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Preliminaries

Problem Statement

f (x)→ min
x∈Q

,

s.t. g(x) 6 0.

• E is a n-dimensional real vector space

• Q ⊂ E is a convex compact

• f : Q → R and g : Q → R are µ-strongly convex w.r.t. some
norm ‖·‖ and subdifferentiable

f (y) > f (x) + 〈∇f (x), y − x〉+
µ

2
‖x − y‖2



Stochastic Setting

• (Ω,F ,P) is a probability space

• {ξk} is a sequence of i.i.d random vectors, each ξk is
F-measurable

Stochastic Gradient Oracle

• xk ∈ Q 7→ g(xk), ∇x f (xk , ξk), ∇xg(xk , ξk)

• Eξk [∇x f (xk , ξk)] = ∇f (xk)

• Eξk [∇xg(xk , ξk)] = ∇g(xk)



Proximal Setup

• ‖·‖ is a norm in E (‖·‖∗ is a norm in E ∗)

• Domain Q ⊂ E

• Distance-generating function d(x) : Q → R, continuous and
1-strongly convex w.r.t. ‖·‖

• x0 = arg min
x∈Q

d(x)

• d-radius of Q

ωn = sup
y∈Q

2Vx0(y)

‖y − x0‖2
∼ ln(n)



Mirror Descent

• Bregman distance from x ∈ Q0 to y ∈ Q

Vx(y) := d(y)− 〈∇d(x), y − x〉 − d(x)

• Starting point x0 = arg min
x∈Q

d(x)

• ’Radius’ of the set Q

Θ2 = sup
x ,y∈Q

Vx(y)

• Proximal mapping operator

Mirrx(u) := arg min
y∈Q
{Vx(y) + 〈u, y − x〉}



Convex Case Algorithm

Algorithm 1 Mirror Descent

Require: hf , hg , εg
1: procedure Mirror(x0,N,Θ2)
2: initialize I as an empty set
3: for k ∈ {1, . . . ,N} do
4: if g(xk) 6 εg then
5: xk+1 ← Mirrxk (hf∇x f (xk , ξk))
6: add k to I
7: else
8: xk+1 ← Mirrxk (hg∇xg(xk , ξk))

9: return x̄N = 1
|I |
∑
k∈I

xk



Convex Case. Probability of Large
Deviations

Theorem 1
Suppose for all x ∈ Q and ξ ∈ {ξk} it holds that

‖∇x f (x , ξ)‖2∗ 6 M2
f , ‖∇xg(x , ξ)‖2∗ 6 M2

g .

Then, if set hg =
εg
M2

g

, hf =
εg

MfMg
, εf =

Mf

Mg
εg in the

Algorithm 1, for the number of oracle calls equal to

N =

⌈
81M2

gΘ2

ε2g
ln

1

σ

⌉

the point x̄N satisfies

P
{
|I | > 1, f (x̄N)− f (x∗) 6 εf , g(x̄N) 6 εg

}
> 1− σ.



Strongly Convex Case Algorithm

Algorithm 2 Restarting Mirror Descent

1: procedure RestartMirror(x0,N1, . . . ,NK ,Θ
2)

2: θ2 := Θ2

3: for k ∈ {1, . . . ,K} do
4: xk ←Mirror(xk−1,Nk , θ

2)
5: θ2 := 1

2θ
2

6: d(x) := d(x − xk + xk−1)

7: return xK



Intuition

• Each point returned by the Mirror() procedure must be
closer to the actual minimizer than the previous one

• The closer to minimizer we start, the faster we reach the
required accuracy

• The point returned by the Mirror() procedure is the
average of step points, so by restarting we do not simply
proceed iterating



Intuition

starting point of the restart



Intuition

x ∗

restart 1

restart 2

restart 3

restart 4

restart 5



Key Lemma

Lemma 1
Suppose f and g are µ-strongly convex functions with respect to
the norm ‖·‖ over the convex set Q. Let

x∗ = arg min
x∈Q
{f (x) : g(x) 6 0}.

Then if
f (x)− f (x∗) 6 εf , g(x) 6 εg ,

then
µ

2
‖x − x∗‖2 6 max{εf , εg}.



Strongly Convex Case. Probability of
Large Deviations

• It is sufficient to choose Nk in Algorithm 2 as

Nk =

⌈
324M2ωn ln σ̄−1

µ2R2
0

2k

⌉

• Here

σ̄ = σ

(
log2

µR2
0

2ε

)−1
• The total number of restarts is

K =

⌈
log2

µR2
0

2ε

⌉



Strongly Convex Case. Probability of
Large Deviations

Theorem 2
Suppose f and g are µ-strongly convex with respect to the norm
‖·‖. In the assumptions of the Theorem 1, with the total number
of oracle calls equal to

N =

⌈
324M2ωn

µε

(
ln log2

µR2
0

2ε
+ ln

1

σ

)⌉
,

where

M = max{Mf ,Mg}, ε = max{εf , εg}, R2
0 = max

x ,y∈Q
{‖x − y‖2}

the point xK , generated by the Algorithm 2, satisfies

P
{
f (xK )− f (x∗) 6 ε, g(xK ) 6 ε

}
> 1− σ.



Summary

Results

• ’Restart’ method is transferred to constrained case

• O( 1
µε) oracle calls

• Suitable for a non-euclidean setup

Outlook

• In non-euclidean setup the constant M2

µ can be very large →
composite problem statement
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