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Introduction

A Stochastic Differential Equation (SDE) is an equation of the form

Xt = x +

∫ t

0
b(u,Xu)du +

∫ t

0
σ(u,Xu−)dZu, (1)

where the coefficients:
b : R+ × Rd → Rd , is bounded or Lipschitz,
σ : R+ × Rd → Rd ⊗ Rq, Hölder and bounded.

(Zt)t≥0 a Lévy process in Rq

Brownian Motion : the continuous case
Stable Process : the pure-jump case

the solution (Xt)t≥0 is an Rd -valued stochastic process.
→ We are interested in the density of the solution
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Motivation

The solution of an SDE is a Markov process and its generator writes:
In the Brownian case:

Lt(x ,∇x)ϕ(x) = 〈b(t, x),∇ϕ(x)〉+
1
2
Tr
(
σσ∗(t, x)∇2ϕ(x)

)
.

In the pure-jump case, denoting ν the Lévy measure of (Zt)t≥0,

Lt(x ,∇x)ϕ(x) = 〈b(t, x),∇ϕ(x)〉

+

∫
Rq
ϕ(x + σ(t, x)z)− ϕ(x)− 〈∇ϕ(x), σ(t, x)z〉

1 + |z |2
ν(dz).

Moreover, when b and σ are non degenerated, the solution of the Cauchy
problem: {

∂tu(t, x) + Lt(x ,∇x)u(t, x) = 0
u(T , x) = f (x)

Then: u(t, x) = E[f (XT )|Xt = x ] =
∫
Rd f (y)p(t,T , x , y)dy .

→ The density of the solution of the SDE is the Green function.
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The non degenerated Brownian case

The objective is to give a two-sided estimate of the density of the
solution (when the density exists).

In the Brownian case, we know that when σσ∗ is Hölder and
uniformly elliptic, ie: ∃C > 1, ∀x , ξ ∈ Rd , ∀t > 0,

C−1|ξ|2 ≤ 〈ξ, σσ∗(t, x)ξ〉 ≤ C |ξ|2,

the density of the solution exists and the following Aronson
estimates holds: ∀T > 0, ∃C1,C2 ≥ 1,

C−1
1

(s − t)d/2 e
−C2
|x − y |2

s − t ≤ p(t, s, x , y) ≤ C1

(s − t)d/2 e
−C−1

2

|x − y |2

s − t .

→ We have a Gaussian estimate on the solution of the SDE.
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The non degenerated Stable Process

When (Zt)t≥0 is a stable process:

E(e i〈p,Zt〉) = exp
(
−t
∫

Sd−1
|〈p, θ〉|αµ(dθ)

)
.

when µ(dθ) has a strictly positive and smooth density on the sphere,
when σ is non degenerated,

we have a similar result ∀x , y ∈ Rd ; 0 ≤ t < s ≤ T :

C−1 (s − t)−d/α(
1 + |y−x|

(s−t)1/α

)d+α
≤ p(t, s, x , y) ≤ C

(s − t)−d/α(
1 + |y−x|

(s−t)1/α

)d+α
.

→ Once again the estimate on the noise is transmitted to the solution
of the SDE
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Main Goal

The main purpose of our work is to obtain Aronson estimates for other
types of noise.

The tempered stable process: when the Lévy measure of (Zt)t≥0 is
dominated by:

ν(A) ≤
∫

Sd−1

∫ +∞

0
1A(sθ)

q̄(s)

s1+α
dsµ(dθ).

the degenerated stable process:

dX 1
t =

(
a1,1
t X 1

t + a1,2
t X 2

t + · · ·+ a1,n−1
t X n−1

t + a1,n
t X n

t

)
dt + σ(t,Xt−)dZt

dX 2
t =

(
a2,1
t X 1

t + a2,2
t X 2

t + · · ·+ a2,n−1
t X n−1

t + a2,n
t X n

t

)
dt

dX 3
t =

(
a3,2
t X 2

t + · · ·+ a3,n−1
t X n−1

t + a3,n
t X n

t

)
dt

...
dX n

t =
(
an,n−1
t X n−1

t + an,n
t X n

t

)
dt

7 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Parametrix Series
Convergence of the series
Stability for the density
Well-posedness of the Martingale Problem and Parametrix

The Parametrix for SDEs

We consider the SDE:

Xt = x +

∫ t

0
b(u,Xu)du +

∫ t

0
σ(u,Xu−)dZu. (2)

Fix y ∈ Rd arbitrary terminal point where we wish to approximate
the density of (2).
We freeze the coefficients of (2) at point y :

X̃ y
t = x +

∫ t

0
b(u, y)du +

∫ t

0
σ(u, y)dZu. (3)

We refer to (X̃t)t≥0 as the frozen process.
Formally, those two processes should be close.
The freezing point y is arbitrary.
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The Parametrix Series

(p − p̃)(t, s, x , y)

=

∫ s

t
du ∂u

(∫
Rd

p(t, u, x , z)p̃(u, s, z , y)dz
)

=

∫ s

t
du
(∫

Rd
∂up(t, u, x , z)p̃(u, s, z , y) + p(t, u, x , z)∂u p̃(u, s, z , y)dz

)
=

∫ s

t
du
∫
Rd

dz
(
Lu(x ,∇z)∗p(t, u, x , z)p̃(u, s, z , y)

−p(t, u, x , z)Lu(y ,∇z)p̃(u, s, z , y)
)

=

∫ s

t
du
∫
Rd

p(t, u, x , z)
(
Lu(x ,∇z)− Lu(y ,∇z)

)
p̃(u, s, z , y)︸ ︷︷ ︸

=H(u,s,z,y)

dz .

Thus

p(t, s, x , y) = p̃(t, s, x , y) +

∫ s

t
du
∫
Rd

p(t, u, x , z)H(u, s, z , y)dz

= p̃(t, s, x , y) + p ⊗ H(t, s, x , y).

9 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Parametrix Series
Convergence of the series
Stability for the density
Well-posedness of the Martingale Problem and Parametrix

The Parametrix Series

(p − p̃)(t, s, x , y) =

∫ s

t
du ∂u

(∫
Rd

p(t, u, x , z)p̃(u, s, z , y)dz
)

=

∫ s

t
du
(∫

Rd
∂up(t, u, x , z)p̃(u, s, z , y) + p(t, u, x , z)∂u p̃(u, s, z , y)dz

)
=

∫ s

t
du
∫
Rd

dz
(
Lu(x ,∇z)∗p(t, u, x , z)p̃(u, s, z , y)

−p(t, u, x , z)Lu(y ,∇z)p̃(u, s, z , y)
)

=

∫ s

t
du
∫
Rd

p(t, u, x , z)
(
Lu(x ,∇z)− Lu(y ,∇z)

)
p̃(u, s, z , y)︸ ︷︷ ︸

=H(u,s,z,y)

dz .

Thus

p(t, s, x , y) = p̃(t, s, x , y) +

∫ s

t
du
∫
Rd

p(t, u, x , z)H(u, s, z , y)dz

= p̃(t, s, x , y) + p ⊗ H(t, s, x , y).

9 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Parametrix Series
Convergence of the series
Stability for the density
Well-posedness of the Martingale Problem and Parametrix

The Parametrix Series

(p − p̃)(t, s, x , y) =

∫ s

t
du ∂u

(∫
Rd

p(t, u, x , z)p̃(u, s, z , y)dz
)

=

∫ s

t
du
(∫

Rd
∂up(t, u, x , z)p̃(u, s, z , y) + p(t, u, x , z)∂u p̃(u, s, z , y)dz

)

=

∫ s

t
du
∫
Rd

dz
(
Lu(x ,∇z)∗p(t, u, x , z)p̃(u, s, z , y)

−p(t, u, x , z)Lu(y ,∇z)p̃(u, s, z , y)
)

=

∫ s

t
du
∫
Rd

p(t, u, x , z)
(
Lu(x ,∇z)− Lu(y ,∇z)

)
p̃(u, s, z , y)︸ ︷︷ ︸

=H(u,s,z,y)

dz .

Thus

p(t, s, x , y) = p̃(t, s, x , y) +

∫ s

t
du
∫
Rd

p(t, u, x , z)H(u, s, z , y)dz

= p̃(t, s, x , y) + p ⊗ H(t, s, x , y).

9 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Parametrix Series
Convergence of the series
Stability for the density
Well-posedness of the Martingale Problem and Parametrix

The Parametrix Series

(p − p̃)(t, s, x , y) =

∫ s

t
du ∂u

(∫
Rd

p(t, u, x , z)p̃(u, s, z , y)dz
)

=

∫ s

t
du
(∫

Rd
∂up(t, u, x , z)p̃(u, s, z , y) + p(t, u, x , z)∂u p̃(u, s, z , y)dz

)
=

∫ s

t
du
∫
Rd

dz
(
Lu(x ,∇z)∗p(t, u, x , z)p̃(u, s, z , y)

−p(t, u, x , z)Lu(y ,∇z)p̃(u, s, z , y)
)

=

∫ s

t
du
∫
Rd

p(t, u, x , z)
(
Lu(x ,∇z)− Lu(y ,∇z)

)
p̃(u, s, z , y)︸ ︷︷ ︸

=H(u,s,z,y)

dz .

Thus

p(t, s, x , y) = p̃(t, s, x , y) +

∫ s

t
du
∫
Rd

p(t, u, x , z)H(u, s, z , y)dz

= p̃(t, s, x , y) + p ⊗ H(t, s, x , y).

9 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Parametrix Series
Convergence of the series
Stability for the density
Well-posedness of the Martingale Problem and Parametrix

The Parametrix Series

(p − p̃)(t, s, x , y) =

∫ s

t
du ∂u

(∫
Rd

p(t, u, x , z)p̃(u, s, z , y)dz
)

=

∫ s

t
du
(∫

Rd
∂up(t, u, x , z)p̃(u, s, z , y) + p(t, u, x , z)∂u p̃(u, s, z , y)dz

)
=

∫ s

t
du
∫
Rd

dz
(
Lu(x ,∇z)∗p(t, u, x , z)p̃(u, s, z , y)

−p(t, u, x , z)Lu(y ,∇z)p̃(u, s, z , y)
)

=

∫ s

t
du
∫
Rd

p(t, u, x , z)
(
Lu(x ,∇z)− Lu(y ,∇z)

)
p̃(u, s, z , y)︸ ︷︷ ︸

=H(u,s,z,y)

dz .

Thus

p(t, s, x , y) = p̃(t, s, x , y) +

∫ s

t
du
∫
Rd

p(t, u, x , z)H(u, s, z , y)dz

= p̃(t, s, x , y) + p ⊗ H(t, s, x , y).

9 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Parametrix Series
Convergence of the series
Stability for the density
Well-posedness of the Martingale Problem and Parametrix

The Parametrix Series

(p − p̃)(t, s, x , y) =

∫ s

t
du ∂u

(∫
Rd

p(t, u, x , z)p̃(u, s, z , y)dz
)

=

∫ s

t
du
(∫

Rd
∂up(t, u, x , z)p̃(u, s, z , y) + p(t, u, x , z)∂u p̃(u, s, z , y)dz

)
=

∫ s

t
du
∫
Rd

dz
(
Lu(x ,∇z)∗p(t, u, x , z)p̃(u, s, z , y)

−p(t, u, x , z)Lu(y ,∇z)p̃(u, s, z , y)
)

=

∫ s

t
du
∫
Rd

p(t, u, x , z)
(
Lu(x ,∇z)− Lu(y ,∇z)

)
p̃(u, s, z , y)︸ ︷︷ ︸

=H(u,s,z,y)

dz .

Thus

p(t, s, x , y) = p̃(t, s, x , y) +

∫ s

t
du
∫
Rd

p(t, u, x , z)H(u, s, z , y)dz

= p̃(t, s, x , y) + p ⊗ H(t, s, x , y).

9 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Parametrix Series
Convergence of the series
Stability for the density
Well-posedness of the Martingale Problem and Parametrix

Proposition

Let (Pt,s)0≤t≤s the semigroup associated to (X t,x
s )0≤t≤s .

∀0 ≤ t < s, (x , y) ∈ (Rd)2, f : Rd → R, bounded and measurable,

Pt,s f (x) = E[f (Xs)|Xt = x ] =

∫
Rd

(
+∞∑
r=0

(p̃ ⊗ H(r))(t, s, x , y)

)
f (y)dy ,

The notation ⊗ stands for the time-space convolution:

ϕ⊗ ψ(t, s, x , y) =

∫ s

t
du
∫
Rd

dz ϕ(t, u, x , z)ψ(u, s, z , y),

The sum of the series then provides a representation of the density of
(X t,x

s )s≥0, we have ∀0 ≤ t < T , (x , y) ∈ (Rd)2:

p(t, s, x , y) =
+∞∑
r=0

(p̃ ⊗ H(r))(t, s, x , y).
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Convergence of the series

First step is to obtain an estimate on the frozen density:

p̃(t, s, x , y) ≤ Cp̄(t, s, x , y)

ex: In the case of the non degenerated rotationally invariant stable
process, one has:

p̄(t, s, x , y) = C (s − t)−d/α(1 +
|y − x |

(s − t)
1
α

)−(d+α)
.

Next we obtain an estimate on the kernel H.
ex: For the stable case, one has:

H(t, s, x , y) ≤ C
δ ∧ |y − x |η(α∧1)

s − t
p̄(t, s, x , y),
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Finally, one of the key steps of the procedure is to prove a
regularising property for the kernel for some ω > 0:∫

Rd
H(t, s, x , y)dx ≤ C

∫
Rd

δ ∧ |y − x |η(α∧1)

s − t
p̄(t, s, x , y)dx ≤ C (s−t)ω−1.

This property allows to prove convergence of the series in small time:

|p̃⊗H(t, s, x , y)| ≤ C
∫ s

t
dτ
∫
Rd

p̄(t, τ, x , z)
δ ∧ |y − z |η(α∧1)

s − τ
p̄(τ, s, z , y)dz

The convergence of the series then gives the upper bound for small
time:

p(s, t, x , y) ≤ Cp̄(t, s, x , y).

We then extend the upper bound to arbitrary time exploiting the
semigroup property:

p(t, s, x , y) =

∫
Rd

dz1 · · ·
∫
Rd

dzk
k∏

i=0

p(τi , τi+1, zi , zi+1) ≤ C k p̄(t, s, x , y).
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Stability for the density

In this section, we discuss the problem of quantifying the distance
between the density of

Xs = x +

∫ s

t
b(u,Xu)du +

∫ s

t
σ(u,Xu)dZu

and the one of

X n
s = x +

∫ s

t
bn(u,X n

u )du +

∫ s

t
σn(u,X n

u )dZu,

in terms of the distance between the coefficients (in a certain norm):

∆n = |b − bn|+ |σ − σn| −→
n→+∞

0.

→ We use the Parametrix series representation and quantify the
distance between each terms
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Stability for the density (II)

Starting from the parametrix representations:

p(t, s, x , y) =
+∞∑
k=0

p̃⊗H(k)(t, s, x , y), pn(t, s, x , y) =
+∞∑
k=0

p̃n⊗H(k)
n (t, s, x , y).

Thus, we write:

p(t, s, x , y)− pn(t, s, x , y) =
+∞∑
k=0

(
p̃ ⊗ H(k) − p̃n ⊗ H(k)

n

)
(t, s, x , y).

We control each term with an estimate involving ∆np̄(t,T , x , y).
For the first term, we have:

|p̃ − p̃n|(t,T , x , y) ≤ C∆np̄(t,T , x , y).
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Stability for the density (III)

We proceed by induction

p̃⊗H(k+1)−p̃n⊗H(k+1)
n =

(
p̃⊗H(k)−p̃n⊗H(k)

n

)
⊗H+p̃n⊗H(k)

n ⊗
(
H−Hn

)
.

For the next terms, we use the following estimate:

|H − Hn|(t,T , x , y) ≤ C∆n
δ ∧ |y − x |η(α∧1)

T − t
p̄(t,T , x , y).

→ It is a bound similar to the usual one, with the additional factor ∆n.

Theorem (Konanov et al.- 2015, H.-2016)

Fix a finite time horizon T > 0. For all t ≤ T and all x , y ∈ Rd , there
exists C > 0 such that

|(p − pn)(t,T , x , y)| ≤ C∆np̄(t,T , x , y).

15 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Parametrix Series
Convergence of the series
Stability for the density
Well-posedness of the Martingale Problem and Parametrix

Stability for the density (III)

We proceed by induction

p̃⊗H(k+1)−p̃n⊗H(k+1)
n =

(
p̃⊗H(k)−p̃n⊗H(k)

n

)
⊗H+p̃n⊗H(k)

n ⊗
(
H−Hn

)
.

For the next terms, we use the following estimate:

|H − Hn|(t,T , x , y) ≤ C∆n
δ ∧ |y − x |η(α∧1)

T − t
p̄(t,T , x , y).

→ It is a bound similar to the usual one, with the additional factor ∆n.

Theorem (Konanov et al.- 2015, H.-2016)

Fix a finite time horizon T > 0. For all t ≤ T and all x , y ∈ Rd , there
exists C > 0 such that

|(p − pn)(t,T , x , y)| ≤ C∆np̄(t,T , x , y).

15 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Parametrix Series
Convergence of the series
Stability for the density
Well-posedness of the Martingale Problem and Parametrix

Well-posedness of the Martingale Problem and Parametrix

Assume P1 and P2 are solution to the martingale problem associated
to (Ls)s∈[t,T ], starting at x at time t:

f (s,Xs)− f (t, x)−
∫ s

t

(
∂u + Lu

)
f (u,Xu)du is a Pi martingale

For f : [0,T ]× Rnd → R, measurable and bounded, we define:

S i f = Ei

(∫ T

t
f (s,Xs)ds

)
,

for (Xs)s∈[t,T ] the canonical process associated with (Pi )i∈{1,2}.

Setting
S∆f = S1f − S2f ,

the aim is to show that S∆f = 0, for f in a large enough class.
To that end, we prove that

‖S∆‖ := sup
|f |∞≤1

|S∆f | = 0.
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Since P1 and P2 are solution to the martingale problem, we have:
∀f ∈ C1,1

0 ([0,T )× Rnd ,R):

We then have

f (t, x) + Ei

(∫ T

t

(
∂s + Ls

)
f (s,Xs)ds

)
= 0.

Thus, for all f ∈ C1,1
0 ([0,T )× Rnd ,R),

S∆
(

(∂· + L·)f
)

= 0.

We make appear the frozen process:

S∆
(

(∂· + L̃·)f
)

︸ ︷︷ ︸
Estimate on p̃

+S∆
(

(L· − L̃·)f
)

︸ ︷︷ ︸
Estimate on H

= 0.

For h an arbitrary test function, we define

Ψε(t, x) =

∫ T

t
ds
∫
Rnd

p̃s+ε,y (t, s + ε, x , y)h(s, y)dy .
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The Standard Stable Process

The stable process is a Lévy process presenting the auto-similarity
property:

Zct
(d)
= c1/αZt .

This property translates on the Fourier transform:

E(e i〈p,Zt〉) = exp
(
t
∫ +∞

0

∫
Sd−1

e i〈p,sθ〉 − 1− i〈p, sθ〉1{|s|≤1}
Cd,αds
s1+α

µ(dθ)

)
= exp

(
−t
∫

Sd−1
|〈p, θ〉|αµ(dθ)

)
.

We refer to µ as the spectral measure. Besides, when

∀p ∈ Rd , ∃C > 1, C−1|p|α ≤
∫

Sd−1
|〈p, ξ〉|αµ(dξ) ≤ C |p|α,

we see that Zt has density for all t > 0.
→ The spectral measure has an important role on the density of Z
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Stable-driven SDE

Watanabe [Wat07] shows that if there exists a compact K ⊂ Sd−1 such
that: ∀θ ∈ K ⊂ Sd−1, ∀r ≤ 1/2

C−1rγ−1 ≤ µ (B(θ, r) ∩ K ) ≤ Crγ−1,

then, ∀x ∈ Rd such that x/|x | ∈ K :

C−1 t−d/α(
1 + |x|

t1/α

)α+γ ≤ pZ (t, x) ≤ C
t−d/α(

1 + |x|
t1/α

)α+γ .

When the spectral measure is equivalent to the Lebesgue measure,
we have γ = d .

→ We recover the estimate on the rotationally invariant stable process
In general, we see that the spectral measure influences the tails the
stable process.
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When |x | ≤ Ct1/α, the estimate is equivalent to:

C−1t−d/α ≤ pZ (t, x) ≤ Ct−d/α.

This is the diagonal regime.
It is an estimate reflecting the auto-similarity of the stable
process.

When |x | ≥ Ct1/α, we have:

C−1 t
1+ γ−d

α

|x |α+γ
≤ pZ (t, x) ≤ C

t1+ γ−d
α

|x |α+γ
.

This is the off-diagonal regime
It is an estimate reflecting the heavy tails of the stable process
in large deviation regime.
For this bound to be integrable, we have the constrain
α + γ > d .
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The Tempered Stable Process

Consider now the case where the Lévy measure ν only satisfy the
domination:

ν(A) ≤
∫

Sd−1

∫ +∞

0
1A(sθ)

q̄(s)

s1+α
dsµ(dθ).

(Upper bound) Assume that the function q̄ : R+ → R+, is such that:
q̄(s) ≤ Cq̄(2s). If there exists γ ∈ [1, d ] such that ∀θ ∈ Sd−1, ∀r ≤ 1/2:

µ
(
B(θ, r) ∩ Sd−1) ≤ Crγ−1,

then, Sztonyk [Szt10] proves the upper bound:

pZ (t, x) ≤ C
t−d/α(

1 + |x|
t1/α

)α+γ q̄(|x |).
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(Lower bound) Assume in addition that there exists Alow ⊂ Rd , a
decreasing function q, and γ ∈ [1, d ] such that ∀x ∈ Alow , ∀r > 0, we
have:

ν
(
B(x , r)

)
≥ Crγ

q(|x |)
|x |α+γ

, ν
(
B(0, r)c

)
≤ Cr−α, ∀0 < r < 1,

then we have the lower bound:

C−1 t−d/α(
1 + |x|

t1/α

)α+γ q(|x |) ≤ pZ (t, x). (4)

Can we transfer these estimates to the solution of the SDE?
Kolokoltsov [Kol00] proves those estimates in the stable case, when
the spectral measure has a smooth strictly positive density.
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Presentation of the results in the tempered case

We consider the SDE driven by such process (Zt)t≥0:

Xt = x +

∫ t

0
b(u,Xu)du +

∫ t

0
σ(u,Xu−)dZu,

with b = 0 when α ≤ 1.

For all A ∈ B, we define

νt(x ,A) = ν
(
{z ∈ Rd ; σ(t, x)z ∈ A}

)
, (5)

and we assume that those measures satisfies:

|νt(x ,A)−νt(x ′,A)| ≤ Cδ∧|x−x ′|η(α∧1)

∫
Sd−1

∫ +∞

0
1A(sθ)

q̄(s)

s1+α
dsµ(dθ).

with σ Hölder continuous and bounded, uniformly elliptic: ∃C > 1, such
that x , ξ ∈ Rd , t ≥ 0,

C−1|ξ|2 ≤ 〈ξ, σ(t, x)ξ〉 ≤ C |ξ|2.
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For fixed T > 0 and y ∈ Rd , we define:

X̃T ,y
s = x +

∫ s

t
b(u, θu,T (y))du +

∫ s

t
σ(u, θu,T (y))dZu

where
When the drift b is bounded, θ is the identity map θu,T (y) = y
When b is Lipschitz continuous, θu,T (y) is the backward transport
by the solution of the deterministic ODE assiciated:

d
du
θu,T (y) = b

(
u, θu,T (y)

)
, θT ,T (y) = y , ∀0 ≤ u ≤ T .

Consequently, for the frozen process, we have the estimates proven by
Sztonyk:

p̃(t, s, x , y) ≤ C
(s − t)−d/α(

1 +
|θt,s(y)−x|
(s−t)1/α

)α+γ q̄(|θt,s(y)− x |).
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What upper bound for the kernel H?∫ +∞

0

∫
Sd−1

(
p̃(t, s, x+ρθ, y)−p̃(t, s, x , y)

)
1{ρ≥(s−t)1/α}

q̄(ρ)dρ
ρ1+α

µ(dθ)

We have the following upper bound:

|H(t, s, x , y)| ≤ C
(
(s − t)−1/α1{α>1} +

δ ∧ |x − θt,s(y)|η(α∧1)

s − t

)
× (s − t)−d/α(

1 +
|θt,s (y)−x|
(s−t)1/α

)α+γ Q(|θt,s(y)− x |).

When b is bounded
if µ has a density, γ = d and Q(s) = q̄(s),
else, Q(s) = min(1, sγ−1)q̄(s),

When b is Lipschitz continuous,
if µ has a density, γ = d and Q(s) = min(1, s)q̄(s),
else, Q(s) = min(1, s, sγ−1)q̄(s).

→ We degrade the tempering function to recover the good
concentration.
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Theorem (Upper bound)

There exists a unique solution to the SDE. That solution has a density
with respect to the Lebesgue measure t > 0, and x , y ∈ Rd :

P(Xs ∈ dy |Xt = x) = p(t, s, x , y)dy .

Assume that the function Q define previously is decreasing: there exists
C1 ≥ 1 depending on the maturity T such that:
∀0 ≤ t ≤ T , ∀(x , y) ∈ Rd ,

p(t, s, x , y) ≤ C1
(s − t)−d/α(

1 +
|y−θs,t(x)|
(s−t)1/α

)α+γQ(|y − θs,t(x)|).
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Theorem (Lower bound)

If there is Alow ⊂ Rd such that ∀x ∈ Alow :

∀r > 0, ν
(
B(x , r)

)
≥ Crγ

q(|x |)
|x |α+γ

,

if for all (t, x) ∈ R+ × Rd , σ(t, x)Alow ⊂ Alow , and if

B
(
θt,T (y)− x ,C (T − t)1/α) ⊂ Alow ,

then there is C2 > 1 such that

C−1
2

(s − t)−d/α(
1 +

|y−θs,t(x)|
(s−t)1/α

)α+γ q(|y − θs,t(x)|) ≤ p(t, s, x , y).
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The Degenerate Case

We now consider the degenerate setting:

dX 1
t =

(
a1,1
t X 1

t + a1,2
t X 2

t + · · ·+ a1,n−1
t X n−1

t + a1,n
t X n

t

)
dt + σ(t,Xt−)dZt

dX 2
t =

(
a2,1
t X 1

t + a2,2
t X 2

t + · · ·+ a2,n−1
t X n−1

t + a2,n
t X n

t

)
dt

dX 3
t =

(
a3,2
t X 2

t + · · ·+ a3,n−1
t X n−1

t + a3,n
t X n

t

)
dt

...
dX n

t =
(
an,n−1
t X n−1

t + an,n
t X n

t

)
dt

with initial condition X0 = x ∈ Rnd , where:
Z ∈ Rd is an α stable, symmetric (possibly tempered).
σ : R+ × Rnd → Rd ⊗ Rd , is Hölder continuous, uniformly elliptic
and bounded.
ai,j : R+ → Rd ⊗ Rd , satisfying Hörmander condition, bounded
For x ∈ Rnd , we denote x = (x1, · · · , xn), with x i ∈ Rd .
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Motivation

There degeneracy appears for instance:
For n = 2, in the case of the asian option pricing for jump diffusions:

X 1
t = x1 +

∫ t

0
a1
sX

1
s ds +

∫ t

0
σ(s,Xs−)dZs

X 2
t = x2 +

∫ t

0
a2
tX

1
s ds

In Physics, the chain of perturbed oscillators:
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The degenerated Brownian case

When α = 2, Delarue and Menozzi [DM10] considered the chain:

dX 1
t = F1(t,X 1

t , · · · ,X n
t )dt + σ(t,X 1

t , · · ·X n
t )dZt

dX 2
t = F2(t,X 1

t , · · · ,X n
t )dt

dX 3
t = F3(t,X 2

t , · · · ,X n
t )dt

...
dX n

t = Fn(t,X n−1
t ,X n

t )dt, X0 = x .

In the Brownian case, Delarue and Menozzi [DM10] obtains the
multi-scale Gaussian estimate:

C−1(s − t)−n2 d
2 exp

(
−C

∣∣(T2
s−t)−1(y − θs,t(x)

)∣∣2)
≤ p(t, s, x , y) ≤

C (s − t)−n2 d
2 exp

(
−C−1

∣∣(T2
s−t)−1(y − θs,t(x)

)∣∣2) .
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Let us consider the simple case: dXt =

(
0 0
1 0

)
Xtdt +

(
dZt
0

)
.

This equation integrates in:

X 1
s = x1 + Zs ,

X 2
s = x2 + sx1 +

∫ s

0
Ztdt.

We see that the first component has scale s1/α, and the second
s1+1/α.
We can put the two component at the same scale by multiplying by
the matrix:

Tαs =

(
s

1
α Id 0
0 s1+ 1

α Id

)
.

→ In the degenerated case, the deviations are to be considered with
respect to the transport of the initial condition, re-normalized by the
intrinsic time scale:∣∣(Tαs )−1(y − Rsx

)∣∣ � |y1 − R1
s x |

s
1
α

+
|y2 − R2

s x |
s1+ 1

α

.
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The Frozen Process

The Frozen process has to present the features exposed before.
Fix T a time horizon
Fix y ∈ Rnd a terminal point.
Let us denote Rs,T (y) the resolvent associated to d

dsRs,T = AsRs,T ,
with RT ,T = Ind in Rnd ⊗ Rnd .
We define:

dX̃T ,y
s = As X̃T ,y

s ds + Bσ(s,Rs,T (y))dZs , X̃
T ,y
0 = x ,

X̃ t,x,T ,y
s = Rs,tx +

∫ s

t
Rs,uBσ(u,Ru,T y)dZu

Proposition

For fixed t ≤ s ≤ T, there exists (Su)u≥0, an Rnd -valued stable process
such that:

X̃ t,x,T ,y
s

(d)
= Rs,tx + Tαs−tS1.
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We compute the Fourier transform of X̃ :

E(e i〈p,X̃s〉) = e i〈p,Rs,tx〉 exp
(
−
∫ s

t
du
∫

Sd−1
|〈p1 + (s − u)p2, σuς〉|αµ(dς)

)
.

Change variables:

∫ s

t
du
∫

Sd−1
|〈p1 + (s − u)p2, σuς〉|αµ(dς)

=

∫ 1

0
dv
∫

Sd−1
|〈(s − t)1/αp1 + v(s − t)1+1/αp2, σ̄v ς〉|αµ(dς)

=

∫ 1

0
dv
∫

Sd−1

∣∣∣∣〈Tαs−tp,
(
σ̄v ς
v σ̄v ς

)〉∣∣∣∣α µ(dς)

=

∫
S2d−1

|〈Tαs−tp, η〉|αµS(dη).

E(e i〈p,X̃ t,x,T,y
s 〉) = e i〈p,Rs,tx〉 exp

(
−
∫

S2d−1
|〈Tαs−tp, η〉|αµS(dη)

)
.
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Thus, we have the following upper bound:

p̃T ,y (t, s, x , z) ≤ C
det(Tαs−t)−1(

1 + |(Tαs−t)−1(y − Rs,tx)|
)d+α+1 .

→ We have the following restrictions: α > (n − 1)d − 1.
d = 1, n = 2 for α ∈ (0, 2).
d = 1, n = 3 for α ∈ (1, 2).
d = 2, n = 2 for α ∈ (1, 2).

What estimate on H?∫ +∞

(T−t)1/α

∫
Sd−1

(
p̃T ,y (t,T , x + Bρθ, y)− p̃T ,y (t,T , x , y)

) dρ
ρ1+α

µ(dθ)

→ Problematic case: ρθ ∈ B((x − Rt,T y)1, ε|(x − Rt,T y)1|).
Temperation and fast variable dependency σ(t, x) = σ(t, x2).
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Theorem (H.-Menozzi, 2014)

There exists a unique solution to the SDE which admits a density.
When n = 1 and d = 2, we have the upper bound: ∃C ≥ 1, such
that ∀0 ≤ t < s ≤ T , ∀(x , y) ∈ (R2)2,

p(t, s, x , y) ≤ Cp̄(t, s, x , y)
(
1 + log(K ∨ |(Tαs−t)−1(y − Rs,t(x))|

)
,

p̄(t, s, x , y) =
(s − t)−(1+ 2

α )(
K +

|(y−Rs,tx)1|
(s−t)

1
α

+
|(y−Rs,tx)2|

(s−t)1+ 1
α

)2+α

×Q
(
|(y − Rs,tx)1|+ |(y − Rs,tx)2|

(s − t)

)
.

We also have the following diagonal lower bound in small time:
∀0 ≤ t < s ≤ T , ∀(x , y) ∈ (R2)2 tel que
|(Tαs−t)−1(y − Rs,t(x))| ≤ K,

p(t, s, x , y) ≥ C−1det(Tαs−t)−1.

35 / 36 Lorick Huang The Parametrix Technique for Stable-driven SDEs



Introduction
The Parametrix technique

The Stable Process

The Standard Stable Process
The Tempered Stable Process
The Degenerate Case

Thank You!
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