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Çàäà÷à ñòàòèñòè÷åñêîãî îáó÷åíèÿ ñ ó÷èòåëåì

Ýòàï îáó÷åíèÿ (training):

Äàíî: âûáîðêà X = (xi , yi )
ℓ
i=1, yi = y(xi), ìåòîä îáó÷åíèÿ µ

Íàéòè: àëãîðèòì a = µ(X ), ïðèáëèæàþùèé y(x) âíå X :



f1(x1) . . . fn(x1)
. . . . . . . . .

f1(xℓ) . . . f1(xℓ)


 y

−→




y1
. . .
yℓ


 µ

−→ a

Ýòàï ïðèìåíåíèÿ (testing):

Äàíî: òåñòîâàÿ âûáîðêà X k = (x ′i )
k
i=1, àëãîðèòì a

Íàéòè: îòâåòû íà íîâûõ îáúåêòàõ x ′i :



f1(x

′
1) . . . fn(x

′
1)

. . . . . . . . .
f1(x

′
k) . . . fn(x

′
k)


 a

−→



a(x ′1)
. . .

a(x ′k)



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Ìîäåëü àëãîðèòìîâ è ìåòîä îáó÷åíèÿ

Ìîäåëü àëãîðèòìîâ � ïàðàìåòðè÷åñêîå ñåìåéñòâî îòîáðàæåíèé

A =
{
g(x , θ)

∣∣ θ ∈ Θ
}
,

ãäå g � çàäàííàÿ �óíêöèÿ, θ � âåêòîð ïàðàìåòðîâ ìîäåëè.

Ýìïèðè÷åñêèé ðèñê îòíîñèòåëüíî �óíêöèè ïîòåðü L (a, y):

Q(a,X ) =
1

|X |

∑

xi∈X

L
(
a(xi ), yi

)
,

Ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà � ìåòîä îáó÷åíèÿ âèäà

µ(X ) = argmin
a∈A

Q(a,X ).

Ïðîáëåìà ïåðåîáó÷åíèÿ: àëãîðèòì a = µ(X ) ìîæåò ïëîõî
âîññòàíàâëèâàòü ¾çàêîí ïðèðîäû¿ y(x), äîïóñêàÿ ìíîãî

îøèáîê íà êîíòðîëüíîé âûáîðêå X k = (x ′i , y
′
i )

k
i=1, y ′i = y(x ′i )
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Ïðèìåð ïåðåîáó÷åíèÿ. �åàëüíàÿ çàäà÷à êëàññè�èêàöèè

Çàäà÷à ïðåäñêàçàíèÿ îòäàë¼ííîãî ðåçóëüòàòà õèðóðãè÷åñêîãî

ëå÷åíèÿ àòåðîñêëåðîçà, L = 98. Òî÷êè � ðàçëè÷íûå àëãîðèòìû.
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Áèíàðíàÿ �óíêöèÿ ïîòåðü. Ìàòðèöà îøèáîê

X L = {x1, . . . , xL} � êîíå÷íîå ãåíåðàëüíîå ìíîæåñòâî îáúåêòîâ;

A = {a1, . . . , aD} � êîíå÷íîå ñåìåéñòâî àëãîðèòìîâ;

I (a, x) = [àëãîðèòì a îøèáàåòñÿ íà îáúåêòå x ];

L×D-ìàòðèöà îøèáîê ñ ïîïàðíî ðàçëè÷íûìè ñòîëáöàìè:

a1 a2 a3 a4 a5 a6 · · · aD

x1 1 1 0 0 0 1 · · · 1 X
ℓ
� íàáëþäàåìàÿ

. . . 0 0 0 0 1 1 · · · 1 (îáó÷àþùàÿ) âûáîðêà

xℓ 0 0 1 0 0 0 · · · 0 îáú¼ìà ℓ

xℓ+1 0 0 0 1 1 1 · · · 0 X
k
� ñêðûòàÿ

. . . 0 0 0 1 0 0 · · · 1 (êîíòðîëüíàÿ) âûáîðêà

xL 0 1 1 1 1 1 · · · 0 îáú¼ìà k = L− ℓ

n(a,X ) =
∑
x∈X

I (a, x) � ÷èñëî îøèáîê a ∈ A íà âûáîðêå X ⊂ X L
;

ν(a,X ) = n(a,X )/|X | � ÷àñòîòà îøèáîê a íà âûáîðêå X ;
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Ïðèìåð. Ìàòðèöà îøèáîê ëèíåéíûõ êëàññè�èêàòîðîâ

1 âåêòîð ñ 0 îøèáêàìè

x1 0

x2 0

x3 0

x4 0

x5 0

x6 0

x7 0

x8 0

x9 0

x10 0
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Ïðèìåð. Ìàòðèöà îøèáîê ëèíåéíûõ êëàññè�èêàòîðîâ

1 âåêòîð ñ 0 îøèáêàìè

5 âåêòîðîâ ñ 1 îøèáêîé

x1 0 1 0 0 0 0

x2 0 0 1 0 0 0

x3 0 0 0 1 0 0

x4 0 0 0 0 1 0

x5 0 0 0 0 0 1

x6 0 0 0 0 0 0

x7 0 0 0 0 0 0

x8 0 0 0 0 0 0

x9 0 0 0 0 0 0

x10 0 0 0 0 0 0
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Ïðèìåð. Ìàòðèöà îøèáîê ëèíåéíûõ êëàññè�èêàòîðîâ

1 âåêòîð ñ 0 îøèáêàìè

5 âåêòîðîâ ñ 1 îøèáêîé

8 âåêòîðîâ ñ 2 îøèáêàìè

è ò. ä...

x1 0 1 0 0 0 0 1 0 0 0 0 1 1 0 . . .

x2 0 0 1 0 0 0 1 1 0 0 0 0 0 0 . . .

x3 0 0 0 1 0 0 0 1 1 0 0 0 0 1 . . .

x4 0 0 0 0 1 0 0 0 1 1 0 0 0 0 . . .

x5 0 0 0 0 0 1 0 0 0 1 1 1 0 0 . . .

x6 0 0 0 0 0 0 0 0 0 0 1 0 1 0 . . .

x7 0 0 0 0 0 0 0 0 0 0 0 0 0 1 . . .

x8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .

x9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .

x10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
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Îñíîâíîå âåðîÿòíîñòíîå ïðåäïîëîæåíèå

Âñå C ℓ
L ðàçáèåíèé X ℓ ⊔ X k = X L

ðàâíîâåðîÿòíû.

Â ýòîì ñëó÷àå P ≡ E ≡ 1
C ℓ
L

∑
X ℓ⊂X L

� äîëÿ ðàçáèåíèé âûáîðêè.

Ôóíêöèîíàëû îáîáùàþùåé ñïîñîáíîñòè

îæèäàåìàÿ ÷àñòîòà îøèáîê íà êîíòðîëå:

CCV(µ,X L) = E ν
(
µ(X ℓ),X k

)
.

âåðîÿòíîñòü áîëüøîé ÷àñòîòû îøèáîê íà êîíòðîëå:

Rε(µ,X
L) = P

[
ν
(
µ(X ℓ),X k

)
> ε

]
.

âåðîÿòíîñòü ïåðåîáó÷åíèÿ:

Qε(µ,X
L) = P

[
δ(µ(X ℓ),X ℓ,X k) > ε

]
,

δ(a,X ℓ,X k) = ν(a,X k)− ν(a,X ℓ) � ïåðåîáó÷åííîñòü a.
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Îòëè÷èÿ îò êëàññè÷åñêîé ïîñòàíîâêè çàäà÷è

Ôóíêöèîíàëû îáîáùàþùåé ñïîñîáíîñòè:

Âåðîÿòíîñòü ðàâíîìåðíîãî îòêëîíåíèÿ ÷àñòîòû ν(a,X ℓ)
îò âåðîÿòíîñòè îøèáêè P(a) [Âàïíèê, ×åðâîíåíêèñ, 1971℄

Sε(A,X
L) = P

[
sup
a∈A

(
P(a)− ν(a,X ℓ)

)
> ε

]

Âåðîÿòíîñòü ïåðåîáó÷åíèÿ

Qε(µ,X
L) = P

[
ν(µ(X ℓ),X k)−ν(µ(X ℓ),X ℓ) > ε

]
≪ Sε(A,X

L)
✿✿✿✿✿✿✿✿✿✿✿✿

.

Îñíîâíûå îòëè÷èÿ:

1

Îòêàçûâàåìñÿ îò çàâûøåííîé îöåíêè sup ïî âñåìó A.

2

Ñòàðàåìñÿ ó÷èòûâàòü îñîáåííîñòè ìåòîäà îáó÷åíèÿ µ.

3

Îòêàçûâàåìñÿ îöåíèâàòü íåíàáëþäàåìóþ âåëè÷èíó P(a).

4

Îòêàçûâàåìñÿ îò ëèøíèõ âåðîÿòíîñòíûõ äîïóùåíèé.
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Ïàðà öèòàò

À. Í. Êîëìîãîðîâ. Òåîðèÿ èí�îðìàöèè è òåîðèÿ àëãîðèòìîâ:

¾ïðåäñòàâëÿåòñÿ âàæíîé çàäà÷à îñâîáîæäåíèÿ âñþäó, ãäå ýòî

âîçìîæíî, îò èçëèøíèõ âåðîÿòíîñòíûõ äîïóùåíèé.

Íà íåçàâèñèìîé öåííîñòè ÷èñòî êîìáèíàòîðíîãî ïîäõîäà

ê òåîðèè èí�îðìàöèè ÿ íåîäíîêðàòíî íàñòàèâàë â ñâîèõ

ëåêöèÿõ.¿

Þ.Ê.Áåëÿåâ. Âåðîÿòíîñòíûå ìåòîäû âûáîðî÷íîãî êîíòðîëÿ:

¾âîçíèêëî ãëóáîêîå óáåæäåíèå, ÷òî â òåîðèè âûáîðî÷íûõ

ìåòîäîâ ìîæíî ïîëó÷èòü ñîäåðæàòåëüíûå àíàëîãè áîëüøèíñòâà

îñíîâíûõ óòâåðæäåíèé òåîðèè âåðîÿòíîñòåé è ìàòåìàòè÷åñêîé

ñòàòèñòèêè, êîòîðûå ê íàñòîÿùåìó âðåìåíè íàéäåíû â ïðåä-

ïîëîæåíèè âçàèìíîé íåçàâèñèìîñòè ðåçóëüòàòîâ èçìåðåíèé.¿
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Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Òåîðåìà (Â.Í. Âàïíèê, À. ß. ×åðâîíåíêèñ, 1971)

Äëÿ ëþáûõ X L
, A, µ è ε ∈ [0, 1], ïðè ℓ = k

Sε(A,X
L) 6 |A| · 3

2 exp
(
−ε2ℓ

)
.

Ïðîáëåìà çàâûøåííîñòè:

ýòà îöåíêà çàâûøåíà â 108�1011 ðàç;

÷òî ïðèâîäèò ê îöåíêàì äëèíû îáó÷åíèÿ ℓ = 106�1010,
êîãäà íà ñàìîì äåëå äîñòàòî÷íî ℓ = 102�103.

Ïðè÷èíà çàâûøåííîñòè � ýòî îöåíêà ¾õóäøåãî ñëó÷àÿ¿:

îíà çàâèñèò òîëüêî îò ðàçìåðîâ ìàòðèöû îøèáîê L×D;

íå çàâèñèò îò å¼ ñîäåðæèìîãî I (a, x), âûáîðêè X L
, ìåòîäà µ.
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Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà â êîìáèíàòîðíîé ïîñòàíîâêå

Îñíîâíûå øàãè äîêàçàòåëüñòâà:

Äëÿ ëþáûõ X L
, A, µ è ε ∈ [0, 1]

Qε(µ,X
L)

uniform

bound

6 Pmax
a∈A

[
δ(a,X ℓ,X k) > ε

] union

bound

6
∑

a∈A

Qε(a,X
L)

6 |A| ·max
a

Qε(a,X
L) 6

6 |A| · 3
2 exp

(
−ε2ℓ

)
, ïðè ℓ = k .

Ïî÷åìó ýòà îöåíêà òàê ñèëüíî çàâûøåíà?

1) uniform bound çàâûøåíà, êîãäà A ðàññëàèâàåòñÿ ïî n(a,X L)
2) union bound çàâûøåíà, êîãäà â A ìíîãî ñõîæèõ àëãîðèòìîâ
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Ýâîëþöèÿ ïîäõîäîâ â òåîðèè ñòàòèñòè÷åñêîãî îáó÷åíèÿ

Uniform 
onvergen
e bounds [Vapnik, Chervonenkis, 1968℄

Theory of learnable (PAC-learning) [Valiant, 1982℄

Data-dependent bounds [Haussler, 1992℄

Con
entration inequalities [Talagrand, 1995℄

Conne
ted fun
tion 
lasses [Sill, 1995℄

Similar 
lassi�ers VC bounds [Bax, 1997℄

Margin based bounds [Bartlett, 1998℄

Self-bounding learning algorithms [Freund, 1998℄

Radema
her 
omplexity [Kolt
hinskii, 1998℄

Adaptive mi
ro
hoi
e bounds [Langford, Blum, 2001℄

Algorithmi
 stability [Bousquet, Elissee�, 2002℄

Algorithmi
 lu
kiness [Herbri
h, Williamson, 2002℄

Shell bounds [Langford, 2002℄

Lo
alized 
omplexities [Bartlett, Mendelson, Philips, 2004℄

PAC-Bayes bounds [M
Allester, 1999; Langford, 2005℄

Ora
le inequalities [Kolt
hinskii, 2011℄
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Ýêñïåðèìåíòû ñ ìîäåëüíûìè ñåìåéñòâàìè àëãîðèòìîâ

Ôèçèêà � ýêñïåðèìåíòàëüíàÿ, åñòåñòâåííàÿ íàóêà, ÷àñòü

åñòåñòâîçíàíèÿ. Ìàòåìàòèêà � ýòî òà ÷àñòü �èçèêè, â êîòîðîé

ýêñïåðèìåíòû ä¼øåâû [Â. È. Àðíîëüä℄

Âûÿñíèì â ýêñïåðèìåíòàõ íà ìîäåëüíûõ äàííûõ,

êàê ñòðóêòóðà ìàòðèöû îøèáîê âëèÿåò íà ïåðåîáó÷åíèå.

1

Áóäåì èçó÷àòü ìîäåëüíûå ñåìåéñòâà àëãîðèòìîâ,

çàäàâàÿ èõ íåïîñðåäñòâåííî ìàòðèöàìè îøèáîê.

2

Áóäåì îöåíèâàòü âåðîÿòíîñòü ìåòîäîì Ìîíòå�Êàðëî �

êàê äîëþ ðàçáèåíèé âûáîðêè èç ñëó÷àéíîãî

ïîäìíîæåñòâà N ðàçáèåíèé, |N| ïîðÿäêà 103�104:

Q̂ε(µ,X
L) =

1

|N|

∑

(X k ,X ℓ)∈N

[
ν
(
µ(X ℓ),X k

)
−ν

(
µ(X ℓ),X ℓ

)
> ε

]
.
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Ýêñïåðèìåíò. Ïåðåîáó÷åíèå ìîíîòîííûõ öåïåé

×åòûðå ìàòðèöû îøèáîê; ëó÷øèé àëãîðèòì ó âñåõ îäèíàêîâ:

ñ ðàññëîåíèåì

ïî ÷èñëó îøèáîê

áåç ðàññëîåíèÿ

ïî ÷èñëó îøèáîê

êàæäàÿ ïàðà ñîñåäíèõ

àëãîðèòìîâ îòëè÷àåòñÿ

òîëüêî íà îäíîì îáúåêòå

(îáðàçóåòñÿ öåïü)

ñîñåäíèå àëãîðèòìû

ñóùåñòâåííî ðàçëè÷íû,

(öåïü íå îáðàçóåòñÿ)

Ïîñòåïåííî äîáàâëÿÿ àëãîðèòìû â {a1, . . . , aD}, ïîñòðîèì
çàâèñèìîñòè âåðîÿòíîñòè ïåðåîáó÷åíèÿ Qε îò ÷èñëà D.
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Ýêñïåðèìåíò. Ïåðåîáó÷åíèå ìîíîòîííûõ öåïåé

ℓ = k = 100, ε = 0.05, N = 1000 ðàçáèåíèé Ìîíòå-Êàðëî.

ðàññë. áåç ðàññë.

ñ

â

ÿ

ç

í

.

á

å

ç

ñ

â

ÿ

ç

í

.

0 20 40 60 80 100 120 140 160 180 200

0.1
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1.0

|A|

Probability of overfitting

Îãðîìíûå ñåìåéñòâà ñ �&Ñ ìîãóò ïî÷òè íå ïåðåîáó÷àòüñÿ

Áåç P&C äàæå 30 àëãîðèòìîâ ìîãóò ñèëüíî ïåðåîáó÷àòüñÿ
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Ýêñïåðèìåíò. Ïåðåîáó÷åíèå ìîíîòîííûõ öåïåé

ℓ = k = 100, ε = 0.05, N = 1000 ðàçáèåíèé Ìîíòå-Êàðëî.

ðàññë. áåç ðàññë.

ñ

â

ÿ

ç

í

.

á

å

ç

ñ

â

ÿ

ç

í

.
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Complete Cross-Validation

E ν
(

µ(X ℓ),X k
)

� CCV, æèðíûå ëèíèè

E ν
(

µ(X ℓ),X ℓ
)

� òîíêèå ëèíèè
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Öåïü, ïîðîæäàåìàÿ ñåìåéñòâîì ïîðîãîâûõ êëàññè�èêàòîðîâ

Ïóñòü f (x) � âåùåñòâåííûé ïðèçíàê,

A =
{
a(x) = [f (x) > θ] : θ ∈ R

}
.

Ïðèìåð:

//

x
•

x1
•

x2
◦

x3
◦

x4
•

x5
◦

x6✤

a0

✤

a1

✤

a2

✤

a3

✤

a4

✤

a5

✤

a6

•

•

❚❚❚❚
•

❚❚❚❚ •❥❥❥❥
•❥❥❥❥

•

❚❚❚❚ •❥❥❥❥

1 0 0 0 0 0 0
1 1 0 0 0 0 0
0 0 0 1 1 1 1
0 0 0 0 1 1 1
1 1 1 1 1 0 0
0 0 0 0 0 0 1

n(ad ,X
L)

x1

x2

x3

x4

x5

x6
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Ýêñïåðèìåíò. Ïåðåîáó÷åíèå öåïåé ñ ðàçëè÷íûì ðàññëîåíèåì

Óñëîâèÿ ýêñïåðèìåíòà: L = 100, ℓ = 50, m = 25, ε = 0.05,
ìåòîä Ìîíòå-Êàðëî ïî N = 100000 ñëó÷àéíûõ ðàçáèåíèé.
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средняя частота ошибок МЭР на обучении средняя частота ошибок МЭР на контроле

частота ошибок классификаторов цепи на полной выборке
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�ðà� ðàññëîåíèÿ�ñâÿçíîñòè ìíîæåñòâà àëãîðèòìîâ

Îïðåäåëèì áèíàðíûå îòíîøåíèÿ íà ìíîæåñòâå àëãîðèòìîâ A:

÷àñòè÷íûé ïîðÿäîê a 6 b: I (a, x) 6 I (b, x) äëÿ âñåõ x ∈ X L
;

ïðåäøåñòâîâàíèå a ≺ b: a 6 b è ‖b − a‖ = 1.

Îïð. �ðà� ðàññëîåíèÿ�ñâÿçíîñòè 〈A,E 〉:
A � ìíîæåñòâî ïîïàðíî ðàçëè÷íûõ âåêòîðîâ îøèáîê;

E =
{
(a, b) : a ≺ b

}
.

Ñâîéñòâà ãðà�à ðàññëîåíèÿ�ñâÿçíîñòè:

ýòî ïîäãðà� ãðà�à Õàññå îòíîøåíèÿ ïîðÿäêà 6 íà A;

êàæäîìó ðåáðó (a, b) ñîîòâåòñòâóåò îáúåêò xab ∈ X L
,

òàêîé, ÷òî I (a, xab) = 0, I (b, xab) = 1;

ãðà� ÿâëÿåòñÿ ìíîãîäîëüíûì ñî ñëîÿìè

Am =
{
a ∈ A : n(a,X L) = m

}
, m = 0, . . . , L;
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Ïðèìåð 1. Ñåìåéñòâî ëèíåéíûõ àëãîðèòìîâ êëàññè�èêàöèè

ñëîé 0

ñëîé 1

ñëîé 2

ñëîé 0

x1 0

x2 0

x3 0

x4 0

x5 0

x6 0

x7 0

x8 0

x9 0

x10 0
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Ïðèìåð 1. Ñåìåéñòâî ëèíåéíûõ àëãîðèòìîâ êëàññè�èêàöèè

ñëîé 0

ñëîé 1

ñëîé 2

ñëîé 0 ñëîé 1

x1 0 1 0 0 0 0

x2 0 0 1 0 0 0

x3 0 0 0 1 0 0

x4 0 0 0 0 1 0

x5 0 0 0 0 0 1

x6 0 0 0 0 0 0

x7 0 0 0 0 0 0

x8 0 0 0 0 0 0

x9 0 0 0 0 0 0

x10 0 0 0 0 0 0
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Ïðèìåð 1. Ñåìåéñòâî ëèíåéíûõ àëãîðèòìîâ êëàññè�èêàöèè

ñëîé 0

ñëîé 1

ñëîé 2

ñëîé 0 ñëîé 1 ñëîé 2

x1 0 1 0 0 0 0 1 0 0 0 0 1 1 0 . . .

x2 0 0 1 0 0 0 1 1 0 0 0 0 0 0 . . .

x3 0 0 0 1 0 0 0 1 1 0 0 0 0 1 . . .

x4 0 0 0 0 1 0 0 0 1 1 0 0 0 0 . . .

x5 0 0 0 0 0 1 0 0 0 1 1 1 0 0 . . .

x6 0 0 0 0 0 0 0 0 0 0 1 0 1 0 . . .

x7 0 0 0 0 0 0 0 0 0 0 0 0 0 1 . . .

x8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .

x9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .

x10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
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Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ïðèìåð 2. Ìîíîòîííàÿ öåïü

Îïð. Ìîíîòîííàÿ öåïü àëãîðèòìîâ: a0 ≺ a1 ≺ · · · ≺ aD .

Ïðèìåð: ïîðîãîâûé êëàññè�èêàòîð ad (x) =
[
f (x) − θd

]
;

2 êëàññà {•, ◦}
6 îáúåêòîâ

//

x
•

x4
•

x5
•

x6
◦

x1
◦

x2
◦

x3
✤

θ0

✤

θ1

✤

θ2

✤

θ3

�ðà� ñåìåéñòâà:

/.-,()*+a0

/.-,()*+a1

/.-,()*+a2

/.-,()*+a3

x1
OO

x2
OO

x3
OO

m=0

m=1

m=2

m=3

Ìàòðèöà îøèáîê:

a0 a1 a2 a3

x1 0 1 1 1

x2 0 0 1 1

x3 0 0 0 1

x4 0 0 0 0

x5 0 0 0 0

x6 0 0 0 0
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ïðèìåð 3. Äâóìåðíàÿ ñåòü êëàññè�èêàòîðîâ

Ïðèìåð:

2D ëèíåéíûé êëàññè�èêàòîð,

2 êëàññà{•, ◦},
6 îáúåêòîâ

•
x5

•
x3

•
x1

◦
x2

◦
x4

◦
x6

a00

a20
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞

a11
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞

a02
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞

a01
❢❢❢❢❢

❢❢❢❢❢
❢❢❢❢❢

❢❢❢❢❢
❢❢❢❢❢

❢

a10❣
❣❣❣❣

❣❣❣❣
❣❣❣❣

❣❣❣❣
❣❣❣❣

❣❣❣❣
❣

�ðà� ñåìåéñòâà:

76540123a00

76540123a01
76540123a10

76540123a02
76540123a11

76540123a20

76540123a03
76540123a12

76540123a21
76540123a30

x1

YY✷✷✷

x3

YY✷✷✷

x5

YY✷✷✷

x2

EE☞☞☞

x4

EE☞☞☞

x6

EE☞☞☞

EE☞☞☞

YY✷✷✷

EE☞☞☞

YY✷✷✷
EE☞☞☞

YY✷✷✷

m=0

m=1

m=2

m=3

Ìàòðèöà îøèáîê:

a00 a01 a10 a02 a11 a20 a03 a12 a21 a30

x1 0 1 0 1 1 0 1 1 1 0

x2 0 0 1 0 1 1 0 1 1 1

x3 0 0 0 1 0 0 1 1 0 0

x4 0 0 0 0 0 1 0 0 1 1

x5 0 0 0 0 0 0 1 0 0 0

x6 0 0 0 0 0 0 0 0 0 1
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Õàðàêòåðèñòèêè ðàññëîåíèÿ è ñâÿçíîñòè àëãîðèòìà a ∈ A

Îïðåäåëåíèå

Âåðõíÿÿ ñâÿçíîñòü u(a) àëãîðèòìà a � ýòî ÷èñëî âñåõ ð¼áåð,

èñõîäÿùèõ èç âåðøèíû a:

u(a) = |Xa|, Xa =
{
xab ∈ X L

∣∣ a ≺ b
}
;

Xa íàçûâàåòñÿ ïîðîæäàþùèì ìíîæåñòâîì àëãîðèòìà a.

Îïðåäåëåíèå

Íåïîëíîöåííîñòü q(a) àëãîðèòìà a � ýòî ìîùíîñòü ìíîæåñòâà

îáúåêòîâ, ñîîòâåòñòâóþùèõ âñåì ð¼áðàì íà ïóòÿõ, âåäóùèõ â a:

q(a) = |X ′
a|, X ′

a =
{
x∈X L

∣∣ ∃b∈A : b<a, I (b, x) < I (a, x)
}
;

X ′
a íàçûâàåòñÿ çàïðåùàþùèì ìíîæåñòâîì àëãîðèòìà a.
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ïðèìåð: äâóìåðíàÿ ñåòü àëãîðèòìîâ

Âåðõíÿÿ ñâÿçíîñòü àëãîðèòìà a: Xa = {x3 , x4}, u(a) = |Xa| = 2;
Íåïîëíîöåííîñòü àëãîðèòìà a: X ′

a = {x1 , x2}, q(a) = |X ′
a| = 2;

 

m - 1

m

m + 1

 a

x1 x2

x3 x2 x1 x4

x5 x2 x3 x4 x1 x6

x7 x2 x5 x4 x3 x6 x1 x8

Îñíîâíàÿ ëåììà: åñëè µX = a, òî Xa ⊆ X ℓ
è X ′

a ⊆ X k
.
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Îñíîâíàÿ îöåíêà ðàññëîåíèÿ�ñâÿçíîñòè

Òåîðåìà (Âîðîíöîâ, Èâàõíåíêî, �åøåòíÿê, 2010)

Äëÿ ëþáîãî ìîíîòîííîãî ìåòîäà µ, ëþáûõ X L
, A è ε ∈ (0, 1)

Qε 6
∑

a∈A

C ℓ−u
L−u−q

C ℓ
L

Hℓ−u,m−q
L−u−q

(
ℓ
L

(
m − εk

))

ãäå u = |Xa| � âåðõíÿÿ ñâÿçíîñòü àëãîðèòìà a,

q = |X ′
a| � íåïîëíîöåííîñòü àëãîðèòìà a,

m = n(a,X L) � ÷èñëî îøèáîê àëãîðèòìà a,

Hℓ,m
L (z) =

⌊z⌋∑

s=0

C s
mC

ℓ−s
L−m

C ℓ
L

, z = 0, . . . , ℓ

� �óíêöèÿ ãèïåðãåîìåòðè÷åñêîãî ðàñïðåäåëåíèÿ:
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Èäåÿ äîêàçàòåëüñòâà

Îïð. Ìåòîä îáó÷åíèÿ µ íàçûâàåòñÿ ìîíîòîííûì, åñëè

µ(X ℓ) ∈ A(X ℓ) = Argmin
a∈A

K (a,X ℓ),

ãäå K (a,X ) � ñòðîãî ìîíîòîííàÿ �óíêöèÿ âåêòîðà îøèáîê a:

∀X ⊂ X L, ∀a, b ∈ A åñëè a < b, òî K (a,X ) < K (b,X ).

Îïð. Ìåòîä µ íàçûâàåòñÿ ïåññèìèñòè÷íûì, åñëè

µ(X ℓ) = arg max
a∈A(X ℓ)

δ(a,X ℓ).

Îñíîâíàÿ ëåììà

Åñëè ìåòîä îáó÷åíèÿ µ ìîíîòîííûé è ïåññèìèñòè÷íûé, òî

[
µX = a

]
6

[
Xa ⊆ X ℓ

][
X ′
a ⊆ X k

]
.
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Èäåÿ äîêàçàòåëüñòâà

1. Ïóñòü µ � ïðîèçâîëüíûé ìîíîòîííûé ìåòîä îáó÷åíèÿ,

µ̄ � ìîíîòîííûé ïåññèìèñòè÷íûé ìåòîä îáó÷åíèÿ. Òîãäà

Qε(µ,X
L) 6 Qε(µ̄,X

L).

2. Åñëè µ̄(X ℓ) = a, òî

{
Xa ⊆ X ℓ

â ñèëó ïåññèìèñòè÷íîñòè µ̄,

X ′
a ⊆ X k

â ñèëó ìîíîòîííîñòè µ̄.

3. P
[
µ̄(X ℓ)=a

]
6 P

[
Xa⊆X ℓ

è X ′
a⊆X k

︸ ︷︷ ︸
S(a,X ℓ)

]
=

C
ℓ−|Xa|
L−|Xa|−|X ′

a|

C ℓ
L

=
C ℓ−u
L−u−q

C ℓ
L

.

4. Ïî �îðìóëå ïîëíîé âåðîÿòíîñòè:

Qε(µ̄,X
L) =

∑

a∈A

P
[
S(a,X ℓ)

]

︸ ︷︷ ︸
C ℓ−u
L−u−q/C

ℓ
L

·P
[
δ(a,X ℓ) > ε

∣∣∣ S(a,X ℓ)
]

︸ ︷︷ ︸
Hℓ−u,m−q

L−u−q

(
ℓ
L

(
m − εk

))
. �

Ê.Â. Âîðîíöîâ (voron�fore
sys.ru) Òåîðèÿ ñòàòèñòè÷åñêîãî îáó÷åíèÿ 32 / 38



Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ñâîéñòâà îöåíêè Qε 6
∑

a∈A

C
ℓ−u

L−u−q

C ℓ
L

Hℓ−u,m−q
L−u−q

(
ℓ
L

(
m − εk

))

1

Âêëàä àëãîðèòìà a ∈ A óáûâàåò ýêñïîíåíöèàëüíî

ïî u(a) ⇒ ñâÿçíûå ñåìåéñòâà ìåíüøå ïåðåîáó÷àþòñÿ;

ïî q(a) ⇒ òîëüêî íèæíèå ñëîè âíîñÿò âêëàä â Qε.

2

Îöåíêà îáðàùàåòñÿ â ðàâåíñòâî â ñëó÷àå ìíîãîìåðíûõ

ìîíîòîííûõ ñåòåé àëãîðèòìîâ.

3

Âåðîÿòíîñòü ïîëó÷èòü àëãîðèòì â ðåçóëüòàòå îáó÷åíèÿ

P
[
µ(X ℓ) = a

]
6 Pa =

C
ℓ−u

L−u−q

C ℓ
L

.

4

Åñëè q(a) > k , òî Pa = 0 è âêëàä àëãîðèòìà a ðàâåí 0

⇒ ïðè ìàëûõ k îöåíêà âûðîæäàåòñÿ.

5

∑
a∈A

Pa � îöåíêà ñòåïåíè çàâûøåííîñòè.
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Òåîðèÿ Âàïíèêà�×åðâîíåíêèñà

Ýêñïåðèìåíòû ñ ïåðåîáó÷åíèåì

Êîìáèíàòîðíàÿ òåîðèÿ ïåðåîáó÷åíèÿ

Ñâîéñòâà îöåíêè Qε 6
∑

a∈A

C
ℓ−u

L−u−q

C ℓ
L

Hℓ−u,m−q
L−u−q

(
ℓ
L

(
m − εk

))

6

Ïðè |A| = 1 ýòî âåðîÿòíîñòü áîëüøîãî îòêëîíåíèÿ ÷àñòîò

â äâóõ âûáîðêàõ:

Qε = Hℓ,m
L

(
ℓ
L

(
m − εk

))
→ 0 ïðè ℓ, k → ∞.

7

Ïðè q = u = 0 è ℓ = k ýòî îöåíêà Âàïíèêà-×åðâîíåíêèñà:

Qε 6
∑
a∈A

Hℓ,m
L

(
ℓ
L

(
m − εk

))
6 |A| · 3

2 exp(−εℓ2).

8

Ïðè çàìåíå íåïîëíîöåííîñòè q íà íèæíþþ ñâÿçíîñòü d

ýòî âåðõíÿÿ îöåíêà �óíêöèîíàëà ðàâíîìåðíîãî îòêëîíåíèÿ

Q̃ε(A,X
L) = P

[
sup
a∈A

(
ν(a,X k)− ν(a,X ℓ)

)
> ε

]
,

êîòîðûé ó÷èòûâàåò ñâÿçíîñòü, íî íå ó÷èòûâàåò ðàññëîåíèå.
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Îáîáùåíèÿ êîìáèíàòîðíîé òåîðèè ïåðåîáó÷åíèÿ

�àçâèòèå è ïðèìåíåíèÿ

�åçþìå

Îáîáùåíèÿ ìåòîäà ïîðîæäàþùèõ è çàïðåùàþùèõ ìíîæåñòâ

�èïîòåçà ÏÇÌ (áàçîâûé âàðèàíò): ∀ a ∈ A ∃ (Xa,X
′
a):

[
µX ℓ=a

]
6

[
Xa ⊆ X ℓ

][
X ′
a ⊆ X k

]
, ∀X .

Îáîáùåíèå 1: ∀ a ∈ A ∃ (Xav ,X
′
av , cav )v∈Va

:

[
µX ℓ=a

]
6

∑

v∈Va

cav
[
Xav ⊆ X ℓ

][
X ′
av ⊆ X k

]
, ∀X .

Îáîáùåíèå 2: ∀ xi ∈ X L ∃ (Xiv ,X
′
iv , civ )v∈Vi

:

[
xi ∈ X k

]
I (µX , xi ) 6

∑

v∈Vi

civ
[
Xiv ⊆ X ℓ

][
X ′
iv ⊆ X k

]
, ∀X .

Âòîðîå îáîáùåíèå î÷åíü óäîáíî äëÿ îöåíèâàíèÿ CCV.
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Îáîáùåíèÿ êîìáèíàòîðíîé òåîðèè ïåðåîáó÷åíèÿ

�àçâèòèå è ïðèìåíåíèÿ

�åçþìå

Îöåíèâàíèå CCV ìåòîäîì ÏÇÌ ïî îáúåêòàì

CCV = Eν(µX ,X k) = E
1

k

L∑

i=1

[
xi ∈ X k

]
I (µX , xi ) =

=

L∑

i=1

∑

v∈Vi

civ

k
P
[
Xiv ⊆ X ℓ

][
X ′
iv ⊆ X k

]
=

=

L∑

i=1

∑

v∈Vi

civ

k

C ℓ−u
L−u−q

C ℓ
L

.

ãäå u = |Xiv |, q = |X ′
iv |.

⊕⊕⊕ ýòî ñóììà ïî îáúåêòàì, à íå ïî àëãîðèòìàì,

ïîýòîìó âîçìîæíî ý��åêòèâíîå âû÷èñëåíèå;

⊖⊖⊖ ïîêà òîëüêî äëÿ kNN è ìîíîòîííûõ êëàññè�èêàòîðîâ.
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Îáîáùåíèÿ êîìáèíàòîðíîé òåîðèè ïåðåîáó÷åíèÿ

�àçâèòèå è ïðèìåíåíèÿ

�åçþìå

�àçâèòèå êîìáèíàòîðíîé òåîðèè ïåðåîáó÷åíèÿ

1

Îöåíêè Qε è êðèòåðèè îòáîðà ïðèçíàêîâ äëÿ ïîðîãîâûõ ëîãè÷åñêèõ

çàêîíîìåðíîñòåé [À.Èâàõíåíêî 2010℄

2

Òî÷íûå îöåíêè Qε è CCV äëÿ ìíîãîìåðíûõ ñåòåé àëãîðèòìîâ,

ìåòîäû îáó÷åíèÿ äåðåâüåâ ðåøåíèé [Ï.Áîòîâ 2011℄

3

Òî÷íûå îöåíêè CCV äëÿ ìåòîäà k áëèæàéøèõ ñîñåäåé, îòáîð

ýòàëîííûõ îáúåêòîâ [Ì.Èâàíîâ 2012, À.Çóõáà 2010℄

4

Âåðõíèå îöåíêè CCV äëÿ ìîíîòîííûõ êëàññè�èêàòîðîâ, ìîíîòîííûå

êîìïîçèöèè êëàññè�èêàòîðîâ [È.�óç 2012, �.Ìàõèíà 2012℄

5

Ìîíîòîííîé êîððåêòîð äëÿ ïîèñêîâîãî ðàíæèðîâàíèÿ [Í.Ñïèðèí 2011℄

6

Ìîíîòîííûé êëàññè�èêàòîð äëÿ êàòåãîðèçàöèè òåêñòîâ [Ì.Èâàíîâ 2012℄

7

Êðèòåðèé òî÷íîñòè îöåíîê ðàññëîåíèÿ�ñâÿçíîñòè [Í.Æèâîòîâñêèé 2011℄

8

Òåîðåòèêî-ãðóïïîâîé ïîäõîä [À.Ôðåé, È.Òîëñòèõèí 2013℄

9

Îöåíêè ðàññëîåíèÿ ïî ñèììåòðè÷íûì êëàñòåðàì [À.Ôðåé 2013℄

10

Îöåíêè ñëó÷àéíîãî áëóæäàíèÿ ïî íèæíèì ñëîÿì ãðà�à [Å.Ñîêîëîâ 2012℄

11

Òî÷íûå îöåíêè äëÿ ïîðîãîâûõ ðåøàþùèõ ïðàâèë [Ø.Èøêèíà 2015℄
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Ñòàòèñòè÷åñêîå îáó÷åíèå è ïðîáëåìà ïåðåîáó÷åíèÿ

Òåîðèÿ è ýêñïåðèìåíòû

Îáîáùåíèÿ, ðàçâèòèå, ïðèëîæåíèÿ

Îáîáùåíèÿ êîìáèíàòîðíîé òåîðèè ïåðåîáó÷åíèÿ

�àçâèòèå è ïðèìåíåíèÿ

�åçþìå

�åçþìå

Ñâîéñòâà ðàññëîåíèÿ è ñâÿçíîñòè óìåíüøàþò ïåðåîáó÷åíèå.

Íà ïðàêòèêå ñåìåéñòâà, êàê ïðàâèëî, èìè îáëàäàþò.

Èíà÷å âåðîÿòíîñòü ïåðåîáó÷åíèÿ áûëà áû áëèçêà ê 1

óæå ïðè |A| ïîðÿäêà íåñêîëüêèõ äåñÿòêîâ.

Ïðàêòè÷åñêîå ïðèìåíåíèå êîìáèíàòîðíûõ îöåíîê:

1) îöåíèòü η = Qε(µ,X
L) ïî íåñêîëüêèì íèæíèì ñëîÿì;

2) âûðàçèòü ε(η) èç η(ε) ñ ïîìîùüþ îáðàùåíèÿ;

3) èñïîëüçîâàòü îöåíêó ν(X L)+ ε(η) êàê âíåøíèé êðèòåðèé

äëÿ âûáîðà ìîäåëè, ìåòîäà èëè îòáîðà ïðèçíàêîâ.

Èí�îðìàöèþ î íèæíèõ ñëîÿõ ìîæíî ïîëó÷àòü

â õîäå ïåðåáîðà ïîðîãîâ [Èâàõíåíêî 2010, Áîòîâ 2011℄,

ñëó÷àéíûì áëóæäàíèåì ïî íèæíèì ñëîÿì [Ñîêîëîâ 2013℄,

â õîäå èòåðàöèé ìåòîäà îáó÷åíèÿ.
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