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Ââåäåíèå

Ïóñòü G = (G,+) � (àáåëåâà) ãðóïïà.

Òåìàòèêà àääèòèâíîé êîìáèíàòîðèêè: ëþáûå êîìáèíàòîðíûå

âîïðîñû â �îðìóëèðîâêå êîòîðûõ ïðèñóòñòâóåò ãðóïïîâàÿ

îïåðàöèÿ.

Ñóììà è ðàçíîñòü ìíîæåñòâ A, B

A+ B = {a + b : a ∈ A, b ∈ B} .

A− B = {a − b : a ∈ A, b ∈ B} .

Åñëè R = (R,+, ∗) � êîëüöî, òî ïðîèçâåäåíèå ìíîæåñòâ A, B

A ∗ B = {a ∗ b : a ∈ A, b ∈ B} .

Àðè�ìåòè÷åñêàÿ êîìáèíàòîðèêà (èçó÷àþòñÿ äâå îïåðàöèè

îäíîâðåìåííî).
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Òåîðåìà Ñåìåðåäè, I

Òåîðåìà (Øóð, 1916)

Ïóñòü h ∈ N. Äëÿ ëþáîé ðàñêðàñêè N â h öâåòîâ C1, . . . ,Ch

íàéäåòñÿ öâåò Cj è x , y , z ∈ Cj òàêèå, ÷òî

x + y = z .

Òåîðåìà (Âàí äåð Âàðäåí, 1927)

Ïóñòü h, k ∈ N. Ó ëþáîé ðàñêðàñêè N â h öâåòîâ íàéäåòñÿ

îäíîöâåòíàÿ ïðîãðåññèÿ äëèíû k.

Ïðîãðåññèè äëèíû òðè: x + y = 2z .
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Òåîðåìà Ñåìåðåäè, II

Òåîðåìà (Ñåìåðåäè, 1969)

Ïóñòü A ⊆ {1, 2, . . . ,N} � ìíîæåñòâî áåç ïðîãðåññèé äëèíû k.

Òîãäà

|A| = o(N) , N → ∞ .

Òåîðåìà Ñåìåðåäè âëå÷åò òåîðåìó Âàí äåð Âàðäåíà.

�ðà�û: Àòüÿ, Ñåìåðåäè, �óæà.

�èïåðãðà�û: �åäë, Òàî, �àóýðñ.

Ýðãîäè÷åñêèé ïîäõîä: Ôþðñòåíáåðã, Îðíøòåéí, Áåðãåëüñîí,

Ëåéáìàí, Òàî, Àóñòèí.

Àíàëèòèêà: �àóýðñ, �ðèí, Òàî.
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Òåîðåìà Ñåìåðåäè, III

Ò. (Àòüÿ�Ñåìåðåäè, 1974, Ôþðñòåíáåðã�Êàöíåëüñîí,

1978)

Ïóñòü A ⊆ {1, 2, . . . ,N}2 � ìíîæåñòâî áåç êîí�èãóðàöèé

{(x , y ), (x + d , y ), (x , y + d)} , d 6= 0 .

Òîãäà

|A| = o(N2) , N → ∞ .

Òåîðåìà ýêâèâàëåíòíà âîçâðàùàåìîñòè ïîä äåéñòâèåì äâóõ

êîììóòèðóþùèõ îïåðàòîðîâ íà ïðîñòðàíñòâå ñ îáùåé

ñîõðàíÿåìîé êîíå÷íîé ìåðîé.
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Òåîðåìà Ñåìåðåäè, IV

Òåîðåìà (�îò, 1953)

Ïóñòü A ⊆ {1, 2, . . . ,N} � ìíîæåñòâî áåç ïðîãðåññèé äëèíû òðè.

Òîãäà

|A| = O

(

N

log logN

)

.

Õè��Áðàóí (1987) , Ñåìåðåäè (1990), Áóðãàí (1999, 2008),

Ñàíäåðñ (2011, 2012), Áëóì (2014).

Òåîðåìà (�àóýðñ, 1998)

Ïóñòü A ⊆ {1, 2, . . . ,N} � ìíîæåñòâî áåç ïðîãðåññèé äëèíû k.

Òîãäà

|A| = O

(

N

(log logN)ck

)

, ck > 0 .
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Òåîðåìà Ñåìåðåäè, V

Òåîðåìà (Øêðåäîâ, 2006�2009)

Ïóñòü A ⊆ {1, 2, . . . ,N}2 � ìíîæåñòâî áåç êîí�èãóðàöèé

{(x , y ), (x + d , y ), (x , y + d)} , d 6= 0 .

Òîãäà

|A| = O

(

N2

(log logN)C

)

, C > 0 .

Ýòî äâóìåðíûé àíàëîã òåîðåìû �îòà.
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Ëèíåéíûå óðàâíåíèÿ, I

Òåîðåìà Âàí äåð Âàðäåíà:

x + y = 2z , x , y , z ∈ A .

Òåîðåìà Øóðà:

x + y = z , x , y , z ∈ A .

Îáùåå à��èííîå ëèíåéíîå óðàâíåíèå :

c1x1 + · · ·+ ckxk = 0 ,

ãäå c1 + · · ·+ ck = 0 è xj ∈ A.
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Òåîðåìà (Ìåøóëàì, 1995, Áëóì, 2014)

Ïóñòü A ⊆ {1, 2, . . . ,N} � ïðîèçâîëüíîå ìíîæåñòâî áåç ðåøåíèé

óðàâíåíèÿ

c1x1 + · · ·+ ckxk = 0 ,

ãäå c1 + · · ·+ ck = 0 è xj ∈ A. Òîãäà äëÿ ëþáîãî ε > 0

|A| = O

(

N

(logN)k−2+ε

)

.

Òåîðåìà (Áåðåíä, 1946)

Ïóñòü k ≥ 2. Íàéäåòñÿ ìíîæåñòâî A ⊆ {1, 2, . . . ,N} òàêîå, ÷òî

|A| ≫ N · exp(−
√

logN)

è A íå ñîäåðæèò íåòðèâèàëüíûõ ðåøåíèé óðàâíåíèÿ

a1x1 + · · ·+ akxk = (a1 + · · ·+ ak)y .
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Ëèíåéíûå óðàâíåíèÿ, II

Òåîðåìà (Øêðåäîâ�Øîåí, 2014)

Ïóñòü A ⊆ {1, 2, . . . ,N} � ïðîèçâîëüíîå ìíîæåñòâî, íå

ñîäåðæàùåå ðåøåíèé óðàâíåíèÿ

c1x1 + · · ·+ ckxk = 0 ,

ãäå c1 + · · ·+ ck = 0 è xj ∈ A. Òîãäà

|A| ≪ N · exp(−(logN)1/7) .

Ñíèçó (Áåðåíä) : |A| ≫ N · exp(−(logN)1/2).
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Çàäà÷à Êàõàíà, I

Ïóñòü T = R/(2πZ) è A(T) � áàíàõîâà àëãåáðà íåïðåðûâíûõ

êîìïëåêñíûõ �óíêöèé f ñ íîðìîé

‖f ‖A(T) :=
∑

k∈Z

|f̂ (k)| < ∞ .

Çäåñü

f̂ (k) = (2π)−1

∫

T

f (t)e−iktdt , k ∈ Z .

Òåîðåìà (Áåðëèíã�Õåëñîí, 1953)

Âñå ýíäîìîð�èçìû àëãåáðû A(T) � òðèâèàëüíû, òî åñòü èìåþò

âèä

f (t) → f (νt + t0) ,

ãäå ν ∈ Z.
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Çàäà÷à Êàõàíà, II

Òåîðåìà (Áåðëèíã�Õåëñîí, ýêâèâàëåíòíàÿ

�îðìóëèðîâêà)

Ïóñòü ϕ : T → T � íåïðåðûâíîå îòîáðàæåíèå ñî ñâîéñòâîì

‖e inϕ‖A(T) = O(1) , |n| → ∞ .

Òîãäà ϕ � ëèíåéíî.

�èïîòåçà (Êàõàí, 1962)

Ïóñòü ϕ : T → T � íåïðåðûâíîå îòîáðàæåíèå ñî ñâîéñòâîì

‖e inϕ‖A(T) = o(log |n|) , |n| → ∞ .

Òîãäà ϕ � ëèíåéíî.
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Çàäà÷à Êàõàíà, III

Òåîðåìà (Ëåáåäåâ, 2012)

Ïóñòü ϕ : T → T � íåïðåðûâíîå îòîáðàæåíèå. Ïðåäïîëîæèì, ÷òî

‖e inϕ‖A(T) = o

(

(

log log |n|

(log log log |n|)

)1/12
)

, |n| → ∞ .

Òîãäà äëÿ íåêîòîðîãî ν ∈ Z âûïîëíåíî ϕ(t) = νt + ϕ(0).

Â äîêàçàòåëüñòâå ñóùåñòâåííî èñïîëüçîâàëèñü ìåòîäû

àääèòèâíîé êîìáèíàòîðèêè.
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Çàäà÷à Êàõàíà, IV

Òåîðåìà (Êîíÿãèí�Øêðåäîâ, 2015)

Ïóñòü ϕ : T → T � íåïðåðûâíîå îòîáðàæåíèå. Ïðåäïîëîæèì, ÷òî

‖e inϕ‖A(T) = o

(

log1/22 |n|

(log log |n|)3/11

)

, n ∈ Z, |n| → ∞ .

Òîãäà äëÿ íåêîòîðîãî ν ∈ Z âûïîëíåíî ϕ(t) = νt + ϕ(0).

Òàêèì îáðàçîì, íàø ðåçóëüòàò îòëè÷àåòñÿ îò ãèïîòåçû Êàõàíà

‖e inϕ‖A(T) = o(log |n|) , |n| → ∞

ëèøü ñòåïåíüþ 1/22.
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Çàäà÷à Êàõàíà è ãèïîòåçà Ëèòòëâóäà â Fp

Òåîðåìà (Êîíÿãèí�Øêðåäîâ, 2015)

Ïóñòü p � ïðîñòîå ÷èñëî, A ⊂ Fp è

2 ≤ |A| ≤ exp
(

(log p/ log log p)1/3
)

.

Òîãäà

‖χA‖A(Fp) ≫ log |A| .

Åñëè æå

exp
(

(log p/ log log p)1/3
)

≤ |A| ≤ p/3 ,

òî ïðè p/|A| → ∞ âûïîëíåíî

‖χA‖A(Fp) ≫ (log(p/|A|))1/3(log log(p/|A|))−1+o(1).

Ýòî àíàëîã ãèïîòåçû Ëèòòëâóäà â Fp.
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Ñóììû ïðîèçâåäåíèé, I

Îáùèé ïðèíöèï

Åñëè A ⊆ R(+, ∗) è

|A+ A|, |A ∗ A| ≤ |A|1+ε ,

òî A èìååò "áîëüøîå" ïåðåñå÷åíèå ñ ïîäêîëüöîì.

Èññëåäîâàòåëè: Ýðäåø, Ñåìåðåäè, Ýëåêåø, Áóðãàí, Êàòö, Òàî,

Êîíÿãèí, �ëèáè÷óê, �àðàåâ, �óäíåâ, ×àíã, Øîéìîøè, ....

Ïðèëîæåíèÿ: òåîðèÿ ÷èñåë, àääèòèâíàÿ êîìáèíàòîðèêà,

êðèïòîãðà�èÿ, òåîðåòè÷åñêàÿ èí�îðìàòèêà, äèíàìè÷åñêèå

ñèñòåìû.
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Ñóììû ïðîèçâåäåíèé, II

Òåîðåìà (Ýðäåø�Ñåìåðåäè, 1983)

Ïóñòü A ⊂ Z, |A| < ∞. Òîãäà

max{|A+ A|, |AA|} ≫ |A|1+c , |A| → ∞ ,

ãäå c > 0 � íåêîòîðàÿ àáñîëþòíàÿ êîíñòàíòà.

Òåîðåìà (Áóðãàí�Êàòö�Òàî, 2004)

Ïóñòü A ⊂ Fp, p
δ < |A| < p1−δ

. Òîãäà

max{|A+ A|, |AA|} ≫ |A|1+ε(δ) ,

ãäå ε(δ) > 0.
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Ñóììû ïðîèçâåäåíèé, III

Òåîðåìà (Êîíÿãèí�Øêðåäîâ, 2016)

Ïóñòü A ⊂ R. Òîãäà

max{|A+ A|, |AA|} ≫ |A|4/3+c , |A| → ∞ ,

ãäå c > 0 � íåêîòîðàÿ àáñîëþòíàÿ êîíñòàíòà.

Òåîðåìà (�îøå-Íüþòîí��óäíåâ�Øêðåäîâ, 2016 è

ßçûöû�Ìåð�è��óäíåâ�Øêðåäîâ, 2017)

Ïóñòü A ⊂ Fp, |A| < p5/8
. Òîãäà

max{|A+ A|, |AA|} ≫ |A|1+1/5 .

Ïðèëîæåíèÿ: íîâûå òðèã. ñóììû, ðàñïðåäåëåíèå ýëåìåíòîâ

ìóëüòèïëèêàòèâíûõ ïîäãðóïï, àääèòèâíàÿ íåïðèâîäèìîñòü è ò.ä.
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Ñïàñèáî çà âíèìàíèå!
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