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1. Linear Hamiltonian systems

't = —Px, x € R",
(-,-) is the scalar product, I'* = —-I', P* =P,
detI' #0 =— riseven (r =2n), detP # 0,
Q(&,m) = (T&,n) is the symplectic structure,

1
H = g(Pw,m) is a Hamiltonian function (first integral),

v(x) = —I'"1Pz is a Hamiltonian vector field

i, = —dH,

r= (—OEn ﬁ") or P = diag(#£1,...,41)



- |
i1, i~ are the indexes of inertia of the quadratic form H,
det(I"'P 4+ AE) = 0, u is the degree of unstability

u < min(i~,3t),

u =14~ (mod2)

C

Example. &4+ Gi+ Wz =0, z € R"
G* = —G is the matrix of gyroscopic forces,

W* =W, %(Wa:,:c) the potential energy

(5 0= D6 -

1 1
H = E(y’y) + E(Ww,a:) is the total energy.
]



I
Scaling. G+— NG, N — oo

d
(a) 7= Nt, %—i—Gy:O, y € R™
t dx
T

2. Quadratic integrals

Theorem 1. The Hamilton equations admit a family of

quadratic integrals
1 -1 m -1 m
P, = 5(P(P ™z, (P~'T)"x), m € 7Z,

moreover

1) all the ®,, are non-singular quadratic forms and their

signatures coincide with the signature of ®9 = H,
2) &, are in pairwise involution (with respect to the symplectic

structure Q).

] p.



Theorem 2. If the spectrum of a linear Hamiltonian system
does not contain multiple eigenvalues, then the first integrals

Py, P_1,...,P_, 41 are independent.

Remark. If there exist g distinct squares of the eigenvalues,

then
(o, P_1,...,P_pnyt1) -

rank >
6(331, sy Il?gn)

3. Integral cones and singular subspaces

K = {x € R?": ®&,,(x) = 0, m € Z} is the integral cone.
Subspace II is the singular subspace of K

if II C K.
dim IT < min(i—,31).



Theorem 3. For every a € K there is a singular subspace
II(a), a € II(a), such that

1)
2)
3)
4)
5)

II(a) contains the sequence A*a, k€ 7Z; A= P™T,
dimII(a) = rank]|..., A¥a,...],

dimII(a) < min(i—,iT),

II(a) is an invariant subspace,

II(a) is an isotropic subspace.

AHM:A_IZI‘_IP

Isotropic subspace: (T'é,n) =0 for all &,7n € II(a)

Theorem 4. If for some a € K the dimension of I1(a) is odd,

then the equilibrium x = 0 s unstable.



4. Estimate for the degree of unstability

Theorem 5. If the spectrum does not contain multiple
eigenvalues, then

1) the cone K is the sum of 2* subspaces with identical
dimension, where k is the total number of real pairs and complex
tetrads of eigenvalues,

2) among these subspaces there is an u-dimensional unstable
subspace.

Corollary 1. u = max dim II(a).

Corollary 2. Forall a € K

u > dimII(a).



5. Conditions for stability

Theorem 6. If K = {0} then the equilibrium x = 0 is stable.
If the equilibrium x = 0 is stable and there are no coinciding
eigenvalues, then K = {0}.

6. Systems with gyroscopic forces
&+ G+ Wx =0, xr € R™

1 1
®, = 5(Gw +a&, WGz + &)) + E(w,w)
(V. Lahadanov, 1975)
1 1
$_1 = S (WatGé, WetGé) + (Wi, )
(V. Kozlov, 1997)



1
&, = 5(W—l((GW—lc; — E)x + GW '),
(GW™'G — E)x + GW ')
1
+ 5(W—2(G:c + &), Gz + &),
1
b, = 5(W(Wac + Gi), Wz + Gi)

1
+ 5(GWac + (—W + G*)i, GWz + (—W + G*)).

1
G=0 — &, = 5[(Wm:b, z) + (W™ tlg, 2)], m € 7.

If all eigenvalues of the operator W are distinct,

then the integrals &g = H, ®;, ..., ®,,_1 are independent.



7. Linear systems with a quadratic integral

1
T=Ax, x€R™; f= E(Pw,a:) is the first integral
det A#0 and detP # 0
Q(¢,n) = (T¢,n), I =PA~!is a symplectic structure

1
Theorem 7. &, = 5(PA—ma:,A—m:c), m € Z, are
quadratic integrals, and

1) ®,, are nondegenerate quadratic forms and their signatures
coincide with the signature of f = ®g,
2) ®,, are in involution (with respect to the symplectic

structure Q).



Theorem 8. If f(x) is the first integral of the linear system,

then for all m € 7Z the functions
xz— f(A™x)

are also the first integrals of the system.

8. Finite-dimensional quantum systems

o —~
ih a—qf = H+ is the Schrédinger equation
h=1, 9 € C", (-,-) is the Hermitian scalar product

H is the Hermitian operator

Quadratic integrals: <ﬁ1/),’¢> and (¢, ¢)(=1)

Let ¢ =« +iy (z,y € R") and H = A+ iB
A*=A and B*= -—B

* denotes conjugation with respect to the ‘standard’ scalar
product in R™.
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Schrédinger equation:

¢ =Bx+ Ay, ©y=—Ax+ By or

0 E\ [z A —-B)\ [z\ . o
= — is the Hamiltonian system
—E 0 Y B A Y

| I
r P

H(z,y) = J (Aw,2) + (Bz,y) + 3 (Ay,v)
(¥ ¢) = (=, @) + (¥, 9)

Let A: C® — C™ be an Hermitian operator

and [H,A] = HA — AH = 0.

Then (X’(/;, 1) is the first integral of the Schrédinger equation.
Let A= C +iD. Then C* = C, D* = —D and

2(Aep, ) = (Cx, ) + 2(Dz,y) + (Cy,y), (g —CI’)>



Theorem 9. The Schrédinger equation admits the family of

integrals
(')m:(Hm'l.badJ)a m € Z,

moreover the functions ...,01,03,05,... are in pairwise involution
(with respect to the standard symplectic structure in R?™).

Theorem 10. If there are no equal (real) eigenvalues of
Hamiltonian operator H, then the first integrals ©4,...,02,_1 are

functionally independent.



9. MyabTUraMmujbTOHOBOCTD JIMHEMHBIX CUCTEM
C KBQJIPATUIHBIM MHBAPUAHTOM

1
T = Ax, f:E(Ba:,a:); BA+ A*B=0; detA #0, detB # 0;
= BA_la r* = -T; Qm(&n) = (Tmém), Tpm= A*™TA™

1
Jm = E(Bmwa x), Bm= A" BA™; m €7

Teopema 11. IIpu xastcdom m € 7 aunetinas cucmema
2aAMUABMOHOEA OMHOCUMEALHO CUMNAEKMUNECKOT cmpyKkmypvt O,
¢ pynruyuet I'amuavmona fp,.

ioQm = dfmy, < Tpi = B

Teopema 12. aa arwobvix ueanz k, s, m xeadpamurrvie
Popmot fr, u fs Haxodamces 8 UHBOANOUUU OTNHOCUMEABHO

cumnaekmueckoy, cmpyxmypot 2, .
] . 14



ByI' !B, = B,T™'B;, s Bcex nensix k, s, m.

SaMe“IaHI/Ie. JIuHeliHas cucreMa raMuJIbTOHOBA OTHOCHUTEJIbHO

HelnlpepbIBHOI'O ceMmeiicTBa CUMILJIEKTUIECKUX CTPYKTYDP

Z/"mﬂmv Um € R,

C KBaJApaTUYHbIMU IraMMJIbHOHAaHaAMMA

Z M fm-
EnuncrBentoe ycjiaosue: det (Z umI‘m) # 0.

Teopema 13. Ecau y onepamopa A nem xpammvix
cobcmeeHHBLIT 3HAUEHUL, Mo Keadpamuyurbvie dopmur fo = f, f1, ...,

frn—1 PynryuoHAABHO HE3a8UCUMDL.



10. JIuHeliHbIe OTOOpa>KeHMUSI
C KBaJIJpaTU4YHbIM MHBApPpUAHTOM
z+— Fx, = €R"; (Bzx,r)— uHBapuaHT
F*BF = B.

VYciaoBus HEBbIPO2KJAEHHOCTU:

1) oneparop F He mMmeeT cOGCTBEHHBIX 3HAa4YeHMil p = +1,
2) det B # 0.

Tor‘,/:[a 0T06pa>KeHne 6y,/1eT CUMILJIEKTUYIE€CKMM: OHO COXpaHdAeT

CUMIIJIEKTUYECKYIO CTPYKTYPY
Q(Sa 77) = (I‘éa 77), I'=F*B — BF.
(FF —E)B(F+E)=T = detI #0.
=—> T YeTHO; T = 2n

. 16



A= (F+E)F—-E)'=(F-E)"(F+E),

ﬁ(ﬁa TI) = (f‘f, 77)7 f‘ = BA_I-
fm = (Bmw’ CC), B, = A*"BA™

Teopema 14. Jlunetinoe omobpasicenue x — Fx
cuMnaeKmuieckoe OMHOCUMENDBHO BCEL CUMNAEKTMULECKUT
cCmMpyKmyp Q, mEZ, u donycraem cemelicmeo uHeapuarnmos fp,
p € 7, npuuem 0as A106vix ueavtx k, s, m xeadpamuurwvie popmot fi
u fs Haxodamcs 6 UHB0ANUUU OTNHOCUINEALHO Qo Ecau, xpome
moeo, onepamop F He umeem kpamHwvir cobcmeeHHblr 3HaveHU,
mo xeadpamuynvie opmvt fo, f1,.. .5 fn_1 PYyHKUUOHAALHO
HEe3a6UCUMDL.

F +— A — npeo6pazoBanue K»amu.



