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Éåíñêèé óíèâåðñèòåò

(Charles University in Prague 1348 50,000)

Heidelberg University 1386 31,500
Leipzig University 1409 29,500
University of Rostock 1419 14,000
University of Greifswald 1456 12,000
University of Freiburg 1457 20,500
University of Munich 1472 44,000
University of T�ubingen 1477 23,500
University of Halle-Wittenberg 1502 18,500
University of Marburg 1527 24,000
University of Jena 1558 21,000
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Ñâèäåòåëè èíûõ êëèìàòè÷åñêèõ ñîñòîÿíèé

Ýððàòè÷åñêèå âàëóíû (ëåä-
íèêîâûå êàìíè) ïåðåíîñè-
ëèñü ëåäíèêîì èëè ïëàâó÷èì
ëüäîì, îòîðâàâøèìñÿ îò ëåä-
íèêà, íà çíà÷èòåëüíûå ðàñ-
ñòîÿíèÿ îò êîðåííûõ âûõî-
äîâ ìàòåðèíñêèõ ïîðîä

Èîãàíí Øàðïåíòüåð
(1786�1855)
Ãîðíûé èíæåíåð
Ôðàéáåðã, Áåêñ

Ë. Àãàññèñ
(1807�1873)
Ãåîëîã
Í¼øàòåëü, Ãàðâàðä

Òàêæå: Èãíàö Âåíåö (1822), Êàðë Øèìïåð (1835)
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Àíòàðêòè÷åñêèå äàííûå

Àíòàðêòèêà
Ñòàíöèÿ �Âîñòîê�
Ñðåäíåãîäîâàÿ
òåìïåðàòóðà
−55C◦

Âûñîòà íàä óðîâíåì
ìîðÿ 3488 ì

Òîëùèíà ëüäà 3730 ì
Âîçðàñò îêîëî 420 000 ëåò
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Òåìïåðàòóðà Çåìëè

Îòíîøåíèå êîíöåíòðàöèé èçîòîïîâ 18O/16O ïîçâîëÿåò âîññòàíîâèòü
òåìïåðàòóðó.

×åòûðå ëåäíèêîâûå ýïîõè.
Îòíîñèòåëüíî áûñòðûå ïåðåõîäû ê ìåæëåäíèêîâûì ïåðèîäàì.
Òåêóùèé ìåæëåäíèêîâûé ïåðèîä � ãîëîöåí � íà÷àëñÿ îêîëî 10 000 ëåò íàçàä.
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Àíàëèç îñàäî÷íûõ ïîðîä

Èíôîðìàöèÿ î êëèìàòå çà ïîñëåäíèé 1 000 000
ëåò:

10 ëåäíèêîâî-ìåæëåäíèêîâûõ öèêëîâ.
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Èññëåäîâàíèÿ ïàëåîêëèìàòà

Lisiecki and Raymo (Paleoceanography, 20, 2005): ñòàòèñòè÷åñêèé àíàëèç
èçìåíåíèÿ êîíöåíòðàöèè èçîòîïîâ 18O è 16O èç îêåàíè÷åñêèõ îòëîæåíèé 57 íà
îñíîâàíèè äàííûõ èç 57 ðàçëè÷íûõ èñòî÷íèêîâ.

Èíòåðåñíûå îñîáåííîñòè:

• îò 0 äî −1 ìèëëèîíà ëåò: ïåðèîä îêîëî 100 000 ëåò

• îò −1 äî −1.8 ìèëëèîíà ëåò: ïåðèîä îêîëî 45 000 ëåò

Êàê îáúÿñíèòü ïåðèîäè÷íîñòü?
� Typeset by FoilTEX � 7
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Àñòðîíîìè÷åñêèå ôàêòîðû

Èñòî÷íèê ýíåðãèè � Ñîëíöå.
Ñîëíå÷íàÿ ïîñòîÿííàÿ
Q ≈ 1366W/m2

Ïëàíåòû äâèæóòñÿ ïî
ýëëèïòè÷åñêèì îðáèòàì.

Êîëè÷åñòâî ñîëíå÷íîé ýíåðãèè çàâèñèò, â ÷àñòíîñòè, îò ðàññòîÿíèÿ ìåæäó
Çåìëåé è Ñîëíöåì è îò óãëà ïàäåíèÿ ëó÷åé Ñîëíöà íà ïîâåðõíîñòü.

Ñóùåñòâóþò ëè àñòðîíîìè÷åñêèå ïðîöåññû ñ ïåðèîäàìè 100 000 èëè 45 000 ëåò?
� Typeset by FoilTEX � 8
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Öèêëû Ìèëàíêîâè÷à

Ìèëàíêîâè÷ (1920): Ïðè÷èíà êîëåáàíèé äîñòèãàþùåãî Çåìëè êîëè÷åñòâà
ñîëíå÷íîãî èçëó÷åíèÿ íà Çåìëå:

Ïðåöåññèÿ (25 750 ëåò), íóòàöèÿ (41 000) è êîëåáàíèÿ ýêñöåíòðèñèòåòà îðáèòû
Çåìëè (93 000 ëåò).

Íóòàöèÿ: êîëåáàíèÿ óãëà íàêëîíà çåìíîé îñè ê ïëîñêîñòè å¼ îðáèòû ñ ïåðèîäîì
îêîëî 41 000 ëåò

Áîëüøèé íàêëîí âëå÷¼ò áîëüøóþ ñåçîíàëüíóþ ðàçíèöó ïîëó÷àåìîé ýíåðãèè.
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Öèêëû Ìèëàíêîâè÷à

Ýêñöåíòðèñèòåò îðáèòû Çåìëè: 93 000 ëåò

Earth

Earth

Sun Sun

Ïðè÷èíà: âëèÿíèå Þïèòåðà è Ñàòóðíà
Â íàñòîÿùåå âðåìÿ: 0.017.

Ïðè áîëüøèõ çíà÷åíèÿõ ýêñöåíòðèñèòåòà âðåìåíà ãîäà âäàëè îò Ñîëíöà äëÿòñÿ
äîëüøå.
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Ìàòåìàòè÷åñêàÿ ìîäåëü: óïðîù¼ííîå óðàâíåíèå ðàäèàöèîííîãî
áàëàíñà

c
d

dt
Tt = Rin −Rout

• T � óñðåäí¼ííàÿ òåìïåðàòóðà Çåìëè
• t � âðåìÿ
• c � òåïëî¼ìêîñòü
• Rin � ïîãëîù¼ííàÿ ðàäèàöèÿ
• Rout � ýôôåêòèâíîå èçëó÷åíèå

Ïî ðàáîòàì: Benzi, Parisi, Sutera, Vulpiani ('81,'82,'83); C. Nicolis ('82)
� Typeset by FoilTEX � 11
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Ïîãëîù¼ííàÿ ðàäèàöèÿ Rin (ìîäåëü Áóäûêî�Ñåëëåðñà '69)

Rin = Q(1− a(T ))

• Q(t) = Q0(1 +A sin Ωt)
• Ω = 2π

100 000 [ 1
ãîä], A ìàëàÿ âåëè÷èíà, A ≈ 0.001

• àëüáåäî

a(T ) =
îòðàæ¼ííàÿ ñîëíå÷íàÿ ðàäèàöèÿ

ñîëíå÷íàÿ ðàäèàöèÿ, ïðèõîäÿùàÿ íà âíåøíþþ ãðàíèöó àòìîñôåðû

Ñâåæèé ñíåã 0.75�0.95, òðàâà 0.12�0.30, ëåñ 0.05�0.20
� Typeset by FoilTEX � 12
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Ýôôåêòèâíîå èçëó÷åíèå Rout

Ïðåäïîëîæèì, ÷òî Çåìëÿ � ýòî ÷¼ðíîå òåëî

Çàêîí Ñòåôàíà�Áîëüöìàíà � èíòåãðàëüíûé çàêîí èçëó÷åíèÿ àáñîëþòíî
÷¼ðíîãî òåëà

Rout = σT 4

• T � òåìïåðàòóðà Çåìëè (â íàñòîÿùåå âðåìÿ îêîëî 15◦C)

• σ = 5.669 · 10−8 W
m2K4 � ïîñòîÿííàÿ Ñòåôàíà�Áîëüöìàíà
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Ðàâíîâåñíûå ñîñòîÿíèÿ

T ′t = 0

cT ′t = Rin −Rout = 0

cT ′t = Q(t)(1− a(Tt))− σT 4
t = 0

Tl TTh

a(T)
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Ðàâíîâåñíûå ñîñòîÿíèÿ

T ′t = 0

cT ′t = Rin −Rout = 0

cT ′t = Q(t)(1− a(Tt))− σT 4
t = 0

lT TTh

1−a(T)
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Ðàâíîâåñíûå ñîñòîÿíèÿ

T ′t = 0

cT ′t = Rin −Rout = 0

cT ′t = Q(t)(1− a(Tt))− σT 4
t = 0

lT TTh

Q(1−a(T))
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Ðàâíîâåñíûå ñîñòîÿíèÿ

T ′t = 0

cT ′t = Rin −Rout = 0

cT ′t = Q(t)(1− a(Tt))− σT 4
t = 0

lT TTh

Q(1−a(T))

σΤ
4
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Ðàâíîâåñíûå ñîñòîÿíèÿ

T ′t = 0

cT ′t = Rin −Rout = 0

cT ′t = Q(t)(1− a(Tt))− σT 4
t = 0

σΤ
4

TK TH

T

Q(1−a(T))

TU

Äâà óñòîé÷èâûõ ñîñòîÿíèÿ:
�ëåäíèêîâîå� TK ≈ 5◦C è �ìåæëåäíèêîâîå� TH ≈ 15◦C.
Íåóñòîé÷èâîå ñîñòîÿíèå TU
� Typeset by FoilTEX � 18
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Ñìåíà êëèìàòà íåâîçìîæíà

Q(t) = Q0(1 +A sin (Ωt))

Ìàëûå (A ≈ 0.1%)
êîëåáàíèÿ
ñîëíå÷íîé ïîñòîÿííîé...

σΤ
4

TK TH

T

Q(1−a(T))

TU

...âëåêóò ìàëûå
êîëåáàíèÿ
ðàâíîâåñíûõ òåìïåðàòóð

K THT

T

t TU

� Typeset by FoilTEX � 19



20

Èñòî÷íèê øóìà: áûñòðûå àòìîñôåðíûå ïðîöåññû (ïîãîäà)

Áûñòðûå ñëó÷àéíûå ôëóêòóàöèè
òåìïåðàòóðû (Hasselmann '76)

Ṫ (t) = f(t, T (t)) + (áåëûé) øóì

200 400 600 800 1000
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1000 2000 3000 4000
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20
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Ïåðèîäè÷åñêèé ñèãíàë + øóì: íåðåàëèñòè÷íûå ñöåíàðèè

Ìàëàÿ
àìïëèòóäà øóìà

Áîëüøàÿ
àìïëèòóäà øóìà
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Ïåðèîäè÷åñêèé ñèãíàë + øóì: ñòîõàñòè÷åñêèé ðåçîíàíñ

�Îïòèìàëüíàÿ� àìïëèòóäà øóìà

� Typeset by FoilTEX � 22
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Ïðîñòàÿ äèôôóçèîííàÿ ìîäåëü

dXt = −U ′(Xt) dt+ a cos
(2πt

T

)
dt+ εdWt,

U(x) =
x4

4
− x

2

2

Âîïðîñû:
1. Â êàêîì ñìûñëå ìû ïîíèìàåì �ïåðèîäè÷íîñòü� òðàåêòîðèé?
2. Êàê íàéòè îïòèìàëüíóþ íàñòðîéêó ε = ε(T ) äëÿ äàííîé ìåðû
ïåðèîäè÷íîñòè?
� Typeset by FoilTEX � 23
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Åù¼ áîëåå ïðîñòàÿ äèôôóçèîííàÿ ìîäåëü

Áðîóíîâñêàÿ äèôôóçèÿ â ïîòåíöèàëå ñ äâóìÿ ÿìàìè:

dXε,T
t = −U ′

(
Xε,T
t ,

t

2T

)
dt+ εdWt.

�

������

�� ���� � � �

	�

� �

��

Ìóëüòèâèáðàòîðíàÿ ìîäåëü: ïîòåíöèàë t 7→ U(·, t) ïåðåêëþ÷àåòñÿ ìåæäó äâóìÿ
àñèììåòðè÷íûìè ñîñòîÿíèÿìè U1 è U2 ïåðèîäè÷åñêè âî âðåìåíè ñ ïåðèîäîì 2T .
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Áîëüøèå óêëîíåíèÿ. Ïîäõîä Ôðåéäëèíà (Physica D, 2000)

���

����� �
�	�


 �

�
�

�
�

dXε
t = −U ′(Xε

t ) dt+ εdWt

Îäíîðîäíàÿ äèôôóçèÿ îáëàäàåò äâóìÿ õàðàêòåðíûìè âðåìåííûìè øêàëàìè:
âðåìåíàìè æèçíè â ëåâîé è ïðàâîé ïîòåíöèàëüíîé ÿìå.

P
(
e(V−δ)/ε2

< τ∓ < e(V+δ)/ε2)
→ 1 P

(
e(v−δ)/ε2

< τ± < e(v+δ)/ε2)
→ 1

Âðåìåíà Êðàìåðñà:

Eτ∓ ≈
2π√

U ′′(−1)|U ′′(0)|
eV/ε

2
Eτ± ≈

2π√
U ′′(1)|U ′′(0)|

ev/ε
2
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Óñëîâèå äëÿ ñòîõàñòè÷åñêîãî ðåçîíàíñà (Ôðåéäëèí, Physica D, 2000)

Òåîðåìà. Ïóñòü T = T (ε) ∼ eλ/ε
2
, λ > 0, à òàêæå A > 0 è δ > 0.

Òîãäà

0 < λ < v ⇒ meas
(
t ∈ [0, A] : |Xε,T

2Tt − sgnX0| > δ
)
→ 0,

λ > v ⇒ meas
(
t ∈ [0, A] : |Xε,T

2Tt − φ(t)| > δ
)
→ 0,

ïî âåðîÿòíîñòè â ïðåäåëå ε→ 0.

φ(t) =

{
−1, t ∈ [0, 1

2)

1, t ∈ [12, 1)

φ(t) = φ(t+ 1).

� Typeset by FoilTEX � 26
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Ïðîáëåìà ñ îïòèìàëüíîé íàñòðîéêîé

Íàéäåíà íèæíÿÿ ãðàíèöà äëÿ âðåìåííîé øêàëû T = T (ε), êîòîðàÿ ïîçâîëÿåò
ïîëó÷èòü �ïåðèîäè÷åñêèå� òðàåêòîðèè

ε lnT (ε) = λ > v

Åñëè λ > V , ïåðèîäè÷íîñòü (â îáùåì ñìûñëå) ðàçðóøàåòñÿ

� Typeset by FoilTEX � 27
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�Ôèçè÷åñêàÿ� ìåðà äëÿ ÑÐ � êîýôôèöèåíò óñèëåíèÿ

Îáîçíà÷èì µ = µε,T (x, t) ïëîòíîñòü èíâàðèàíòíîé ìåðû Xε,T .
Â ñòàöèîíàðíîì ðåæèìå

Law(Xε,T
2Tt) = Law(Xε,T

2T (t+1))

Äðóãèìè ñëîâàìè, µ = µε,T (x, t) ïëîòíîñòü èíâàðèàíòíîé ìåðû äâóìåðíîãî
îäíîðîäíîãî ïðîöåññà

Zε,Tt = (Xε,T
2Tt, t (mod 2T )).

10−2 10−1 100

D

10−1

100

101

102

η

Ω=0.01
Ω=0.1
Ω=0.5.
Ω=1.0

ηX(ε, T ) =

∣∣∣∣∫ 1

0

EµX
ε,T
2Ts · e

2πis ds

∣∣∣∣2
ýíåðãèÿ ãàðìîíèêè ñ ïåðèîäîì 2T .
� Typeset by FoilTEX � 28
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Ìîäåëü ñ äâóìÿ ñîñòîÿíèÿìè

Îòîæäåñòâèì ïîòåíöèàëüíûå ÿìû ñî çíà÷åíèÿìè −1 è 1.

Ìàðêîâñêàÿ öåïü Y ε,T = (Y ε,Tt )t≥0 ñ èíôèíèòåçèìàëüíûìè âåðîÿòíîñòÿìè

Qε,T (t) =


Q =

(
−ϕ ϕ

ψ −ψ

)
, t ∈ [0, T )

Q =

(
−ψ ψ

ϕ −ϕ

)
, t ∈ [T, 2T )

ϕ =

√
U ′′(−1)|U ′′(0)|

2π︸ ︷︷ ︸
=p

e−V/ε
2

ψ =

√
U ′′(1)|U ′′(0)|

2π︸ ︷︷ ︸
=q

e−v/ε
2

� Typeset by FoilTEX � 29
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Èíâàðèàíòíîå ðàñïðåäåëåíèå äëÿ ìàðêîâñêîé öåïè

Èíâàðèàíòíîå ðàñïðåäåëåíèå (Y ε,T2Tt )t≥0

ν(t) = (ν−(t), ν+(t)), t ∈ [0, 1).

Óñëîâèå íåïðåðûâíîñòè è àíòèñèììåòðèè ν∓(0) = ν±(1/2)

1

2T

d

dt
ν(t) = Q∗ν(t), t ∈ (0, 1/2),

ν−(0) = ν+(1/2),

ν−(t) + ν+(t) = 1

ν−(t) =
ψ

ϕ+ ψ
+
ϕ− ψ
ϕ+ ψ

e−2T (ϕ+ψ)t

1 + e−T (ϕ+ψ)

ν+(t) =
ϕ

ϕ+ ψ
− ϕ− ψ
ϕ+ ψ

e−2T (ϕ+ψ)t

1 + e−T (ϕ+ψ)

� Typeset by FoilTEX � 30
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Êîýôôèöèåíò óñèëåíèÿ äëÿ ìàðêîâñêîé öåïè

ηY (ε, T ) =

∣∣∣∣∫ 1

0

EνY
ε,T
2Ts · e

2πis ds

∣∣∣∣2
=

4

π2

(ϕ− ψ)2T 2

π2 + (ϕ+ ψ)2T 2

Ìàêñèìèçèðóåì
ηY (ε, T )→ max

ε
ïðè T →∞.

Îïòèìàëüíûé óðîâåíü øóìà ïðè ïîëóïåðèîäå T :

ε(T ) ≈ V + v

2 lnT

T (ε) ≈ π√
2pq

√
v

V − v
e
V+v
2ε2 .

� Typeset by FoilTEX � 31
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Âåðí¼ìñÿ ê äèôôóçèè...

Îáîçíà÷èì µ = µ(x, t) èíâ. ïëîòíîñòü ïðîöåññà Xt = (Xε,T
2Tt, tmod 1)

1

2T

∂

∂t
µ =

ε2

2
f ′′ + (U ′µ)′

µ(x, 0) = µ(−x, 1/2),

Ðàçäåëåíèå ïåðåìåííûõ: µ(x, t) = Ψ(x)Θ(t)

1

2T
ΨΘ̇ =

ε2

2
Ψ′′Θ + (U ′Ψ)′Θ ⇒ 1

2T

Θ̇

Θ
=
ε2

2

Ψ′′

Ψ
+

(U ′Ψ)′

Ψ
= −λ

Ïóñòü −λ ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà L∗f = ε2

2 f
′′ + (U ′f)′:

ε2

2
Ψ′′ + (U ′Ψ)′ = −λΨ Θ(t) = e−2Tλt

Åñëè ñïåêòð {−λk,Ψk}k≥0 îïåðàòîðà L∗f äèñêðåòíûé, −λk →∞, òî èùåì
ðåøåíèå â âèäå

µ(x, t) =

∞∑
k=0

akΨk(x)e−2Tλkt

� Typeset by FoilTEX � 32



33

Ñïåêòð L∗: îáùèå ôàêòû (Áåðåçèí, Øóáèí, Óð-å Øð¼äèíãåðà

Îäíîðîäíàÿ äèôôóçèÿ dXε = −U ′(Xε) dt+ εdW , U(x) = x4 äëÿ áîëüøèõ x.

äèôôóçèîííûé îïåðàòîð Lf =
ε2

2
f ′′ − U ′f ′

ñîïðÿæ¼ííûé îïåðàòîð L∗f =
ε2

2
f ′′ + (U ′f)′,

∫
Lf · g dx =

∫
f · L∗g dx

îïåðàòîð Øð¼äèíãåðà lf =
ε2

2
f ′′ −

((U ′)2

ε4
− U

′′

ε2

)
f

lf =
2

ε2
e
−U
ε2L
(
fe

U
ε2

)
=

2

ε2
e
U
ε2L∗

(
fe
−U
ε2

)
, f ∈ C∞0 (R)

• l ñèììåòðè÷åñêèé îïåðàòîð,
∫
lf · g dx =

∫
f · lg dx

• (l, C∞0 ) ñóùåñòâåííî ñàìîñîïðÿæ¼ííûé îïåðàòîð

• l îáëàäàåò äèñêðåòíûì ñïåêòðîì

• ñîáñòâåííûå ôóíêöèè îðòîãîíàëüíû â L2(R), èõ ñîáñòâåííûå ïðîñòðàíñòâà
èìåþò ðàçìåðíîñòü 1, k-ÿ ñîáñòâåííûå ôóíêöèÿ èìååò â òî÷íîñòè k êîðíåé.
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Ñïåêòð L∗: îáùèå ôàêòû

Ñïåêòð L: {−λk,Φk}k≥0, {Φk} îðòîãîíàëüíûé áàçèñ â L2(R; e−2U/ε2
dx).

Ñïåêòð L∗: {−λk,Ψk}k≥0, {Ψk} = {e−2U/ε2
Φk} îðò. áàçèñ â L2(R; e2U/ε2

dx).

〈Lf, f〉
L2(R;e−2U/ε2 dx)

≤ 0 ⇒ λk ≥ 0.

Âàðèàöèîííûé ïðèíöèï:

λ0 =
〈−LΦ0,Φ0〉L2(R;e−2U/ε2 dx)

〈Φ0,Φ0〉L2(R;e−2U/ε2 dx)

= inf
0 6≡f∈DL

〈−Lf, f〉
L2(R;e−2U/ε2 dx)

〈f, f〉
L2(R;e−2U/ε2 dx)

,

λk =
〈−LΦk,Φk〉L2(R;e−2U/ε2 dx)

〈Φk,Φk〉L2(R;e−2U/ε2 dx)

= inf
DL3f⊥{Φ0,...,Φk−1}

〈−Lf, f〉
L2(R;e−2U/ε2 dx)

〈f, f〉
L2(R;e−2U/ε2 dx)

,
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Âåðõíèå çíà÷åíèÿ ñïåêòðà

λ0 = 0, Φ0 ≡ 1, Ψk = e−2U/ε2 ∼ ñòàöèîíàðíàÿ ïëîòíîñòü äèôôóçèè Xε

λε1 =

√
U ′′(0)|U ′′(−1)|

2π
e−v/ε

2
(1 +O(ε))

Ψ1 = e−2U/ε2
Φ1

Ðàçäåëåíèå ñïåêòðà

0 = λ0 < λε1 < M ≤ λε2 ≤ λε3 ≤→ +∞
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Êîýôôèöèåíò óñèëåíèÿ äëÿ äèôôóçèè

µ(x, t) =
e−2U/ε2∫
e−2U/ε2 dy

+ a1Ψε
1(x)e−2Tλε1t +Rε,T (x, t)

ηX(ε, T ) =
4

π2
b20

(λ1T )2

π2 + (λ1T )2
+ r(ε, T ) ηY (ε, T ) =

4

π2

(ϕ− ψ)2T 2

π2 + (ϕ+ ψ)2T 2

b20 =

(∫
R ye−2U(y)/ε2

dy∫
R e−2U(y)/ε2 dy

)2

= 1 +
U (3)(−1)

2U ′′(−1)2
ε2 +O(ε4)

Òåîðåìà. Ïóñòü 0 < δ < v
3, ∆ > v + δ, maxx{U(x)− 2U(−x)} < V + v. Òîãäà â

ïðåäåëå T →∞ äëÿ ε ∈ [ v+δ
log T ,

∆
log T ] âûïîëíÿåòñÿ ðàâåíñòâî

ηX (ε, T ) =
4

π2

(
1 +

U (3)(−1)

2U ′′(−1)2
· ε2

)
+O(ε4)
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Ìîäèôèöèðîâàííûé êîýôôèöèåíò óñèëåíèÿ

η̃X(ε, T ) =

∣∣∣∣∫ 1

0

Eµg(Xε,T
2Ts) · e

2πis ds

∣∣∣∣2

Òåîðåìà. Â óñëîâèÿõ ïðåäûäóùåé òåîðåìû, äëÿ ëþáîãî γ > 1, â ïðåäåëå T →∞
ìîäèôèöèðîâàííûé êîýôôèöèåíò óñèëåíèÿ ε 7→ η̃X(ε, T ) èìååò ëîêàëüíûé
ìàêñèìóì íà èíòåðâàëå [γ−1 V+v

2 log T , γ
V+v

2 log T ].

Òàêèì îáðàçîì îïòèìàëüíûé óðîâåíü øóìà äëÿ ìîäèôèöèðîâàííîãî
êîýôôèöèåíòà óñèëåíèÿ äèôôóçèè àñèìïòîòè÷åñêè ñîâïàäàåò ñ îïòèìàëüíûì
óðîâíåì øóìà äëÿ êîýôôèöèåíòà óñèëåíèÿ ìàðêîâñêîé ìîäåëè ñ äâóìÿ
ñîñòîÿíèÿìè:

ε(T ) ∼ V + v

2 log T
, T →∞
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Äðóãèå ìåðû ïåðèîäè÷íîñòè (äëÿ ìîäåëè ñ äâóìÿ ñîñòîÿíèÿìè)

Êîýôôèöèåíò óñèëåíèå/øóì

ξY (ε, T ) =
1

ε2

∣∣∣∣∫ 1

0

EνY
ε,T
2Ts · e

2πis ds

∣∣∣∣2 ,
T (ε) ≈ 2π

√
v

qε
ev/ε

2

Ýíòðîïèÿ

HY (ε, T ) = −
∑
k=±

∫ 1

0

νk(s) ln νk(s) ds,

T (ε) ≈ π2

3p

ε2v

(V − v)2
eV/ε

2
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