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Problems and Appli
ation

Problem

the steering property (Einstein A., Podolsky Yu. and Rosen N., (1935))

known for two-qubit state in terms of spe
i�
 inequalities for the


orrelation fun
tion is translated for the state of the single qudit with

the spin j = 3/2.

Method

the tomographi
 probability representation for the qudit states is

applied.

Appli
ation

the study of the information and the entropi
 properties of the

super
ondu
ting multilevel 
ir
uits (Kiktenko et all (2015), Glushkova

et all (2015)) where the notion of the arti�
ial two-level atoms playing

the role of the qubits is used.
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What is the quantum steering?

The density matrix of the system state in a four-dimensional Hilbert spa
e

HAB is ρAB, ρAB = ρ†AB, TrρAB = 1.

De�nition

The 
orrelations in su
h system 
an be des
ribed by the joint probability

fun
tion

P(a, b|A,B) =

∫
pλP(a|A, λ)P(b|B, λ)dλ.

P(a|A, λ) - the probability distribution of the measurement out
omes a
under setting A for a hidden variable λ.

pλ - the probability distribution of the hidden variable λ, ρλ - its hidden

state (a lo
al hidden state (LHS)).
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What is the quantum steering?

De�nition

If the following model of the 
orrelation

P(a, b|A,B) =

∫
pλP(a|A, λ)Tr(π̂(b|B)ρ

(b)
λ )dλ

does not exist, then the state is steerable (Zukowski et all, (2014)).

π̂(b|B) - proje
tion operator for an observable parameterized

by the setting B,
ρ
(b)
λ -some pure state of the system B.
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The 
orrelation fun
tion

The quantum 
orrelation fun
tion for the two-qubit state is determined by

E(
−→
k1 ,

−→
k2) = Tr(

−→
k1 · −→σ ⊗

−→
k2 · −→σ ρ),

−→σ - the ve
tor built out of the Pauli matrix,

−→
k1 ,

−→
k2 - the unit Blo
h ve
tors of the measurement dire
tions equal to ±1.

De�nition

The EPR steering 
an be dete
ted through the violation of the steering

inequalities.
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The spin tomogram

De�nition

The spin tomogram

ω(x) = ω(m1,m2, u) = < m1m2|uρu†|m1m2 >

is the probability to obtain m1 = −j1,−j1 + 1, . . . , j1,
m2 = −j2,−j2 + 1, . . . , j2, j1,2 = 0,1/2, 1 . . . as the spin proje
tions on

dire
tions given by the unitary matrix u.

u - the unitary rotation matrix of the size N × N, N = (2j1 + 1)(2j2 + 1).
We 
hoose u = u1 ⊗ u2, ui = ui(θi , ϕi , ψi) = ui(~ni), i = 1,2 of irredu
ible

representations of the SU(2) - group.

The 
onditional probability of proje
tions of spins m1, m2 on ve
tors

~n1, ~n2

on the Blo
h sphere

ω(m1,m2|~n1,~n2) =< m1m2|u1(~n1)⊗ u2(~n2)ρu†

1(~n1)⊗ u†

2(~n2)|m1m2 > .

The marginal probability distributions of the �rst and the se
ond qubit are

ω1(m1|~n1) =

j2∑

m2=−j2

ω1(m1,m2|~n1), ω1(m2|~n2) =

j1∑

m1=−j1

ω1(m1,m2|~n2).
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The LHS Model in the Form of the Tomogram

De�nition

The state is 
alled separable if and only if the density operator of the


omposite system ρ 
an be written as

ρ =
∑

k

pkρ
(k)
1 ⊗ ρ

(k)
2 ,

∑

k

pk = 1.

The tomogram 
an be written as

ω(m1,m2|~n1,~n2) =
∑

k

pkω
(k)
1 (m1|~n1)ω

(k)
2 (m2|~n2)

=
∑

λ

p(λ)ω1(m1|~n1, λ)ω2(m2|~n2, λ).
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The spin tomogram

De�nition

The dequantizer and the quantizer operators are de�ned as as

ω(m1,m2,~n1,~n2) = Tr(ρ̂Û(m1,m2,~n1,~n2)),

ρ̂ =
∑

m1,m2

∫
ω(m1,m2,~n1,~n2)D̂(m1,m2,~n1,~n2)d~n1d~n2,

For the two-qubit state (Filippov, Manko, (2009))

Û =

(
1
2

Î + m1F (ϕ1, θ1)

)
⊗

(
1
2

Î + m2F (ϕ2, θ2)

)
,

D̂ =

(
1

8π2

(
1
2

Î + 3m1F (ϕ1, θ1)

))
⊗

(
1

8π2

(
1
2

Î + 3m2F (ϕ2, θ2)

))
,

where Î is the 2 × 2 identity matrix and

F (ϕ, θ) =

(
cos θ −eiϕ sin θ

−e−iϕ sin θ − cos θ

)
.
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The Tomographi
 Symbol

Any observable A 
an be identi�ed with a Hermitian operator Â.

De�nition

The tomographi
 symbol ωA(x) of the operator Â is

ωA(x) = Tr(ÂÛ(x)), Â =

∫
ωA(x)D̂(x)dx,

where Û(x), D̂(x) are the dequantizer and quantizer operators, respe
tively.

De�nition

The dual tomographi
 symbol ωd
A(x) of the operator Â is

ωd
A(x) = Tr(ÂÛ ′(x)) = Tr(ÂD̂(x)),

Â =

∫
ωd

A(x)D̂
′(x)dx =

∫
ωd

A(x)Û(x)dx.
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Tomographi
 form of the quantum 
orrelation fun
tion

The quantum 
orrelation fun
tion 
an be rewritten in the tomographi
 form

E(
−→
k1 ,

−→
k2) =

∫
ωB(x)ω

d
ρ(x)dx

or in the equivalent form

E(
−→
k1 ,

−→
k2) =

∫
ωρ(x)ωd

B(x)dx

=
∑

m1,m2

∫
ωρ(m1,m2,~n1,~n2)ω

d
B(m1,m2,~n1,~n2)d~n1d~n2,

where we used the notation B = k1σ ⊗ k2σ.
Thus, we 
an write any steering inequality that 
ontains the 
orrelation

fun
tion in terms of the spin tomograms.
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The Single Qudit and the Two-qubit States Tomograms

The tomographi
 representation for the single qudit with the spin j = 3/2 is

ρ̂ =

3/2∑

m=−3/2

∫
W (m,~n)D̂(m,~n)d~n,

W (m,~n) = Tr
(
Û(m,~n)ρ̂

)
.

The tomogram W (m,~n) is the 
onditional probability of proje
tions of the

spin m on ve
tor

~n on the Blo
h sphere.

Remark

The later tomogram depends on less amount of numbers 
omparable to the

two-qubit state tomogram.
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The Single Qudit and the Two-qubit States Tomograms

In (Manko, (1997)) it was obtained that any qudit state with the spin j 
an
be represented as

ρ̂(j) =

j∑

m=−j

∫
dω
8π2

W (m, α, β)B̂j
m(α, β).

B̂j
m1
(α, β) - the quantizer operator.

For the single qudit state the it is de�ned by the following matrix

B
3
2
m (α, β) = B1m(α, β) +

i(−1)m

2(m + 3
2 )!(

3
2 − m)!

(
5mB2m(α, β) +

21
2

sinβB3m(α, β)

)
.
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The Single Qudit and the Two-qubit States Tomograms

The quantizer for the single qudit system is

D̂(m, α, β) =
1

8π2
B̂3/2

m (α, β)

The rotation matrix U(3/2)(α, β, γ) for the single qudit state 
an be written

using Wigner's D-fun
tion

D(j)
m′,m(α, β, γ) = eim′γd (j)

m′,m(β)e
im′α,

where it holds

d (j)
m′,m(β) =

(
(j + m′)!(j − m′)!

(j + m)!(j − m)!

) 1
2

cos
(
β

2

)m′+m

sin
(
β

2

)m′−m

P(m′−m,m′+m)
j−m′ (cosβ).

Hen
e, the rotation matrix for the single qudit state has elements

U(3/2)
m′,m (α, β, γ) = D(3/2)

m′,m (α, β, γ).

The dequantizer operator is de�ned by the matri
es

U(m, α, β) = U(3/2)†(α, β, γ)|m >< m|U(3/2)(α, β, γ).
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The Single Qudit and the Two-qubit States Tomograms

The relation between the two-qubit system and the single qudit system

tomograms is

ω(m1,m2,~n1,~n2) =

∫
W (m,~n)K12d~n,

where we introdu
e the kernel fun
tion

K12 ≡ K12(m1,m2,m,~n1,~n2,~n) = TrD̂(m,~n)Û(m1,m2,~n1,~n2).

The kernel depends on three quantum numbers and six angles.

The inverse transformation is

W (m,~n) =
∫
ω(m1,m2,~n1,~n2)K21d ~n1d ~n2,

K21 ≡ K21(m1,m2,m,~n1,~n2,~n) = TrD̂(m1,m2,~n1,~n2)Û(m,~n).

For the dual tomographi
 symbols

ωd (m1,m2,~n1,~n2) =

∫
W d(m,~n)K d

12d~n,

W d (m,~n) =
∫
ωd(m1,m2,~n1,~n2)K

d
21d ~n1d ~n2,

where the kernels are K d
12 = K21 and K d

21 = K12.
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Steering Inequality for the Two-qubit State

In (Zukowski, 2014) the steering inequality for the two-qubit state is based

on the maxima of the 
orrelation fun
tion

E(
−→
k 1,

−→
k 2) =

3∑

i,j=1

Tijk1i k2j ,

Tij - 
omponents of the 
orrelation matrix.

De�nition

If the bipartite state is non-steerable, then the following inequality is

ful�lled

max
−→
k 1,

−→
k 2

(E(
−→
k 1,

−→
k 2)) ≥

2
3

3∑

i,j=1

Tij .
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The Single Qudit Steering in the Spin Tomographi
 Representation

We 
an write the 
orrelation fun
tion of the single qudit state as

E(
−→
k 1,

−→
k 2) =

∫
Wk1σ⊗k2σ(y)W

d
ρ (y)dy.

Using the intertwining kernels we 
an dedu
e that the 
orrelation fun
tions

are mathemati
ally 
ompletely equivalent.

E(
−→
k 1,

−→
k 2) =

1
2∑

m1,m2=− 1
2

∫ ∫
d ~n1d ~n2

3
2∑

m=− 3
2

∫
Wρ(m,~n)W d

k1σ⊗k2σ
(m,~n)K12K21d~n

= E(
−→
k 1,

−→
k 2).

Ìàðêîâè÷ Ëþáîâü | Êâàíòîâîå óïðàâëåíèå â òîìîãðà�è÷åñêîì ïðåäñòàâëåíèè 17



Con
lusions

The quantum 
orrelations re�e
ted by the phenomenon of the quantum

steering available in the two-qubit system take pla
e also in the single

qudit j = 3/2.

We demonstrate the inequalities for the 
orrelation fun
tion dete
ting

the presen
e of the steering not only for the two-qubit states but also

for the single qudit j = 3/2 state.

The physi
al meaning of these hidden 
orrelations is di�erent from the


ase of two qubits 
orrelations. The observables to be measured for the

obtained 
orrelation being mathemati
ally 
ompletely equivalent to

observables measured in the experiment with two qubits are di�erent

for the single qudit.
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