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1. Problem Classes

Problem formulation: f* = miélf(x), g(x) <0, where
re

e f and g are convex function.
e () is a simple closed convex set.
e We assume existence of * € @ such that f(x*) = f*.

Adaptive Mirror Descent algorithms:
1. HVf(:C)H* < MVr e (A. Bayandina, P. Dvurechensky, A. Gasmkov).
2. Our aim (F. Stonyakin, A. Titov): non-bounded ||V f(z)]]+, but

IVf(x) =Vl < Lz -yl Vo,yed

Nesterov, Y.E. Subgradient methods for convex functions
with nonstandard growth properties
Workshop: «Three oracles», Moscow, 2016



Let A; =0, 2=1,...,m. Consider the convex functions
1 :
fz(aﬁ) = §<All’,ﬂl’> — <bZ, ZE> + Qi 1= 1, SNz
Define the objective function f(x) = max f;(z).
1<i<m
Note:
e { is a nonsmooth convex function.

e The gradients of f; are Lipschitz continuous. However, it is not
true for subgradients of f.

e Subgradients of f are not bounded.

IVf(@)]] < max [[Vf(z")] + max Lz — 2.

1<i<m 1<i<m

Application: Truss Topology Design problem with weights of the
bars.



2.  Mirror Descent Basics

Let E be a finite-dimensional real vector space and E* be its dual. We denote the value of a linear
function g € E* at x € E by (g, x). Let || - ||[g be some norm on E, | - | g« be its dual, defined by

lgll .« = max {(g, ), |z 2 < 1}

We use V f(x) to denote any subgradient of a function f at a point x € domf. We choose a proz-function
d(x), which is continuous, convex on X and

1. admits a continuous gradient d’(z), where z € X;

2. d(z) is 1-strongly convex on X with respect to || - || g, i.e., for any z,y € X
1
d(y) - d(z) = (d'(x),y — z) > 5lly - z[|%-

Without loss of generality, we assume that ml)r(l d(x) = 0.
Te

We define also the corresponding Bregman divergence
Viz|(z) =d(z) —d(z) — (d'(2),z—2),z€ X,2€ X'
Given a vector x € X, and a vector g € E*, the Mirror Descent step is defined as

24 = Mirr[z](g) := arg min {{g,u) + V[2](u) }. (2.1)

Assumption: Mirr[z](g) is easily computable.



3. Problem Statement

Consider the following convex constrained minimization problem
min{f(z): € X C E, g(x) <0}, (3.1)

where X is a convex subset of a finite-dimensional real vector space
E f: X —R, g: E— R are convex functions.
Assumptions:

1. g is non-smooth and is Lipschitz-continuous

| 9(z) — g(y) |< My|lx —yllg, =,yeX. (3.2)

2. There exist a point € riX, such that ¢(z) < 0.

Definition 3.1. We assume that Let x, be a solution to (3.1). We
say that a point T € X is an e-solution to (3.1) if

f(@) = flzd) <&, g(z) <e. (3:3)



4. The case of Lipschitz-continuous Objective Function

A. Bayandina, P. Dvurechensky, A. Gasnikov

Let f be a non-smooth Lipschitz-continuous function

| f(z) = fy) I< Myllz —ylle, =y € X (4.1)

Let z, be a solution to (3.1) and assume that we know a constant
©¢ > 0 such that
d(z,) < 63. (4.2)

For example, if X is a compact set, one can choose

6; = maxd(z).

zeX



Algorithm 1. Adaptive Mirror Descent (Non-Smooth Lipschitz-continuous Objective)
Input: accuracy € > 0; O s.t. d(z) < O3.
1. 2° = argmin d(z).
zeX

2. Initialize the set I as empty set.

3. Set k=0.

4. repeat

5. ifg(e¥) <ethen M=|Vi@)lp. i =7
6. g*+1 = Mirr[z*](h, V f (2¥)) ("productive step")

7. Add k to I.

8. else Mj;=|Vg(a")lps hr= MLE

9. zF1 = Mirr[z*](hy Vg(2*)) ("non-productive step")
10.  end if

11. Setk=k+1.
12. until }_ ﬁ > 2{_%
j=0 "3
Z hiz?
Output: zF := ’EZI: hi

GEN




Theorem 4.1. For

75

k

A |72 max{M?, Mg}@%—‘
g2 ’

is an e-solution to (3.1) in the sense of (3.3).

(4.3)



5. General Convex Objective Function

Algorithm 1. Adaptive Mirror Descent (General Convex Objective)
Input: accuracy € > 0, O s.t. d(z.) < 3.

1. 2° = arg mind(z).
zeX

2. Initialize the set I as empty set.

3. Set k£ =0.
4. repeat

ek _ &
5. if g(z") < e then hy = IV f(@*)| g «
6. 2+t = Mirr[zF](h, V £ (2*)) ("productive step")
7. Add k to I.

N

8. else Ik = [EnTE,
9. ok = Mirr[z¥](hy Vg(2")) ("non-productive step")
10. end if

11. Set k =k + 1.
; 1 263
12 wntil [ 1]+ . jogmm - > =

Output: Z* := arg min f(z7)
z7 jel



Given a function f and a point y € X, we define for x € X

Vf(z)
<HVf(:c>E,*’x - y> , V@) #0

0 Vf(x)=0

osly)() = (5.1

Lemma 1. Assume that f is a convex function. Then, for anyx € X,

fl) = f(z.) < wlvglz.(z)),

max{ f(x) — f(xy) : ||z —x4|| < 7T T >0,
w(T)—{weX{() () ] | <7} 52)

0 7 < 0.



Theorem 5.1. If in Algorithm 2

. {Qmaaj{l, M;}@(ﬂ

g2

then mi}l vilz.(z') < e and g(z%) < e for alli € I.
(AS

Corollary 1. Assume that the objective function f in
min{f(z):x € X C E,g(x) <0}
is differentiable and its gradient is Lipschitz continuous
IVf(@) = VIW)les < Lllz—y| Vo,y € X.
Then

2
Le L

f(@") = flz.) < el VH@)lles+ 5

g(z") < e.

(5.3)

(5.4)



Remark 5.1. The previous result is useful for the special class of
non-smooth convex objective function. Assume in Corollary 1 the

objective function f = max fj, where f; are convex and differentiable
S

functions with Lipschitz continuous gradients

IV in(@) =V mWlles < Linllz —yll Yo,y € X, m =1, M,

L= max L,,.
1<m<M

Then z* is max{e, €|V f(x.)| g+ + max %g}—solution to (5.3) in the
sense of (5.4).

Thank you for attention!
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