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§1 Introduction
• Geometric R-matrix [Kajiwara-Noumi-Yamada 2002] [Etingov 2003]

R ↷ Cn × Cn; (p, q) := (pi , qi)1≤i≤n 7→ (qi
κi+1

κi
, pi

κi

κi+1
)1≤i≤n

where κi := κi(p, q) =
∑n−1

j=0 pi−1pi−2 · · · pi−j qi−j−2qi−j−3 (i ∈ Z/nZ)

(Ex) R ↷ C3 × C3; (p, q) 7→ (p′, q′)

p′1 = q1
p3p1 + q2p1 + q2q3

p2p3 + q1p3 + q1q2
, q′1 = p1

p2p3 + q1p3 + q1q2

p3p1 + q2p1 + q2q3

Thm [Yamada 2001]
Define Rj : (q1, q2, . . . , qm) 7→ (q1, . . . ,R(q j , q j+1), . . . , qm).
Then Rj (1 ≤ j ≤ m − 1) generate the symmetric group Sm action
on C(q1, q2, . . . , qm):

R2
j = id, RjRi = RiRj (|i − j| > 1)

RjRj+1Rj = Rj+1RjRj+1 (j = 1, . . . ,m − 2)
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Fact Via tropicalization:

x + y 7→ min(x, y), xy 7→ x + y

the geometric R reduces to the combinatorial R matrix which acts
on a tensor product of symmetric crystals of sln:

Bk =
{
(x1, . . . , xn) ∈ (Z≥0)

n
∣∣∣ ∑

i

xi = k
}

=
{
b1 b2 · · · bk

∣∣∣ 1 ≤ b1 ≤ b2 ≤ · · · ≤ bk ≤ n
}

Rcomb : Bk ⊗ Bℓ
∼→ Bℓ ⊗ Bk

(Ex) sl3 crystals

Rcomb : 1 2 3 3 ⊗ 2 2 7→ 1 3 ⊗ 2 2 2 3
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• Related topics

Berenstein-Fomin-Zelevinsky 1996
canonical bases and totally positive matrices

Berenstein-Zelevinsky 1996
canonical bases for quantum group

Noumi-Yamada 2001–
rational version of RSK correspondence

Fomin-Zelevinsky 2000– cluster algebras

Fock-Goncharov 2003– quantum cluster ensembles

Lam-Pylyavskyy 2012– geometric R and cylindric networks
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§2 Cluster R-matrix

• Cluster mutation [Fomin-Zelevinsky 2000]

Def A y-seed (B, y ):
B = (bij)i,j ∈ MatN(Z): a skew-symmetric matrix
y = (y1, . . . , yN), yi : a y-variable (∈ the universal semifield)

The mutation µk (B, y ) = (B̃, ỹ ) at k (k = 1, · · · ,N):

ỹi =


y −1

k for i = k

yi (1 + y−1
k )−bki for k , i, bki ≥ 0

yi (1 + yk )
bik for k , i, bik ≥ 0.

b̃ij =


−bij for i = k or j = k

bij +
|bik |bkj + bik |bkj |

2
o.w.

Remark
(i) µk ◦ µk = id. If bjk = 0, µk ◦ µj = µj ◦ µk .
(ii) B ←→ a quiver with N vertices

bij = #{arrows from i to j} −#{arrows from j to i}
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y2/(1 + 1/y1) := y ′2
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• Triangular grid quiver Qn,m on a cylinder
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n

1

2

.

.

.

n

1

1 2 · · · m

y = (yji)1≤j≤m, i∈Z/nZ
Mj : a circle (j, 1)→ (j, 2)→ · · · → (j, n)→ (j, 1)

RMj ,k := s(j,k−2),(j,k−1) ◦ µk ◦ µk+1 ◦ · · · ◦ µk−3

◦µk−1 ◦ µk−2 ◦ · · · ◦ µk+1 ◦ µk

where µi := µj,i

(Ex) n = 4:

RM2,1 := s(2,3),(2,4) ◦ µ1 ◦ µ2 ◦ µ4 ◦ µ3 ◦ µ2 ◦ µ1

(demo of mutation)
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Thm 1
(i) We have RMj ,k (Qn,m, y ) = (Qn,m, y ′);

y′j′,i =


yj′,i j′ < {j − 1, j, j + 1}
(αi+2)

−1 · y−1
j,i+1 · αi j′ = j

(αi)
−1 · yj,i yj−1,i · αi+1 j′ = j − 1

(αi+1)
−1 · yj,i+1 yj+1,i · αi+2 j′ = j + 1

independently of k . Here αi = αi(Mj) := 1 +
∑n−1
ℓ=1 yj,i yj,i+1 · · · yj,i+ℓ−1.

We write RMj (y ) = y ′.

(ii) RMj (1 ≤ j ≤ m) generate Sm+1 action on C(y ):

R2
Mj

= id, RMj RMi = RMi RMj (|i − j| > 1)

RMj RMj+1 RMj = RMj+1 RMj RMj+1 (j = 1, . . . ,m − 1)

(Ex) n = 3: (y ′j−1,1, y
′
j,1, y

′
j+1,1)

=
(

yj−1,1yj,1(1+y2+y2y3)

1+y1+y1y2
, 1+y1+y1y2

yj,2(1+y3+y3y1)
,

yj,2yj+1,1(1+y3+y3y1)

1+y2+y2y3

)
; yi := yj,i
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,
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n

1 2 3 · · · m

Consider the y-seed (Qn,m−1, y ).

ϕ : C(y ) ↪→ C(q1, . . . , qm); yj,i 7→
qj+1,i−1

qj,i

Thm 2

For j = 1, . . . ,m − 1, the following diagram
is commutative:

C(y )

RMj

��

ϕ // C(q1, . . . , qm)

Rj

��
C(y )

ϕ
// C(q1, . . . , qm)
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Remark

Q̃n,m+1: a quiver Qn,m+1+ (some ‘frozen vertices’)
(Q̃n,m+1, x ,X): a seed with ‘frozen variables’ X

We can define the cluster R-matrix

R̃Mj = (permutations on frozen vertices) ◦ RMj

which makes the following diagram commutative:

C(y )

RMj

��

ϕ // C(q1, . . . , qm)

Rj

��

ψ // C(x ,X)

R̃Mj
��

C(y )
ϕ // C(q1, . . . , qm) ψ

// C(x ,X)

for j = 1, . . . ,m − 1. Here ψ is given by a form qj,i = X
x x
x x

.



§3 Quantization

• Quantum geometric R
- j
?
i n

1

2

.

.

.

n

1

1 2 3 · · · m q = (q1, . . . , qm), q j = (qji)i∈Z/nZ

Sk := {q1,k , q2,k−1, . . . , qm,k−m+1}

S3

S4

Cϵ⟨q⟩: a skew field with relations:

qjiqj′ i′ =



ϵ qj′ i′qji qji ∈ Sk+1, qj′ i′ ∈ Sk , j ≤ j′

ϵ−1qj′ i′qji qji ∈ Sk+1, qj′ i′ ∈ Sk , j > j′

ϵ−2qj′ i′qji qji , qj′ i′ ∈ Sk , j < j′

ϵ2qj′ i′qji qji , qj′ i′ ∈ Sk , j > j′

qj′ i′qji otherwise

Def Rϵ ; (p, q) := (pi , qi)1≤i≤n 7→ ((κϵi )
−1 · qi · κϵi+1, (κ

ϵ
i+1)

−1 · pi · κϵi )1≤i≤n

where κϵi (p, q) :=
∑n−1

j=0 pi−1pi−2 · · · pi−j qi−j−2qi−j−3 · · · qi−n (i ∈ Z/nZ)
Rϵ

j (q1, . . . , qm) := (q1, . . . ,Rϵ(q j , q j+1), . . . , qm) (j = 1, . . . ,m − 1)
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• Quantization of y-seed [Fock-Goncharov]

Def A quantum y-seed (B, y ):
B = (bij)i,j ∈ MatN(Z): a skew-symmetric matrix
y = (y1, . . . , yN); yiyj = ϵ2bji yjyi : quantum y-variables

The quantum mutation µϵk (B, y ) = (B̃, ỹ ) at k (k = 1, · · · ,N):

ỹi =


y−1

k i = k

yi
∏bki

m=1

(
1 + ϵ2m−1 y−1

k

)−1
i , k , bki ≥ 0

yi
∏−bki

m=1 (1 + ϵ2m−1 yk ) i , k , bki ≤ 0.

b̃ij : same as classical case

• Quantum cluster R

(Qn,m, y )

RϵMj ,k
:= s(j,k−2),(j,k−1) ◦ µϵk ◦ µ

ϵ
k+1 ◦ · · · ◦ µ

ϵ
k−3

◦µϵk−1 ◦ µ
ϵ
k−2 ◦ · · · ◦ µ

ϵ
k+1 ◦ µ

ϵ
k (j = 1, . . . ,m)

where µϵk := µϵj,k



• Quantization of y-seed [Fock-Goncharov]

Def A quantum y-seed (B, y ):
B = (bij)i,j ∈ MatN(Z): a skew-symmetric matrix
y = (y1, . . . , yN); yiyj = ϵ2bji yjyi : quantum y-variables

The quantum mutation µϵk (B, y ) = (B̃, ỹ ) at k (k = 1, · · · ,N):
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Thm 3
(i) We have RϵMj ,k

(Qn,m, y ) = (Qn,m, y ′);

y′j′,i =


yj′,i j′ < {j − 1, j, j + 1}
(αϵi+2)

−1 · y−1
j,i+1 · αϵi j′ = j

(αϵi )
−1 · ϵ yj,i yj−1,i · αϵi+1 j′ = j − 1

(αϵi+1)
−1 · ϵ yj,i+1 yj+1,i · αϵi+2 j′ = j + 1

independently of k . Here αϵi := αϵi (Mj) = 1 +
∑n−1
ℓ=1 ϵ

ℓyj,i yj,i+1 · · · yj,i+ℓ−1.
We write Rϵ

Mj
(y ) = y ′.

(ii) Rϵ
Mj

(1 ≤ j ≤ m) generate Sm+1 action on Cϵ⟨y ⟩.

Key (Thm 3 (ii))

the equivalence of a ‘mutation period’ among classical, quantum
and tropical y-seeds
[Fock-Goncahrov 2009] [I-Iyama-Keller-Kuniba-Nakanishi 2013]
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• Quantum cluster R and quantum geometric R

Consider the y-seed (Qn,m−1, y ) and define
ϕϵ : Cϵ⟨y ⟩ ↪→ Cϵ⟨q1, . . . , qm⟩; yj,i 7→ ϵ−1q−1

j,i qj+1,i−1.

Thm 4
(i) For j = 1, . . . ,m − 1, the following diagram is commutative:

Cϵ⟨y ⟩
Rϵ

Mj
��

ϕϵ // Cϵ⟨q1, . . . , qm⟩
Rϵ

j

��
Cϵ⟨y ⟩

ϕϵ
// Cϵ⟨q1, . . . , qm⟩

(ii) Rϵ
j (j = 1, . . . ,m − 1) generate Sm action on Cϵ⟨q1, . . . , qm⟩.
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• Invariants of quantum geomtric R

Fact [Yamada 2001] [Lam-Pylyyavskyy 2010-] [L-P-Sakamoto 2014]
The loop analogues of elementary symmetric funct, Schur funct,
skew Schur funct are defined in C[q1, . . . , qm], and shown to
belong to C[q1, . . . , qm]

Sm .

Claim We have its quantum analogue.

Def Quantum loop elementary symmetric function:

e(r)
k (q1, . . . , qm) :=

∑
1≤j1<j2<···<jk≤m

qj1,r+1−j1 qj2,r+2−j2 · · · qjk ,r+k−jk ∈ Cϵ⟨q⟩

for 1 ≤ k ≤ m, r ∈ Z/nZ, and e(r)
0 = 1 and e(r)

s = 0 for s < 0 or s > m.(
ϵ→1→ loop elementary sym

qj,i→qj→ elementary sym
)

(Ex) n = m = 3:

e(1)
1 = q1,1 + q2,3 + q3,2

e(1)
2 = q1,1q2,1 + q1,1q3,3 + q2,3q3,3, e(1)

3 = q1,1q2,1q3,1
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Key (Cf [Noumi-Yamada])

(i) Define

M(q; t) :=


q1 t
1 q2

. . .
. . .

1 qn

 .
When Rϵ(p, q) = (p′, q′), then it holds that
M(p; t)M(q; t) = M(p′; t)M(q′; t).

(ii) The e(r)
k are the entries of M(q1; t)M(q2; t) · · ·M(qm; t).

Thus e(r)
k ∈ Cϵ⟨q⟩Sm .
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