this theory, leading to a left-invariant structure over the group SE(2; N),
restricting to a finite number of rotations. This apparently very simple
group is in fact quite atypical: it is maximally almost periodic, which leads
to much simpler harmonic analysis compared to SE(2). Based upon this
semi-discrete model, we improve on the image-reconstruction algorithms
and we develop a pattern-recognition theory that leads also to very efficient
algorithms in practice.

YUCJIEHHBIE METO/bI PEILIEHUSA
OIHOM 3AJAYN OIITHUMAJIBHOT'O YIIPABJIEHUS
(NUMERICAL METHODS FOR THE SOLUTION
OF AN OPTIMAL CONTROL PROBLEM)

C. II. Camconos (S. P. Samsonov)

Mockosckuil 2ocydapcmeennnii yrusepcumem, Mockea, Poccus

samsonov@cs.msu.su

Pabora mocssitena pacCMOTPEHUIO YUCIEHHBIX METO/IOB PEIIeHUs] JTNHEH-
HBIX 33/1a9 ONITUMAJILHOTO yIipaBjenust. Mlcrnoan30Banue JIMHEHHOCTH ypaB-
JISTEMOI CUCTEMBI TI03BOJISIET ITOCTPOUTH 3P PEKTUBHO PAbOTAIOIIIE TIC/IEH-
HbIE AJITOPUTMBI. Pa3paboTKe YUCIEHHBIX METOIOB JIJIsl JIMHEHHBIX 33189
ONTUMAJILHOTO yIIPaBJIEHUs IIOCBSINEH TeJiblil psijt pabor. Cemyer, 0HAKO,
3aMeTUTh, ITO B OOJBINMMHCTBE OIyOJTUKOBAHHBIX PabOT MCCIIEIYETCS TOIb-
KO CXOJIMMOCTH METOJIOB U 33J1aeTCsl KAKON-TO KPUTEPHUil OCTAHOBKHU BBIUUC-
JIEHUI, KOTOPBIN obecrednBaeT “OJau30CTh’ BBIYUCISIEMbBIX BEJIUYUH K HC-
KOMBIM, HO HE TapaHTuUpyeT 3aJiaHHONi TOYHOCTU. OOBIYHO HCIOJIb3yeMble
YUCJIEHHBIE aJITOPUTMBI TPEOYIOT YHUCIEHHOTO PEINIeHUs] HEKOTOPBIX 3a/1a4
u3 Teopun AuddEPEHITNATBHBIX yPABHEHUH, JTUHEHHO ajrebpsr u 1.7, Of-
HAKO BBIYUCJIATEIbHBIE TOTPEITHOCTH PENIEHNsT ITUX BCIOMOTATEIHHBIX 3a-
Jlad MOT'YT OKA3aThCsl BEChbMa 3HAUMTEIbHBIMU, TIO9TOMY OOJIBINON HHTEpEC
[IPEJICTABJISIIOT TAKUE YUCIEHHBIE METOJIbI, JJIs KOTOPBIX YAAeTCsl TOJIY YU Th
OIIEHKY TOYHOCTH BBIYUCJIEHUI C yYeTOM BBIUUC/IUTEBHBIX TOTPEITHOCTEI.

JlaHHBII JTOKJIA/] KAK pa3 U IMOCBSINEH YUCJIeHHBIM METOIAM, PEIIAIOIM
JIMHEHHBIE 33190 ONTUMAJILHOTO YIPABJIEHUSI C 3aJAaHHON TOYHOCTHIO U C
YUETOM BBIYUCJIUTE/BbHBIX IorpentnocTei [1].
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Over the last decade there is a growing interest with regard to the control
of ensembles (parameterized families) of nonlinear control systems

i’ = 2% u), 0ecOCRY, (1)

by a single 0-independent control u(-). Such problem arises for example,
when one seeks for a control, which may compensate a dispersion of param-
eters.

One of notable examples is the Bloch model in NMR spectroscopy, seen
as a bilinear control system in SO(3) with a parameter subject to disper-
sion. Partial controllability results for this model have been obtained by
N. Khaneja and S. Li, who also suggested applying the Campbell-Hausdorff
formula for “generating higher order Lie brackets ... which carry higher
order powers of the dispersion parameters.”

An alternative problem setting amounts to finding for a control system
& = f(z,u) a “simultaneous control” u(t) which (approzimately) drives an
ensemble of points x(0), 6 € ©, to a target z(0). In our presentation we opt
for L,-approximate controllability: [g [lz(T;0) — z(0)||? df < €P.

In a recent publication [1] with A. Agrachev and Yu. Baryshnikov we
aimed at introducing a Lie algebraic (“geometric control”) approach to the
controllability of (1).

We started with finite ensembles (finite ©), to which Lie rank criteria of
exact controllability can be applied after proper modification. We proved
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