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Goal and tasks

Goal of the research

Demonstrate the link between online optimization and game theory (the
behavior of the users of the transport network)

@ Briefly describe several versions of the mirror descent method

@ Formulate the problem that user of the transport network is to solve
as the optimization problem

@ Explain the behavior dynamics of the transport network users
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General problem

The sequence {x*} € Q is required to be chosen so that the pseudo regret
is minimum:

v (16,00, ) = 2 () -
k=1 k=1

Mz

(1)
based on the information known

{fol (x',€Y) 5o Vot (xk_l,fk_1>}

calculating the x.
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General problem

The following conditions are to be satisfied:
max [[x — y|| < R.
xy€Q
1) for every k =1,..., N (k71 - sigma-algebra generated by &%, ...,
)
Ee, [V (x*,69)| = VA ().

Regarding the class of functions from which we choose {f (-)}, the
following conditions are assumed ycrosus:

2) {fx(-)} — convex functions;
3) forevery k=1,.... N, x € Q

Vi (x, )2 < M2,
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Mirror descent method

d(x):d(x})=Vd(x') =0.
xt = arg)r(r%ig d(x)

Vily) =d(y) —d(x) =(Vd (x),y =x).
we believe that d (x) = V,a (x) < R? for all x € Q.
. . . Lk
Mirr,« (&) = arg min {<g,y x > + Vik (y)} :
Mirror descent method (MDM) for the pronlem described above will be:
XK L=Mirr (aVka (xk,§k>> . k=1,..,N.

Then if the condition (2) is satisfied, for every u € Q, k =0,..., N — 1 the
inequality holds:

e <fok (xk,fk) Xk — u> < O; HVka (Xk,fk) j—k Vir (1) — Vi (u) .
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Example 1 (simplex)

:5,,(1):{x20: Zn:x,-zl}.

Choose ||| = [||l;, d(x) = Inn+Zx,Inx,

Then MDM will be: (a« = M~ \/2Inn/ :xt=1/n, i=1,..n,
k=1,..,N,i=1,.

k k ¢k
ro¢r of, ,

oxp (_ 5" adhle )> <k exp <_a k(axXi& ))
X-k+1 _ r=1 —

! n k rer n of(xkex)\

of, s k ’
Z exp <_ Z aQ (r;(X/E )> Z Xlk exp <_a (BX/ )>

I=1 r=1 I=1

Estimation of the pseudo regret:

Regrety ({(-)}. {x*}) < m 2',3”
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Example 2 (the direct product of simplexes)

x= (2402 € Q= I1 5 ()
j=1

ST d(x) =D didd (), d (Z) = dilnn+> 2l In <ZJ> .
Jj=1 J

j=1 i=1

Denote: a; = M~1,/2Inn;/N, MDM: z/ = d;/n;, i=1,..,nj, if
k=1,..,N,i=1,...n,j=1..m

k
_ Of(x") p G,
- exp( rZ::laJ o] ) X exp( Q; o]
A K k() =4 K () )
/;1 P <_ El Y 0z > lzzl)(I TPTY oz

Estimation of the pseudo regret:

~ max Innj m
Regrety ({fk()} , {x"}) < %J‘l’"{} (Z d? + 1)

2j:TAi-rlm{ln nj}
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Example 3( the choice between the vertices of the simplex

Additional conditions:
4) fi (x) = </k >, k=1,..., N;
5) At each step the generation of the random value x¥ according to the
probability distribution p¥ is performed independently. The choice of
fi is carried out without knowledge of x*.
Given pt =xt =1/n, i=1,...,n.f k=1,..,N,i=1,.. naccording to
the probability distribution (o = M~1,/21Inn/N)

k
afr r7 r 6f B
exp (— > gt )> plexp ( el ))
1_ _

oo o (xr n of (xk k) \
E exp< E Ota E‘;(xf )> Iz:lplk exp —CKI((TI)
=1 -

generate random variable / (k + 1), and assume

Xy =1 X =0.j 2 i(k+ 1)

Estimation of the pseudo regret:

Regrety ({f (1)} {x*}) < My/3 (Vinn +6v/m(o 1)) with P >1 -0

k+
Pi
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The Shortest path problem: problem set

(V, E) - the graph of the transportation network

OD C V® V (|OD| = m) — a set of the pairs of source-drain;
d,, — correspondence, corresponding to the pair w;

xp — a flow along the path p;

P,, — a set of the paths according to the correspondence w, P = |J Py;
weOD

L — the maximum number of edges in the path from P.
The costs of passing the edge e € E are desctibed by the function
0 < 7e(fe) < M, where f. — a flow along the edge e:

1, ee
w00 = Lo = { 250

peP
Given M = ML.
Gp (x) = >° Te(fe (x)) dep — the costs on the path p.
eckE
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The Shortest path problem: solution scheme

Similarly to the example 2 introduce:

X=<x>0: pr:dw,WEOD ,
pEPw
fe(x)

V(x) =) / e (2)dz : VV (x) = G (x).

ecE 0

Givend, :=d,-N, N>1 wecOD, nr(f):=r (fe/l\_l).
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The Shortest path problem: user behaviour

@ Each individual user of the transport network solve independently its
own problem as in the example 3.

@ The user know at the step k + 1 the exact information regarding the

k
""cost history”{llg ={Gp (x’)}pepw}r:1.
@ We assume that 0 < {I,’j} < M can be chosen adversely to the user’s
intention.
@ User tends to act optimally (with i = p, n = |Py|).

@ The number of the users is assumed to be N > 1. All users behave as
described above.

@ So if we consider the entire transport system the estimation of the
pseudo regret will be similar to the ones from the example 2.
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The Shortest path problem: solution scheme

Thus, the optimization problem: ¥ (x) — mi)rg,
X€

N
fi (x) = W (x), NZ W, =V (x,),
k=1

j=w. d={x},cp,. 1 =IPul.

1
= M~1y/2Inn;/N, NRegrety < Tax o <R2+2M2N max aj2>
,m

yer Jj=1,...m

Pseudo regret estimation:

~ max {Inn-} m
\Uj ()'(N) — W, < Regrety < %% (Z dj2 + 1)
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Conclusion

The solution of the oprimization problem W (x) — mi)rg not only provides us
IS

with the equilibrium flow-distribution along the paths.

The individual stochastic dynamics (described in the example 3) arising
from the solution the individual online optimization problem by each user of
the transport network leads to the deterministic dynamics of the entire
transport system when number of users tends increases with the
estimations of the pseudo regret similar to the ones from example 2.
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