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1. Introduction

o Quantization of Riemann surface (in topological strings)

AX,y) =0, X,y €C ~ AXY)W(x)=0, [§,X]=h
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Introduction

Brief sketch of a background / motivation

gkt Riemann surface
local CY3
A(z’ y) = uv embed )Y€ A(z’ y) =0
z,y,uvEC -~ z,y €C
Quantization
of the complex structure
Eyard-Marino-Orantin [07 A
BCOV Theory [94] e terne O (97) | Eynard-Orantin Theory [07]
(Quantum Kodaira-Spencer) -— (Topological Recursion for X )
Prototype Alexandrov-Mironov-Morozov [03]

Eynard [04]

Ward identity in Matrix Models
and spectral curve X
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Introduction

As a prototype of topological strings, it would be instructive to discuss
the quantization in the context of matrix models.

v
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As a prototype of topological strings, it would be instructive to discuss
the quantization in the context of matrix models.

The most simplest one is hermitian 1-matrix model:

7 - /dMNXNe—;TrV(M)
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Introduction
As a prototype of topological strings, it would be instructive to discuss
the quantization in the context of matrix models.

The most simplest one is hermitian 1-matrix model:

7 - /dMNxNe;TrV(M)

One can translate the matrix model language into 2d ¢ = 1 CFT
language via free field representation
1

o(x) = on V(x) — Trlog(x — M)
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Introduction

As a prototype of topological strings, it would be instructive to discuss
the quantization in the context of matrix models.

The most simplest one is hermitian 1-matrix model:

7 - /dMNxNe;TrV(M)

One can translate the matrix model language into 2d ¢ = 1 CFT
language via free field representation

o(x) = 2172 V(x) — Trlog(x — M)

The Ward identity yields the Virasoro constraints L,>_1Z = 0.

v
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Introduction
As a prototype of topological strings, it would be instructive to discuss
the quantization in the context of matrix models.

The most simplest one is hermitian 1-matrix model:

7 - /dMNxNe;TrV(M)

One can translate the matrix model language into 2d ¢ = 1 CFT
language via free field representation

o(x) = 2172 V(x) — Trlog(x — M)

The Ward identity yields the Virasoro constraints L,>_1Z = 0.

In the B-model language, ¢(x) describes the Kodaira-Spencer field on
target Riemann surface ¥ ; Aganagic-Dijkgraaf-Klemm-Marino-Vafa [03]
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Consider a “ ” in the matrix model

V(x) = (e?™)
This function satisfies a (time-dependent
Schrodinger equation; )

AV(x) =0, A=nd2—L_5(x)

where £_,(x) is a (“0;,”) operator.
Define (which is finitely defined)

y(x) = _lim (hoxp(x))

“h—0

Then 19,V (x) =% y(x)¥(x), and we find

)
>
Q

AU(x) =0 "= A(x) = y(x)2 — L(x) =0




Introduction

A brief look at classical limit of quantum curve
Consider a “wave-function” in the matrix model

W(x) = (™)

Masahide Manabe (Univ. of Warsaw) Super Quantum Curves June 2016 @ Moscow 5/28



Introduction

A brief look at classical limit of quantum curve
Consider a “wave-function” in the matrix model

W(x) = (™)

This function satisfies a quantum curve equation (time-dependent
Schrodinger equation; Aganagic-Cheng-Dijkgraaf-Krefl-Vafa [11])

AVU(X) =0, A=h?0%—L_s(x)

where 2_2(x) is a time-dependent (“0;”) operator.
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Introduction
A brief look at classical limit of quantum curve
Consider a “wave-function” in the matrix model
W(x) = (™)

This function satisfies a quantum curve equation (time-dependent
Schrodinger equation; Aganagic-Cheng-Dijkgraaf-Krefl-Vafa [11])

AV(x) =0, A=n2d2—L_p(x)

where 2_2(x) is a time-dependent (“0;”) operator.
Define spectral function (which is finitely defined)

m_(hOx¢(X))

li
“h—0

y(x) =
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A brief look at classical limit of quantum curve
Consider a “wave-function” in the matrix model

W(x) = (™)
This function satisfies a quantum curve equation (time-dependent
Schrodinger equation; Aganagic-Cheng-Dijkgraaf-Krefl-Vafa [11])
AVU(X) =0, A=h?0%—L_s(x)

where 2_2(x) is a time-dependent (“0;”) operator.
Define spectral function (which is finitely defined)

y(x) = Jim (10:6(x)

li
“h—
Then 70,V (x) 3 y(x)¥(x), and we find classical spectral curve:

AU(x) =0 2 A(x)=y(x)2 - L(x)=0
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Introduction

One can generalize this matrix model/CFT with ¢ = 1 to
Beta-deformed ensemble <— CFT withc =1 — 6Q°

where Q= 5~1/2 — p1/2,

V.
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Introduction

One can generalize this matrix model/CFT with ¢ = 1 to
Beta-deformed ensemble <— CFT withc =1 — 6Q°

where Q = 8~1/2 — g1/2, for beta-deformed ensemble
N e
z- / [] dzar(2)P % Tis Vi)
RN a=1

where A(z) = H1§a<b§N(za — Zp),
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Introduction

One can generalize this matrix model/CFT with ¢ = 1 to
Beta-deformed ensemble <— CFT withc =1 — 6Q°

where Q = 8~1/2 — 81/2, for beta-deformed ensemble
il 3
Z- / [] dzar(2)P % Tis Vi)
RN a=1

where A(2) = [[1<acp<n(2a — 2b), Via free field representation

N
8(x) = 5= V(x) VB log(x — 22)
a=1
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Introduction

One can generalize this matrix model/CFT with ¢ = 1 to
Beta-deformed ensemble <— CFT withc =1 — 6Q°

where Q = 8~1/2 — 81/2, for beta-deformed ensemble
N e
Z- / [] dzar(2)P % Tis Vi)
RN a=1
where A(2) = [[1<acp<n(2a — 2b), Via free field representation

N
8(x) = 5= V(x) VB log(x — 22)
a=1

Beta-deformations like this are studied to “refine” the topological
strings; Dijkgraaf-Vafa [09], Aganagic-Shakirov [11]
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Using Ward identity one can construct (Piotr’s talk)

1:1 . .
Quantum Curves <— Virasoro Singular vectors ®; s




Introduction

As a straightforward generalization we can introduce SUSY;

3
Beta-deformed super-ensemble +— SCFT with ¢ = 5 3Q?

where Q = 3~1/2 — g1/2,
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Introduction

As a straightforward generalization we can introduce SUSY;
. 3 .
Beta-deformed super-ensemble +— SCFT with ¢ = 5 3Q

where Q = 8~1/2 — 81/2, for beta-deformed super-ensemble
N o
7 — / H dzad9aA(z, 19)66—7 Dt (VB(Za)+ VF(Za)79a)
a—1

where A(z,9) = [1i<acp<n(Za — 2o — Yadp),
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Introduction

As a straightforward generalization we can introduce SUSY;
. 3 .
Beta-deformed super-ensemble +— SCFT with ¢ = 5 3Q

where Q = 8~1/2 — 81/2, for beta-deformed super-ensemble
N o
7 — / H dzad9aA(z, 19)66_7 Dt (VB(Za)+ VF(Za)79a)

where A(z,9) =[]y« o p<n(2a — 2o — Yalp), via free field
representation

H(x) = TVa(x fZlogx 22), ¥(x) = TVe(x) — VBY 2

X—2Z
a=1 a

v
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Introduction

Vg(x) and VE(x) are bosonic and fermionic single-valued functions of
x, and then we can describe the NS sector on the SCFT side
(R-sector?).
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Introduction

Vs(x) and VE(x) are bosonic and fermionic single-valued functions of
x, and then we can describe the NS sector on the SCFT side
(R-sector?).

The Ward identity yields the NS super-Virasoro constraints
Gp>—1/2Z = Lp>_1Z = 0.
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Introduction

Vs(x) and V(x) are bosonic and fermionic single-valued functions of
x, and then we can describe the NS sector on the SCFT side

(R-sector?).

The Ward identity yields the NS super-Virasoro constraints
Gp>_1/2Z = Lp>_1Z=0.

The 5 = 1 case was studied in the first half of the 90s;
Alvarez-Gaume-ltoyama-Manes-Zadra [91], Plefka [96] etc
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Introduction

Vg(x) and VF(x) are bosonic and fermionic single-valued functions of
x, and then we can describe the NS sector on the SCFT side
(R-sector?).

The Ward identity yields the NS super-Virasoro constraints
Gp>_1/2Z = Lp>_1Z=0.

The 7 = 1 case was studied in the first half of the 90s;
Alvarez-Gaume-ltoyama-Manes-Zadra [91], Plefka [96] etc

Even for the 7 — 1 case, “matrix model description” is NOT known.
(Feynman diagram description by 't Hooft?)
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Introduction

In the following, | will discuss
o Classical spectral curve in the (beta-deformed) super-ensemble
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Introduction

In the following, | will discuss
o Classical spectral curve in the (beta-deformed) super-ensemble
o Construction (by Ward identity) of

1:1 . .
Super Quantum Curves <— Super Virasoro Singular vectors

in NS sector.
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Ward identity

2. Ward identity

Beta-deformed super-ensemble

N
Z= / [ 0220920 (z,0)P e~ % Tar (Velza)+ Ve(za)ve)
a=1

where A(z,9) = [[i<,cp<n(Za — 2o — Yap), and put

Ve(x) = tax", VE(X) =D &np1/eX”
n=0 n=0
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Ward identity

2. Ward identity

Beta-deformed super-ensemble

N
Z= / [ 0220920 (z,0)P e~ % Tar (Velza)+ Ve(za)ve)
=1

where A(z,9) = [[i<,cp<n(Za — 2o — Yap), and put

=3 tax", VE(X) = &npqyex”
n=0 n=0

Relation with 2d SCFT w/ NS sector

H(x) = 5 Va(x fZIogx 22), (x) = 3 Ve(x IZX 2
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Actually in the expectation value, one finds annihilation operators as

zN:z” — _iat zN:z”ﬁa «— —iag
a ns a n+1/2
a=1 \/B a=1 \/B
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Ward identity

Actually in the expectation value, one finds annihilation operators as

ﬁ:z” — —iat iz”ﬁa — —iag

and then obtains the OPEs

1
X1 — X2

o(x1)p(x2) =log(xy — X2) +---,  (Xq1)(X2) =
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Ward identity

Actually in the expectation value, one finds annihilation operators as

N i N h
;zg s _ﬁat"’ ;Zgﬁa — _ﬁa§n+1/2 J
and then obtains the OPEs
P(x1)o(xe) =log(x1 —x2) + -+, P(x1)(xe) = X4 1X2

The superconformal current and the EM tensor are realized as

S(x) = P(x)9xp(x) : +QOxb(x)
1

T(x) = 5  xBI0D(0) : 45 : Brb(xI(x) - +3 QoE(x)

where Q = 3~1/2 — g1/2,
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Then by the mode expansions

Sx)= Y Gx ¥ T(x)=> Lx"? J

rez+1/2 nez




Ward identity

Then by the mode expansions

Sx)= > Gx %2 T(x)=Y Lx "2

rez+1/2 nez

one obtains the NS super-Virasoro algebra

c 1
{Gr,Gs} =2Lr1s + 3 (f2 - Z)5r+s,o
m
[Lm, Gr] — (E - I’) Gm+r

c

1 2 (m3 - m)5m+n,0

[Lm,Lp) = (M —n)Lmyn+

with the central charge

w

c=~-—-3Q?
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(S+(x)) = (T+(x)) =0

Actually S, (x) and T (x) generates




Ward identity

Ward identities (positive frequency modes)

(S+(x) = (T (x)) = 0

Actually S;(x) and T.(x) generates infinitesimal shifts

| 9ab 5
Si(x) : za—>za+x_za, 193—>19a+x_za

€ ela
T+(X): Zg — Za+X—Za7 193 — ﬁa+m
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Ward identity
S, (x) is obtained as
N

Y4 Ua
N rrs s RAURD S oy

a=1

Si(x) =48

1% ‘%’Mz

N
doo —(V&(2a)Va + Vi(2a)

a=1
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Ward identity

S, (x) is obtained as
N

S (x)=8 XN: # (1— Zﬁi
T A = za)(x - ) & (x—2za)?
N
g doo —(V&(2a)Va + Vi(2a)

a=1

Super-Virasoro constraints (by the mode expansion)

(§4(x)) =0 = Gpp12Z2=0, n>-1

where

oo o0 n
Gn+1/2 = Z ktka&k+n+1/2 + Z £k+1/28fk+n+1 + 1 Z a§k+1/20tn—k
k=1 k=0 k=0

\[ VB n + 1)85n+1/2
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Ward identity

T, (x) is obtained as

a,b= a,b=1
apy

2 p (X — za)?

VB 1, : VB N~ Ve(22)9s
" h 2 x— g (Vel@) + VAz)a) - 5 2 (XF— Za)?
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Ward identity

T, (x) is obtained as

_B5 1 RS Javl
Ta(x 2 bz (x = za)(x — zp) + 53;1 (X = za)(x — zp)?

1 1
+ 50 */”)ZW

N
Z =2 (Va(za) + VE(za)da) = 35 > (X — za)?

Virasoro constraints (by the mode expansion)

(TL.(x))=0 = L,Z=0, n>-1

where

Ln=" Kt,, + 5 Z 4.0, + Z §k+1/28£k+n+1/2
k=1

h2
- 2 Z kOe, 12012 T f \/7 h(n+1)0,

k=1
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Classical spectral curve via Ward identity

3. Classical spectral curve via Ward identity

't Hooft limit (denoted by“A — 07)

N—oo, h—0, p—1, with AN = fixed

of the Ward identities

(S+(x)) = (T+(x)) =0
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Classical spectral curve via Ward identity

3. Classical spectral curve via Ward identity

't Hooft limit (denoted by“s — 07)
N—oo, h—0, p—1, with AN = fixed J

of the Ward identities
(S+(x)) = (T4(x)) =0

Define spectral functions

ya(x) = fim (hoxo(x), ye(x) = lim_(h(x)) J
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>t
=

Ar(x, yBlyF) = ya(X)yr(x) — G(x) =0
As(x, y8lyF) = ya(x)? + YE(X)ye(X) — 2L(x) =0

I

(Si(x) =0 =9
0




Classical spectral curve via Ward identity

“Spectral curves”

i

Ar(x, y8lyF) = ya(x)ye(x) — G(x) =0

(St(x)) =0
(Te(x)) =0 28 Ap(x,yslyr) = ya(x)? + YE(X)ye(x) — 2L(x) = 0
where
G(X) = V() VE(X) + ha(x),  L(x) = 3 VA0 + 3 VEX)VE(X) + fa(x)
and
. N VE(x) - V) (2a) | (Vo(x) - Vg(22))Va
ha(x) = — _lim <n;( e )~ elz)le))
N V(X)) = Vi(za)  (VE(X) = VE(Za))Pa . V) (X, z2)Ya
fa(x) = = jim,. <h;( ° —z: + 2(x—an) + é:(x—za)2 )>

VB(x, 22) = Ve(X) — VE(2a) — (X — 2a) VE(Za)
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4. Ward identity for wav
Wo(x,0) = (eneIFrv(x)0) l




Ward identity for wave-function

4. Ward identity for wave-function

Wave-function with a momenta o

V,(x,0) = <e%<f>(x)+%w(x)e>

This operator insertion induces a back reaction to the potentials

Va(za) — Vi(za; x) = Va(za)+alog(x — z,)
af

a

Ve(za) — Vr(zai,x,0) = Vr(za)-
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Ward identity for wave-function

4. Ward identity for wave-function

Wave-function with a momenta o

Wa(x, ) = (eRO+5UL00)

This operator insertion induces a back reaction to the potentials

Va(za) — Vi(za; x) = Va(za)+alog(x — z,)
af
X— 2

Ve(za) — VF(Za;,X,G):VF(Za)—

As the result the original superconformal current and the EM tensor
are deformed

S(y) — S(y:x.0)
T(y) — T(y:x,0)
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(S+(yix,0)oFHIFRU) = (T, (y; x, 9)eh #iv(0) — o




Ward identity for wave-function

Ward identities for the wave-function
(S1(y: X, 0)eRHNTRVCN — (T (y: x, 6)eROX+54(0) — g

On the other hand, the negative frequency modes

d _ a a
G_ny1/2Va(X,0) 27{ 2—7}T/I.(y—X)1 "S_(y; x,0)en?IT R0

y=x
£o¥a(0)= §_ iy —x) T (1 x, ekt TR0
y=x

generates the superconformal family on the wave-function.
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Ward identity for wave-function

Explicitly we obtain

G_1/2 = 00x — 0,
1

Gonp12 = m(a" 2(Vh(x) Ve(x)) + Qndg—" Vir(x) + 02 2h(x)

+ [0772h(x), log Z]), for n > 2

= h? Z x" Z (ék—1/204__» + KtiOe,_,_4,5)

n= k=n+2
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Ward identity for wave-function

Explicitly we obtain

G_1/2 = 00x — 0,
1

Gonp12 = m(a" 2(Vh(x) Ve(x)) + Qndg—" Vir(x) + 02 2h(x)

+ [0772h(x), log Z]), for n > 2

= h? Z x" Z (ék—1/204__» + KtiOe,_,_4,5)

n= k=n+2
‘C—1 - 8Xa

: ) (%85_2( é(x)z)+%8)7_2(VII:(X)VF(X))+%Qh8)'}VB(x)

£on= R2(n—2)!

+ 90 2F(x) + [002F(x), log z}), forn > 2,

o0

=n ix” Z <ktkatk_,,_2 + (k — n2i)§k+1/28€k473/2>

n=0 k=n+2
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Super quantum curves

5. Super quantum curves

NS super Virasoro singular vectors
Consider in SCFT:

1
I—0 |Ao¢> = §Aoz ‘Aa> ) Ln21 |Ao¢> = Gn21/2 ‘Aa> = 07 Aoc

with
=33, Q=—FP4p"
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Super quantum curves

5. Super quantum curves

NS super Virasoro singular vectors
Consider NS highest weight vector |A,,) in SCFT:

1
I—0 |Ao¢> = §Aa ‘Aa> ) Ln21 |Ao¢> = Gn21/2 |Aa> = 07 Aoc

with
_302, 02_61/2+6—1/2

N W

Then only the cases for

, o 1/2 _ o n—1/2
a_(r=1)8 (s—1)8 : with r — s € 27,

h 2

the NS Verma module generated by the operations L,<_1 and G,<_1,2 on
|A,) contains a unique degenerate vector at level

rs

2
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Super quantum curves

We can construct super quantum curves corresponding to these singular
vectors from the Ward identities

(S4(y; x,0)RPXITEVYNIOY — (T, (y: x,0)eR ) +7¥(0) — @ J
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Super quantum curves

We can construct super quantum curves corresponding to these singular
vectors from the Ward identities

(S+(y: x,0)eR TRV = (T (y; x,0)eF#I+7V) = 0 )

The most simplest one is the level 3/2, and it is constructed from
(S, (x; x, )R oIF 7Y — g

where

0S.(x;x,0) = (a+0h)fz 09a +8 Z (XL

O—zaP 7 2 - za)(x - 20)

Gf Z Vi(Za)0a + Ve(2a)

X — Za
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We find that only for

>=0, VB —vBT |

the Ward identity is expressed as a differential equation

- s a?
aAgO/)Q\I!a(x, 9) =0, AI(S(})Z = —0y0y — ﬁg_;;/z J

G372 = o (VB Ve(x) + QRVE(X) + (x) + [(x),log )
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Super quantum curves

We find that only for

®_0, VB -vET J

the Ward identity is expressed as a differential equation

2
“A(0)
OAT, o (x,0) =0, A, = 0,0y~ 556 32 J

1 ~ ~
G372 = 75 (VB(X) VE(x) + QRVE(X) + h(x) + [A(x).log Z])
Let us decompose the wave-function into components

W (x,0) = (eFHIHRUNY g (x) 4 Wp (x)0
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Super quantum curves

We find that only for

%:0 \/77 7\//371

the Ward identity is expressed as a differential equation

2

~(0)
9A3/2 a(x,0) =0, A(3/2— —0x0p — f2g73/2

1 ~ —~
G 32 == (vg,(x) VE(X) + QhVE(x) + h(x) + [h(x), log Z])
Let us decompose the wave-function into components
vV, (x,0) = <e%¢(x)+%w(x)9> = Vg ,(X)+ Ve (X)0

Then the above differential equation yields

2
(6%
8X\UF,04(X) - ﬁg73/2w3,a(x) =0
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Super quantum curves

We find that only for

C_0, VB VBT J

the Ward identity is expressed as a differential equation

2
) |
AT, Va(x,0) =0, A, =—0,05 — ﬁg,s/2 J

1 ~ —~
G372 = 75 (VB(X) VE(x) + QRVE(X) + h(x) + [A(x).log Z])
Let us decompose the wave-function into components
W, (x,0) = <e%¢(x)+%¢(x)9> = Vg ,(X)+ Ve (X)0

Then the above differential equation yields

2
(6%
8X\UF,04(X) - ﬁg73/2w5,a(x) =0

This equation is obviously incomplete to determine the wave-function.
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Super quantum curves

To compensate the incompleteness, firstly, using the Virasoro generators
acting on the each components let us rewrite

o2
(L—1 G_12 — ﬁG—s/z) Vg.(x)=0
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Super quantum curves

To compensate the incompleteness, firstly, using the Virasoro generators
acting on the each components let us rewrite

o2
(L—1 G_12 — ﬁG—s/z) Vg.(x)=0
Here we defined {L_,} and {G_p11/2}, €.9. as

g,1/2\lla(x, 0) = VE o(X) + 0xVB o (X)0
= G,1/2\UB7Q(X) + G,1/2\UF,Q(X)9
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Super quantum curves

To compensate the incompleteness, firstly, using the Virasoro generators
acting on the each components let us rewrite

o2
(L—1 G_12 — ﬁG—3/2> Vg ,(x)=0
Here we defined {L_,} and {G_p11/2}, €.9. as

g,1/2\lla(x, 0) = VE o(X) + 0xVB o (X)0
= G_1/2\UB70‘(X) + G_1/2\UF,Q(X)9

By the operation of G_4 » on this equation and using the super-Virasoro
algebra we can find second differential equation

~(1 A) _ - 202 a? 0
OAGVa(x,0) =0, AL, =0F — S5 Lo~ 350 520
1 /1 , 2 1 ’ 1 1/ 1 f
L2 = 55 (5 VB + 5 VEC)Ve(x) + 5 QEVE(x) + (x) + [F(x).log 2]
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Super quantum curves

By packing the above two differential equation into a one place, we obtain
Ag 2V, (x,60) = 0,

a? 202
Aajp = Ay, + Q(Ag})za@ - 3/2) = —0x0p — 739-3/2 — (32 72 572)
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Super quantum curves

By packing the above two differential equation into a one place, we obtain
Ag 2V, (x,60) = 0,

- & . a? 202
Pojo = A+ 0(AS)00 — Ay ) = ~0,00 — 255G 52— 0(0% — - L2)

By the similar way we can also construct higher level super quantum curve
equations, e.g. at level 5/2:

As2Va(x,0) =0,
2a(a® + Qha — )5 23p — a(20® + Qha + K?)
h?(3a+ 2Qh) h2(3a +2QhR)
a?(2a® 4+ 3Qha? + (@ — 5)h2a — 3QRK®
h*(8a + 2Qh)
a(o? + Qha — h? 202(2a® 4 3Qha? + (@ — 5)h%a — 3QR3) C
h2(3a + 2Qh) h*(3a + 2Qh) *3)

Valid only for %:0, \[7 —/B1, 727 2\/57 —24/p1

This expression is valid not only at level 5/2 but also at level 3/2 and 2!
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Super quantum curves

Classical limit of level 3/2 quantum curve
Consider the level 3/2 quantum curve equation for g = 1:

AVU(x,0) =0, A=—h28,85 —G_g/n — O(h?02 — 2L _5)

v
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Super quantum curves

Classical limit of level 3/2 quantum curve
Consider the level 3/2 quantum curve equation for g = 1:

AVU(x,0) =0, A=—h28,85 —G_g/n — O(h?02 — 2L _5)
Remember the spectral function

ye(x) = Jim (rdxd(x)),  yr(x) = lim (hp(x))
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Super quantum curves

Classical limit of level 3/2 quantum curve
Consider the level 3/2 quantum curve equation for g = 1:

AVU(x,0) =0, A=—h28,85 —G_g/n — O(h?02 — 2L _5)
Remember the spectral function
ye(x) = lim (hdxo(x)),  yr(x) = lim (h(x))

Then by

S

—0”

hoeW(x,0) =% —yr(X)V(x, ),

oW (x,0) "2 (ys(x) + YE(X)0) W(x,0),
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Super quantum curves
Classical limit of level 3/2 quantum curve
Consider the level 3/2 quantum curve equation for g = 1:
AVU(x,0) =0, A=—h28,85 —G_g/n — O(h?02 — 2L _5)
Remember the spectral function
ye(x) = Jim (rdxd(x)),  yr(x) = lim (hp(x))
Then by
hopW(x,0) =Y —ye(x)W(x,0),
B (x,0) "= (ya(x) + YE(X)0) W (x,0),
we surely obtain the classical spectral curve

Av(x,0) =0 =¥ A(x, yslyr) = Ar(X, yslyr) — 0As(X, yslyF) = 0

Ae(x, yslyr) = ya(x)ye(x) — G(x)
As(X, y8lYF) = ¥B(X)? + YE(X)yF(x) — 2L(X)
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Conclusion and outlook

6. Conclusion and outlook

Conclusion
@ Construction of

1:1 . .
Super Quantum Curves <— Super Virasoro Singular vectors

Outlook
o Extension to Ramond sector? More SUSY?

o Mathematical formulation of classical/quantum super Riemann
surface?

@ Supersymmetric topological recursion?

o Embedding to topological strings?

o “ADE-deformation” and relation with SW theory on C2/Z,?

9 “g-deformation” and relation with 3d OSp(1|2) CS theory?.....

v

Masahide Manabe (Univ. of Warsaw) Super Quantum Curves June 2016 @ Moscow 28 /28



	Introduction
	Ward identity
	Classical spectral curve via Ward identity
	Ward identity for wave-function
	Super quantum curves
	Conclusion and outlook

