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TV show “The Voice”

Best-choice game Nk y, where K experts, N candidates




Best-choice game with incomplete information

k experts observe a sequence of i.i.d. random variables (x;, y;),
i =1...,n, which represent the quality of incoming objects.

The players observe only the first component x; (vocal).
yi (attractiveness) is hidden.

Each player has a possibility to select only one contestant.

Each expert has to maximise the resultant quality x; + y; of the selected
candidate.

In the game-theoretic approach the goal of the player is to select the
candidate with the resultant quality which is higher than the resultant
qualities of the selected candidates by other players.



A best-choice game with incomplete information

On the first step the experts observe the value x; from the collection of
qualities (x1, y1) of the first candidate. Each player can choose the
contestant or reject it.

If one of players makes a choice other players continue the selection.

If k players select a candidate, the contestant chooses each coach with
equal probabilities 1/k.

If the contestant is rejected by all players he or she leaves the scene.

After the players made a choice they compare the selected values
Xi; +y,'j,j =1,... k.

A player with the maximal value of these qualities is winner in this game.



Best-choice game Ik » with two candidates

Let n = 2, i.e. there are two candidates for a position.
On the first step the experts observe a value x;.

Determine the selection rules of experts via threshold value v, so, the
expert selects a candidate if x; > u.

Suppose that K — 1 palyers use the strategy v. The profile of strategies is
K-1
vt

We find the best responce of player | u, and demand that u is equal to v.



Best-choice game Ik » with two candidates

Assume that u > v.

The payoff of first player is

1
HK72(U, VKil) = E?(I{xlgv} + I{x;)u})+

1
t—gPletre2xtyn/v<a<u}=

12 6 4 6 12 6 4 6 K



Best-choice game Ik » with two candidates

Hk 2(u, vK~1) is concave on u and convex on v.
It yields the existence and uniqueness of the equilibrium.

Symmetry gives u* = v* and

The value of game is 1/K.



Best-choice game Ik » with two candidates

For K=2 w5 =u"=v*=0.5,
For K=3 w3 =u"=v*=0.272,
For K=4 up4 = u* = v* =~ 0.147.

For K > 6 optimal thresholds are equal to zero.



Best-choice game I, 5 with two experts

There are N candidates and two experts. A chosen candidate selects an
expert with probability 1/2.

From symmetry Ho y = 1/2 and optimal threshods are equal. .
Assume that expert Il made a choice with resulting candidate's quality z..
Expert | continues the selection. This game is I'1 ,(z).

Expected payoff of | is Hy ,(z).



Best-choice game I, 5 with two experts

Current candidate (x1, y1).
Let uy,, —threshold. .

If x; < uy,, expert | rejects the candidate and go to next step with
expected payoff Hy ,—1(2)..

If x; > uy,, | accept the candidate and wins iff x; +y; > z.
Optimality equation

Hin(z) = E{H1,n-1(2) * lpg<un,} + P{x1 +y1 2 z/x10 > w10}



Best-choice game I, 5 with two experts

fz<1

z

1
H17,,(Z) = Hl,,,,l(z) “Uin+ /(1 — (Z — Xl)) dxq -I—/ dxy.

ux n

lfz>1(nn<1)

Hl’,,(Z) = H17,,,1(Z) sUin + /(1 — (Z — Xl)) dX1.

u il



Best-choice game I, 5 with two experts

Optimal threshold vy p:

P{ul,n +}/1 P> Z} - Hl,nfl(z)a

It yields
U17n =Z — (1 — H17n_1(2)).
Hin-1(z) i+ [(1=(z—x1))da+1—2z, 2z<1,
Hin(2) = uli"
Hin-1(z) - uip+ [ (1= (z—x1))dx, z > 1,



fn=0

If n=1 then v;1 =0,
1-2,z<1
_ 20 ’
Hi1(2) = {(2—22)27 z>1.
If n=2then u1 2 = H;1(z) — (1 —z), and

z—% z<1,

u =u
12 = u12(z) = {(z SN

1.4 2.3
Hra(7) = Elg(z 422 —2i—8),z<1,
5(2—2) (z2+4),z>21,



Best-choice game I, 5 with two experts

Simplifying

Hl,n(Z) = {

(1= Hip1(2)) P+ Hip1(2)z+1—2, 2 <1,
(1= Hi,p-1(2))* + Hina(2)2 4+ 1 (2 -2~ 1), 2> 1,
(2)

NI NI



Best-choice game I, 5 with two experts

Game I n:
Let experts use the thresholds: v and v, u > v.

Payoff function:

v 1

1 1
Ha n(u, v) :/5' dxq +/§' dxy+
0 u
u l—xq X1+y1
+/{ / [Hl,N—l(Xl +y1)-un+ / (1—(a+y1—x2)) dxo+
v 0 ui N

1
+1—(xq + )/1)] dyr + / [Hl,N—l(Xl +y1) - Nt
1—xq

1
+ / (I—=(x1+y1—x)) dXz] d}/1:| dxy.
1,N

u;
,



Best-choice game I, 5 with two experts

Ha n(u, v) is concave in u and convex in v. Optimal thresholds:

1—u* u+ty1
/ Hin—i(u+y1) uin+ /(1f(U+y1sz))dXz+1f(U+y1) dyi+
0 uy N

1

1
1
+ / Hyn—1(u+y1) - uin + /(1 —(U+y1 —x2))dx2| dy1 = 5

1—u* ug N



Best-choice game I, 5 with two experts

v* | 05| 0.637 | 0.711 | 0.757 | 0.790




Best-choice game Ik p.

General case: N candidates and K experts.

Stage: n candidates and k experts, and z is current maximal quality,
0 <z < 2. This game is [, »(2), its value is Hk n(z). Notice
HK,N = HK,N(O)-

Symmetry: optimal strategies are equal and Hy ,(z) < 1/k.
Payoff function in game:
Hy.n(z) = Val{H n(u, Vi),

where (v < u)



v u

1
Hi n(u, v< 71| 2) :/Hk,n—l(Z)Xm+/dX1/Hk717"*1(z\/X1 Fy)dnt
0 v 0

=
[

1
+/ du | / (1= (k= 1)Hi—1n-10a +y1)) dyr +

u (z—x1)VO

1
1
+ <1 _ k) /Hk_1,n—1(2 Vxaty)dn |,
0

where aVV b = max(a, b).



Best-choice game Nk

K=3 K=2
uz1 =0 up1 =0
uz2 = 0.272 U2 = 0.5
uz 3 = 0.465 U3 = 0.637
uz a4 = 0.591 uz 4 = 0.711
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