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Underdetermined Equations

P(z)=0, P:R"—=R" m<n.

P is nonlinear smooth.

Two problems:

@ Existence of solutions: if P(0) =0, when P(z) =y is
solvable?

@ Algorithm of finding a solution.
The problem is nonconvex! E.g. f(z) = ||P(z)|? is
nonconvex for nonlinear P(-); P(x) is not a gradient
for m < n.



Basic Algorithm

k-th iteration

ZF = argmin{||z||: P'(z%)z = P(2")},

k+1 k k

" =2 — a2,

o ||z|| is arbitrary norm,

e various ways to choose stepsize ay.
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History 1. m =n

Newton method

ap = 17 :L,k—i—l _ l’k . (P/(Q?k))_lp(l'k)

Newton 1669 — Raphson 1690 — Fourier 1818 — Cauchy 1829 —
Bennet 1916 — Kantorovich 1948 — Smale 1986 —
Nesterov-Nemirovski 1994

Newton method Damped Newton method
ap =1 o <1
Local convergence Global convergence
Fast convergence Slow convergence

Combined methods
E.g. f(z) is self-concordant function, P(z) = V f(z), f(x) — min



History 2. m <n

Graves 1950. Assume P(0) =0, and for z € S, = {||z|| < p}
1P(2%) — P(2") — A(a® = 2")|] < clla® — 2],

also Ais R" onto R™ (0(A) = > ¢>0), thus 3Q : AQ = 1. If ris
small, then V||y|| <r,3z*: P(z*) =y, and it is achieved by method

o* =2 —aQP(2"), 2¥ — 2

Magaril-llyaev, Tikhomirov 2008
Ben-Israel 1966

= g (P4 (),
Polyak 1964



Assumptions

2 eR", P:R"—=R™ S,={z:|z—2" <p},
|z]x € R", [lylly € R™,

@ P’ exists, P’ is Lipschitz on S,

@ ||[P'(x)"hl| > pllhll, > 0on S,

Lemma

AR =0 R™ = 3u>0: ||ATR| > ullhl|, and

Az =y has a solution x : ||z|| < @

Need uniformly for A = P'(z),z € S,,.

6 /25



Algorithm

e = af a2 F 2P = argmin{||z|| : P'(2")z = P(2")}

Note: z* is well-defined, as P'(2*)z = P(z*) has a
solution ||2¥|| < ”P( Ol

Main estimate:

Lo 2
[P Y] = [[P(a*—az")|| < [1—al-||P(x )H+ I12*]?



Algorithm (cont)

Denote u; = || P(2%)||:

Lo 2
up1 < |1 — ouy + —Ilzkl\Q <1 —-alu+ 5

Choice of a:
e (v Is small = existence of solution,

o (v, is “optimal”’ = fast convergence.

La?
2,u2

2
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Solvability

Theorem

If ”P( aCall “0 < p, then o* exists, and ||2° — x| < 2.

Proof.

a<l1l wup <up(l—ol- QLTOQUO)) < qui, q < 1.
Then

up = 0, [|2*! —z¥|| = af|2*|| < Suy, < eg¥, 2 —2* O

v

Corollary

If p = oo, then P(x) =y has a solution Yy!




Adaptive Newton

oftl = gF a2k, 2P = arg min{||z|| : P'(xk)z = P(xk)}

[P
R

is well-defined: z* =0 iff P(z*) =0, L=0= 2! =2"

o = min{1

Stage 1
2

a<l=up <up— 5_L finite number of iterations,

Stage 2
2

uy
a=1=u < — 2L' quadratic convergence if ”’“ < 1.

For simplicity p = co. Advantage: p is unknown!
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Convergence rate

k 2M2 _(Q[k*kmaxbr)
PGl < 1P - 54+ k>0

where o7
s = max{0, | 1P~ 2|

How many steps to achieve accuracy «:

2142
N < kmax 1 1 —-— 1), < —=
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A version of the algorithm

12
ar = min{l, ————1}
2L||P(z")]

Then bound for || P(z*)|| is the same, also

H
L
Note that y is explicitly needed, and this algorithm in
practice behaves worse.

o =2l < £ ([l — ] +202757042) k>0,
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Structured problems

Solve P(z) =y, P(x); = p(c/z), c; € R*i=1,...m
Here o(t) is scalar function,

@' ()] = pe >0, ") < M, Vi

Then P'(z) = D(z)C, D(x) = diag (c/x) and the main
inequality can be proved to be

9 9
au M
e < (1= aup +y—+,7 = .
Ho

1

Hence w4 guk—Q— at Stage 1, it does not depend on
Y

C'
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Numerical Example 1

P(z) = ¢(Cx), ¢(t) = H%

)] =35, " O] <3,
If consider P(x) directly, then L = sup, |¢”(¢)|||C||, while
in structured setup M = sup, |¢"(t)].
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Numerical Example 1

n=60,m=21, L=26.54, M =0.5.
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Solving subproblem for z*

F = argmin{||2]| : P/(a%)z = P(a")}
P(at) = A, P(") =b, Az =
@ Euclidean norm || - |2

2= A(AAT) My, 2P = (P'(ah)TP(ah),
@ (y-norm || - |1

min ||z||; is an LP,
Az=b

with ||z*||o < m - sparse solutions for m < n!

@ For /,.-norm the problem is also LP.
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Scalar case. m =1

@) =0, f:R" SR, p=oo
V f(x) has Lipschitz constant L, ||V f(z)|| > u > 0, V.
Euclidean norm

= NiEeE )

o= SN ) i |V p ) < L)
kt1_

i %Vf(xk), otherwise.

IV f ()
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Scalar case (cont)

k_ f(a") ol
T IVAEe
If 29 = 0, then ||2*||o < k.

¢1-norm: z

i = arg max |Vf(:vk)l|,

ko f(xk)

= wraon, o (V)

{s-norm: z
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Scalar case: Inequality

Solve f(x) <0, S={xz: f(z) >0}, Vf(x) is Lipschitz
on R", ||[Vf(x)|| > p>0o0nS, ¢ norm.

Algorithm stops if f(2*) < 0.
- k
o sien f(a")
Bl L
k. f(z")
IV f (R

New: nonconvex f(-).

V), i [VFENIP<LIf(N),

x V f(z"), otherwise.
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Numerical Example 2
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P’(z) is non-singular at a point

Assumption || P'(z)"h|| > pl|hl|, Yz €S, is hard to
check.
Suppose
[P/ TR > pollbll, o > 0.
Then || P'(x)Th|| > (1o — Lp)||h|| for z € S,
Theorem
If P(0) =0, 0min(P'(0)) > po > 0, P'(x) is Lipschitz on
Sy, and p > 52, then P(x) =y has a solution for all y:

2

Jy) < 22
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Quadratic equations

Pi(w) = 3(Ait, )+ (b 2), Pla) = (o) .5 Pala),
Solve P(x) =y, z € R"

at Ay + b bl
P'(z) = : , PI0)=| :
T A, + bl vl
Use Euclidean norm for x, denote A = Zﬁl AZTAi, then

L = ||A||"?, 4 = oin(P'(0)), and the Theorem above
can be applied.

Y
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Numerical Example 3

Mo

=22
AL

n=4, m=2 puy=9.6, L=10.7, |y <-—

23/25



Extensions

©

Approximate solution of the subproblem.
Stepsize if L is unknown (Armijo-like).
Not arbitrary solution, but a close to 2" one, e.g.

minp(,)—o ||z — 2°||. (Too strong assumptions, local
resutls.)

Analog of self-concordant operators, compare Example
1.

Regularization for equations = 7
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Thank you for attention!
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