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Thm [Yamada 2001]
Define Rj : (d1,d2,...,0m) = (91,...,R(0j,9j+1),--.,0m).
Then R; (1 <j <m — 1) generate the symmetric group S, action
on C(q1,92,...,0m):

R?=id, RR=RR (i-jl>1)
RiRj+1R = RitaRiRjy1 (1= 1,...,m -2



Fact Via tropicalization:
X +y P min(x,y), Xy X+y

the geometric R reduces to the combinatorial R matrix which acts
on a tensor product of symmetric crystals of sl:

B = {(X1.-.%n) € (Z20)" | in =k
i
:{|1§b1§b2§---sbk§n}

Reomb : Bk ® By — B; ® By



Fact Via tropicalization:
X +y P min(x,y), Xy X+y

the geometric R reduces to the combinatorial R matrix which acts
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B = {(X1.-.%n) € (Z20)" | in =k
i
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(Ex) sl3 crystals

Reoms : [1]2[3]3]@[2]2]~[1]3]®[2]2]2]3]
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§2 Cluster R-matrix

e Cluster mutation [Fomin-Zelevinsky 2000]
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B = (bj)i; € Matn(Z): a skew-symmetric matrix

y = (Y1,---,Yn), Vi: ay-variable (€ the universal semifield)
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§2 Cluster R-matrix

e Cluster mutation [Fomin-Zelevinsky 2000]

Def Avy-seed (B,y):
B = (bj)i; € Matn(Z): a skew-symmetric matrix
y = (Y1,---,Yn), Vi: ay-variable (€ the universal semifield)

The mutation u (B,y) = (B,y) atk (k = 1,--- ,N):

! fori =k -b; fori=korj=k
v ={v —1\—by . _ =
S e 3 v forks I P20 by |bi|by; + bik [by]
i (14 yy )%k fork #1i, by > 0. bij+f
Remark

(i) px ok = id. I by = 0, py o pj = pj 0 .
(ii) B «— a quiver with N vertices
bj = #{arrows from i to j} — #{arrows from j to i}
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1 2 1 2
H1
“—>
4 3 4 3
Y1 1/y1
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Y3 Y3
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(Ex)

1 2 1 2 1 2
H1 H2
“—> “—>
4 3 4 3 4 3
Y1 1/y1 1/y1(1+1/y3)
y2 y2/(14+1/y1) =y, 1/y,
Y3 Y3 ys/(1+1/y;)

Ya ya(1+y1) =y, Ya(1+y3)
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e Triangular grid quiver Q, m on a cylinder

g Y = (Yji)1<j<m, iez/nz

1‘-/ :/ | M;: acircle (j,1) - (j,2) = --- = (j,n) = (j, 1)

Rk 1= S(jk-2).(jk-1) © Mk © Uk+1 O *** O Uk-3
- OM k-1 © Uk—2 © **+ O Uk+1 © Uk
where uj := ;i

i

li\l
ANANANANAN}
N




e Triangular grid quiver Q, m on a cylinder
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RM,.1 = S(2,3),(2.4) © 41 © U2 © Ha O fi3 © ip © U1



e Triangular grid quiver Q, m on a cylinder
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y = (yji)lgjsm, i€Z/nZ
M;: acircle (j,1) = (j,2) = --- = (j,n) = (j. 1)

Rmik = S(jk=2),(jk-1) © Hk © Hk+1© *** O lk-3
Ofk—-1 © Hk-2 © = O Uk+1 © Uk
where uj := ;i

(Ex) n=4:
RM,.1 = S(2,3),(2.4) © 41 © U2 © Ha O fi3 © ip © U1

(demo of mutation)



Thm1
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We write Ry, (y) =y’
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e Cluster R and geometric R
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e Cluster R and geometric R
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Consider the y-seed (Qnm-1,Y)-

¢: C(y) — C(qla---’Qm)? Yj,i =

Qj+1,i-1

Qi



e Cluster R and geometric R

A

Consider the y-seed (Qnm-1,Y)-

Qj+1,i-1
¢ : C(y) — C(qla .. -,qm)? Yj,i = Jq—l
],1

Thm 2
Forj=1,...,m -1, the following diagram
is commutative:

¢
C(y) HC(QL« . '9qm)
Rm

C(y) = €@, am)



Remark

Qnm+1: a quiver Qnm+1+ (some ‘frozen vertices’)
(Qn.m+1, X, X): a seed with ‘frozen variables’ X

We can define the cluster R-matrix

Ry; = (permutations on frozen vertices) o Ry,

which makes the following diagram commutative:

C(y) == C(1s .- Gm) —— C(x, X)

S

C(y) —= C(d1,-- -, Gm) ——~ C(x, X)

X X

forj=1,...,m— 1. Here y is given by a form q;; = XH'



§3 Quantization

e Quantum geometric R
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§3 Quantization
e Quantum geometric R

J
-'rn:]“- S . & a=(A1,...,0Um), Gj = (Gj)iez/nz
Sk == {01k, Q2k-1,- - - > Omk-m+1}

16 @ O




e Quantum geometric R

S4n0

16

§3 Quantization

d = (d1,....qm), 9j = (Gji)iez/nz

Sk = {01k, G2k-1, - - -

» Omk—m+1}

C(q): a skew field with relations:

€ Qjriv i
€1 ayigj
q;iQyir = (qu'/i/qj'i
Eij’i’ch'i
dj-i- Qi

’

0ji € Sk+1, i € Sk,J <]
dji € Sk+1, i € Sk»j > ]
Qji» Oyir € Sk.j <]’

Qji> Ojri € Sk»j >’
otherwise

’



§3 Quantization

e Quantum geometric R

rlj 2 3 m

[ne oo 9=1(d1,...,0m), dj = (%ji)iez/nz
Sk = {drk>d2k-1,---»Omk-m+1}
' C(q): a skew field with relations:
2 3 €qyidi i € Sk+1,0p € Sk,] <’
€100 Gji € Skt1. 0 € Sksj >
i%yir = € OyiGi  Gji. Ojir € Sk.J <’
€Qpi Qi Gji- i € Sk} >’
Sa Oyir otherwise
1G L ©
Def RS (p.q) := (Pi, Gi)asien = (k)™ - Gi - k505 (k)™ Pi - &) 1<isn
where «€(p.q) := X3 Pi-1Pi-2 - - Picj Gij-20ij-3 - Gin (i € Z/NZ)



e Quantum geometric R

in® o ¢ 9=(91,.--,0m), Gj = (Gji)icz/nz
Sk == {d1k>92k-1>- - - > Amk-m+1}
' C(q): a skew field with relations:
2 €qyidi i € Sk+1,0p € Sk,] <’
€GO € Sk, Qv € Skoj >
Qjidyir =2 € “0yrirGi i, djrir € Skoj <’
€Qpi Qi Gji- i € Sk} >’
Sanf Oyir otherwise
1G < ©
Def RS (p.q) := (Pi, Gi)asien = (k)™ - Gi - k505 (k)™ Pi - &) 1<isn
where «€(p.q) := X3 Pi-1Pi-2 - - Picj Gij-20ij-3 - Gin (i € Z/NZ)
R(Az,---.Om) == (d1,.. -, R4} Uj2), .-, Am) (1= 1,...,m = 1)

§3 Quantization



¢ Quantization of y-seed [Fock-Goncharov]

Def A quantum y-seed (B,y):

B = (bj)ij € Matn(Z): a skew-symmetric matrix

Y = (Y1,---,YN); Yiyj = €2Piyjy; © quantum y-variables



¢ Quantization of y-seed [Fock-Goncharov]

Def A quantum y-seed (B,y):

B = (bj)ij € Matn(Z): a skew-symmetric matrix

Y = (Y1,---,YN); Yiyj = €2Piyjy; © quantum y-variables

The quantum mutation ug (B,y) = (B.y)atk (k =1,---,N):

vt i=k
Vi =y, Hbmkizl (1 4 2m-1 Wl)_l i#Kk, bg>0 bj : same as classical case

Yi H;nb:k‘l (L+em 1) i #k, by <0.



¢ Quantization of y-seed [Fock-Goncharov]

Def A quantum y-seed (B,y):

B = (bj)ij € Matn(Z): a skew-symmetric matrix

L YN); YiY; = €Piyyy; © quantum y-variables

bj : same as classical case

y =01

The quantum mutation ug (B,y) = (B.y)atk (k =1,---,N):
Vi i =k

yi = Yi Hmd:l (l + e2m-1 yk’l)_l ik, bg>0
Yi H;nb:k‘l (14w i #k, b <0.

e Quantum cluster R

(Qn,m, y)

€ — Q. . € € . €
Rk = S(ik-2).(1k-1) © i © K1 © " © Hye_g
Oy M _p 0 oM g oy (1=1,...,m)

where pp = ,ujfk



Thm 3
(i) We have Raj’k(Qn,msY) = (Qn,ma y/);

Yii eli-Lji+1
V. = (o)™ Vit of =i
P en) ey Ve oy =j-1

(@)t eYiinYjri-af, i'=j+1

independently of k. Here of := af(M;) = 1+ X077 €V} Vi1 Viite-1-
We write Ry, (y)=y'

(i) Rf,h (1 <j < m) generate Sp1 action on C(y).



Thm 3
(i) We have Raj’k(Qn,msY) = (Qn,ma y/);

Yii eli-Lji+1
V. = (o)™ Vit of =i
P en) ey Ve oy =j-1

(@)t eYiinYjri-af, i'=j+1
indepgndently of k. Here af := af (M;) = 1+ S0 €Y Vit Vi1
We write Ry (y)=y'
(i) Rf,h (1 <j < m) generate Sp1 action on C(y).

Key (Thm 3 (ii))

the equivalence of a ‘mutation period’ among classical, quantum
and tropical y-seeds
[Fock-Goncahrov 2009] [I-lyama-Keller-Kuniba-Nakanishi 2013]
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e Quantum cluster R and quantum geometric R

Consider the y-seed (Qnm-1,Y) and define
¢ 1 Cely) > Celdan- - Um; Yii = € 0 gpwioa

Thm 4
() Forj=1,...,m -1, the following diagram is commutative:

¢E
Cy) —=C«az,...,qm)

€ €

Cs<y>7\Ce<ql,...,qm>

(i) Rf (i=1,...,m-1) generate Sy, action on C(qy,...,qm)-



e Invariants of quantum geomtric R
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skew Schur funct are defined in C[qs,...,qm], and shown to
belong to C[qs1,. .., qm]°™.
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e Invariants of quantum geomtric R

Fact [Yamada 2001] [Lam-Pylyyavskyy 2010-] [L-P-Sakamoto 2014]
The loop analogues of elementary symmetric funct, Schur funct,
skew Schur funct are defined in C[qs,...,qm], and shown to
belong to C[qs1,. .., qm]°™.

Claim We have its quantum analogue.
Def Quantum loop elementary symmetric function:
elEr)(ql’ (R qm) = Z Qjr+1-j1 Gizr+2-j2 =~ Uijor+k-ik € Ce<q>

1<ji<jp < <jk<m

forlsksm,reZ/nZ,andeér):1ande£'):0fors<00rs>m.

e—1 9i—q
( — loop elementary sym "—  elementary sym )
(EX)Yn=m =3:

eil) =011+ 023 + 032

(1)
€3

eél) = 011021 + 911033 + 02,3033, = O11922031



Key (Cf [Noumi-Yamadal)
(i) Define
d1 t
1
M(a;t) := N
1 on
When R¢(p,q) = (p’,q’), then it holds that
M(p; t)M(g;t) = M(p”;t)M(q’; t).
(i) The e( ) are the entries of M(qz; t)M(qz;t) - - - M(qm; t).
Thus eIE € C(q)®m,
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