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Ìîäåëü

X1,X2, . . .Xn ∈ Rd - i.i.d. èç ïëîòíîñòè ρ.

Theorem (Loader)

Èñòèííàÿ ôóíêöèÿ ïëîòíîñòè ìàêñèìèçèðóåò ôóíêöèîíàë

F (ρ) = Eg(X1) log(ρ(X1))−
∫

g(x)ρ(x)dx (1)

Ïàðàìåòðè÷åñêèå ïðåäïîëîæåíèÿ:g(x) = K ( x−η
h ),

log(ρ̂(x , θ)) = Ψ( x−η
h )T θ.

EK (
X1 − η

h
)Ψ(

X1 − η
h

)T θ −
∫

K (
x − η
h

) exp
(
Ψ(

X1 − η
h

)T θ
)
→ max

(2)
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Ýìïèðè÷åñêèé ôóíêöèîíàë

Ýìïèðè÷åñêèé ôóíêöèîíàë:

1

n

n∑
i=1

K (
Xi − η

h
)Ψ(

Xi − η
h

)T θ−
∫

K (
x − η
h

) exp
(
Ψ(

x − η
h

)T θ
)
dx → max

(3)

Ââåäåì

Sη =
1

nhd

∑
Ψ(

Xi − η
h

)K (
Xi − η

h
) A(θ) =

∫
K (z) exp(θTΨ(z))dz

(4)

L(θ, η, h) = θTSη − A(θ) (5)

Öèãëåð À. Ñ. Èñïîëüçîâàíèå áóòñòðåïà äëÿ ïîñòðîåíèÿ ðàâíîìåðíûõ äîâåðèòåëüíûõ èíòåðâàëîâ â îöåíêå ïëîòíîñòè



Ìîäåëü
Êîíöåíòðàöèÿ, òåîðåìà Âèëêñà

Ãàóññîâñêàÿ àïïðîêñèìàöèÿ
Ñðàâíåíèå ãàóññîâñêèõ ðàñïðåäåëåíèé

Îñíîâíîé ðåçóëüòàò

Îñíîâíûå îáîçíà÷åíèÿ

L(θ, η, h) = θTSη − A(θ) (6)

θ̃η = argmax
θ

L(θ, η, h) (7)

θ∗η = argmax
θ

EL(θ, η, h) (8)

D2(θ) = −∇2

θL(θ, η, h) = ∇2

θA(θ) =

∫
K (z)Ψ(z)Ψ(z)T exp

(
θTΨ(z)

)
dz

(9)
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Êîíöåíòðàöèÿ, òåîðåìà Âèëêñà

Îáîçíà÷èì D2

η = D2(θ∗η),rη = ‖Dη(θ̃η − θ∗η)‖2,
Cη = supz∈B1(0) ‖D

−1
η Ψ(z)‖2.

Theorem (î êîíöåíòðàöèè)

‖D−1η (Sη − ESη)‖2 ≥ sup
r<rη

1

2
r exp

(
−rCη

)
(10)

Theorem (Âèëêñ)

∣∣∣2L(θ̃η, η, h)− 2L(θ∗η, η, h)− ‖D−1η (Sη − ESη)‖2
2

∣∣∣≤
≤ r2η exp(rηCη)(exp(rηCη)− 1) (11)
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Äèñêðåòèçàöèÿ ïðîñòðàíñòâà

Ïóñòü Ξ = {ηi}Mi=1
- ìíîæåñòâî òî÷åê, â êîòîðûõ ìû õîòèì ïîñòðîèòü

äîâåðèòåëüíûå èíòåðâàëû.

Ðàíåå ââîäèëèñü Sη = 1

nhd

∑
Ψ(Xi−η

h )K (Xi−η
h ), D2

η = D2(θ∗η).

Òåïåðü ìîæíî ñ÷èòàòü S ∈ RpM , D ∈ MatpM×pM .
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Òåëåñêîï Ëèíäåáåðãà

Lemma

Ïóñòü ζ1, . . . , ζn ∈ Rk - i.i.d. íåçàâèñèìû îò ζ̃1, . . . , ζ̃n ∈ Rk - i.i.d. ñ

òåìè æå îæèäàíèåì è êîâàðèàöèåé, ÷òî è ζi .

Òàêæå, ïóñòü f : Rk → R - òðèæäû äèôôåðåíöèðóåìàÿ ôóíêöèÿ .

Òîãäà

E
[
f (
1

n

n∑
1

ζi )− f (
1

n

n∑
1

ζ̃i )
]

=

= E
1

6n3

n∑
1

((
f (3)(ζ i ), ζi ⊗ ζi ⊗ ζi

)
−
(
f (3)(ζ̂i ), ζ̃i ⊗ ζ̃i ⊗ ζ̃i

))
(12)
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Ãàóññîâñêàÿ àïïðîêñèìàöèÿ

Îáîçíà÷èì

Si,η =
1

hd
Ψ(

Xi − η
h

)K (
Xi − η

h
) (13)

Çà Si îáîçíà÷èì âåêòîð (ST
η1 , . . . ,S

T
ηM

)T (àíàëîãè÷íî âåêòîðó S).

Ââåäåì òàêæå

S̃i ∈ N (ESi ,VarSi ) (14)

Ìû õîòèì ïðèáëèçèòü ðàñïðåäåëåíèÿ maxi ‖D−1ηi (Sηi − ESηi )‖22 è
‖D−1ηi (S̃ηi − ESηi )‖22.
Òî åñòü ïðèìåíèòü òåëåñêîï Ëèíäåáåðãà äëÿ ôóíêöèè

f (ζ) ≈ I{max ‖ζηi‖22 − q < 0}
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Âûáîð ôóíêöèè

Âîçüìåì

f = g ◦ Fβ , (15)

ãäå

Fβ(x) = β−1 log
(∑

j

exp
(
β(‖xηj‖22 − q)

))
, (16)

g(x) = g0(φ−1x), à g0 : R→ R - íåêîòîðàÿ ìîíîòîííàÿ ãëàäêàÿ

ôóíêöèÿ, òàêàÿ ÷òî

g0(x) =

1, x ≤ 0,

0, x ≥ 1.
(17)
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Ãàóññîâñêàÿ àïïðîêñèìàöèÿ - ðåçóëüòàò

Îáîçíà÷èì çà G1, G2, G3 ñîîòâåòñòâåííî ìàêñèìóìû ïåðâîé, âòîðîé

è òðåòüåé ïðîèçâîäíûõ ôóíêöèè g0.

Îáîçíà÷èì L = supx,j ‖D−1ηj Ψ(
ηj−x
h )K (

ηj−x
h )‖2.

Ââåäåì

χ1(q) =
4

3(nhd)3
L3
(
1 + 2

√
2

π

)(
φ−1G1(24βq

1
2 + 32β2q

3
2 + 8βq

3
2 )+

+ φ−2G2(12q
1
2 + 48βq

3
2 ) + φ−3G3(8q

3
2 ))
)
. (18)

Òîãäà âûïîëåíî ñëåäóþùåå óòâåðæäåíèå:∣∣∣∣E[f (D−1(S − ES)
)
− f
(
D−1(S̃ − ES)

)]∣∣∣∣ ≤ χ1(q + φ) (19)
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Ïðîöåäóðà áóòñòðåïà

Äëÿ áóòñòðåïà ìû áóäåì ãåíåðèðîâàòü âåêòîðû

S[ηj =
1

n

∑
i

Siw
[
i =

1

nhd

n∑
1

Ψ
(Xi − ηj

h

)
K
(Xi − ηj

h

)
w [
i , (20)

ãäå wi - âåñà èç N (1, 1).

Òîãäà

D−1(S̃ − ES) ∈ N
(
0,
1

n
D−1

(
ES1ST

1
− ES1EST

1

)
D−1

)
(21)

D−1(S[ − S) ∈ N
(
0,
1

n
D−1

(1
n

∑
SiS

T
i

)
D−1

)
(22)
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Ñðàâíåíèå ãàóññîâñêèõ ðàñïðåäåëåíèé

Theorem

Ïóñòü X è Y - äâà öåíòðèðîâàííûõ ãàóññîâñêèõ âåêòîðà ñ

êîâàðèàöèîííûìè ìàòðèöàìè ΣX è ΣY ñîîòâåòñòâåííî.

Ïóñòü òàêæå f (x) - ãëàäêàÿ ôóíêöèÿ.

Òîãäà ñóùåñòâóåò òàêàÿ ìàòðèöà U, ÷òî äëÿ ëþáîé íîðìû ‖ · ‖∗
âûïîëíåíî ‖U‖∗ < supx ‖∇2f (x)‖∗ è

∣∣Ef (X )− Ef (Y )
∣∣ ≤ 1

2

∣∣tr{(ΣX − ΣY )U
}∣∣ (23)
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Ñðàâíåíèå êîâàðèàöèîííûõ ìàòðèö

Íàäî îöåíèòü tr
{
D−1

(
ES1ST

1
−
∑

SiS
T
i − ES1EST

1

)
D−1U

}
Ìû óæå ââåëè L = supx,j ‖D−1ηj Ψ(

ηj−x
h )K (

ηj−x
h )‖2.

tr
{
D−1

(
ES1ST

1
−
∑

SiS
T
i

)
D−1U

}
- Õ¼ôäèíã.

tr
{
D−1ES1EST

1
D−1U

}
- èìååò ìåíüøèé ïîðÿäîê, ÷åì ïðåäûäóùèé

÷ëåí.
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Ñðàâíåíèå ãàóññîâñêèõ ðàñïðåäåëåíèé - ðåçóëüòàò

Ââåäåì

χ2(q) =

=
L2

2n

(2√2(τ + 2 logM)

nh2d
+ Υ2

d maxx
ρ(x)2

)(
G1

(
2p2 + 8βq

)
+ 4G2q

)
,

(24)

ãäå Υd - îáúåì åäèíè÷íîãî øàðà â d-ìåðíîì ïðîñòðàíñòâå.

Âåðåí ñëåäóþùèé ôàêò:

Äëÿ ëþáîãî ïîëîæèòåëüíîãî τ ñ âåðîÿòíîñòüþ ≥ 1− 2 exp(−τ)∣∣∣Ef (D−1(S̃ − ES
))
− Ef

(
D−1

(
S[ − S)

))∣∣∣ ≤ χ2(q + φ) (25)
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Îñíîâíîé ðåçóëüòàò ðàáîòû

Theorem

Ïóñòü q < 1

eC , . Òîãäà äëÿ ëþáûõ ïîëîæèòåëüíûõ φ, β âûïîëíåíî

ñëåäóþùåå:

P
{
max

j

[
2L(θ̃η, η, h)−2L(θ∗η, η, h)

]
≤ q2

(
1+4 exp(3eqC )(exp(eqC )−1)

)}
≥

≥ P
{
max

j

[
2L(θ̃[ηj , η, h)− 2L(θ̃ηj , η, h)

]
≤ (q2 − φ− β−1 log(M))×

×
(
1− 4 exp(3eC

√
q2 − φ− β−1 log(M))×

× (exp(eC
√

q2 − φ− β−1 log(M))− 1)
)}
− χ2(q)− χ1(q) (26)
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