî.

Legendre, 1860: π2 èððàöèîíàëüíî.

M. Mignotte, 1974: µ(π2) ≤ 17, 8.

F. Beukers, 1979: µ(π2) ≤ 11, 850782 . . .

∫ 1

0

∫ 1

0

xn(1− x)nyn(1− y)n

(1− xy)n+1
dxdy = bnζ(2)− an,

an ∈ Q, bn =
n∑

k=0

(
n

k

)2(n + k

k

)
∈ Z.
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×èñëî π2

3F2

(
1, 1, 1

2, 2

∣∣∣∣ 1

)
=
∞∑
n=0

1

(n + 1)2
= ζ(2) =

π2

6
.

I =

∫ 1

0

∫ 1

0

xn(1− x)nyn(1− y)n

(1− xy)n+1
dxdy =

=

(
n! · n!

(2n + 1)!

)2

· 3F2
(
n + 1, n + 1, n + 1

2n + 2, 2n + 2

∣∣∣∣ 1

)
=
∞∑
ν=0

R(ν),

ãäå

R(x) = n! · x(x − 1) . . . (x − n + 1)

((x + 1)(x + 2) · . . . · (x + n + 1))2
∈ Q(x).
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×èñëî π2

R(x) = n! · x(x − 1) . . . (x − n + 1)

((x + 1)(x + 2) · . . . · (x + n + 1))2
=

=
n+1∑
k=1

(
Bk,1

x + k
+

Bk,2

(x + k)2

)
.

n+1∑
k=1

Bk,1 = −Resx=∞ R(x) = 0.

I =
∞∑
ν=0

R(ν) =
∞∑
ν=0

n+1∑
k=1

(
Bk,1

ν + k
+

Bk,2

(ν + k)2

)
= bnζ(2)− an,

ãäå

bn =
n+1∑
k=1

Bk,2, an =
n+1∑
k=1

k−1∑
j=1

(
Bk,1

j
+

Bk,2

j2

)
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×èñëî π2

Hata, 1990: µ(π2) ≤ 7, 5252
Hata, 1995: µ(π2) ≤ 5, 687
Äëÿ äîêàçàòåëüñòâà ýòîé îöåíêè Õàòà èñïîëüçîâàë èíòåãðàë∫ 1

0

∫ 1

0

x17n(1− x)14ny15n(1− y)14n

(1− xy)13n+1
dxdy = uζ(2)− v .

G.Rhin, C.Viola, 1996: µ(π2) ≤ 5, 44124250 . . .∫ 1

0

∫ 1

0

x12n(1− x)12ny14n(1− y)14n

(1− xy)13n+1
dxdy = bζ(2)− a.

Â.Â. Çóäèëèí, 09.2013: µ(π2) ≤ 5, 20514736 . . . . . . .

1

2πi

∫ 1/2+i∞

1/2−i∞

Γ(t − n)Γ(t)Γ(t + n)Γ(t + 2n)

Γ(t − 5n)Γ(t − 4n)Γ(t − 3n)Γ(t + 7n + 1)
·

·
( π

sinπt

)2
dt = qζ(2)− p.
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Ïîñòîÿííàÿ Êàòàëàíà

Îïðåäåëåíèå

G =
∞∑
ν=0

(−1)ν

(2ν + 1)2
= 1− 1

9
+

1

25
− 1

49
+ . . . .

N.Nielsen, 1909, S.Ramanujan:

3F2

(
1
2 , 1, 1
3
2 ,

3
2

∣∣∣∣∣ 1

)
=
∞∑
ν=0

22ν(2ν
ν

)
· (2ν + 1)2

=
1

2

∞∑
ν=0

(1)ν

(32)ν(ν + 1
2)

= 2G .

Â.Â. Çóäèëèí, 2002:

∫ 1

0

∫ 1

0

xn−1/2(1− x)nyn(1− y)n−1/2

(1− xy)n+1
dxdy = (−1)n(unG − vn),

un, vn ∈ Q.
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Ïîñòîÿííàÿ Êàòàëàíà

J =

∫ 1

0

∫ 1

0

xn−1/2(1− x)nyn(1− y)n−1/2

(1− xy)n+1
dxdy =

= ·

(
Γ(n + 1

2) · n!

Γ(2n + 3
2)

)2

· 3F2

(
n + 1

2 , n + 1, n + 1
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2 , 2n + 3
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R(ν), ãäå

R(x) =

(
3

2

)
n−1
· x(x − 1) . . . (x − n + 1)

(x + 1/2)((x + 3/2) · . . . · (x + n + 1/2))2
∈ Q(x).

Ñèìâîë Ïîêõàììåðà: (a)k = a · (a + 1) · . . . · (a + k − 1)
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(1)ν
(3/2)ν+1
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(1)ν
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+ Bk,2

(
4G −
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ν=0

(1)ν
(3/2)ν(ν + 1/2)
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=
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n∑
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(

2n

n + k
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·
(

2n + 2k

2n

)
· (2n)!k!

n!(2k)!(n − k)!
.
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G =
∞∑
ν=0

(−1)ν

(2ν + 1)2
= 0.915965594177 . . . .

f1(z) =
∞∑
ν=0

ν!

(3/2)ν
zν = 3F2

(
1, 1, 32
3
2 ,

3
2

∣∣∣∣∣ z
)

=
1√

1− z
· arcsin(

√
z)√

z
,

f2(z) =
∞∑
ν=0

ν!

(3/2)ν(ν + 1
2)
zν = 2 3F2

(
1
2 , 1, 1
3
2 ,

3
2

∣∣∣∣∣ z
)
.

f1(1) =∞, f2(1) = 4G
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Theorem
Ïóñòü a1, a2, a3, b1, b2 öåëûå ÷èñëà,

b1 ≥ b2 ≥ a1 ≥ a2 ≥ a3 > 0, b1 + b2 − a1 − a2 − a3 ≥ 0.

Òîãäà äëÿ ëþáîãî z , |z | ≤ 1,

J(z) =

∫ 1

0

∫ 1

0

xa1−1/2(1− x)b1−a1ya2(1− y)b2−a2−1/2

(1− zxy)a3+1
dxdy =

= A

(
1

z

)
f1(z) + B

(
1

z

)
f2(z)− C

(
1

z

)
.

where A(x) =
∑b1−a2

j=0 A1,jx
j , B(x) =

∑b1−a2
j=a1−a2 A2,jx

j ∈ Q[x ],

C (x) =

b1−a2∑
j=0

a2+j−1∑
ν=0

A1,j
ν!

(32)ν
x j−ν +

b2−a2∑
j=a1−a2

a2+j−1∑
ν=0

A2,j
ν!

(32)ν(ν + 1
2)
x j−ν .

J(1) = 4B(1)G − C (1).
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Theorem

4b2−a2+a3−jA2,j ∈ Z, äëÿ a1 − a2 ≤ j ≤ b2 − a2,

4b2−a2+a3−jD2b1−2a2A1,j ∈ Z, äëÿ 0 ≤ j ≤ b1 − a2,

a1 = α1n + 1 , . . . , b2 = β2n + 1, αj , βj ∈ Z è n→∞

C (1)

4B(1)
→ G
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