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M (dim M = n) is the configurational space,
= (z1,...,2,) are the local coordinates,
& = (&1,...,%,) are the velocities,

I' =TM is the phase space,
2

el el
F = (F1,...,F,) are forces (elements of T*M).
Equations of motion (Lagrangian equations): [T] = F,
[f] = 49f of are Lagrangian derivatives.

dt 90t Oz

oP
Equation of the constraint: ®(&,x,t) =0, % # 0.
&

T(x,x,t) is the kinetic energy, det

Usually (in physical applications) T = (A(z)&,#) is positive
definite,

® = (a(x), &) is linear in &, a # 0.

How can we determine the motion of the system with constraint?

There are several possibilities.



|
Nonholonomic model

0%
[T]=F+X -, ®=0 (NH)

Basic principles used to obtain INH:

1°. Release from the constraint: [T] = F + R, R is a new force,
reaction of the constraint (or the constraint force).

2°. Principle of ideality: (R,dx) = 0, dx are virtual displacements
(variations) of the system with constraint.

(R,0x) is the work of the force R on the virtual displacement dx.

3°. Definition of variations (in the state x, & at the time moment t):

(22 52) <o .

Equivalent principles
A. The d’Alembert—Lagrange principle:
([T] — F,éx) =0 for all = which satisfy (*).
]



B. The generalized Hamilton’s principle:
ta

T dt + (F sxz)dt =0

t1 t1
for all variations dx(t) (dx(t1) = dx(t2) = 0) which satisfy the

equation
( od
oz

ov
If F= T on then L =T — V is the Lagrangian.
T

,0x(t) ) = 0. (*)
x(t) )

C. The Holder’s principle: an admissible path t — x(t), t1 < t < ta,
is a motion of the given constrained Lagrangian system if and only

if it is a critical point (in the sense of Holder) of the action
t2
functional / L dt.

t
Evidently equation (*) is not equivalent to the equation

9% 8%

(in general case).



Example: the Chaplygin skate (sleigh)

YA ol

P =aisinp —ycosp =0

L = (&> + 9% + ¢?) + = (for an appropriate choice of mass, length
and time units)
t=0: z=y=0,c=y=0, p=0, p =w
sin? wt 1 . 1 . ot .
rT=——Ho = —(wt — = sin 2w = wt.
202 * YT 2u2 2 » ¥

On the average the skate does not slide down the inclined plane!

] p.



|
Anisotropic friction

OR
L =—-——— 1
=2, )
L= %(A(a:)w, ) — V(x), R is a Rayleigh’s function—a nonnegative

definite quadratic form in velocities,

(T +V) = —2R<0.
N N2 .
Let Ry = ?(a(x), @)%, where N > 0, a # 0 is a covector field.

THEOREM 1. Let xn(t), t > 0, be a solution of equation (1) with
an initial condition which does not depend on N and satisfies the
equation (a(x),z) = 0. Then the limit

dim zn(t) = (1)
exists on every bounded time interval 0 <t < tg. The limiting

Sfunction satisfies the system of nonholonomic equations

[L] = Aa, (a,&) = 0.
] 5. 6
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Servo constraints (by H. Beghin)

Let us consider the free system and suppose that we want to realize
the motion with constraint ® = 0 by using control forces AM.
Here M is a fixed covector field (for example, a force field), and

A = A(t) is a function to be determined below. We have
[T] = F+AM, & =0.

The condition of realizability of the constraint ® = 0 is

92T
92’

. 0%
(A M);AO A=

o
Of course, the condition (*) holds if M = ey (# 0).
&



Example. The axes I and n are fixed in the rigid body.

Constraint: w 1 [.
l

Condition (*) is violated if Il L n.
If I = mn then we obtain the
nonholonomic motion of the rigid
body with constraint (w,l) = 0

(Suslov’s problem).

M is the control torque,
w is an angular velocity,
l1l~xw



Vakonomic (variational axiomatic kind) model

t2 ta
6| Tdt+ | (F,éxz)dt=0

t1 t1
for all dx(t), t1 <t <tz (dx(t1) = dx(t2) = 0), and

oP oP
0P = (', 63.3) + <, (S.’B> = 0.
oz ox

Equations of motion:

[T]=F+>\[q>]+)}3—(I>

o5 d = 0.
T

If F = —— then any motion of vakonomic system is a solution of

the Lagrange variational problem.
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Example. The vakonomic skate:

L=3(@*+9°+¢% +=,

P = xsinp — Yy cosp.

Let p =0and §y+ Acosp =0
for t = 0. Then

@ = t?sinp cos ¢,

& =tcos® ¢ (>0 for t > 0),
Yy = tsinp cos ¢

.11



Added masses

1 N
LN = E(A(w)w’ :B) + ?(a(x)’m)Z - V(q)7 N > 0.
Let n(t), t > 0, denote the motion of such a system with initial
condition xg, @ satisfying (a(xzo),xo) = 0.
THEOREM 2. The limit
1\}E>noo N (t) = z(t)

exists on every bounded time interval 0 <t < tg.
The limit t — x(t) is an extremal of Lagrange’s variational problem
t2 1
6 Lodt =0, Lg:E(Aa':,a'c)—V,
ty

under the linear constraint (a, &) = 0.



V. V. Kozlov. I-V. Mosc. Univ. Mech. Bull.

37, no. 3—4, p. 27-34 (1982); 37, no. 3—4, p. 74-80 (1982);
38, no. 3, p. 40-51 (1983); 42, no. 5, p. 40—49 (1987);
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Theorem 2 is connected with the method of penalty functions.
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Servo constraints
Consider the motion of the system with kinetic energy

T, =T + AN,

where N is some function of , ¢ and ¢, and A = A(¢) a function to
be determined.
Equations of motion:

Ty =F, ®=0

[ﬂ:F—X%g—AWL ® = 0. (%)

The condition of solvability of this system w.r.t. & and A is

18N od
<A 9%’ 3&'3) # 0. ()



0%
Let N = ®. If — # 0 then condition (**) holds. In this case we

obtain the vakonomic motion:
to to
5/ Tdt—l—/ (F,60)dt =0, ®=0
t1 t1
for all variations dx with fixed extremities and

0 0%

See: V. V. Kozlov. Mosc. Univ. Mech. Bull. 1989. Ne 5. P. 59-66.
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Control angular momentum

Il 1L

Condition (**) is violated if I L n.
If | = n then we obtain the vako-
nomic motion of the rigid body
with constraint (w,l) = 0. For
unique determination of the body
motion we must know the initial

velocity of the gyroscope as well.

. 16



. ON
(*) = [T)=F+R, R=-X e A[N] is “the reaction of
T
constraint”.
This is a version of a release from the constraint.

t2 t2
(R,6z)dt= | (A6N)dt=10 if

t]_ tl

ON ON
SN = (61:) + <6az) —o.
oz ox

(1)
(2)

(1) is the principle of ideality, and (2) is the definition of variations.

p. 17



Cucremsb! Ha rpynmnax Jln
G — n-mepuas rpynna Jlu, g — ee anrebpa Jlu.

YpaBuenus Ditnepa—Ilyankape: my = > c;.kmiwj, 1<k<n,

Wis...s Wy — KBABUCKOPOCTHU (JE€KAPTOBBI KOOP/IMHATHI HA §)
mi,..., My, — AMIYJIbCHI (KOOpAMHATHI HA g*),

my =Y Ixjw;, I = ||I;|| — Tensop uHepnum,

cg.k = —c};j — CTPYKTypHBIE IIOCTOSTHHBIE aJireOpbl Jlu.

1 1
T=-(ITw,w) =T m,m
S (w,w) = - (I74m,m)
— KHWHeTHWYecKasl SHeprusi — IIepPBbIii HMHTerpaJl.
IIycrs ® = (a,w) = > a;w; = 0 — JIeBOUHBApUAHTHASI CBS3b,
Ab = (Aby,...,Ab,) — ynpasasiromas cuia, b € g* \ {0}.

ypaBHeHI/Iﬂ ABU2KEHUA:

my = Zc;?imiwj + b, (1<k<n), Zaiwi —0.

Venosue peanusyemoctu ceszu: (I~ 1a,b) # 0.

>, 18



N ——.—.
O6miue cBoiicTBa NIPUBEJAEHHBIX CHCTEM

&j = vj(T1,...,%p), 1<jy<p
vj — OJHOPOJHBIE KBaJpPaTUIHbIe MHOTOYJIE€HBI.
e Eciiu t — x(t) — pemenne, to t — —x(—t) — pemienne.
e Eciu v(x) # 0 upu « # 0, To uMeeTcsi UHBAPDUAHTHASI [IPIMAas
=X, £E€RP\ {0} uA=cA2 c#0.
e Eciiu a u b xosummHeapHbI, TO £ = 0 yCTOMYMBO M MMeEETCsI IpsiMas,
I[eJINKOM COCTOSIIIAsi U3 MOJIO2KEeHUIl PaBHOBeCHUS.
e Ilycrs cHoBa v(x) # 0 npu x = 0. Eciu konunyecrBo
MHBAPUAHTHBIX MPSIMBIX (CUUTasi KPATHOCTH) KOHEYHO, TO OHO
HeYeTHO U He mpeBocxoaut 2P — 1.
e Ilycts p = 2 u umeercs npamas ar; + brz = 0 (a2 + b% # 0),
cocTodIas U3 MOJIOXKEHUl paBHOBecusi. Tor/a 3ameHoii BpeMeHu
dr = (ax1 + bxs) dt
OHAa IPUBOANTCA K JIMHEIHOII cucTeme.
o IlycTts p = 2 u MMeeTca HEBBIPOXKAEHHBINI KBaJIPATUYHBIN ITE€PBBIi
uHTerpaJi. Torga cucrema mMeeT NPsIMyI0 PABHOBECHBIX COCTOSTHUIA.
] c. 19



- |
CepBocann YanjbirmHa

G = B(2) T:’;’<u2+v2)+1;"2
y u — KUHETUYeCKasl SHEepPrus,
v mi=Aa, 0=—muw + Ab, Tw=MAc
)l ;go v=20 — ypaBHEHUs JBUXKEHUSI,
U = ouw, w = Puw;
_a __mc
© *=p P= T

Bu — aw = v = const — UHTerpamu
u = u(Bu —v),

w(t) = —2

/;/ u

®Paz0BbIl TOpPTPET

] . 20
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TpaekTopusi caHeil Ha IJIOCKOCTU



- |
CepBocCBs3U BTOPOIro poa

(me + Abp) = > clhp(mi+ Abi)w; (1<k<n), > aw; =0
— ypaBHeHus Ha anrebpe JIu g = {w}.
1
T = E(Iw, w) + A(b,w) — U3MeHEeHHAsT KHUHETUYECKAs SHEPIruUs

(I~'a,b) # 0 — ycyioBUe peaju3aluu CBSA3U

{m;,m;} = E cfjmk — ckobka JIn-Ilyaccona

oOF

{m;, F} = Z 5 cfjmk =0, F — ¢pyskuua Kasumupa.
m;

e Ecoiiu F(mgq,...,m,) — dyakuusa Kasumupa, To

F(mq + Aby,...,my + Ab,) — nepsbIil uaTErpadI.

Ecimanub KoJIJInHeapHbl, TO nMeeM BAaKOHOMHbBIE€ ypaBHEHUA

JBUKEHUS:
to 1

o —(Iw,w)dt =0, (a,w) = 0.
. 2



TBepoe TeJIo ¢ JJIEBOMHBAPUAHTHON CEPBOCBSIA3BIO

a=(0,0,1) = w3 =0 — ypaBHeHue CcB3U
b = (0, bz, b3)

ypaBHeHI/IH ABU2KEHUA:

Ii1w1 4 2w + wa(I13w1 + Izswae + bsA) = 0,

Lawy + Izowz — wi(l13wi + I23wa2 + b3A) = 0,

I3 + T23z + bsA + wy (Ti2wy + Izows + b2 X)
—wz(l11w1 + I12w2) = 0.

YciaoBue peajin3yeMoCTu: b3(111122 — 1122) + b2(112113 — 111I23) # 0.
(I11w1 + I2w2)? + (Izwi + Ipowaz + boA)? + (Iizwy + Iazwa + b3A)?

— IIEepBBIil MHTErpaJl.

] e 2



o Ilpu b; = 0 cyrmiecTByeT JuHEHAs 3aMeHA MepPeMEeHHBIX
W1, W2, A — My, Mo, M3,

NPUBOAMAIAS yPABHEHNU ABUXKCHUS K JUHAMUYECKUM ypPaBHEHUSIM
Ditaepa

y = (Js3 — J2)maomsg,

mo = (Jl — J3)m3m1a

(J2 — Jl)mlmz.

3
Il



NuaBapuaHTHBIE MHOrOOOpa3us

(ITw 4+ Ab) +w X (Iw 4+ Ab) =0, (a,w) =0 (1)
d+wXxXa=0, ﬁ—l—wxﬂ:O, Y+wXxy=0
(Iw 4+ Ab, @) = ¢y, (Iw 4+ Ab, B) = c2, (Iw 4+ Ab,v) = c3

Iw+ Ab=cia+ c23 + c3v

Ilycts ¢ = c2 = 0, cg = k. Torma Iw + A\b = k~.

=t o= (- )
SN Lk 1] o




e ITpu k # 0 cucrems! (1) u (2) nsomopdHBI: OHN HEPEXOIAT APYT
B JIpyra JUHENHOI 3aMeHOoll mepeMeHHbIX.
Ecin a u b xosutmHeapHb! (BAKOHOMHAsI MOJIEJb ), TO UMEETCsI

nHTrerpaJl

2 (a, I"'y)?

1 —1,.)\2
H:z(Iw,w)zz[(’)’aI ) T (eI a)

e Coxpansiercst Mepa Xaapa /// sin 0 dO dy dap.
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