Painlevé equations and quantum cluster algebras
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Painlevé equations
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Confluences of the Painlevé equations
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All Painlevé equations are isomonodromic deformation
equations (Jimbo-Miwa 1980)

dB dA
D - AB

A=A\ z,w,w;), B=B(\ z,w,w;) € sl,.
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All Painlevé equations are isomonodromic deformation
equations (Jimbo-Miwa 1980)

dB dA

A _aB

d\  dz 14, B]
A=A\ z,w,w;), B=B(\ z,w,w;) € sl,.

This means that the monodromy data of the linear system
dY
T ANz, w,wy)Y

are locally constant along solutions of the Painlevé equation.
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Monodromy manifolds for the Painlevé equations

@ To each Painlevé equation we associate a linear system

dY
T ANz, w,wy)Y.

@ The monodromy data of this system are constant along local
solutions of the Painlevé equations.

@ The monodromy data are encoded in a cubic surface called
monodromy manifold.

@ Each point in the monodromy manifold determines a unique
local solution to the Painlevé equation (modulo Okamoto
transformations).
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Monodromy manifolds for the Painlevé equations

M, = Clx1, x2, x3] /(¢ = 0)
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Monodromy manifolds for the Painlevé equations

M, = Clx1, x2, x3] /(¢ = 0)

P-eqgs Polynomial ¢
PVI X1X0X3 + X3 + X5 + X5 + w1x1 + waxa + w3x3 + Wy
PV X1X0X3 + XF + X5 + wix1 + waxo + w3xz + Wy
PVieg X1XoX3 + X12 + X22 + wixy + woxo +wi — 1
PIV || x1xox3 + x2 + wixi + wa(x2 + x3) + wa(l + w1 — wo)
Pl X1XoX3 + X12 + X22 4+ wix1 +woxo +wi — 1
P11 X1XpX3 + x12 + ><22 + wixy — X2
PI1/Ds X1X0X3 + X12 + X22 — Xo
PII’M X1XoX3 — X1 + woxp — x3 —wp + 1
PIIFN X1XoX3 + X12 +wixg —x—1
Pl X1Xox3 —x1 —xo + 1

Saito and van der Put
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Aim of this talk

@ The PVI monodromy manifold is the SLy(C)—character variety
of a four holed Riemann sphere.
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Aim of this talk

@ The PVI monodromy manifold is the SLy(C)—character variety
of a four holed Riemann sphere.

@ What is the underlying Riemann surface for the other Painlevé
€q uatiOnS? [Sutherland, Gaiotto-Moore-Neitzke '13]

@ What is the correct notion of character variety? [oaich, Paul-Ramis '15]

@ Is there a cluster algebra structure?
Use the confluence scheme of the Painlevé equations.
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Chewing-gum moves
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Chewing-gum moves

e Hooking holes:

AN
M—)h —)&%

5
LisE-4

Bordered cusps & la Fomin-Shapiro-Thurston.
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Geometric interpretation of confluences
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[Chekhov-M.M.-Rubtsov arXiv:1511.03851]
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Chewing-gums in Poincaré uniformisation

Start with a Riemann surface with holes:
Y =H/A,

where A is a Fuchsian group, i.e. a discrete sub-group of PSL>(R).
We want to understand

@ What happens to the fundamental domain of A under the
chewing-gum move.

@ What happens to the closed geodesics.
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Chewing gum

2 2
° <sinh dH(Zzl’Zz)> — Ja—2z|

T AS1S 2

o edilzz) o 1 (hth) | O(e),

hhe? hhk

o edu(z1,23)  odu(z1,22) | ﬁ + O(e).
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Chewing gum

2 2
° <sinh dH(Zzl’Z2)> = |a—z|

T AS1S 2

o edilzz) o L EL? | ()

hhe? hhk

o edu(z1,23)  odu(z1,22) | ﬁ + O(e).

= Rescale all geodesic lengths by ¢ and take the limit ¢ — 0.

[Chekhov-M.M. arXiv:1509.07044]
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Chewing gum

As e — 0:
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Chewing gum

@'_;,@ ).t

€Z1r.~~= —”@2

As e — 0:
@ Vertical segment becomes infinitely distant from the collars.
@ Vertical segment becomes a point.
@ Collars become horocycles.

@ Lengths of closed geodesics become A lengths of infinite arcs.
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Geodesic lengths

The geodesic length functions form an algebra with multiplication:

G,y Gﬁ, = qu + G’Y’"Yfl‘
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Poisson structure

o1
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Poisson brackets after chewing-gum

Definition

A cusped lamination is a lamination made of arcs that can only
meet at the cusps.
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A cusped lamination is a lamination made of arcs that can only
meet at the cusps.

| 5\

Definition

A cusped lamination is complete if all geodesic functions and all
A—lengths of arcs in the Riemann surface are Laurent polynomials
of the A—lengths of the arcs in the cusped lamination.
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Poisson brackets after chewing-gum

Definition
A cusped lamination is a lamination made of arcs that can only
meet at the cusps.

Definition

A cusped lamination is complete if all geodesic functions and all
A—lengths of arcs in the Riemann surface are Laurent polynomials
of the A—lengths of the arcs in the cusped lamination.

Theorem

Given a Riemann surface of any genus, any number of holes and at
least one cusp, there always exists a complete cusped lamination

[Chekhov-M.M. ArXiv:1509.07044].
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Poisson brackets after chewing-gum

The Poisson algebra of the A-lengths of a complete cusped
lamination is a cluster algebra [arxiv:1509.07044].
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Poisson brackets after chewing-gum

The Poisson algebra of the A-lengths of a complete cusped
lamination is a cluster algebra [arxiv:1509.07044].
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Poisson brackets after chewing-gum

The Poisson algebra of the A-lengths of a complete cusped
lamination is a cluster algebra [arxiv:1509.07044].
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Shear coordinates in the Teichmuller space

Fatgraph:
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Shear coordinates in the Teichmuller space

Fatgraph:

Decompose each hyperbolic element in Right, Left and Edge
matrices Fock, Thurston

1 1 0 1
re( L) t=( 5 4

o (oplp)
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The three geodesic lengths: x; = Tr(vjx)

e _ R P ) P3
X1 = eRTHfe 2 B f e84 (67 40732 ez +e 2
e _ P _p; L _PLy
Xy = et e s Lot | (o7 fe7 7 )i 4 (e2 4o 2)e
P A P 23
X3 = e$1+52+e—51—52_|_e—51+52_|_(e 2 fe 2 )esz+(e 2 4e 2
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The three geodesic lengths: x; = Tr(vjx)

—sr— _ P2 _P P3 P3
X1 = e% N L e 4eT N (02 fe7 2 e e 2
—5a— — P3 iy P1 _Phiy _
Xp = €SB TS 478 Sl e 4 (e7 fe7 2 )el+(e2 +e 2 )e S
P1 _Ph P2 P2
x3= et e 172 p et 4 (e2 fe7 2 )eR4(e2 fe 2

{x1, 2} =23 4+ws, {x,x3} =2x1+wi, {x3,x1}=2x+w>.

Marta Mazzocco



The three geodesic lengths: x; = Tr(vjx)

p
X1 = et f e S et | (¢F 4o 3 ez +e 2
P P P P
Xp = €SI L eSSl f o7 TS 4 (07 e 7 )eSl 4 (€7 4o 2 )e
Rt 2 2
x3 = et e S172 p o S1TR2 4 (e2 fe7 2 )e2+(e? +e 2
{xel =26 +ws, {xx}=2a+w, {xx}=2+w.

X1X0X3 + X2 + X3 + X2 + w1x1 + waxy + w3xz +ws =0
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The confluence from PVI to PV is realised by

ps — p3 — 2log|e], e—0
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The confluence from PVI to PV is realised by

ps — p3 —2logle],  €—0

Qﬁ 7 ég : o
0 -eh-6h- 65
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xp = —€e2T8 —e7t% _(e7 e 2 )e% —e2e
P3
Xo = —eS3tst _ g3 e,
Lo noon Bk
x3=—eltR2_g 17291t _(e2 4e 2 )eR—(e2+e 2 )e !

X1XoX3 + xf + x22 + wix1 + woxo + w3xz +wg =0

[Chekhov-M.M.-Rubtsov arXiv:1511.03851]
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Lamination for PV
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Lamination for PV

{gsi,tﬂ anq/} =

€f—r6s,p+5j—rét,p+€i7/6s,q+€j—lét,q
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{b’ d} = {g13,147g21,18}
€3-1012 + €4-1012 + €3-801,1 + €4-801,1
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Yo = X(k1)RX (s3)RX (s2) RX (p2) RX (s2)LX (s3)LX (k1)
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Yo = X(k1)RX (s3)RX (s2) RX (p2) RX (s2)LX (s3)LX (k1)

BUT its A-length is b = tr(bK), K = ( _01 g )

b=exp(ki+s3+ s+ %)
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General result

All X-lengths in the complete cusped lamination are monomials in
the exponentiated shear coordinates.
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Quantisation

For standard geodesic lengths G, — Gﬁ [Chekhov-Fock '99]:

G

Gh h
v Gv‘“? vy

Gﬁ
B

_1 1
(G, Gl =g 2G) 1. + q2 Gy
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Quantisation

For standard geodesic lengths G, — Gﬁ [Chekhov-Fock '99]:

N @—i— q @
Gh h f
Gf? v Gv‘“? Gvbi

_1 1
(G, Gl =g 2G) 1. + q2 Gy

NI
N

ho
For arcs g5, ; = &4 1,

Is-,t-,p ,q h h _ _h h Zp ,q1,S;,t;
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Quantisation

For standard geodesic lengths G, — Gﬁ [Chekhov-Fock '99]:

(6!, Gl] = q 3Gy + g2 Gls
For arcs g5, 1, — gs;,fj:

Ls; tj,pr.q n _ N h
q lgsufngnCII - gPr7€I/gSi7qu

ZPr,ql,S,'qu

This identifies the geometric basis of the quantum cluster
algebras introduced by Berenstein and Zelevinsky.
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Mutations

Example

Riemann sphere with three holes, and two cusps on one of the
holes. Frozen variables: d, e. Exchangeable variables: a, b, c.
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Mutations

Example

Riemann sphere with three holes, and two cusps on one of the
holes. Frozen variables: d, e. Exchangeable variables: a, b, c.

ada=b’>+ c®+ wibc; b'b = (a')? + c® + uwnad'c.

a=gi,16 b= 81,1, d = g1, {2, b} = ab, {a,d} =%
(frozen variables are NOT central).
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Non cusped case

Open problem: close the Poisson algebra of geodesic functions on
any Riemann surface ¥, s of genus g with s > 0 holes.
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Non cusped case

Open problem: close the Poisson algebra of geodesic functions on
any Riemann surface ¥, s of genus g with s > 0 holes.

@ Stick a cusp on one of the holes.

@ Use a complete cusped lamination for ¥ ;5 1.

@ Consider the geodesic g homotopic to the cusped hole.
°

The Teichmiiller space for 3, ¢ is the subalgebra of functions
that Poisson commute with g.
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Decorated character va riety [Chekhov-M.M -Rubtsov arXiv:1511.03851]

For Riemann surfaces with holes:

Hom (m1(X), PSLy(C)) / GL(C).
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Decorated character va riety [Chekhov-M.M -Rubtsov arXiv:1511.03851]

For Riemann surfaces with holes:
Hom (71(X),PSLy(C)) /GLy(C).

For Riemann surfaces with bordered cusps:

e Fundamental groupoid of arcs
il = {directed paths between cusps}/homotopy.

@ Complexify shear coordinates:
{RZ;,RZ;} = {32,987} = %{Z,-, Zitr, {RZ;,3Z;} =0.

Hom (4, SLQ((C))/l—L_n:1 B Bj Borel subgroup in SL>(C).

trg : SLQ(C) — C

M — tr(MK), where K = < _01 8 > .
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6g — 6 + 2n + 2k arcs which triangulate it.
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Conclusion

A Riemann surface of genus g, n holes and k cusps on the
boundary admits a complete cusped lamination of
6g — 6 + 2n + 2k arcs which triangulate it.

Any other cusped lamination is obtained by the generalised
cluster algebra mutations.

Poisson brackets between elements in the cusped lamination
are quadratic and completely combinatorial.

A—lengths of arcs in the cusped lamination are monomials in
the exponentiated shear variables = Quantum cluster algebra
of geometric type.

Uncusped case completely characterised.

Good notion of decorated character variety.

Many thanks for your attention!!!
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