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Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ãóðâèöåâû ãðóïïû

Îïðåäåëåíèå

Ãðóïïà íàçûâàåòñÿ (2,3,7)-ïîðîæäåííîé, åñëè îíà ïîðîæäàåòñÿ

èíâîëþöèåé è ýëåìåíòîì ïîðÿäêà 3, ïðè÷åì ïðîèçâåäåíèå ýòèõ

îáðàçóþùèõ èìååò ïîðÿäîê 7.

Îïðåäåëåíèå

Êîíå÷íûå (2,3,7)-ïîðîæäåííûå ãðóïïû íàçûâàþòñÿ

ãóðâèöåâûìè

Ãóðâèöåâû ãðóïïû � ýòî â òî÷íîñòè íåòðèâèàëüíûå êîíå÷íûå

ãîìîìîðôíûå îáðàçû �ãðóïïû òðåóãîëüíèêà� T (2, 3, 7)

T (2, 3, 7) = 〈X ,Y | X 2 = Y 3 = (XY )7 = 1〉.
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Ïî÷åìó èìåííî (2,3,7)?

Ìîæíî ðàññìàòðèâàòü (k, `,m)-ïîðîæäåííûå ãðóïïû.

T (k, `,m) = 〈X ,Y | X k = Y ` = (XY )m = 1〉.
Èçâåñòíî:

åñëè 1
k + 1

` + 1
m > 1, òî T (k, `,m) êîíå÷íà,

åñëè 1
k + 1

` + 1
m = 1, òî T (k, `,m) ñîäåðæèò àáåëåâó

íîðìàëüíóþ ïîäãðóïïó êîíå÷íîãî èíäåêñà,

åñëè 1
k + 1

` + 1
m < 1, òî T (k, `,m) áåñêîíå÷íà è èìååò

ñëîæíóþ ñòðóêòóðó.

Òåîðåìà (Hurwitz)

Ïóñòü R � êîìïàêòíàÿ êîìïëåêñíàÿ Ðèìàíîâà ïîâåðõíîñòü

ðîäà g ≥ 2. Òîãäà |AutR| ≤ 84(g − 1).

Êîíå÷íàÿ ãðóïïà G ïîðÿäêà 84(g − 1) ÿâëÿåòñÿ ãðóïïîé

àâòîìîðôèçìîâ íåêîòîðîé êîìïàêòíîé Ðèìàíîâîé

ïîâåðõíîñòè ðîäà g òîãäà è òîëüêî òîãäà, êîãäà G
ãóðâèöåâà.
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Ïðèìåðû

PSL2(7) ' SL3(2), ïîðÿäîê 168, ðîä 3

ãóðâèöåâû îáðàçóþùèå:

x =

(
0 −1
1 0

)
, y =

(
0 1

−1 −1

)
, xy =

(
1 1

0 1

)
,

Ðèìàíîâà ïîâåðõíîñòü � êâàðòèêà Êëåéíà:

a3b + b3c + c3a = 0.

PSL2(8), ïîðÿäîê 504, ðîä 7,

ãóðâèöåâû îáðàçóþùèå:

x =

(
0 −1
1 0

)
, y =

(
0 ε−1

−ε −1

)
, xy =

(
ε 1

0 ε−1

)
,

ε6 + ε5 + ε4 + ε3 + ε2 + ε+ 1 = 0.
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Ïðèìåðû

PSL2(13), ïîðÿäîê 1092 , ðîä 14,

ãóðâèöåâû îáðàçóþùèå:

x =

(
0 −1
1 0

)
, y =

(
3 10

0 9

)
, xy =

(
0 4

3 10

)
;

x =

(
0 −1
1 0

)
, y =

(
3 7

0 9

)
, xy =

(
0 4

3 7

)
;

x =

(
0 −1
1 0

)
, y =

(
3 8

0 9

)
, xy =

(
0 4

3 8

)
.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Òåîðåìà Ìàêáåòà

Òåîðåìà (Macbeath, 1969)

Ãðóïïû PSL2(q) ãóðâèöåâû â òî÷íîñòè â ñëåäóþùèõ ñëó÷àÿõ:

q = p, p ïðîñòîå, p ≡ 0,±1 (mod 7);

q = p3, p ïðîñòîå, p ≡ ±2,±3 (mod 7);

Äëÿ q 6= 7 èìååòñÿ òðè êëàññà ñîïðÿæåííîñòè ãóðâèöåâûõ

îáðàçóþùèõ; îäèí êëàññ äëÿ q = 7.

Âñÿêàÿ ãóðâèöåâà ïîäãðóïïà PSL3(q) èçîìîðôíà îäíîé èç

ãðóïï â ñïèñêå Ìàêáåòà (Cohen, 1981).

Âîçíèêëà ãèïîòåçà, ÷òî ãóðâèöåâû ãðóïïû âñòðå÷àþòñÿ

äîâîëüíî �ðåäêî�.

Îêàçûâàåòñÿ, ÷òî ñèòóàöèÿ â òî÷íîñòè ïðîòèâîïîëîæíàÿ!
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Ãóðâèöåâû ãðóïïû áîëüøîãî ðàíãà

Òåîðåìà (Conder, 1980)

Ãðóïïû An ãóðâèöåâû äëÿ âñåõ n > 167.

Òåîðåìà (Lucchini, Tamburini, Wilson, 2000)

Äëÿ âñåõ n ≥ 287 è âñåõ q ãðóïïû SLn(q) ãóðâèöåâû.

Òåîðåìà (V., 2004)

Äëÿ âñåõ n ≥ 252 è äëÿ âñåõ q ãðóïïû SLn(q) ãóðâèöåâû.

Òåîðåìà (V., 2004; Sun 2005)

Ãðóïïû SL49(q) ãóðâèöåâû äëÿ âñåõ q.
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Ãóðâèöåâû ãðóïïû áîëüøîãî ðàíãà

Òåîðåìà (Lucchini, Tamburini, 1999)

Äëÿ âñåõ n ≥ 371 ñëåäóþùèå ãðóïïû ãóðâèöåâû:

Sp2n(q), SU2n(q2), Ω+
2n(q), q ïðîèçâîëüíî,

SU2n+7(q2), Ω2n+7(q), q íå÷åòíî.
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Ãðóïïû ìàëûõ ðàíãîâ: îòðèöàòåëüíûå ðåçóëüòàòû

Òåîðåìà (Di Martino, Tamburini, Zalesskii, 2000; Vincent,

Zalesskii, 2007)

Åñëè n ≤ 11 èëè n = 13 è (n, q) 6= (2, 8), (3, 2), òî ãðóïïû

SLn(q) è SUn(q) íå ãóðâèöåâû.

Åñëè n = 2, 4, 6, . . . , 20 è q íå÷åòíî, òî ãðóïïû Spn(q) íå
ãóðâèöåâû.

Òåîðåìà (Vincent, Zalesskii, 2007)

Åñëè q 6= 1 (mod 7), òî ãðóïïû SL12(q) íå ãóðâèöåâû.

Àíàëîãè÷íûå ðåçóëüòàòû èçâåñòíû äëÿ ìíîãèõ äðóãèõ ïàð

(n, q), n ≤ 38 (Vincent, Zalesskii, 2007).
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(n, q), n ≤ 38 (Vincent, Zalesskii, 2007).
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Ãóðâèöåâû ïîäãðóïïû PSLn(q), n = 3, 4

Òåîðåìà (Cohen, 1981)

Âñÿêàÿ íåïðèâîäèìàÿ ãóðâèöåâà ïîäãðóïïà PSL3(q) èçîìîðôíà
îäíîé èç ãðóïï èç ñïèñêà Ìàêáåòà.

Òåîðåìà (Tamburini, V.)

Âñÿêàÿ íåïðèâîäèìàÿ ãóðâèöåâà ïîäãðóïïà PSL4(q) ëèáî
èçîìîðôíà îäíîé èç ãðóïï èç ñïèñêà Ìàêáåòà, ëèáî èçîìîðôíà

PSL2(p)× PSL2(p), p ≡ ±1 (mod 7).
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Ãóðâèöåâû ïîäãðóïïû PSLn(q), n = 5

Òåîðåìà (Tamburini, Zalesskii)

Íåïðèâîäèìûå ãóðâèöåâû ïîäãðóïïû â PSL5(q) èñ÷åðïûâàþòñÿ
ñëåäóþùèìè ñåðèÿìè:

PSL5(p), p ïðîñòîå, p ≡ 1, 6 (mod 35);

PSL5(p3), p ïðîñòîå, p ≡ 11, 16, 26, 31 (mod 35);

PSU5(p2), p ïðîñòîå, p ≡ 29, 34 (mod 35);

PSU5(p4), p ïðîñòîå, p ≡ 8, 13, 22, 27 (mod 35) èëè
p = 7;

PSU5(p6), p ïðîñòîå, p ≡ 4, 9, 19, 24 (mod 35);

PSU5(p12), p ïðîñòîå, p ≡ 2, 3, 12, 17, 18, 23, 32, 33
(mod 35).
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Ãóðâèöåâû ïîäãðóïïû PSLn(q), n = 6, 7

Òåîðåìà (Tamburini, V., 2009)

Ïóñòü p 6= 3 è n6 � ïîðÿäîê p ïî ìîäóëþ 9. Ñëåäóþùèå ãðóïïû

ãóðâèöåâû

PSL6(pn6), n6 íå÷åòíî

PSU6(pn6), n6 ÷åòíî.

Òåîðåìà (Tamburini, Vsemirnov)

Ïóñòü p 6= 7 è n7 � ïîðÿäîê p ïî ìîäóëþ 49. Ñëåäóþùèå

ãðóïïû ãóðâèöåâû

PSL7(pn7), n7 íå÷åòíî.

PSU7(pn7), n7 ÷åòíî.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Íåæåñòêèé ñëó÷àé

Âïåðâûå ïîÿâëÿåòñÿ:

n = 6, ïðîåêòèâíûå ãðóïïû (ïîäãðóïïû PSLn(q), q
íå÷åòíî);

n = 6, ëèíåéíûå ãðóïïû (ïîäãðóïïû SLn(q), q ÷åòíî);

n = 7 ëèíåéíûå ãðóïïû (ïîäãðóïïû SLn(q), q íå÷åòíî).

Â îòëè÷èå îò æåñòêîãî ñëó÷àÿ èìåþòñÿ íåñîïðÿæåííûå ïàðû

ãóðâèöåâûõ îáðàçóþùèõ ñ îäíèìè è òåìè æå èíâàðèàíòàìè

ïîäîáèÿ.

Óäàåòñÿ ïàðàìåòðèçîâàòü.

Ïàðàìåòðèçàöèÿ (2,3,7)-òðîåê íàä ïðîèçâîëüíûì ïîëåì:

äëÿ n = 7: 5 ñåìåéñòâ (Tamburini, V., 2009).

äëÿ n = 6 (V., 2016).

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Íåæåñòêèé ñëó÷àé

Âïåðâûå ïîÿâëÿåòñÿ:

n = 6, ïðîåêòèâíûå ãðóïïû (ïîäãðóïïû PSLn(q), q
íå÷åòíî);

n = 6, ëèíåéíûå ãðóïïû (ïîäãðóïïû SLn(q), q ÷åòíî);

n = 7 ëèíåéíûå ãðóïïû (ïîäãðóïïû SLn(q), q íå÷åòíî).

Â îòëè÷èå îò æåñòêîãî ñëó÷àÿ èìåþòñÿ íåñîïðÿæåííûå ïàðû

ãóðâèöåâûõ îáðàçóþùèõ ñ îäíèìè è òåìè æå èíâàðèàíòàìè

ïîäîáèÿ.

Óäàåòñÿ ïàðàìåòðèçîâàòü.

Ïàðàìåòðèçàöèÿ (2,3,7)-òðîåê íàä ïðîèçâîëüíûì ïîëåì:

äëÿ n = 7: 5 ñåìåéñòâ (Tamburini, V., 2009).

äëÿ n = 6 (V., 2016).

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Èñêëþ÷èòåëüíûå ãðóïïû òèïà Ëè: òåîðåìà Ìàëëå

Òåîðåìà (Malle, 1990, 1995)

G2(q) ãóðâèöåâû äëÿ âñåõ q ≥ 5;
2G2(32m+1) ãóðâèöåâû äëÿ âñåõ m ≥ 2;
3D4(q) ãóðâèöåâû åñëè è òîëüêî åñëè q 6= 4, q 6= 3m;
2F4(22m+1) ãóðâèöåâû åñëè è òîëüêî åñëè m ≡ 1 (mod 3).

Èäåÿ äîêàçàòåëüñòâà. Ïóñòü G � êîíå÷íàÿ ãðóïïà, X , Y , Z �

êëàññû ñîïðÿæåííîñòè. Äëÿ ôèêñèðîâàííîãî z ∈ Z ÷èñëî

ðåøåíèé óðàâíåíèÿ xy = z , x ∈ X , y ∈ Y ðàâíî

|X | · |Y |
|G |

∑
χ∈Irr(G)

χ(X )χ(Y )χ(Z )

χ(1)
.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Èñêëþ÷èòåëüíûå ãðóïïû òèïà Ëè: òåîðåìà Ìàëëå

Òåîðåìà (Malle, 1990, 1995)

G2(q) ãóðâèöåâû äëÿ âñåõ q ≥ 5;
2G2(32m+1) ãóðâèöåâû äëÿ âñåõ m ≥ 2;
3D4(q) ãóðâèöåâû åñëè è òîëüêî åñëè q 6= 4, q 6= 3m;
2F4(22m+1) ãóðâèöåâû åñëè è òîëüêî åñëè m ≡ 1 (mod 3).

Èäåÿ äîêàçàòåëüñòâà. Ïóñòü G � êîíå÷íàÿ ãðóïïà, X , Y , Z �

êëàññû ñîïðÿæåííîñòè. Äëÿ ôèêñèðîâàííîãî z ∈ Z ÷èñëî

ðåøåíèé óðàâíåíèÿ xy = z , x ∈ X , y ∈ Y ðàâíî

|X | · |Y |
|G |

∑
χ∈Irr(G)

χ(X )χ(Y )χ(Z )

χ(1)
.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ýôôåêòèâèçàöèÿ òåîðåìû Ìàëëå

Òåîðåìà (V., 2016)

Íåïðèâîäèìûå ãóðâèöåâû ïîäãðóïïû SL7(q), q íå÷åòíî

èñ÷åðïûâàþòñÿ ñëåäóþùèìè

G2(q), q > 4;
2G2(32m+1), m > 0;

PSL2(q);

J1;

PSL2(8);

PSL2(7);

PSL2(7).23.

Â êàæäîì ñëó÷àå âñå äîïóñòèìûå íàáîðû ãóðâèöåâûõ

îáðàçóþùèõ (ñ òî÷íîñòüþ äî ñîïðÿæåííîñòè) óêàçàíû ÿâíî.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ãóðâèöåâû îáðàçóþùèå ñ ôèêñèðîâàííûì ïîðÿäêîì
êîììóòàòîðà

Òåîðåìà (V., 2006)

Äëÿ ïðîñòîãî p ≥ 5 ãðóïïà G2(p) ÿâëÿåòñÿ ãîìîìîðôíûì

îáðàçîì ãðóïïû

(2, 3, 7; 2p) = 〈x , y : x2 = y3 = (xy)7 = [x , y ]2p = 1〉.

x =


0 0 0 1 0 0 0

0 0 0 0 1 0 −2

0 0 0 0 0 1 −2

1 0 0 0 0 0 0

0 1 0 0 0 0 −2

0 0 1 0 0 0 −2

0 0 0 0 0 0 −1

 , y =


1 0 0 0 0 0 0

0 1 0 0 1 0 −2

0 0 1 1 0 0 −2

0 0 0 0 −1 0 0

0 0 0 1 −1 0 0

0 0 0 0 0 0 −1

0 0 0 0 0 1 −1

 .

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ãðóïïû (2,3,7;n)

Îïðåäåëåíèå

(2, 3, 7; n) = 〈x , y : x2 = y3 = (xy)7 = [x , y ]n = 1〉.

Òåîðåìà (Holt, Plesken, and Souvignier, 1997; Howie, Thomas,

1993)

Ãðóïïà (2, 3, 7; n) áåñêîíå÷íà â òî÷íîñòè ïðè n ≥ 9.

Äëÿ n > 9 ìîæíî äàòü íîâîå äîêàçàòåëüñòâî, èñïîëüçóÿ

êëàññèôèêàöèþ (2,3,7)-òðîåê â GL7(C):

Òåîðåìà (V.)

Äëÿ n > 9 ãðóïïà (2, 3, 7; n) èìååò áåñêîíå÷íîå 7-ìåðíîå
ïðåäñòàâëåíèå.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ãðóïïû (2,3,7;n)

Îïðåäåëåíèå

(2, 3, 7; n) = 〈x , y : x2 = y3 = (xy)7 = [x , y ]n = 1〉.

Òåîðåìà (Holt, Plesken, and Souvignier, 1997; Howie, Thomas,

1993)

Ãðóïïà (2, 3, 7; n) áåñêîíå÷íà â òî÷íîñòè ïðè n ≥ 9.

Äëÿ n > 9 ìîæíî äàòü íîâîå äîêàçàòåëüñòâî, èñïîëüçóÿ

êëàññèôèêàöèþ (2,3,7)-òðîåê â GL7(C):

Òåîðåìà (V.)

Äëÿ n > 9 ãðóïïà (2, 3, 7; n) èìååò áåñêîíå÷íîå 7-ìåðíîå
ïðåäñòàâëåíèå.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ãðóïïû (2,3,7;n)

Îïðåäåëåíèå

(2, 3, 7; n) = 〈x , y : x2 = y3 = (xy)7 = [x , y ]n = 1〉.

Òåîðåìà (Holt, Plesken, and Souvignier, 1997; Howie, Thomas,

1993)

Ãðóïïà (2, 3, 7; n) áåñêîíå÷íà â òî÷íîñòè ïðè n ≥ 9.

Äëÿ n > 9 ìîæíî äàòü íîâîå äîêàçàòåëüñòâî, èñïîëüçóÿ

êëàññèôèêàöèþ (2,3,7)-òðîåê â GL7(C):

Òåîðåìà (V.)

Äëÿ n > 9 ãðóïïà (2, 3, 7; n) èìååò áåñêîíå÷íîå 7-ìåðíîå
ïðåäñòàâëåíèå.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû



Ãðóïïû (2,3,7;n)

Òåîðåìà (V., 2016)

Äëÿ âñÿêîãî n > 60 ñóùåñòâóåò q, äëÿ êîòîðîãî ãðóïïà PSL2(q)
ãóðâèöåâà è äëÿ å¼ ãóðâèöåâûõ îáðàçóþùèõ x , y ïîðÿäîê [x , y ]
â òî÷íîñòè ðàâåí n.

Ì. Âñåìèðíîâ Ãóðâèöåâû ãðóïïû


