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It is not so much important to be rigorous as to be right
A.N.Kolmogorov (from Chirikov Phys Rep (1979))

* Boltzmann - Loschmidt
dispute:
irreversible statistical
laws from reversible
dynamical equations

Sitzungsberichte der Akademie der Wissebschaften, Wien,
II 73, 128 (1876); 75, 67 (1877)
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Dynamical chaos (mathematics, physics)

* Poincaré (1893);
* Chirikov resonance overlap criterion
for plasma experiments at Kurchatov Inst. (1959)

(Quantware group, CNRS, Toulouse) Sobolev IM RAS Nsk Feb XX, 2018 2 / 43



Chirikov talk (celebrating his 70th at Toulouse)
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Chirikov talk (celebrating his 70th at Toulouse)
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Chirikov standard map (1969, 1979)
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p̄ = p + K sin x , x̄ = x + K sin x ; K = 0.5;0.971635;5

related systems: Frenkel-Kontorova model (1937); Veksler microtron (1944);
Ulam map for Fermi acceleration (1961), Kepler map for microwave ionization
of Rydberg atoms, Halley comet, dark matter dynamics in the Solar system ...
(see Scholarpedia 3(3):3550 (2008))
Diffusion in momentum and energy < p2 >= Dt ≈ K 2t/2 for K > 0.971635...
(E = p2/2)
Chirikov, DS Scholarpedia (2008-20017)
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Kolmogorov-Arnold-Moser theory (1954-1963)

Chirikov criterion (1959) (e.g. for Chirikov standard map K < Kc)
term “KAM theory” coined by Chirikov (INP preprint 1969)
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Quantum localization of chaos

Quantum Chirikov standard map (kicked rotator)

Chirikov, Izrailev, DS (1981) → Raizen cold atom experiment (1995):
ψ̄ = exp(−ik cos x)exp(−iTn2/2)ψ; k = K/~,T = ~,n = −i∂/∂x ;
localization length: ℓ ≈ ∆n ≈ D ∼ K 2/~2

Analogy with Anderson localization (AL) in disordered solids (1958; Nobel
prize 1977) shown by Fishman, Grempel, Prange (1982)
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Thermalization (classical/quantum)

J.W.Gibbs (1874-1878) ; M.Planck (1900) → ~
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Energy equipartition over degrees of freedom

Nauka Moscow (1976)

Dynamical thermalization in finite isolated systems?

Fermi (1923); Fermi-Pasta-Ulam (FPU) problem (1955)

Chirikov criterion for onset of chaos (1959)

Novosibirsk => FPU: Izrailev, Chirikov Dokl. Akad. Nauk SSSR 166: 57 (1966)

Integrability of nonlinear Schrödinger equation
Zakharov, Shabat, Zh. Eksp. Teor. Fiz. 61: 118 (1971) + Toda lattice (1967)
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Fermi-Pasta-Ulam problem (1955)

“In January 1951, Ulam and Teller came up with the Teller-Ulam design, which
is the basis for all thermonuclear weapons. ...
"After the H-bomb was made," Bethe recalled, "reporters started to call Teller
the father of the H-bomb. For the sake of history, I think it is more precise to
say that Ulam is the father, because he provided the seed, and Teller is the
mother, because he remained with the child. As for me, I guess I am the
midwife." “
Wikipedia
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Virtual visit of Ulam to Akademgorodok (1967)

invitation Ulam never got
Meeting of Chirikov and Ulam at Mathematical Congress, Moscow 1966
Invitation of Ulam to Novosibirsk for summer 1967 (letter of Budker to
Lavrentiev Nov 1966 (initiated by Chirikov)) from Archive of Chirikov
http://www.quantware.ups-tlse.fr/chirikov/archive/ulamprog.pdf
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Ulam method (1960) and Ulam networks (2010)

Outside note:
Ulam method for the Chirikov standard map → Markov chains, Google matrix
World Wide Web, PageRank algorithm → Brin, Page (1998);
Ulam networks → DS, Zhirov; Ermann, DS (2010);
Chirikov standard map → Frahm, DS (2010)

Google matrix analysis of directed networks: WWW, world trade, Wikipedia ...
PageRank, CheiRank
Chepelianski (2010);
Ermann, Frahm, DS Rev Mod Phys (2015)

(Quantware group, CNRS, Toulouse) Sobolev IM RAS Nsk Feb XX, 2018 12 / 43



Dynamical thermalization in finite systems

Planck’s law (1900); Fermi-Pasta-Ulam problem (1955);
Bose-Einstein condensate (BEC) in Sinai-oscillator trap (2016) (left to right)
Ketterle group PRL (1995) => BEC in Sinai oscillator (not understood; 3d)
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Quantum Gibbs ansatz instead of equipartition
DANSE model (1D) i~∂ψn/∂t = Enψn + β| ψn |2ψn + V (ψn+1 + ψn−1)

H =

N∑
m=1

ǫm|Cm|2 + β
∑

m1m2m3m

Vm1m2m3mCm1Cm2C
∗

m1C
∗

m

with
∑

m |Cm|2 = 1, Vmm′m1m′

1
∼ ℓ−3/2, En = f |n − n0|+ δEn, |δEn| < W/2
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Quantum Gibbs ansatz: ρm − Z−1 exp(−ǫm/T ) , Z =
∑

m exp(−ǫm/T )
S(E) = −

∑
m ρm ln ρm; ρm = |Cm|2 (Ermann, DS NJP (2013))
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Dynamical thermalization in nonlinear chains

Nonlinear chains with disorder: 8 × 8 sites, f = 1,W = 2, β = 1,4 (left,
center); quantum Gibbs anzats (right); t = 2 × 106 (Ermann, DS NJP (2013))
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KAM and spreading in infinite nonlinear chains
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Left: DANSE at disorder W = 2(red),4(blue);β = 1,0; f = 0, t ≤ 108;
Right: kicked rotator with nonlinear phase shift t ≤ 109; random (black) and
Tn2/2 (red) rotational phases, β = 1 (log-log scale)
DS (1993; 2012); Pikovsky, DS (2008); Ermann, DS JPA (2014)
Flach et al. JPA (2014)

Speading: σ =< n2 > ∝ tα , α ≈ 0.34 ≈ 2/5 < 1/2 (random phases)
KAM border for β ≪ βc ∼ 1 ?
J.Bourgain, W.-M.Wang J. Eur. Math. Soc. (2008)
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Bose-Einstein condensates (BEC)

with cold atoms

BEC dynamics => Gross-Pitaevskii equation (GPE)
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Ketterle BEC experiment (1995))

PRL (1995) (Nobel prize 2001)
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Sinai billiard → Sinai oscillator for BEC

Sinai billiard (1963; 1970) (Abel prize 2014)
H = (px

2 + py
2)/2 + x2/2 + y2

rd = 1, xd = yd = −1; E = 2;18 →
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BEC dymanics in Sinai oscillator with GPE
Ermann, Vergini, DS (2015-2017)
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Classical and quantum chaos in Sinai oscillator

Poincaré sections (left)
H = (px

2 + py
2)/2 + x2/2 + y2; rd = 1; ~ = 1; xd = yd = −0.5; E = 1.5;3;10;

Bohigas-Giannoni-Schmit conjecture (1984); Ullmo Scholarpedia (2016)
Wigner-Dyson statistics of lowest 2500 energy levels unfolded (right)
Random matrix theory (Wigner (1967)); quantum chaos (e.g. Haake (2010))
Ermann, Vergini, DS (2015-2017)
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Quantum chaos eigenstates in Sinai oscillator

Eigenstates at β = 0; ground state m = 1 and m = 24

Bose-Einstein THERMALIZATION anzats:
ρm = 1/[exp(Em − Eg − µ)/T )− 1];

ρm =< |ψm|2 >, energy
∑

m Emρm = E ,
entropy S = −∑

m ρm ln ρm → S(E)

(Quantware group, CNRS, Toulouse) Sobolev IM RAS Nsk Feb XX, 2018 21 / 43



BEC in Sinai oscillator with GPE

Gross-Pitaevskii equation (GPE or NSE) (Pitaevskii, Stringari (2003))
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Bose-Einstein anzats for dynamical thermalization

first 50 states; Sinai osc (dots), no disk (X); 500/1500 < t < 1500/2500
(top/bottom); Bose-Einstein anzats (dashed) → no energy equipartition
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Bose-Einstein anzats

temperature and chemical potential dependence on energy (β = 4)
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BEC time evolution

β = 4 various initial states
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Kolmogorov turbulence defeated by

Anderson localization

Kolmogorov (1941) - energy flow over space scales Ek ∝ 1/k5/3;
NSU → Zakharov-Filonenko (1967) capilary waves Ek ∝ 1/k7/4 →:
“In the theory of weak turbulence nonlinearity of waves is assumed to be
small; this enables us, using the hypothesis of the random nature of the phase
of individual waves, to obtain the kinetic equation for the mean square of the
wave amplitudes.”
extentions → Zakharov, L’vov, Falkovich(1992); Nazarenko(2011)
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BEC in Sinai-oscilator trap with driving

H = HS(x , y ,px ,py ) + fx sinωt (classical dynamics)
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Energy flow to high modes

M =
∑

k kρk ; ℓφ ≈ 2πρc(D/ω)2 ≈ 2f 2ωx
2E3/2/ω4 (ground state);

Anderson photonic localization ρk ∝ exp(−2E/ωℓφ) for β = 0, f < fc ≈ 1.5
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Energy flow to high modes

M and probability distributions ρk ; left → β = 0;
right f = 0.3, β = 1.5, f = 0.5, β = 5, f = 1, β = 5
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Turbulence phase diagram

Thus there is a stability domain where the Kolmogorov flow from large to small
scales is defeated by the Anderson localization and KAM-integrability
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Quantum version of Boltzmann-Loschmidt

dispute

* Time reversal for the Chirikov standard map

BESM-6 computation, rescaled energy or squared momentum vs. time t :
K = 5, ~ = 0 (left), ~ = 1/4 (right), DS (1983)

proposal for BEC in kicked optical lattice (Martin, Georgeot, DS (2008))
k = K/~, ~ = T = 4π + ǫ(forward),4π − ǫ(back);
cos x → − cos x by a π shift in x
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Time reversal of atomic matter waves

by Hoogerland group (2011)

k = 2 − 3, T = 4π ± ǫ (Ullah, Hoogerland (2011))
Ultracold 67Rb atoms BEC: 104 atoms, Tcool = 50nK ,
λ = 2π/kL = 760nm, ǫ = 1; 5 + 5 kicks; right panel shows zoom near
initial distribution shown by red dotted curve (initial/final width is
0.43/0.21 recoils; full/dashed curve for experiment/numerics).
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Discussion (open problems)

Classical systems with many freedoms:

Quantum Gibbs instead of equipartition
KAM border for pure-point spectrum of Anderson localization
fast Arnold diffusion with many freedoms (fig, λ = 1/

√
K )

D ∼ ws
2 ∝ K 6.6 coupled standard maps (Chirikov, Vecheslavov (1997))

chaos measure of triplet resonances µ ∼ K (Mulansky et al (2011))

(Quantware group, CNRS, Toulouse) Sobolev IM RAS Nsk Feb XX, 2018 33 / 43



Discussion (open problems)

Quantum systems with many freedoms:

Dynamical thermalization in quantum many-body systems:
Åberg criterion PRL (1990); Jacquod, DS (1997)
Two-body random interaction model (TBRIM) for
quantum dots and SYK black holes ..., (Kolovsky, DS (2017))
quantum dot → δE ≈ g2/3∆; SYK black hole →?

Time reversal of atoms, waves, sound ...
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Boris Chirikov - Sputnik of Chaos
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