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Pe3rome

JaHO peweHne, B NO3UTUBHOM CMbICNE, NMPOoBneMbl KBAHTOBbIX
FAYCCOBCKUX ONTUMMN3ATOPOB, BO3HUKLLUEN B KBAHTOBOW MHMOP-
MaTuke 6onee 15 neT Ha3aj. cpeaACcTBaMU HEKOMMYTATUBHOW
Teopun BEPOATHOCTEN MNOKA3aHO, YTO BbINYKAbIK DYHKLMOHAN
obwero Bmnaa (BkatoYasa saHTponuu poH HelmaHa, PeHbn u HOp-
Mbl LLIaTTeHa), 3aA4aHHbI HA 0BaCTW 3HAYEHWI rayCCOBCKOMO
BMOJIHE MNOJNIOXXUTENbHOro OTOob6parkeHns (KaHana) Ha anrebpe
KAaHOHUNYECKUX KOMMYTAUNOHHbIX COOTHOLUEHUIN, AOCTUIraeT rno-
6a/IbHOMO 3KCTPEMYMA HA KOFEPEHTHbLIX COCTOAHUNAX, NPUYEM KO-
FEPEHTHbIE COCTOSAHUA XapaKTEePU3yroTCAa 3TUM CBOCTBOM [1,2].
DTOT pe3yabTaT NO3BOJNA BbIYUCANTbL MPONYCKHblE CNOCOBHO-
CTU N ONNCATb ONTUMANIbHbIE METOAbl KOAMPOBAHNA ANA MaTe-
MaTUYECKNX MOAeNel KaHanoB CBA3U, Hanbonee ynoTpedbuTtenb-
HbIX B KBAHTOBOW MHAOPMATUKE U KBAHTOBOI onTuke [3,4].
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B knaccmyeckom (KOMMYTAaTUBHOM) aHANN3€ U3BECTEH NMPUHLIKM,
KOTOPbI KPAaTKO (hOPMYINPYeTCsa cneaytowmm obpa3om:

[FayccoBCKMeE aapa UMEerOT MayCCOBCKME MAaKCUMN3ATOPLI

(Lieb 1990, ocHoBbIBasiCb Ha paboTax K.M.BabeHko, Beckner,
Carlen n ap.). Pedyb naet o Tom, 4TO HOPMA UHTErpPaNbLHOro one-
paTtopa 13 Lp B Ly C rayCCOBCKUM AAPOM (Mpu onpeaesieHHbIX
OrpaHnYeHunsax) pgocturaetca (TONbKO) HA rayCCOBCKON OYHK-
unn. MNpobnema HeTpuBMasbHA, NOCKOJIbKY pedyb UAET O MakCu-
MyMe BbINYKNOW PYHKUNWN, AOKAa3aTeNIbCTBA CYLLIECTBEHHO ONW-
PatOTCA HA MYNbTUNANKATUBHOCTb KJIACCUYECKNX Lp-HOPM N Ha
XapaKTepmn3auno rayCCoBCKUX DYHKLUMNNA.



HekOMMYTaTUBHbLIM aHA/IOrOM rayCCOBCKOIroO MHTErpasbHOro one-
paTopa aBnaeTca 6O30HHbIN FrayCCOBCKNW KaHaa — BNOJIHE MONO-
XNnTenbHoe oTobpakeHne o COCToAHUIM Ha anrebpe KaHOHuYe-
CKNX KOMMYTAUMOHHbIX COOTHOLUEHWUIN, KOTOPOE OCTABAAET WH-
BapUaAHTHbLIM MHOXXECTBO NrayCCOBCKUX COCTOAHUW. B umtTnpoBaH-
HbIX paboTax HalWAEHO peweHne rnnoTe3bl O KBAHTOBbLIX rayc-
COBCKUX OMNTUMMU3ATOPAX: MOKA3AHO, YTO BbIMNYKIbIA DYHKUNO-
Han obuero Buaa ot Plp] AocTuraeT rnobasbHOroO MakCUMyma
Ha YUCTbIX rayCCOBCKUX (KOrepeHTHbIX) COCTOSIHUSX p, MPUYEM
KOrepeHTHbIE COCTOSIHUS XapaKTEeEPU3YKOTCS 3TUM CBOMCTBOM.

ApyrmmMmm cnoBamMmmn, CNeKTpP BbIXOAHbLIX COCTOAHUN, OTBEYAOLLNX
KOrepeHTHbIM BXOAHbLIM, Ma>XopupyeT CnekTp NtobbiX ApYrunx Bbl-
XOAHbIX COCTOSHUN.



[MTONYTHO YCTAHOBNEHA MY/IbTUNJINKATUBHOCTb, OTHOCUTEJNIbHO TEH-
30PHbIX NPOU3BEAEHN, HEKOMMYTATUBHbIX Ly-HOPM (HOpM LLIaT-
TEeHa), a TakKXe agAnTUBHOCTbL BbIXOAHbIX HTponuii PeHbu u
doH HerimaHa rayccoBCKOro otobparkeHns . 2T CBOWCTBA a
priori He BbINONHAKTCA AN NPON3BOJIbHbIX KBAHTOBbLIX KaHAN0B,
NO3TOMY KJIACCUYECKME METOAbl AOKA3aTeNbCTBA HE AONYCKAKOT
obobLweHnss Ha HEKOMMYTATUBHbIN CAy4Yan.

MoTpeboBancsa NPUHUUNMNANBHO HOBbLIVW METOA, SKCNAyaTUupyro-
N NONYrpynnoOBYHO CTPYKTYPY MHOXXeCTBa B0O30HHbIX rayCCOB-
CKNUX KaHa/0B, a TakK>Xe chneunanbHble CBOWCTBA CNEKTPOB KOM-
NAEeMEeHTapHbIX KaHanos. Pewenne gaHo ana KanubpoBOYHO -
KO(KOHTpa)BapUaHTHbIX KAaHaNoOB, COrNaCoOBaAHHbIX C OUKCUPO-
BAHHOW KOMMNEKCHOW CTPYKTYpPOM.



BO30HHbIEe FayCCOBCKNE CUCTEMDI

Knaccmnyeckoe ha3oBoOe NPOCTpaHCTBO: Z = C%, paccmaTpuBae-
MO€ KaK 2s—MepHOe BEeLWeCTBEHHOE CUMNNEKTNYECKOE NPOCTPAH-
CTBO C KOCOCUMMETPUYHON hopmoii 2Im z*2/.

KBaHTOBaHMe Beina 3a4aeTCa YHUTAPHbIMY onepaTopaMu CABU-
roB D(z) = exp (aTz — z*a) , FA€e a iS BEKTOP ONepaToOpOB YHNYTO-
KeHua ans s 6030HHbIX MOA. KaHOHMYECKNEe KOMMYTALUMOHHbIE
COOTHOLWEeHNA Benns:

D(z)D(%") = exp (—i Im z*z’) D(z+ 7).



[[QYyCCOBCKWMNE COCTOAHUNSA

[[ayccoBckmne kKaanbpoBOYHO-KOBaApPUAHTHbLIE COCTOSHUSA 3aAat0T-
CA XapaKTEPUCTUYECKUMU PYHKUNAMUN

Xp(2) = TrpD(z) = exp (—z"az),

roe a KoppenaunoHHas maTtpuua, a > 1/2.
BakyymHoe cocTtosaHue |0)(0] cooTBeTCTBYET o0 = [ /2.

KorepeHTHble cOCTOAHUSA |z){z| = D(z)|0){(0|D(z)*.



[ QyCCOBCKME KaHanbl

KoBapMaHTHblIE KaHaNbl

D xp(2) = xp(Kz)exp (—2*pz) ; > i% (I - K'K) (%)

KOHTpaBapMaHTHblIE KaHaANbI

P xp(2) = xp(—Kz)exp (—2z"pz); s %(I + EKTK) (%)

K 3apaeT uamMeHeHne aMmnnnTyn, p 3a4aeT WyM B KaHane.

Ecan p MUHUMaNbHOE pelleHne HepaBEeHCTBA, TO KaHas
SKCTPEeMasieH B BbINYKJIOM MHOXXECTBE BCEeX KaHaNOB.



Ma>xkopmn3auunsa

Teopema lycTb ® rayCCcoBCKuit KannbpoBOYHHO-KOBAPUAHTHbIN
MNN KOHTPaBapPUaHTHbIW KaHan, f BOrHyTas dyHKuUmAa Ha [0, 1],
f(0) = 0, Toraa ana noboro onepaTopa MAOTHOCTU p

Trf(®@[p]) = Trf(®[|z)(z]]) = Trf(P[[0){O[]).

Ecan f cTporo BorHyta n kaHan é Takos, 4TO K obpaTuma, a
HepaBeHCTBO (*) (cooTB. (**)) cTporoe, TO PAaBEHCTBO AOCTU-
FAETCA TONIbKO €C/IN p KOrepeHTHOE COCTOsAHME.

DKBUBANEHTHO, NMOCNEA0BATENbHOCTb COOCTBEHHbLIX 4YUCEN one-
paTopa NNOTHOCTU D[|z)(z|] MarxopupyeT COOTBETCTBYHOLLYH MNO-
CnengoBaTeENbHOCTbL onepaTtopa P[p], ana noboro p € G(H).

KOrepeHTHbI BXOA MOPOXKAAET HaMMEHEEe XaoTUHECKUI BbIXO.,
ana “dpa30-HevyBCTBUTENbHbLIX' OO30HHbLIX FAYCCOBCKUX KAaHANOB.



TOYHbIE 3HAYeHNA N a4ANTUBHOCTb

Cneancreue na p > 1 n nroboro rayCCoBCckoro KannmbpoBOYHO-
KO(KOHTpPa)BapuaHTHOro kaHana &, nonaras g(x) = (xz+1) log(x+
1) — zlogxz, nmeem

min S(P[p]) = trg(p + (K*K — 1) /2)

||¢||1_>p = [det [(u—l— K'K/241/2)) — (u+ K*K/2 — [/Q)pﬂ_l/P

CBOWCTBO MYNbTUNANKATUBHOCTW ANA HOPM ||-[[;_,,, KaK 1 an-
ANTUBHOCTb MWHUMANbHbLIX SHTponuh PeHbn n cdoH HermaHa,
BbINONHAETCA ANA Ntob60oi napbl rayCCOBCKUX KaNMOPOBOYHO-KO
(KOHTpPa)BapMaHTHbIX KaHANOB.

CnenyeT U3 Ma>Kopu3aunMoHHoON Teopembl Npn f(x) = —xP, f(x) =
—xlog x, C UICNONBb30BAHUEM MYNbTUMNINKATUBHOCTN BaKyyMa.



Knaccmyeckas nponyckHast CNOCOBHOCTb

Cneancrteue Knaccmnyeckasa nponyckHasa cnocobHOCTb C OrpaHu-
YeHnemM Ha BXoae KaHana Pb:

C(®d; F,E) = Cy(®; F, E)

= max trg(K*vK +p+ (K*K — 1) /2) —trg(u + (K*K — 1) /2),
V. trre<

roe e matpuua aHeprun. ONTUMaNbHOE KOAUPOBAHME 3a4aeTCH
aHCcaMbBNeM KOrepeHTHbIX COCTOAHUM p, = |2z)(z|, C KAaNNOPOBOYHO-
WHBAPMAHTHbLIM FAyCCOBCKMM pacnpeageneHnemMm Ha Z, C Koppe-
NAUMOHHOMW MaAaTpUUEN v, HQ KOTOPON AOCTUTAETCA MAKCUMyM B
NPaBOW YacTw.



OpaHa moaa (kBaHToOBasa dopmyna LLIeHHOHA)

Bce KannbpoBOYHO-KOBAPMAHTHbLIE KaHaNlbl ONUCbLIBAOTCSA Hop-
MYJTOW:

*[D(2)] = D(kz) exp [—(|k* = 1[/2+ N)) |2I?],

roe N > 0 ypoBeHb WwymMa, k > 0 KOadpPUNUNEHT, COOTBETCTBYHO-
wnim ocnabnenuto (k < 1), ycmneHuto (k> 1), nam KnacCUYeCckKo-
MY aaanTuBHOMY LIyMy (kK = 1). Bo BCex cay4asX MUHUMANbHAS
BbIXOAHAA SHTPONMNA paBHA

min S(®[p]) = g(N),

roe N = N4 max{kz— 1,0}, a nponyCkHasA cnocobHOCTb C orpa-
HUYEHMEM Ha BXOAe

C(®;ala, E) = Cy(®;a'a, E) = g(k°E + N') — g(N').
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Definition of channel

Channel is a linear completely positive trace-preserving map
D T(Hy) — T(Hp).

Complete positivity: & ®Id(n) positive for all n=1,2,...
Channel = dynamical map = noncommutative Markov map
Composition of channels &5 o &4

Tensor product &1 Q Po = (P1 ®Ids) o (Id] ® P»)



Representations of CP maps

The Stinespring representation for CP maps of C*-algebras.

Corollary:
Let ®:T(H4) — T(Hp) be a channel. There exist a Hilbert space
Hg and an isometric operator V : Hy4 — Hp ® HE, such that

O(p) =TrgVpV™® peT(Hy).
Complementary channel
P(p) =TrgVpV*, peT(Ha).

Dilation to unitary dynamics of open quantum system interacting
with environment.



The minimal output entropy

The von Neumann entropy S(p) = —Trplog p is nonnegative
concave function of density operator p.

The minimal output entropy of the quantum channel ®
(purity of the output)
S(P) = ir;f S(P(p)).

The additivity conjecture for the min-out entropy

3 (D1 ® Do) = F(P1) + 3 (D).



(1 — p)—Schatten norms and Rényi entropies

Related to multiplicativity of (1 — p)— norms

> = sup ||®[X]|l, = sup (Tre([p)?))/P
P15y ||X||1§1H (X1, pEG(H)( ([p)7))

or additivity of the minimal output Rényi entropy

_ . p
p(®) = inf Ry(®l]) =T

log ||¢||1—>p‘

In finite dimensions lim, 1 Rp(®) = S(P).



The y—capacity

A noncommutative analog of the Shannon capacity:

Cx(®) = sup {5 (®17) - |

[ SC@ [p]))w(dm} < sup § (& [7])—5(),

P
(1)
p = [ pr(dp), with possible input constraint on p: TrpH < E.

The basic additivity conjecture for y-capacity:

Cy(P1 ® o) = Cy(P1) + Cy(Po).

In the case of interest, the inequality in (1) becomes equality,
implying equivalence of this to the additivity of the minimal
output entropy S(®).



T he classical capacity of quantum channel

The classical capacity of a quantum channel is defined as the
maximal transmission rate per use of the channel, with coding
and decoding chosen for increasing number n of independent
uses of the channel

PN =R QP
7

such that the error probability goes to zero as n — oo.

HSW Theorem

C(D) = liMp—oo(1/n)Cy (D).

If the additivity holds, then C(®) = Cy(P).



T he global additivity is false

Theorem (Shor, 2004) The additivity of min-out entropy and
capacity are globally equivalent: if one holds for all channels
d1, Py, then the other also holds for all channels.

Hastings (2008) (following Winter, Hayden): Additivity fails
in very high dimensions. Proof: large deviation and measure
concentration techniques for operator-valued processes.

Szarek et al.: insight via Dvoretzky-Mil’'man’s theorem on
almost spherical sections of high-dimensional convex bodies.

Bosonic Gaussian (d = oo) channels? Present talk.



Application: Wehrl's conjecture

Berezin-Lieb inequality for quantum entropy S(p) = — Trplogp :

2Z
< 8(p) <~ [ (=lple) tog(elols) ™ = S.(e),

where |z) are Glauber’s coherent vectors. Lieb (1978) used exact
constants in the Hausdorff-Young inequality (Fourier transform)
and Young inequality (convolution) to prove Wehrl's conjecture:

S.(p) is minimized by any coherent state p = [{)((|.

Lieb and Solovej (2012): coherent states minimize any concave
functional, not only the entropy (“majorization” ).



Majorization for the output of Gaussian g-c channel

p — (z|p|z) is a “quantum-classical Gaussian channel”
Wehrl entropy=output entropy, minimized by pure Gaussian p.

For any ¢ > 0 consider “measure-prepare’” channel

22
Delp) = [ (zlple)le) (e2]

This is Gaussian gauge-covariant channel, hence

Trf(®clpl) > Trf(Pe[lz)(z]])

for all states p and any coherent state |z)(z|. The majorization
for Gaussian measurement is obtained by taking the Iimit ¢ — oo
and showing that both sides of Berezin inequalities converge.



Idea of Proof of the Majorization T heorem

Lemma 1. Let & be gauge-covariant, then & = Ao B, where A
iIs extreme amplifier

1

K3Ko > 1, =7 (K5Kz— 1),
and B is extreme attenuator
1
Klegl, M=E(I—K>{K1)-

If (*) is strict and K invertible, then 0 < |Kq1| < 1, |K5| > 1.
Similar result for gauge-contravariant channel.

Proof: Composition rules: K = K1K>, upu= K5u1Ko+ uo.



Additivity for complementary channels

Folklore, related to Schmidt decomposition. Let pyp be pure
state in H,®H g, then partial states p4, pp have the same nonzero
spectrum (notation: py4 ~ pg), in particular, S(p4) = S(pp).

Corollary. For complementary channels, ®(P;) ~ <T>(P¢) for
all . Hence S(®) = S(®), and additivity of min-out entropy
simultaneously holds or not for complementary channels.



The case of extreme amplifier

Lemma 2. For an extreme amplifier A there is an extreme
attenuator B such that for all ¢ € 'H

A(Py) ~ (Ao B) (Py).
Proof:
A(Py) ~ A(Py) ~ (T 0 A) (Py),
where T is the transposition: T (D(z)) = D(—z2).

ToAis gauge-covariant Gaussian channel.
Decomposition from Lemma 1 gives To A= Ao B.



End of proof of theorem

Trf (A(Py)) (L2 1y ((AoB) (PR) = > pTrf (A(R)).
J

where B(Pw) = ijijj,pj > 0. If 9 is a minimizer, then for
strictly concave f , the states A(P%.) all coincide implying P%. =
Py.

Lemma 3. Let B be an extreme attenuator with 0 < |K| < 1.
Then B(P,) = Py (pure state) iff P, is a coherent state.

Thus min,, Trf (A(P¢)) = Trf (A(|z) (z|)) = Trf (A(|0)(0])). O
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