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Introduction

A Stochastic Differential Equation (SDE) is an equation of the form

t t
Xt:X—l-/ b(u,Xu)du—|—/ o(u, X,-)dZ,, (1)
0 0

where the coefficients:
o b:Ry x RY = RY, is bounded or Lipschitz,
e 0:R, x RY — RY ® RY, Holder and bounded.
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Introduction

A Stochastic Differential Equation (SDE) is an equation of the form

t t
Xt:X—l-/ b(u,Xu)du—|—/ o(u, X,-)dZ,, (1)
0 0

where the coefficients:
e b: Ry x RY — RY, is bounded or Lipschitz,
e 0:R, x RY — RY ® RY, Holder and bounded.
@ (Z:)e>0 a Lévy process in RY

o Brownian Motion : the continuous case
o Stable Process : the pure-jump case

the solution (X;)¢>0 is an R9-valued stochastic process.

3/36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction Presentation
Known estimates
Main Purpose

Introduction

A Stochastic Differential Equation (SDE) is an equation of the form

t t
Xt:X—l-/ b(u,Xu)du—|—/ o(u, X,-)dZ,, (1)
0 0

where the coefficients:
e b: Ry x RY — RY, is bounded or Lipschitz,
e 0:R, x RY — RY ® RY, Holder and bounded.
@ (Z:)e>0 a Lévy process in RY

o Brownian Motion : the continuous case
o Stable Process : the pure-jump case

the solution (X;)¢>0 is an R9-valued stochastic process.

— We are interested in the density of the solution
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Motivation

The solution of an SDE is a Markov process and its generator writes:
@ In the Brownian case:

1
Le(x, V)p(x) = (b(t, x), Vep(x)) + ETr(aU*(t,x)Vzgo(x)).
@ In the pure-jump case, denoting v the Lévy measure of (Z;)¢>o,
Le(x, Vi)p(x) = (b(t, x), Vi(x))

(Vo(x),o(t,x)z)
+/R,, plx +o(t, x)z) = p(x) - 14 |2[2

v(dz).
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The solution of an SDE is a Markov process and its generator writes:
@ In the Brownian case:

1
Le(x, V)p(x) = (b(t, x), Vep(x)) + ETr(aU*(t,x)Vzgo(x)).
@ In the pure-jump case, denoting v the Lévy measure of (Z;)¢>o,
Le(x, Vi)p(x) = (b(t, x), Vi(x))

(Vo(x),o(t,x)z)
+/R,, plx +o(t, x)z) = p(x) - 14 |2[2

v(dz).

Moreover, when b and o are non degenerated, the solution of the Cauchy
problem:

{8tu(t,x) + Le(x, V) u(t, x) =0

u(T,x) =1f(x)
Then: u(t,x) = E[f(X7)|X: = x] = [pa F(¥)p(t, T,x,y)dy.
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The solution of an SDE is a Markov process and its generator writes:
@ In the Brownian case:

1
Le(x, V)p(x) = (b(t, x), Vep(x)) + ETr(aU*(t,x)Vzgo(x)).
@ In the pure-jump case, denoting v the Lévy measure of (Z;)¢>o,
Le(x, Vi)p(x) = (b(t, x), Vi(x))

(Vo(x),o(t,x)z)
+/R,, plx +o(t, x)z) = p(x) - 14 |2[2

v(dz).

Moreover, when b and o are non degenerated, the solution of the Cauchy
problem:

u(T,x) =1f(x)
Then: u(t,x) = E[f(X7)|X: = x] = [pa F(¥)p(t, T,x,y)dy.
— The density of the solution of the SDE is the Green function.

{8tu(t,x) + Le(x, V) u(t, x) =0
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The non degenerated Brownian case

The objective is to give a two-sided estimate of the density of the
solution (when the density exists).

@ In the Brownian case, we know that when oo* is Holder and
uniformly elliptic, ie: 3C > 1, Vx, & € RY, vVt > 0,
CHEP < (€ 00™(1,x)€) < CIE,

the density of the solution exists and the following Aronson
estimates holds: VT >0, 3G, G > 1,

x —y]?
_c;r—2°
G 2 s—t

(s—t)a2°

2
Xy

C—l
! s—t <p(ts xy)<

(s—1)d2®

— We have a Gaussian estimate on the solution of the SDE.
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The non degenerated Stable Process

When (Z;):>0 is a stable process:
B> 2) —ep (<t [ 1p0)"u(a0)).
Sd—-1

@ when 1(d6) has a strictly positive and smooth density on the sphere,

@ when o is non degenerated,

we have a similar result Vx,y e R%; 0 <t <s < T:
B (S _ t)fd/a (S _ t)fd/a
c1 @ < p(t,s,x,y) < C T
(1+ 25:) (1+ Z5%)

— Once again the estimate on the noise is transmitted to the solution
of the SDE
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Main Goal

The main purpose of our work is to obtain Aronson estimates for other
types of noise.

@ The tempered stable process: when the Lévy measure of (Z;)¢>0 is
dominated by:

+oo )
v(A) </ / sp(db).
Ssd-1
o the degenerated stable process:

dX! = (ai'Xl+ al?X2+ -4 ab " IXIT 4 ap XD ) dt + o(t, Xe- )dZ,
dX? = (ap'X 4 a?iXP+ 4 a"TIXET 4 A" XD ) dt
dX3 = (af’2xf+ I S (AP
Xy = (amxe=t 4 apxp) ot
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The Parametrix for SDEs

@ We consider the SDE:

t t
thx+/ b(u,Xu)dqu/ o(u, X,-)dZ,. (2
0 0
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A A Convergence of the series
The Parametrix technique S iy dio dhnriy
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The Parametrix for SDEs

@ We consider the SDE:

t t
thx+/ b(u,Xu)dqu/ o(u, X,-)dZ,. (2
0 0

e Fix y € RY arbitrary terminal point where we wish to approximate
the density of (2).

o We freeze the coefficients of (2) at point y:

t t
)~(tyzx+/ b(u,y)du+/ o(u,y)dZ,.
0 0
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Convergence of the series

Stability for the density

Well-posedness of the Martingale Problem and Parametrix

The Parametrix technique

The Parametrix for SDEs

@ We consider the SDE:
t t
Xe = x +/ b(u, X,)du +/ o(u, X,-)dZ,. (2
0 0

Fix y € RY arbitrary terminal point where we wish to approximate
the density of (2).

o We freeze the coefficients of (2) at point y:

t t
K =xt [ buy)dut [ oty 3)
0 0

We refer to (Xt)tzo as the frozen process.

Formally, those two processes should be close.

@ The freezing point y is arbitrary.
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The Parametrix Series

(P - ﬁ)(t,S,X,y)
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A A Convergence of the series
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The Parametrix Series

(p_ﬁ)(tasvxay):/ du 8u / p(ta u,X,z)fJ(u,s,z,y)dZ
t Rd
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The Parametrix Series

(o= p)esxn = [ doan( [ pleux2)ptu.s. 200 )

= / du( Oup(t,u,x,2)p(u,s,z,y) + p(t,u,x,z)0up(u, s, z,y)dz)
t R
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The Parametrix Series

(b B)(t,5,%,y) = /Sduau(/de(t,u,x,z)ﬁ(u,svz,y)dz)

= /du/ dz(Lu(x7V2)*p(t,u,x,z)f)(u,s7z7y)
t Re

_p(t’ u, X, Z)L (Yavz)f’(‘hsaz»}/))
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The Parametrix Series

(o= p)esxn = [ doan( [ pleux2)ptu.s. 200 )

du ( Oup(t,u,x,z)p(u, s, z,y) + p(t, u,x,z)&,fa(msz,y)dz)

~p(tu,x 2)Luly, Vo)B(u,5.2,))

du p(t, u,x,z) (Lu(x7 V2) — Lu(y, Vz)>f)(u, s,z,y)dz.
R

|
— /du/Rdd u(x, V2)"p(t, u,x, 2)p(u, s, 2, y)
A

=H(u,s,z,y)

Thus

p(t,s,x,y) = b(t,s,x,y)+/ du/ p(t,u,x,z)H(u,s,z,y)dz
t Rd
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The Parametrix Series

(o= p)esxn = [ doan( [ pleux2)ptu.s. 200 )

du ( Oup(t,u,x,z)p(u, s, z,y) + p(t, u,x,z)&,fa(msz,y)dz)

~p(tu,x 2)Luly, Vo)B(u,5.2,))

du p(t, u,x,z) (Lu(x7 V2) — Lu(y, Vz)>f)(u, s,z,y)dz.
R

|
— /du/Rdd u(x, V2)"p(t, u,x, 2)p(u, s, 2, y)
A

=H(u,s,z,y)

Thus

S
p(t,s,x,y) = b(t,s,x,y)+/ du/ p(t,u,x,z)H(u,s,z,y)dz
t R4
= p(t,s,x,y) +p@H(t,s,x,y).

9/36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



The Parametrix Series
The Parametrix technique Convergence of the series

Stability for the density
Walbeeree oo & Ao st ErelHon ondl Premsimss

Let (P:.s)o<t<s the semigroup associated to (X! )o<i<s.
Vo< t<s, (x,y) € (RY)?, f:RY = R, bounded and measurable,

+oo

P: sf(x) = E[f(Xs)|X: = x] = /R" (Z(f)@ H(’))(t,s,x,y)> f(y)dy,

r=0

The notation ® stands for the time-space convolution:

D@60 7) = / dl / = e, 0, 2 6,2, )
t Rd

The sum of the series then provides a representation of the density of
(X3¥)s>0, we have V0 < t < T, (x,y) € (RY)?:

+0oo

p(t,s,x,y) =Y (B®HI)(t,s,x,y).
r=0
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The Parametrix Series

Convergence of the series

Stability for the density

Walbeeree oo & Ao st ErelHon ondl Premsimss

o First step is to obtain an estimate on the frozen density:

f’(t757x7)/) < Cb(tasaxay)

ex: In the case of the non degenerated rotationally invariant stable

process, one has:

Bt 5,%,y) = Cls — )~/ (14 X =XL )=+,

Lorick Huang
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Convergence of the series

Stability for the density

Walbeeree oo & Ao st ErelHon ondl Premsimss

The Parametrix technique

Convergence of the series

o First step is to obtain an estimate on the frozen density:

f’(t757x7)/) < Cb(tasaxay)

ex: In the case of the non degenerated rotationally invariant stable
process, one has:

p(t,s,x,y) = C(s — t)~9/*(1+ (b/_))(t)‘(dm)'
S—1t)a

@ Next we obtain an estimate on the kernel H.
ex: For the stable case, one has:

S A |y — x|"ert)

H(t <C
(t,5,%,y) < p—

ﬁ(t,S,X,y),
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Stability for the density
Walbeeree oo & Ao st ErelHon ondl Premsimss

@ Finally, one of the key steps of the procedure is to prove a
regularising property for the kernel for some w > 0:
S Ay — x[mer)

B(t,s,x,y)dx < C(s—t)*~ 1.
R s—t

/ H(t,s,x,y)dx < C
R
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The Parametrix technique Convergence of the series

Stability for the density
Walbeeree oo & Ao st ErelHon ondl Premsimss

@ Finally, one of the key steps of the procedure is to prove a
regularising property for the kernel for some w > 0:
S Ay — x[mer)

B(t,s,x,y)dx < C(s—t)*~ 1.
R s—t

/ H(t,s,x,y)dx < C
R
@ This property allows to prove convergence of the series in small time:

s S — Z|m(anl)
|[)®H(t,s,x,y)| < C/ dT/d [_)(t,T,X,Z)M[_J(T,S,Z,y)dZ
t R

S—T
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The Parametrix technique Convergence of the series

Stability for the density
Walbeeree oo & Ao st ErelHon ondl Premsimss

@ Finally, one of the key steps of the procedure is to prove a
regularising property for the kernel for some w > 0:
S Ay — x[mer)

B(t,s, x,y)dx < C(s—t)“ L.
R s—t

/ H(t,s,x,y)dx < C
R

@ This property allows to prove convergence of the series in small time:

S A |y — z|[(er)

[_J(T,S,Z,y)dz
S—T

S
|[)®H(t,s,x,y)| < C/ dT/ [_J(t,T,X,Z)
t R
@ The convergence of the series then gives the upper bound for small
time:
p(s,t,x,y) < Cp(t,s,x,y).
@ We then extend the upper bound to arbitrary time exploiting the
semigroup property:

k
p(t,s,x,y) = ) dzy - /d dzy Hp(T;,T;+1,Z/,Z;+1) < CFp(t, s, x, y).
R R i=0
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The Parametrix technique

Stability for the density

In this section, we discuss the problem of quantifying the distance
between the density of

S s
Xs :X—l—/ b(u,Xu)du—l—/ o(u, X,)dZ,
t t
and the one of
s s
X7 :X+/ b,,(u,X,j’)dqu/ on(u, XNdZ,,
t t
in terms of the distance between the coefficients (in a certain norm):

Ap=|b— by + |0 — 04 " 0.
n—-+o0

— We use the Parametrix series representation and quantify the
distance between each terms
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The Parametrix technique

Stability for the density (Il)

Starting from the parametrix representations:

+o0 oo
p(t,s,x,y) =Y BoHY(t,5,x,y), palt,s,x,y) =Y Ba@H{(t,5,x, y).
k=0 k=0
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The Parametrix technique

Stability for the density (Il)

Starting from the parametrix representations:

+o0 oo
p(t,s,x,y) =Y BoHY(t,5,x,y), palt,s,x,y) =Y Ba@H{(t,5,x, y).
k=0 k=0

Thus, we write:

—+o00

p(t,s,x,y) = palt,s,x,y) =Y (13 @ HW - B, ® H,(,k))(l% 5, %,Y)-
k=0

We control each term with an estimate involving A,p(t, T, x, y).
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Stability for the density (Il)

14 /36

Starting from the parametrix representations:

+o0 oo
p(t,s,x,y) =Y BoHY(t,5,x,y), palt,s,x,y) =Y Ba@H{(t,5,x, y).
k=0 part

Thus, we write:

—+o00

p(t,s,x,y) = palt,s,x,y) =Y (13 @ HW - B, ® H,(,k))(l% 5, %,Y)-
k=0

We control each term with an estimate involving A,p(t, T, x, y).
For the first term, we have:

‘ﬁ - ﬁn|(t7 T,X,y) S CAHI_)(t’ T,X,y).
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The Parametrix technique

Stability for the density (IlI)

We proceed by induction
poHKD _p o Hk+D) — (ﬁ@/—/(k)—ﬁn@Hgk))®H+ﬁn®Hgk>®(H—Hn).
For the next terms, we use the following estimate:

S Ay — x[mer)

H*HntaTav SAn
[H = Hal(t, T x,y) < € —

l_)(t’ T7X7.y)'

— It is a bound similar to the usual one, with the additional factor A,,.
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The Parametrix Series
. . Convergence of the series
The Parametrix technique Stability for the density

WA ere e o e s el crdl Foermenis

Stability for the density (IlI)

We proceed by induction
poHKD _p o Hk+D) — (ﬁ@/—/(k)—ﬁn@Hgk))®H+ﬁn®Hgk>®(H—Hn).
For the next terms, we use the following estimate:

S Ay — x[mer)

H*HntaTav SAn
[H = Hyl(. T.x.y) < C —

l_)(t’ T7X7.y)'

— It is a bound similar to the usual one, with the additional factor A,,.

Theorem (Konanov et al.- 2015, H.-2016)

Fix a finite time horizon T > 0. For all t < T and all x,y € RY, there
exists C > 0 such that

|(P - pn)(ta T’Xv}/)| S CA,,ﬁ(t, T,va)'
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The Parametrix Series

Convergence of the series

Stability for the density

Well-posedness of the Martingale Problem and Parametrix

Well-posedness of the Martingale Problem and Parametrix

16 /36

@ Assume P! and PP? are solution to the martingale problem associated
to (Ls)se[e, 7], Starting at x at time t:

(s, Xs) — f(t,x) — / (au + Lu) f(u, X,)du is a P’ martingale
t

e For f:[0, T] x R" — R, measurable and bounded, we define:

T
S'f =K </ f(s,Xs)ds> ,
t

for (Xs)sefe, 7] the canonical process associated with (Pi)ie{1,2}-

Lorick Huang
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Convergence of the series

Stability for the density
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The Parametrix technique

Well-posedness of the Martingale Problem and Parametrix

@ Assume P! and PP? are solution to the martingale problem associated
to (Ls)se[e, 7], Starting at x at time t:

(s, Xs) — f(t,x) — / (au + Lu) f(u, X,)du is a P’ martingale
t

e For f:[0, T] x R" — R, measurable and bounded, we define:

T
S'f =K </ f(s,Xs)ds> ,
t

for (Xs)sefe, 7] the canonical process associated with (Pi)ie{1,2}-
@ Setting
SAf = S'f — §%f,
the aim is to show that SAf = 0, for f in a large enough class.
@ To that end, we prove that
[S2| := sup |SAf|=0.
Ifloo<1
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The Parametrix Series
Convergence of the series

The Parametrix technique S iy dio iy

Well-posedness of the Martingale Problem and Parametrix

@ Since P! and P? are solution to the martingale problem, we have:
Vf e Co'([0, T) x R™, R):
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The Parametrix Series
Convergence of the series

The Parametrix technique S iy dio iy

Well-posedness of the Martingale Problem and Parametrix

@ Since P! and P? are solution to the martingale problem, we have:

Vf e Co'([0, T) x R™, R):
o We then have

s
F(t,x)+E / (as + Ls)f(s,Xs)ds =0.
t
e Thus, for all f € C3'*([0, T) x R™, R),
sA ((a + L.)f) —0.

17 /36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



The Parametrix Series
Convergence of the series

The Parametrix technique S iy dio iy

17 /36

Well-posedness of the Martingale Problem and Parametrix

@ Since P! and P? are solution to the martingale problem, we have:
Vf e Co'([0, T) x R™, R):
o We then have

F(t,x)+E (/T (as + LS) f(s,Xs)ds> =0.

e Thus, for all f € C3'*([0, T) x R™, R),
$2((0.+ L)) =0,

o We make appear the frozen process:

sA ((a + L)f) + SA<(L‘ - Z.)f) —0.

Estimate on p Estimate on H
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The Parametrix Series
Convergence of the series

The Parametrix technique S iy dio iy

Well-posedness of the Martingale Problem and Parametrix

@ Since P! and P? are solution to the martingale problem, we have:
Vf e Co'([0, T) x R™, R):
o We then have

F(t,x)+E (/T (as + LS) f(s,Xs)ds> =0.

e Thus, for all f € C3'*([0, T) x R™, R),
$2((0.+ L)) =0,

o We make appear the frozen process:

sA ((a + L)f) + SA<(L‘ - Z.)f) —0.

Estimate on p Estimate on H

@ For h an arbitrary test function, we define

.
W, (t, x) :/ ds/Rdf)”s’y(t,s+67X7Y)h(57)/)d)/~
t n
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The Standard Stable Process

@ The stable process is a Lévy process presenting the auto-similarity
property:

7.9 ez,
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The Standard Stable Process

@ The stable process is a Lévy process presenting the auto-similarity

property:

7.9 ez,

@ This property translates on the Fourier transform:

| . Cyad
E(ePZ)) = exp (t/ / elPs? _ 1 i(p,59>1{|s<1}:1’+asﬂ(d9)>
0 5d71 N
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The Standard Stable Process

@ The stable process is a Lévy process presenting the auto-similarity

property:

7.9 ez,

@ This property translates on the Fourier transform:

| . Cyad
E(ePZ)) = exp (t/ / elPs? _ 1 i(p,59>1{|s<1}:1’+asﬂ(d9)>
0 5d71 N

= oot [, 10l u(d0)).

18 /36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



The Standard Stable Process
The Tempered Stable Process
The Stable Process The Degenerate Case

The Standard Stable Process

@ The stable process is a Lévy process presenting the auto-similarity
property:

(@)

th - Cl/aZt.

@ This property translates on the Fourier transform:

ip.2) o i{p.s0) - Ca.ath
E(e'P)) = exp|t d e\ —1 — ’<p556>1{|S\S1}51T’U(d9)
0 Sd-1

= oot [, 10l u(d0)).

o We refer to . as the spectral measure. Besides, when
YpeRY 3C>1 Clp < [ |(pln(de) < Clol”,
Ssd—1
we see that Z; has density for all t > 0.
— The spectral measure has an important role on the density of Z
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Stable-driven SDE

Watanabe [Wat07] shows that if there exists a compact K C S9! such
that: V0 € K € S971, vr < 1/2

Cl < p(BO,r)NK) < Cr,
then, Vx € R9 such that x/|x| € K:

t—d/a t—d/oz
T
(1+ %)
t1/

(1+ %)
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Stable-driven SDE

Watanabe [Wat07] shows that if there exists a compact K C S9! such
that: V0 € K € S971, vr < 1/2

Cl < p(BO,r)NK) < Cr,
then, Vx € R9 such that x/|x| € K:

t—d/(x t—d/oz
P < pz(t,x) < C—W~
(1+ %)
t1/

(1+ &%)

@ When the spectral measure is equivalent to the Lebesgue measure,
we have v = d.

C—l

— We recover the estimate on the rotationally invariant stable process

@ In general, we see that the spectral measure influences the tails the
stable process.
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@ When |x| < Ct'/®, the estimate is equivalent to:

C 79/ < py(t,x) < Ct=9/°,

o This is the diagonal regime.
o It is an estimate reflecting the auto-similarity of the stable
process.
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@ When |x| < Ct'/®, the estimate is equivalent to:

C 79/ < py(t,x) < Ct=9/°,

o This is the diagonal regime.

o It is an estimate reflecting the auto-similarity of the stable
process.

o When |x| > Ct'/®, we have:

~y—d ~y—d
Lt it

C <pz(t,x) < C

| x|t x|ty

o This is the off-diagonal regime

o It is an estimate reflecting the heavy tails of the stable process
in large deviation regime.

o For this bound to be integrable, we have the constrain
a+vy>d.
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The Tempered Stable Process

Consider now the case where the Lévy measure v only satisfy the

domination:
+o0
V(A < / / 14(s6)
sd-1Jo

(Upper bound) Assume that the function g : R, — R, is such that:
G(s) < Cqg(2s). If there exists v € [1, d] such that V¥ € S9=1 vr < 1/2:

a(s)

(e}

dspi(d).

p (B, rynse 1) <,
then, Sztonyk [Szt10] proves the upper bound:

tfd/oz _
pz(t,x) < C———a(lx]).

(1 + t‘f/'a)
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(Lower bound) Assume in addition that there exists A, C RY, a
decreasing function g, and « € [1, d] such that Vx € Ajon, ¥Vr > 0, we

have:

V(B(x, r)) > ¢ AlX) V(B(o, r)c) <Cre, o< r<l,

xfet
then we have the lower bound:

tfd/a
a5 9(X[) < pz(t, x). (4)
(1+ %)

@ Can we transfer these estimates to the solution of the SDE?

@ Kolokoltsov [Kol00] proves those estimates in the stable case, when
the spectral measure has a smooth strictly positive density.

-1
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Presentation of the results in the tempered case

We consider the SDE driven by such process (Z;)¢>o:

t t
Xt:XJr/ b(u,Xu)dqu/ o(u, X,-)dZ,,
0 0

with b = 0 when a < 1.
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Presentation of the results in the tempered case

23/36

We consider the SDE driven by such process (Z;)>o:

t t
Xt:XJr/ b(u,Xu)dqu/ o(u, X,-)dZ,,
0 0

with b = 0 when a < 1.
For all A € B, we define

ve(x, A) = v({z € RY; o(t,x)z € A}), (5)

and we assume that those measures satisfies:

+o0 =
ve(x, A) =1 (x, A)] < COA|x—x'|7(eAD) / 14(s0) ql(fl dsyu(db).
sd-1 Jg S

with o Holder continuous and bounded, uniformly elliptic: 3C > 1, such
that x,£ € R, t > 0,

CTHER < (€ 0o(t,x)8) < Clef.
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For fixed T > 0 and y € RY, we define:

K77 =t [ bl Our()do+ [ o(u.0ur(r)dZ,
t t

where
@ When the drift b is bounded, 6 is the identity map 6, 7(y) =y

@ When b is Lipschitz continuous, 6, 7(y) is the backward transport
by the solution of the deterministic ODE assiciated:

d

Eau,T(Y) = b(u,0,,7(y)), Or.7(y) =y, VO<u<T.
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For fixed T > 0 and y € RY, we define:

K77 =t [ bl Our()do+ [ o(u.0ur(r)dZ,
t t

where
@ When the drift b is bounded, 6 is the identity map 6, 7(y) =y

@ When b is Lipschitz continuous, 6, 7(y) is the backward transport
by the solution of the deterministic ODE assiciated:

d
Eau,T(Y) = b(u,0,,7(y)), Or.7(y) =y, VO<u<T.

Consequently, for the frozen process, we have the estimates proven by
Sztonyk:

3 (s—t)y=d/e
p(t,s,x,y) < C G q(|0t,s(y) — x).
(1 + feti!)
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@ What upper bound for the kernel H?

+oo -
" < a(p)dp
/0 /sd—l (p(ta5>X+p95y)_p(tasvxay))l{pZ(sft)l/O‘} p1+a /J/(de)
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@ What upper bound for the kernel H?

+oo -
" < a(p)dp
/0 /sd—l (p(ta5>X+p95y)_p(tasvxay))l{pZ(sft)l/O‘} p1+a /J/(de)

@ We have the following upper bound:

1/a § A |x = 0e,s(y)[ "M
|H(t757X7.y)| S C <(5_ t) 1 1{&>1} + ‘X L (y)| )

s—t
s — t)"d/a
( |6¢ (})/)—x| a+y Q(lgt,s(y) — X|)
(1 * W)

@ When b is bounded
o if 1 has a density, v = d and Q(s) = g(s),
o else, Q(s) = min(1,s7~1)g(s),
@ When b is Lipschitz continuous,
o if u has a density, v = d and Q(s) = min(1,s)g(s),
o else, Q(s) = min(1,s,s71)g(s).
— We degrade the tempering function to recover the good

concentration.
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Theorem (Upper bound)

There exists a unique solution to the SDE. That solution has a density
with respect to the Lebesgue measure t > 0, and x,y € R9:

]P(XS € dy|Xt = X) = p(tas7xay)dy'

Assume that the function Q define previously is decreasing: there exists
Cy > 1 depending on the maturity T such that:
YO<t<T, V(x,y) eRY,

(s —t)~d/

ly—6a(x)]
(1+ e )

p(t7S,X7y) S Cl oty Q(‘y - es,f(X)D'
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Theorem (Lower bound)

If there is Aoy C RY such that Vx € Ajow:

Vr >0, u(B(X7 r)) > ¢ LX)

=+
if for all (t,x) € Ry x RY, o(t,x)Ajow C Alow, and if
B(0:,7(y) — x, C(T — t)/*) C Aow,
then there is C, > 1 such that
(s —t)~9/e

C*l
] _es,t X

a7 d(ly — 0s,:(x)]) < p(t,s,x, ).
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The Degenerate Case

We now consider the degenerate setting:

dXt = (ap™X 4 al® X2+ -4 ap" 'XPTE 4 ap"XP ) dt + o(t, X, )dZ,
dXz = (ar Xt1+ aPPX24 b a"TIXET 4 AP X] ) dt
dX3 = (ai”zx,,?Jr R S (AP
n n,n—1vy,n— n,n n
dXr = ( Xty al Xt)dt

with initial condition Xo = x € R, where:
o Z € R¥ is an « stable, symmetric (possibly tempered).
o 0: R, xR" = RY @R is Holder continuous, uniformly elliptic
and bounded.
e av: R, — RY®RY, satisfying Hérmander condition, bounded
e For x € R™, we denote x = (x!,--- ,x"), with x' € R¢.
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Motivation

There degeneracy appears for instance:
@ For n =2, in the case of the asian option pricing for jump diffusions:

t t
Xt = x1+/ agxslds+/ o(s, Xs- )dZs
0 0
t
X2 = X2+/ a’Xlds
0

@ In Physics, the chain of perturbed oscillators:

1$Tg <l
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The degenerated Brownian case

@ When « = 2, Delarue and Menozzi [DM10] considered the chain:

aX; = R(LX o XD)dt+o(t X XD)dZ,
dXt2 = FQ(t7XL}a"' aXt?)dt

B = R XD

dX/ = Fn(t,Xt”fl,Xt")dtL7 Xo = x.

@ In the Brownian case, Delarue and Menozzi [DM10] obtains the
multi-scale Gaussian estimate:

CH(s— )" F exp (~C|(T2) My — 0s.()) )
< p(ts,xy) <
Cls— 1) ™ Fexp (—C7H(T2.) 1 (y = 6:.() ) -
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@ Let us consider the simple case: dX; = <(1) 8) Xedt + <d§t> :

@ This equation integrates in:
Xsl = x+ st

s
X52 Xo + Sx1 + / tht.
0
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@ Let us consider the simple case: dX; = <(1) 8) Xedt + <d§t> .
@ This equation integrates in:

Xsl = x+ st

s
X52 Xo + Sx1 + / tht.
0

@ We see that the first component has scale st/® and the second
1+1/«
s .

@ We can put the two component at the same scale by multiplying by

the matrix: )
saly 0
Ta = 1 .
° < 0 51+a/d>
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@ Let us consider the simple case: dX; = <(1) 8) Xedt + <d§t> :

@ This equation integrates in:
Xsl = x+ st

s
X52 Xo + Sx1 + / tht.
0

@ We see that the first component has scale st/® and the second

sl+1/o¢'

@ We can put the two component at the same scale by multiplying by

the matrix: )
saly 0
Ta = 1 .
° < 0 51+a/d>

— In the degenerated case, the deviations are to be considered with
respect to the transport of the initial condition, re-normalized by the
intrinsic time scale:

|(T2) "Ly — Rox)| < |

31/36 Lorick Huang The Parametrix Technique for Stable-driven SDEs
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The Frozen Process

The Frozen process has to present the features exposed before.

e Fix T a time horizon

e Fix y € R" a terminal point.
o Let us denote R, 7(y) the resolvent associated to LR, 1 = ASR; T,

with RT,T = Ind in Rnd ®R"d,
o We define:
d)~(sT’y = As)N(STvde + Bo(s, Rs,T()/))dZs, )”(OT,y = x,
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The Frozen Process

The Frozen process has to present the features exposed before.

e Fix T a time horizon

e Fix y € R" a terminal point.

o Let us denote R, 7(y) the resolvent associated to LR, 1 = ASR; T,
with RT 7 = I,g in R™ @ R™.

o We define:
d)~(sT’y = As)N(STvde + Bo(s, Rs,T()/))dZs, )”(OT,y = x,
S
)~<st7X)T7y = RSJ’X + / RS,UBU(U7 Ru,Ty)dZu
t
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The Frozen Process

The Frozen process has to present the features exposed before.

e Fix T a time horizon

e Fix y € R" a terminal point.

o Let us denote R, 7(y) the resolvent associated to LR, 1 = ASR; T,
with RT,T = lpg in R ® R".

o We define:
d)~(sT’y = As)N(STvde + Bo(s, Rs,T()/))dZs, )”(OT,y = x,
S
)~<st7X)T7y = RSJ’X + / RS,UBU(U7 Ru,Ty)dZu

t

Proposition

For fixed t < 's < T, there exists (Su)u>0, an R™-valued stable process

such that:

KeoTy QR x + T2 S,
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We compute the Fourier transform of X:

E(ei@,f(;)) — ei(P,R.,gX) exp (/ du/ |<p1 + (5 _ u)p2,0u§>|a,u(d§)) )
t Sd-1
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We compute the Fourier transform of X:

E(ei@,f(;)) — ei(P,R.,gX) exp (/ du/ |<p1 + (5 _ u)p2,0u§>|a,u(d§)) )
t Sd-1

Change variables:

[ du [ 1 (s = e o) ()
S 1
/ dv/ l/a 1—|—V(S—t)1+1/ap2,5'v§>‘au(d§)
Ssd—1
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We compute the Fourier transform of X:

E(ei@,f(;)) — ei(P,R.,gX) exp (/ du/ |<p1 + (S _ u)p2,0u§>|a,u(d§)) )
t Sd-1

Change variables:

[(p" + (s — u)p®, 0us)|* u(ds)

du/

Ssd—1

dV/d l/a 1 + V(S— t)1+1/0‘p2,5v§>\0‘u(d§)
gd—1

v o | (ds)

< stv(f;;)f
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We compute the Fourier transform of X:

E(ei@,f(;)) — ei(P,R.,gX) exp (/ du/ |<p1 + (S _ u)p2,0u§>|a,u(d§)) )
t Sd-1

Change variables:
[
/

[(p" + (s — u)p®, 0us)|* pu(d<)
)/ pt + v(s — )P 5,6)|* u(ds)

o oS
a3}

(T .p,m)|*ps(dn).

2d—1

[e3%

p(ds)

du/S
dv/
dv/

d—1
Ssd—1
Ssd—1

E(e/(PX 7)) = eitPRee) exp (— / (Te_.p, n>|“us(dn)) :
S2d-1
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Thus, we have the following upper bound:

det(T¢ )t
i)T,y(t’ S,X,Z) < C € ( sft) —
(14 1(Te_) 1y = Reax)l)

— We have the following restrictions: & > (n—1)d — 1.
o d=1,n=2fora € (0,2).
o d=1,n=3forac(1,2).
o d=2n=2forac(l,2).
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The Stable Process

Thus, we have the following upper bound:

det(T¢ )t
i)T,y(t’ S,X,Z) < C € ( sft) —
(14 1(Te_) 1y = Reax)l)

— We have the following restrictions: & > (n—1)d — 1.
o d=1,n=2fora € (0,2).
o d=1,n=3forac(1,2).
o d=2n=2forac(l,2).
What estimate on H?

/ / Ty(t T.x+ Bpb,y) — pT(t, T, x y)) dp
T—t)t/« sd—1

1+« 'u'(da)

— Problematic case: pf € B((x — Re.7y)% el(x — Re.7y)!|).

e Temperation and fast variable dependency o(t, x) = o(t, x?)
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Theorem (H.-Menozzi, 2014)
@ There exists a unique solution to the SDE which admits a density.

@ When n=1 and d = 2, we have the upper bound: 3C > 1, such
that VO <t < s < T, V(x,y) € (R?)?,

p(t,s.x,y) < CB(t,s,x,y) (1 +log(K V [(Te_e) "M (y — Rs,e(x))]) ,
(s—)~(1+2)

. R 24«
(K+ |(y7R:,ti() | + ‘(yfRs,txz )

B(t, s, x,y) =

(s—t)a (s—t)*"a
(¥ — Re,ex)?|
(s—19) )
e We also have the following diagonal lower bound in small time:
VO<t<s<T,V(xy)e (R?)? tel que
[(Te_ )M (y = Rst(x))] < K,

xQ (|(y R+

p(t,s,x,y) > C tdet(T )~ L.
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Thank You!
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