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ems and Applica

m Problem
the steering property (Einstein A., Podolsky Yu. and Rosen N., (1935))
known for two-qubit state in terms of specific inequalities for the
correlation function is translated for the state of the single qudit with
the spin j = 3/2.
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the tomographic probability representation for the qudit states is
applied.
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Problem

the steering property (Einstein A., Podolsky Yu. and Rosen N., (1935))
known for two-qubit state in terms of specific inequalities for the
correlation function is translated for the state of the single qudit with

the spin j = 3/2.

Method
the tomographic probability representation for the qudit states is

applied.

Application

the study of the information and the entropic properties of the
superconducting multilevel circuits (Kiktenko et all (2015), Glushkova
et all (2015)) where the notion of the artificial two-level atoms playing
the role of the qubits is used.



s the quantum steering?

The density matrix of the system state in a four-dimensional Hilbert space
Hap iS pag, pae = Phg, Trpas = 1.

The correlations in such system can be described by the joint probability
function

P(a,b|A,B) = /p,\P(a|A,)\)P(b\B,)\)d)\.

P(alA, \) - the probability distribution of the measurement outcomes a
under setting A for a hidden variable .
px - the probability distribution of the hidden variable A, py - its hidden
state (a local hidden state (LHS)).
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s the quantum steering?

If the following model of the correlation

P(a,bjAB) — /pAP(a\A,)\)Tr(%(b\B)p&b))d)\

does not exist, then the state is steerable (Zukowski et all, (2014)).
7(b|B) - projection operator for an observable parameterized
by the setting B,

e f th B
Py~ -some pure state of the system B.
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The correlation function

The quantum correlation function for the two-qubit state is determined by
— — — —
E(ki,k2) = Tr(ki- o @ka2-dp),

z _t>1e vector built out of the Pauli matrix,
ki, ko - the unit Bloch vectors of the measurement directions equal to +1.

The EPR steering can be detected through the violation of the steering
inequalities.
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The spin tomogram

The spin tomogram

w(X) = w(m,ma,u) = < mmylupu’|mm, >

is the probability to obtain m; = —j1, —j1 + 1,... ],
Mo = —jo,—jo+1,...,j2,J12=0,1/2,1... as the spin projections on
directions given by the unitary matrix u.

U - the unitary rotation matrix of the size N x N, N = (2j1 + 1)(2j> + 1).
We choose U = U1 ® Uz, Uj = Ui(oi,(pi, ’L/J.) = Ui(ﬁi),i = 1,2 of irreducible
representations of the SU(2) - group.
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The spin tomogram

The spin tomogram

w(X) - w(ml7 ma, U) = < m1m2|UpuT|m1m2 >

is the probability to obtain m; = —j1, —j1 + 1,... ],
Mo = —jo,—jo+1,...,j2,J12=0,1/2,1... as the spin projections on
directions given by the unitary matrix u.

U - the unitary rotation matrix of the size N x N, N = (2j1 + 1)(2j> + 1).
We choose U = U1 ® Uz, Uj = Ui(oi,(pi, ’L/J.) = Ui(ﬁi),i = 1,2 of irreducible
representations of the SU(2) - group.

The conditional probability of projections of spins m;, m, on vectors iy, N

on the Bloch sphere
w(ml, m2|ﬁ1, ﬁz) =< m1m2|u1(ﬁ1) ® Uz(ﬁz)pui(ﬁl) ® U;(ﬁz)‘mlmz > .
The marginal probability distributions of the first and the second qubit are
J2 i1
wi(my|ny) = Z wi(mg, mz|A1),  wi(mz|fz) = Z wa(mg, mz|Az).

my=—jp my=—jp
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del in the Form of the Tomogram

The state is called separable if and only if the density operator of the
composite system p can be written as

k k
E et ® p3, E px = 1.
k k

The tomogram can be written as

w(m, MRy, M) = Zpkwl m1|n1) (m2|n2)

Zp w1 ml\nl, )UJz(m2|ﬁ2,)\).
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The dequantizer and the quantizer operators are defined as as

w(mg, M, Ay, Az) = Tr(pU(my, M2, Ay, A2)),

Z)\: Z /w(ml7m27ﬁlyﬁZ)B(ml7m27ﬁl7ﬁ2)dﬁldﬁ27

mg,mz

For the two-qubit state (Filippov, Manko, (2009))

- 1~ 1~
U= <§| + mlF(WLQl)) ® (§| + sz(tﬂz,Qz)) ,

~ 1 (1~ 1 (1~
D= <Q (E' +3m1F(<p1,01))) ® (Q (E' +3sz(<p2792)>) ;

where 1 is the 2 x 2 identity matrix and

cos 6 —el¥sing
e '¥sinf  —cosd

Flen = ( _
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bhic Symbol

Any observable A can be identified with a Hermitian operator A.

The tomographic symbol wa(X) of the operator Ais

o~ ~

wa(X) = Tr (AU (x)), A:/wA(x)B(x)dx,

where lj(x)7 IS(X) are the dequantizer and quantizer operators, respectively.
v

The dual tomographic symbol w3(X) of the operator A is
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Tomographic form of the quantum correlation function

The quantum correlation function can be rewritten in the tomographic form
— —
E(ki, k) = /ws(x)w;’,(x)dx
or in the equivalent form

E(ki k) = / ()l (X)X

Z w/)(m:hm27ﬁlaﬁz)wg(ml7m27ﬁl7ﬁz)dﬁldHZa

my,mz

where we used the notation B = kio ® koo
Thus, we can write any steering inequality that contains the correlation
function in terms of the spin tomograms.

Mapkosuu JTio6oss | KBanTosoe ynpasjienue B ToMorpadbuieckoM NpeAcTaBieHun 11



The Single Qudit and the Two-qubit States Tomograms

The tomographic representation for the single qudit with the spin j = 3/2 is

The tomogram W (m, i) is the conditional probability of projections of the
spin m on vector N on the Bloch sphere.

The later tomogram depends on less amount of numbers comparable to the
two-qubit state tomogram.
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The Single Qudit and the -qubit States Tomograms

In (Manko, (1997)) it was obtained that any qudit state with the spin j can
be represented as

j .

) _ dw Bi

P - Z ﬁw(maaaﬁ)Bm(oﬁﬁ)'
m=—j

§jm1 («, B) - the quantizer operator.

For the single qudit state the it is defined by the following matrix

i(—1)m

Bé(a,ﬁ) = Blm(avﬁ) + 2(m + §)!(§ _ m)

. (5m52m(a, 8) + % sin BBam(a, 5)) .
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The Single Qudit and the -qubit States Tomograms

The quantizer for the single qudit system is

B(m.a,8) = 381 (a. )

The rotation matrix U®/?(q, 3, 7) for the single qudit state can be written
using Wigner’s D-function

DY) (a,8,7) = €™7dY) (8™,
where it holds
. o PN m’+m m —m
0 () o (2)” (3
Hence, the rotation matrix for the single qudit state has elements
US 2, 8,7) = DS/ 2@, B,7).
The dequantizer operator is defined by the matrices

Um, o, 8) = UG (a,8,y)m >< mu?(q,s,7).
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The Single Qudit and the Two-qubit States Tomograms

The relation between the two-qubit system and the single qudit system
tomograms is

w(ml7m27ﬁl7ﬁ2) — /W(m.ﬁ)Klzdﬁ,
where we introduce the kernel function
Kiz = Kiz2(m1, mz, m, fig, Az, A) = TrD(m, A)U(my, m2, Ay, A2).

The kernel depends on three quantum numbers and six angles.
The inverse transformation is

W(m,ﬁ) :/w(ml,mz,ﬁl,ﬁz)K21dn1dnE,

Ko1 = Koz (Mg, M2, m, Az, Mz, ) = T“S(mh My, A1, ﬁz)a(m> n).

For the dual tomographic symbols
wd(mh mo, ﬁl7 ﬁz) - / Wd(m7 ﬁ)K]l.jZdﬁ7
w(m,R) = /wd(ml,mz,ﬁl,ﬁz)szldnjdnE,

where the kernels are K& = Ko; and K& = Kia.
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Steering Inequality for the Two-qubit State

In (Zukowski, 2014) the steering inequality for the two-qubit state is based
on the maxima of the correlation function

( k 17 ZTIJklI k2]

ij=1

T;j - components of the correlation matrix.

If the bipartite state is non-steerable, then the following inequality is
fulfilled

ﬁ
?ma?x(E(kLkz > SZT'J

z i,j=1
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The Single Qudit Steering in the Spin Tomographic Representation

We can write the correlation function of the single qudit state as

- =
E(K1, K2 = / Wiyt () WO (y)dy.

Using the intertwining kernels we can deduce that the correlation functions
are mathematically completely equivalent.

- —
E(kl7 kz) //dnldnz Z /W m n Wk10®kzg(m n)K12K21dn
ml,msz%
— (K1, Ka).

Mapkosuu JTio6oss | KBanTosoe ynpasjienue B ToMorpadbuieckoM NpeAcTaBieHun 17



Conclusions

m The quantum correlations reflected by the phenomenon of the quantum
steering available in the two-qubit system take place also in the single
qudit j = 3/2.

m We demonstrate the inequalities for the correlation function detecting
the presence of the steering not only for the two-qubit states but also
for the single qudit j = 3/2 state.

m The physical meaning of these hidden correlations is different from the
case of two qubits correlations. The observables to be measured for the
obtained correlation being mathematically completely equivalent to
observables measured in the experiment with two qubits are different
for the single qudit.
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