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Confluences of the Painlevé equationsPAINLEVÉ MONODROMY MANIFOLDS AND CALABI-YAU ALGEBRAS 3

in Sakai’s paper [29])
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on the cubics by simple operations.
For example, we can produce the PV D̃5 cubic by considering the PVI D̃4 one

and rescaling x1 → x1

ϵ , x2 → x2

ϵ , ω1 → ω1

ϵ , ω2 → ω2

ϵ , ω3 → ω3

ϵ2 and ω4 → ω4

ϵ2 and
then keeping the dominant term as ϵ → 0. This simple idea allows to us to extend
the parameterisation of the PVI cubic in terms of flat coordinates obtained in [3] to
all other Painlevé equations. Geometrically speaking, the confluence scheme on the
Painlevé cubics can be explained by our chewing-gum and cusp-removal operations.

Following the Fock–Goncharov philosophy, we also address the problem of whether
there is some cluster algebra structure hidden in each cubic. We prove that indeed
for D̃4, D̃5, D̃6 and Ẽ6 there is a generalised cluster algebra structure [5]. In partic-
ular this implies that the procedure of analytic continuation of the solutions to the
sixth Painlevé equation satisfies the Laurent phenomenon as explained in Section
4.

Interestingly we also produce a quantum confluence procedure in such a way
that quantisation and confluence commute.

This paper is organised as follows: in Section 2, we recall the link between the
parameters ω1, . . . ,ω4 and the Painlevé parameters α,β, γ and δ. In Section 4 we
explain the generalised cluster algebra structure appearing in the case of PVI, PV,
PIII and PIV. In Section 3 we present the flat coordinates for each cubic. In Section
5 we present the quantisation and the quantum confluence.

Acknowledgements. The authors are grateful to P. Clarkson, M. van der Put, V.
Sokolov and T. Sutherland for helpful discussions. This research was supported by
the EPSRC Research Grant EP/J007234/1, by the Hausdorff Institute, by ANR
”DIADEMS”, by RFBR-12-01-00525-a, MPIM (Bonn) and SISSA (Trieste).

2. The Painlevé the monodromy manifolds

According to [26], the monodromy manifolds M(d) have all the form

(2.1) x1x2x3 + ϵ(d)1 x2
1 + ϵ(d)2 x2

2 + ϵ(d)3 x2
3 + ω(d)

1 x1 + ω(d)
2 x2 + ω(d)

3 x3 + ω(d)
4 = 0,

where d is an index running on the list of the extended Dynkin diagrams D̃4, D̃5, D̃6,

D̃7, D̃8, Ẽ6, Ẽ∗

7 , Ẽ7, Ẽ8 and the parameters ϵ(d)i , ω(d)
i , i = 1, 2, 3 are given by:

ϵ(d)1 =

{
1 for d = D̃4, D̃5, D̃6, D̃∗

6 , D̃7, D̃8, Ẽ6, Ẽ∗

7 ,

0 for d = Ẽ7, Ẽ8,

ϵ(d)2 =

{
1 for d = D̃4, D̃5, D̃6, D̃∗

6 , D̃7, D̃8

0 for d = Ẽ6, Ẽ∗

7 , Ẽ7, Ẽ8,
(2.2)

Example

Take w(z) = ϵw̃(z̃) + 1
ϵ5
, z = ϵ2z̃ − 6

ϵ10
, α = 4

ϵ15
then PII

d2w

dz2
= 2w3 + zw + α

becomes:
d2w̃

dz̃2
= 6w̃2 + z̃ + ϵ6(2w̃3 + z̃ w̃),

that for ϵ → 0 is PI .
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All Painlevé equations are isomonodromic deformation
equations (Jimbo-Miwa 1980)

dB

dλ
− dA

dz
= [A,B]

A = A(λ; z ,w ,wz), B = B(λ; z ,w ,wz) ∈ sl2.

This means that the monodromy data of the linear system

dY

dλ
= A(λ; z ,w ,wz)Y

are locally constant along solutions of the Painlevé equation.
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Monodromy manifolds for the Painlevé equations

To each Painlevé equation we associate a linear system

dY

dλ
= A(λ; z ,w ,wz)Y .

The monodromy data of this system are constant along local
solutions of the Painlevé equations.

The monodromy data are encoded in a cubic surface called
monodromy manifold.

Each point in the monodromy manifold determines a unique
local solution to the Painlevé equation (modulo Okamoto
transformations).
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Marta Mazzocco Painlevé equations and quantum cluster algebras
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Monodromy manifolds for the Painlevé equations

Mφ := C[x1, x2, x3]/⟨φ = 0⟩

P-eqs Polynomial φ

PVI x1x2x3 + x21 + x22 + x23 + ω1x1 + ω2x2 + ω3x3 + ω4

PV x1x2x3 + x21 + x22 + ω1x1 + ω2x2 + ω3x3 + ω4

PVdeg x1x2x3 + x21 + x22 + ω1x1 + ω2x2 + ω1 − 1

PIV x1x2x3 + x21 + ω1x1 + ω2(x2 + x3) + ω2(1 + ω1 − ω2)

PIII x1x2x3 + x21 + x22 + ω1x1 + ω2x2 + ω1 − 1

PIIID7 x1x2x3 + x21 + x22 + ω1x1 − x2
PIIID8 x1x2x3 + x21 + x22 − x2
PII JM x1x2x3 − x1 + ω2x2 − x3 − ω2 + 1

PII FN x1x2x3 + x21 + ω1x1 − x2 − 1

PI x1x2x3 − x1 − x2 + 1

Saito and van der Put
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Aim of this talk

The PVI monodromy manifold is the SL2(C)–character variety
of a four holed Riemann sphere.

What is the underlying Riemann surface for the other Painlevé
equations? [Sutherland, Gaiotto-Moore-Neitzke ’13]

What is the correct notion of character variety? [Boalch, Paul-Ramis ’15]

Is there a cluster algebra structure?

Use the confluence scheme of the Painlevé equations.
PAINLEVÉ MONODROMY MANIFOLDS AND CALABI-YAU ALGEBRAS 3
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on the cubics by simple operations.
For example, we can produce the PV D̃5 cubic by considering the PVI D̃4 one

and rescaling x1 → x1

ϵ , x2 → x2

ϵ , ω1 → ω1

ϵ , ω2 → ω2

ϵ , ω3 → ω3

ϵ2 and ω4 → ω4

ϵ2 and
then keeping the dominant term as ϵ → 0. This simple idea allows to us to extend
the parameterisation of the PVI cubic in terms of flat coordinates obtained in [3] to
all other Painlevé equations. Geometrically speaking, the confluence scheme on the
Painlevé cubics can be explained by our chewing-gum and cusp-removal operations.

Following the Fock–Goncharov philosophy, we also address the problem of whether
there is some cluster algebra structure hidden in each cubic. We prove that indeed
for D̃4, D̃5, D̃6 and Ẽ6 there is a generalised cluster algebra structure [5]. In partic-
ular this implies that the procedure of analytic continuation of the solutions to the
sixth Painlevé equation satisfies the Laurent phenomenon as explained in Section
4.

Interestingly we also produce a quantum confluence procedure in such a way
that quantisation and confluence commute.

This paper is organised as follows: in Section 2, we recall the link between the
parameters ω1, . . . ,ω4 and the Painlevé parameters α,β, γ and δ. In Section 4 we
explain the generalised cluster algebra structure appearing in the case of PVI, PV,
PIII and PIV. In Section 3 we present the flat coordinates for each cubic. In Section
5 we present the quantisation and the quantum confluence.
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Sokolov and T. Sutherland for helpful discussions. This research was supported by
the EPSRC Research Grant EP/J007234/1, by the Hausdorff Institute, by ANR
”DIADEMS”, by RFBR-12-01-00525-a, MPIM (Bonn) and SISSA (Trieste).
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7 , Ẽ7, Ẽ8,
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equations? [Sutherland, Gaiotto-Moore-Neitzke ’13]

What is the correct notion of character variety? [Boalch, Paul-Ramis ’15]

Is there a cluster algebra structure?

Use the confluence scheme of the Painlevé equations.
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Is there a cluster algebra structure?

Use the confluence scheme of the Painlevé equations.
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on the cubics by simple operations.
For example, we can produce the PV D̃5 cubic by considering the PVI D̃4 one

and rescaling x1 → x1

ϵ , x2 → x2

ϵ , ω1 → ω1

ϵ , ω2 → ω2

ϵ , ω3 → ω3

ϵ2 and ω4 → ω4

ϵ2 and
then keeping the dominant term as ϵ → 0. This simple idea allows to us to extend
the parameterisation of the PVI cubic in terms of flat coordinates obtained in [3] to
all other Painlevé equations. Geometrically speaking, the confluence scheme on the
Painlevé cubics can be explained by our chewing-gum and cusp-removal operations.

Following the Fock–Goncharov philosophy, we also address the problem of whether
there is some cluster algebra structure hidden in each cubic. We prove that indeed
for D̃4, D̃5, D̃6 and Ẽ6 there is a generalised cluster algebra structure [5]. In partic-
ular this implies that the procedure of analytic continuation of the solutions to the
sixth Painlevé equation satisfies the Laurent phenomenon as explained in Section
4.

Interestingly we also produce a quantum confluence procedure in such a way
that quantisation and confluence commute.

This paper is organised as follows: in Section 2, we recall the link between the
parameters ω1, . . . ,ω4 and the Painlevé parameters α,β, γ and δ. In Section 4 we
explain the generalised cluster algebra structure appearing in the case of PVI, PV,
PIII and PIV. In Section 3 we present the flat coordinates for each cubic. In Section
5 we present the quantisation and the quantum confluence.

Acknowledgements. The authors are grateful to P. Clarkson, M. van der Put, V.
Sokolov and T. Sutherland for helpful discussions. This research was supported by
the EPSRC Research Grant EP/J007234/1, by the Hausdorff Institute, by ANR
”DIADEMS”, by RFBR-12-01-00525-a, MPIM (Bonn) and SISSA (Trieste).

2. The Painlevé the monodromy manifolds

According to [26], the monodromy manifolds M(d) have all the form

(2.1) x1x2x3 + ϵ(d)1 x2
1 + ϵ(d)2 x2

2 + ϵ(d)3 x2
3 + ω(d)

1 x1 + ω(d)
2 x2 + ω(d)

3 x3 + ω(d)
4 = 0,

where d is an index running on the list of the extended Dynkin diagrams D̃4, D̃5, D̃6,

D̃7, D̃8, Ẽ6, Ẽ∗

7 , Ẽ7, Ẽ8 and the parameters ϵ(d)i , ω(d)
i , i = 1, 2, 3 are given by:

ϵ(d)1 =

{
1 for d = D̃4, D̃5, D̃6, D̃∗

6 , D̃7, D̃8, Ẽ6, Ẽ∗

7 ,

0 for d = Ẽ7, Ẽ8,

ϵ(d)2 =

{
1 for d = D̃4, D̃5, D̃6, D̃∗

6 , D̃7, D̃8

0 for d = Ẽ6, Ẽ∗

7 , Ẽ7, Ẽ8,
(2.2)
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parameters ω1, . . . ,ω4 and the Painlevé parameters α,β, γ and δ. In Section 4 we
explain the generalised cluster algebra structure appearing in the case of PVI, PV,
PIII and PIV. In Section 3 we present the flat coordinates for each cubic. In Section
5 we present the quantisation and the quantum confluence.

Acknowledgements. The authors are grateful to P. Clarkson, M. van der Put, V.
Sokolov and T. Sutherland for helpful discussions. This research was supported by
the EPSRC Research Grant EP/J007234/1, by the Hausdorff Institute, by ANR
”DIADEMS”, by RFBR-12-01-00525-a, MPIM (Bonn) and SISSA (Trieste).
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for D̃4, D̃5, D̃6 and Ẽ6 there is a generalised cluster algebra structure [5]. In partic-
ular this implies that the procedure of analytic continuation of the solutions to the
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Chewing-gum moves

Hooking holes:
 

Pinching two sides of the same hole:

 

Bordered cusps á la Fomin-Shapiro-Thurston.
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Painlevé equations Geometric description Laminations Quatisation Decorated character variety

Chewing-gum moves

Hooking holes:
 

Pinching two sides of the same hole:
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[Chekhov-M.M.-Rubtsov arXiv:1511.03851]
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Chewing-gums in Poincaré uniformisation

Start with a Riemann surface with holes:

Σ = H/∆,

where ∆ is a Fuchsian group, i.e. a discrete sub-group of PSL2(R).
We want to understand

What happens to the fundamental domain of ∆ under the
chewing-gum move.

What happens to the closed geodesics.
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Chewing gum

z1z2
z3

1

1 + ε

εℓ1 εℓ2

(
sinh dH(z1,z2)

2

)2
= |z1−z2|2

4ℑz1ℑz2

edH(z1,z2) ∼ 1
l1l2ϵ2

+ (l1+l2)2

l1l2
+O(ϵ),

edH(z1,z3) ∼ edH(z1,z2) + 1
l1l2

+O(ϵ).

⇒ Rescale all geodesic lengths by ϵ and take the limit ϵ → 0.
[Chekhov-M.M. arXiv:1509.07044]
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Chewing gum

z1z2
z3

1

1 + ε

εℓ1 εℓ2

As ϵ → 0:

Vertical segment becomes infinitely distant from the collars.

Vertical segment becomes a point.

Collars become horocycles.

Lengths of closed geodesics become λ lengths of infinite arcs.
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Geodesic lengths

Theorem

The geodesic length functions form an algebra with multiplication:

GγGγ̃ = Gγγ̃ + Gγγ̃−1 .

Gγ̃

Gγ

=

Gγγ̃−1

+

Gγγ̃
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γe γf

=
skein

γa

γc

+ + the rest

γb γd

γ̃a

γ̃c

γ̃b γ̃d
γ̃eγ̃f Gγ̃eGγ̃f = Gγ̃aGγ̃c + Gγ̃bGγ̃d
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Poisson structure
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Poisson brackets after chewing-gum

Definition

A cusped lamination is a lamination made of arcs that can only
meet at the cusps.

Definition

A cusped lamination is complete if all geodesic functions and all
λ–lengths of arcs in the Riemann surface are Laurent polynomials
of the λ–lengths of the arcs in the cusped lamination.

Theorem

Given a Riemann surface of any genus, any number of holes and at
least one cusp, there always exists a complete cusped lamination
[Chekhov-M.M. ArXiv:1509.07044].
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Poisson brackets after chewing-gum

Theorem

The Poisson algebra of the λ-lengths of a complete cusped
lamination is a cluster algebra [ArXiv:1509.07044].

{gsi ,tj , gpr ,ql} = gsi ,tjgpr ,qlIsi ,tj ,pr ,ql
Isi ,tj ,pr ,ql =

ϵi−r δs,p+ϵj−r δt,p+ϵi−lδs,q+ϵj−lδt,q
4
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Painlevé equations Geometric description Laminations Quatisation Decorated character variety

Shear coordinates in the Teichmüller space

Fatgraph:

8 LEONID CHEKHOV, MARTA MAZZOCCO, VLADIMIR RUBTSOV
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p3
s1

p1

s2

p2

Figure 4. The fat graph of the 4 holed Riemann sphere. The red
dashed geodesic is x1.

are obtained by decomposing each hyperbolic matrix γ ∈ ∆g,s into a product of
the so–called right, left and edge matrices:

R :=

(
1 1
−1 0

)
, L :=

(
0 1
−1 1

)
, Xsi :=

(
0 − exp

(
si
2

)

exp
(
− si

2

)
0

)
.

In this setting our x1, x2, x3 are the geodesic lengths of thee geodesics which go
around two holes without self–intersections.

We are now going to produce a similar shear coordinate description of each of the
other Painlevé cubics. We will provide a geometric description of the corresponding
Riemann surface and its fat-graph. Our geometric description agrees with the one
obtained in [32], which was obtained by building a Strebel differential from the
isomonodromic problems associated to each of the Painlevé equations.

3.1. Shear coordinates for PV . The confluence from the cubic associated to
PVI to the one associated to PV is realised by

p3 → p3 − 2 log[ϵ],

in the limit ϵ → 0. We obtain the following shear coordinate description for the
PV cubic:

x1 = −es2+s3+
p2
2
+

p3
2 −G3e

s2+
p2
2 ,

x2 = −es3+s1+
p3
2
+

p1
2 − es3−s1+

p3
2
−

p1
2 −G3e

−s1−
p1
2 −G1e

s3+
p3
2 ,

x3 = −es1+s2+
p1
2
+

p2
2 − e−s1−s2−

p1
2
−

p2
2 − es1−s2+

p1
2
−

p2
2 −G1e

−s2−
p2
2 −G2e

s1+
p1
2 ,

(3.12)

where

Gi = e
pi
2 + e−

pi
2 , i = 1, 2, G3 = e

p3
2 , G∞ = es1+s2+s3+

p1
2
+

p2
2
+

p3
2 .

These coordinates satisfy the following cubic relation:

x1x2x3 + x2
1 + x2

2 − (G1G∞ +G2G3)x1 − (G2G∞ +G1G3)x2 −

−G3G∞x3 +G2
∞

+G2
3 +G1G2G3G∞ = 0.(3.13)

Decompose each hyperbolic element in Right, Left and Edge
matrices Fock, Thurston

R :=

(
1 1
−1 0

)
, L :=

(
0 1
−1 −1

)
,

Xy :=

(
0 − exp

( y
2

)
exp

(
− y

2

)
0

)
.
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2 − (G1G∞ +G2G3)x1 − (G2G∞ +G1G3)x2 −

−G3G∞x3 +G2
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+G2
3 +G1G2G3G∞ = 0.(3.13)

The three geodesic lengths: xi = Tr(γjk)

x1 = es2+s3 +e−s2−s3 +e−s2+s3 +(e
p2
2 +e−

p2
2 )es3 +(e

p3
2 +e−

p3
2 )e−s2

x2 = es3+s1 +e−s3−s1 +e−s3+s1 +(e
p3
2 +e−

p3
2 )es1 +(e

p1
2 +e−

p1
2 )e−s3

x3 = es1+s2 +e−s1−s2 +e−s1+s2 +(e
p1
2 +e−

p1
2 )es2 +(e

p2
2 +e−

p2
2 )e−s1

{x1, x2} = 2x3 + ω3, {x2, x3} = 2x1 + ω1, {x3, x1} = 2x2 + ω2.

x1x2x3 + x21 + x22 + x23 + ω1x1 + ω2x2 + ω3x3 + ω4 = 0
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other Painlevé cubics. We will provide a geometric description of the corresponding
Riemann surface and its fat-graph. Our geometric description agrees with the one
obtained in [32], which was obtained by building a Strebel differential from the
isomonodromic problems associated to each of the Painlevé equations.
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The confluence from PVI to PV is realised by

p3 → p3 − 2 log[ϵ], ϵ → 0

 

x1 = −es2+s3 − e−s2+s3 − (e
p2
2 + e−

p2
2 )es3 − e

p3
2 e−s2

x2 = −es3+s1 − e
p3
2 es1 ,

x3 = −es1+s2−e−s1−s2−e−s1+s2−(e
p1
2 +e−

p1
2 )es2−(e

p2
2 +e−

p2
2 )e−s1

x1x2x3 + x21 + x22 + ω1x1 + ω2x2 + ω3x3 + ω4 = 0
[Chekhov-M.M.-Rubtsov arXiv:1511.03851]
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Marta Mazzocco Painlevé equations and quantum cluster algebras
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Lamination for PV

PV

PV flipped:

PVdeg:

{gsi ,tj , gpr ,ql} =

gsi ,tjgpr ,ql
ϵi−r δs,p+ϵj−r δt,p+ϵi−lδs,q+ϵj−lδt,q

4

{b, d} = {g13,14 , g21,18}

= g13,14g21,18
ϵ3−1δ1,2 + ϵ4−1δ1,2 + ϵ3−8δ1,1 + ϵ4−8δ1,1

4

= −bd
1

2
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{b, d} = {g13,14 , g21,18}

= g13,14g21,18
ϵ3−1δ1,2 + ϵ4−1δ1,2 + ϵ3−8δ1,1 + ϵ4−8δ1,1

4

= −bd
1

2
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General result

Theorem

All λ-lengths in the complete cusped lamination are monomials in
the exponentiated shear coordinates.

COLLIDING HOLES IN RIEMANN SURFACES AND QUANTUM CLUSTER ALGEBRAS 31

Z1

Z2 Z0

Figure 17. Fat-graph of Σ1,1 with the geodesic GZ1Z0 in blue.

π

Z1Z2

Z4 Z3

a0 a1 a2 a3 a4

Figure 18. The (canonical) system of arcs for Σ1,1,1 .

where a0 is central. Note that because the above relations are invertible, we can equivalently express
all shear coordinates in terms of arcs using formulas (2.3) and (4.2):

eπ =
a0a4
a1

, eZ1 =
a0a3
a2a4

, eZ2 =
a1a3
a0a2

,

eZ3 =
a1a4
a23

, eZ4 =
a22
a1a4

.(4.20)
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Quantisation

For standard geodesic lengths Gγ → G ℏ
γ [Chekhov-Fock ’99]:

[
G ℏ
γ̃G ℏ

γ

]
= q−

1
2

G ℏ
γ−1γ̃

+ q
1
2

G ℏ
γγ̃

[G ℏ
γ ,G

ℏ
γ̃ ] = q−

1
2G ℏ

γ−1γ̃ + q
1
2G ℏ

γγ̃

For arcs gsi ,tj → gℏ
si ,tj

:

qIsi ,tj ,pr ,ql gℏ
si ,tj

gℏ
pr ,ql

= gℏ
pr ,ql

gℏ
si ,tj

qIpr ,ql ,si ,tj

This identifies the geometric basis of the quantum cluster
algebras introduced by Berenstein and Zelevinsky.
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Mutations

Example

Riemann sphere with three holes, and two cusps on one of the
holes. Frozen variables: d , e. Exchangeable variables: a, b, c.

28 LEONID CHEKHOV, MARTA MAZZOCCO, VLADIMIR RUBTSOV

any other branch of that solution will corresponds to points (y1, y2, y3) on the same
cubic such that each yi is a Laurent polynomial of the initial (y01 , y

0
2 , y

0
3).

5.2. Generalised cluster algebra structure for PV and PVdeg. In this case,
we have a Riemann surface Σ0,3,2 with two bordered cusps on one hole. The only
nontrivial Dehn twist is around the closed geodesic γ encircling these two holes (this
geodesic is unique). Its geodesic function Gγ is the Hamiltonian MCG invariant.
We now consider the effect of this MCG transformation on the system of arcs in
Fig. 6.

e d

c

b aγ

ω2 ω1

Ma

e d

c

b

a′
ω2 ω1

Mb

e d

b′

a′

c

ω2 ω1

Here the generalized mutations Ma and Mb are given by the formulas

a′a = b2 + c2 + ω1bc; b′b = (a′)2 + c2 + ω2a
′c,

or, explicitly,

(5.60)

[
a
b

]
→

⎡

⎢⎣

b2 + c2 + ω1bc

a
(b2 + c2 + ω1bc)2

a2b
+ ω2c

b2 + c2 + ω1bc

ba
+

c2

b

⎤

⎥⎦ .

The geodesic function of γ is

(5.61) Gγ = ω2
c

b
+ ω1

c

a
+

a

b
+

b

a
+

c2

ab
and this function is the (Hamiltonian) MCG invariant: it generates the corre-
sponding Dehn twist (see [19]), has nontrivial Poisson brackets with a and b, and
is preserved by the MCG action (5.60).

In the case of PVdeg, all the above formulas remain valid provided we replace c
by the λ-length d of the boundary arc.

5.3. Generalised cluster algebra structure for PIIID6 , PIIID7 , and PIIID8 .
In all cases of PIII, we have a Riemann surface Σ0,2,n with n1 > 0 and n2 > 0,
n1 + n2 = n, bordered cusps on the respective holes. For any n1 and n2, the only
nontrivial Dehn twist is around the closed geodesic γ separating the holes (this
geodesic is unique). Its geodesic function Gγ is the Hamiltonian MCG invariant.
Besides this invariant, we have (non-Hamiltonian) invariants, which are λ-lengths
of all arcs starting and terminating at the same boundary component.

a′a = b2 + c2 + ω1bc ; b′b = (a′)2 + c2 + ω2a
′c .

a = g15,16 , b = g13,14 , d = g18,22 , {a, b} = ab, {a, d} = −ad
2

(frozen variables are NOT central).
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Marta Mazzocco Painlevé equations and quantum cluster algebras
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Non cusped case

Open problem: close the Poisson algebra of geodesic functions on
any Riemann surface Σg ,s of genus g with s > 0 holes.

Stick a cusp on one of the holes.

Use a complete cusped lamination for Σg ,s,1.

Consider the geodesic g homotopic to the cusped hole.

The Teichmüller space for Σg ,s is the subalgebra of functions
that Poisson commute with g .
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Decorated character variety [Chekhov-M.M.-Rubtsov arXiv:1511.03851]

For Riemann surfaces with holes:

Hom (π1(Σ),PSL2(C)) /GL2(C).

For Riemann surfaces with bordered cusps:

Fundamental groupoid of arcs
U = {directed paths between cusps}/homotopy.

Complexify shear coordinates:
{ℜZi ,ℜZj} = −{ℑZi ,ℑZj} = 1

2{Zi ,Zj}R, {ℜZi ,ℑZj} ≡ 0.

Hom (U, SL2(C)) /∏n
j=1 Bj

, Bj Borel subgroup in SL2(C).

trK : SL2(C) → C

M 7→ tr(MK ), where K =

(
0 0
−1 0

)
.
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Conclusion

A Riemann surface of genus g , n holes and k cusps on the
boundary admits a complete cusped lamination of
6g − 6 + 2n + 2k arcs which triangulate it.

Any other cusped lamination is obtained by the generalised
cluster algebra mutations.

Poisson brackets between elements in the cusped lamination
are quadratic and completely combinatorial.

λ–lengths of arcs in the cusped lamination are monomials in
the exponentiated shear variables ⇒ Quantum cluster algebra
of geometric type.

Uncusped case completely characterised.

Good notion of decorated character variety.

Many thanks for your attention!!!
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