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Goal of the lecture

The main goal is to present some results on interrelations
between topology of M3 and dynamics of cascades on it.



Example given by R. Thom 1960

Represent 2-torus T2 as the factor space R2/ ∼, where ∼
means:
(x, y) ∼ (x′, y′) if there is a pair m, n ∈ Z such that
(x′ = x + m, y′ = y + n.
Consider automorphism fA : T2 → T2 given by formulas:{

x = ax + by mod 1
y = cx + dy mod 1

,

where matrice A =

(
a b
c d

)
is integer, unimodular (det A = ±1)

and hyperbolic (that is modulus of eigenvalues are not equal to
one).
fA is R. Thom example which he explained to S. Smale.



Hyperbolic invariant set

Let f : Mn → Mn be diffeomorphism given on closed manifold.

Definition

An invariant set Ω(f ) is hyperbolic if there is continuous
df -invariant splitting

TΩ(f )M
n = Es

Ω(f ) ⊕ Eu
Ω(f )

of tangent subbundle TΩ(f )Mn in sum of stable and unstable
subbundels such that the following estimates hold:

‖df k(v)‖ ≤ Cλk‖v‖, ‖df−k(w)‖ ≤ Cλk‖w‖

for some real numbers C > 0 and 0 < λ < 1,
and for any v ∈ Es

Ω(f ),w ∈ Eu
Ω(f ), k ∈ N.



The concept of topological conjugacy

Definition

Two dynamical system x̄ = f (x), x̄ = g(x), x ∈ X are called
topologically conjugated if there is homeomorphism h : X → X
such that h(f (x)) = g(h(x)) for any x ∈ X.

X
f−→ X

↓ h ↓ h
X

g−→ X



Anosov diffeomorphisms

Definition

Diffeomorphism f : Mn → Mn is called Anosov diffeomorphism if
manifold Mn is hyperbolic set.

Theorem (n=2 - Sinai, n=3 - Franks, Newhous, n>3 - Franks,
Newhous, Manning.)

Any anosov diffeomorphism f : Tn → Tn topologically
conjugated to hyperbolic algebraic automorphism
x = Af x mod 1, where matrice Af is integer, unimodular
(det A = ±1) and hyperbolic (that is modulus of eigenvalues are
not equal to one).

Moreover if n = 3 and f : M3 → M3 is Anosov diffeomorphism,
then M3 is torus and f is topologically conjugated to hyperbolic
algebraic automorphism.



A-diffeomorphisms

Definition

Diffeomorphism f : Mn → Mn is called A-diffeomorphism if f
satisfies to S. Smale axiom A, that is

1 nonwandering set NW(f ) is hyperbolic;
2 set of periodic points is dense in NW(f ).

Definition

A diffeomorphism f ∈ Diff (Mn) is called structural stable if there
is a neighborhood U(f ) of f in Diff (Mn) such that if f ′ ∈ U(f )
then f ′ and f are topologically conjugated.

Axiom A and the strong condition of transversality are
necessary and sufficient condition for the structural stability of a
diffeomorphism f : Mn → Mn.



Basic sets

According to S. Smale spectral theorem nonwandering set
NW(f ) of any A-diffeomorphism is the union of pair disjoint
closed invariant sets each of which contains dense orbit under
action of diffeomorphism f :

NW(f ) = B1 ∪ B2 ∪ · · · ∪ Bl,

where l ≥ 1.
Important example.
Let f : Mn → Mn be Anosov diffeomorphism (n ≥ 3). If all leaves
of unstable (stable) invariant foliation have dimension n− 1 then
Mn is the torus Tn and nonwandering set NW(f ) consists of
unique basic set which coincides with Tn and has topological
dimension n. In partiucar It is true for n = 2 or n = 3.



Two-dimesional basic sets

The future aim of my talk to describe situation then
nonwandering set of A-diffeomorphism f : M3 → M3 contains
two-dimensional basic sets.



Attrators and repellers

Definition

A basic set B of diffeomorphism f : Mn → Mn is called attractor
if there is a closed neighborhood U of the set B such that
f (U) ⊂ int U,

⋂
j≥0

f j(U) = B. An invariant set is called repeller if it

is attractor for f−1.

According to R. Plykin any basic set B of A-diffeomorphisms
f : Mn → Mn such that dim B = n− 1 is attractor or repeller. In
particular if n = 2 then any two-dimensionsl basic set is
attractor or repeller.



Examples of A-diffeomorphism f : T3 → T3 with
two-dimensional attractor and repller

A-diffeomorphisms f given on T3 = T2 × S1 whose
nonwandering set consists of exactly 2-dimensional attractor
and 2-dimensional repeller being 2-dimension tori. Restrictions
of diffeomorphism f to each basic set is topologically
conjugated with Anosov diffeomorphism.



Surface basic set

Definition

A basic set of diffeomorphism f : M3 → M3 is called surface
basic set if it belongs to a f -invariant closed 2-dimensional
manifold M2.

Theorem (Grines, Medvedev, Zhuzhoma. Mathematical
Notes, 2005, 78:6.)

Let f : M3 → M3 diffeomorphism, nonwandering set of which
contains a connected two-dimensional surface attractor B.
Then B = M2, M2 is cylindrically embedded torus, and the
restriction f to M2 is conjugated with an Anosov automorphism
of the torus.

Remark

The two-dimensional torus may be no smooth at any point
(Kaplan J, Mallet-Parret J, Yorke J, 1984).



Widly embbeded invariant manifold

In 1977 D. Pixton constructed an example of Morse-Smale
diffeomorphism whose nonwandering set consists of fixed
source α, fixed saddle point σ and fixed sinks ω1, ω2 such that
closer of two dimensional unstable manifold of σ is wildly
embedded sphere.

1l

2l

2



The structure of the ambient manifold M3

Denote by Mτ quotient space obtained from T2 × [0, 1] by
identifying the points (z, 1) and (τ(z), 0), where τ : T2 → T2 be a
homeomorphism.

Theorem (V. Grines, Yu. Levchenko, V. Medvedev, O.
Pochinka. Nonlinearity. 2015. Vol. 28. P. 4081-4102)

Let a closed oriented 3-manifold M3 admits A-diffeomorphism f
such that nonwandering set NW(f ) consists of 2-dimensional
surface basic sets.
Then M3 is diffeomorphic to MĴ, where Ĵ algebraic
automorphism of the torus given by the matrix J, which is either

hyperbolic or coincides with the matrix I =

(
1 0
0 1

)
or with the

matrix −I =

(
−1 0
0 −1

)
.



Topological classification of structurally stable
diffeomorphisms on M3 whose nonwandering set consists

of 2-dimensional surface basic sets

Let us denote by Φ the class of model diffeomorphisms given
on mapping tori MĴ.

Theorem (V. Grines,Yu. Levchenko, V. Medvedev, O.
Pochinka, Nonlinearity. 2015. Vol. 28. P. 4081-4102)

Any sructurally stable diffeomorphism on M3 whose
nonwandering set consists of 2-dimensional surface attractors
and repellers is topologically conjugated with some model
diffeomorphism from class Φ.



Expanding attrators and attracting repellers

If B is an attractor then for any point x ∈ B unstable manifold
Wu(x) belongs to B.

Definition

An attractor B of f is called expanding attractor of f if it’s
topological dimension is equal to dimension of Wu(x) for any
point x ∈ B. A repeller B is called attracting repeller if it is
expanding attractor of f−1.

According to R. Plykin any expanding attractor of codimension
one of f : Mn → Mn is locally homeomorphic to product of
(n− 1)-disk and Cantor set.



S.Smale surgery operation. Examples of 2-dimensional
expanding attractor

Let x = Ax mod 1 (x = (x1, x2, x3)) automorphism of torus T3,
where matrice A is integer, unimodular (det A = 1) and
hyperbolic, eigenvalues: 0 < λ1 < 1, λ2 > 1, λ3 > 1).
Applying to this automorphism S.Smale surgery operation we
get DA-diffeomorphisms with 2-dimensional expanding
attractor. Topological dimension of such attractor is equal to 2 -
dimension of unstable manifold of any point belonging to
attractor.



Classification structurally stable diffeomorphisms with
two-dimensional expanding attractors on M3

Theorem (Grines, Zhuzhoma. Trans. Amer. Math. Soc., 357
(2005).)

Let f : M3 → M3 is structurally stable diffeomorphism,
nonwandering set of which contains a two-dimensional
expanding attractor. Then the manifold M3 is diffeomorphic to
the torus T3 and f is topologically conjugated with the
diffeomorphism obtained from Anosov diffeomorphism by the
generalized surgery operation.

n 1

2

2 n  – 2

n  – 1

n  – 1

n 



Ch. Bonatti problem. Topological structure of basic set of
dimension 2

Solenoid

Theorem (A. Brown, 2010)

Any connected two-dimensional basic sets of diffeomorphisms
of three-dimensional manifold is exactly one of the following:

1 expanding attractor
2 attracting repeller
3 two-dimensional torus.



Topological classification of structurally stable
diffeomorphisms on M3 whose nonwandering set consists

of two-dimensional basic sets

Theorem (Corallary from V. Grines, E. Zhuzoma, A. Brown
results.)

Let f : M3 → M3 be structurally stable diffeomorphism whose all
basic set from NW(f ) has topological dimension 2. Then Ω(f )
consists of surface basic sets.

Let us denote by Φ the class of model diffeomorphisms given
on mapping tori MĴ.

Theorem (V. Grines,Yu. Levchenko, V. Medvedev, O.
Pochinka, Nonlinearity, 2015)

Any sructurally stable diffeomorphism on M3 whose all basic
sets from NW(f ) has topological dimension 2 is topologically
conjugated with some model diffeomorphism from class Φ.
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Expanding attrators and attracting repellers

If B is an attractor then for any point x ∈ B unstable manifold
Wu(x) belongs to B.

Definition

An attractor B of f is called expanding attractor of f if it’s
topological dimension is equal to dimension of Wu(x) for any
point x ∈ B. A repeller B is called attracting repeller if it is
expanding attractor of f−1.

According to R. Plykin any expanding attractor of codimension
one of f : Mn → Mn is locally homeomorphic to product of
(n− 1)-disk and Cantor set.



Codimension one basic set is attractor or repeller

According to R. Plykin any basic set B of A-diffeomorphisms
f : Mn → Mn such that dim B = n− 1 is attractor or repeller.
If B is an attractor then for any point x ∈ B unstable manifold
Wu(x) belongs to B.

Definition

An attractor B of f is called expanding attractor of f if it’s
topological dimension is equal to dimension of Wu(x) for any
point x ∈ B. A repeller B is called attracting repeller if it is
expanding attractor of f−1.

According to R. Plykin any expanding attractor of codimension
one of f : Mn → Mn is locally homeomorphic to product of
(n− 1)-disk and Cantor set.



n = 3, M3– closed orientable 3-manifold. Examples of two-
dimensional expanding attractor

DA-diffeomorphisms with 2-dimensional expanding attractors It
means that topological dimension of such attractor is equal to
dimension of unstable manifold of any point belonging to
attractor.



n = 3, M3– closed orientable 3-manifold. Examples of
surface two-dimensional attractors and repllers

Diffeomorphisms given on T3 with 2-dimensional attractor and
repeller being 2-dimension tori. Restrictions of diffeomorphism
to such basic set topologically conjugated with Anosov
diffeomorphism.
It is clear that such basic set is not expanding attractor or
attracting repeller.



Two-dimensional expanding attractors and topology of an
ambient manifold M3

Theorem (Grines, Zhuzhoma. Trans. Amer. Math. Soc., 357
(2005).)

Let f : M3 → M3 is structurally stable diffeomorphism,
nonwandering set of which contains a two-dimensional
expanding attractor. Then the manifold M3 is diffeomorphic to
the torus T3 and f is topologically conjugated with the
diffeomorphism obtained from Anosov diffeomorphism by the
generalized surgery operation.
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Surface basic set

Definition

A basic set of diffeomorphism f : M3 → M3 is called surface
basic set if it belongs to a f -invariant closed 2-dimensional
manifold M2.

Theorem (Grines, Medvedev, Zhuzhoma. Mathematical
Notes, 2005, 78:6.)

Let f : M3 → M3 diffeomorphism, nonwandering set of which
contains a connected two-dimensional surface attractor B.
Then B = M2, M2 is cylindrically embedded torus, and the
restriction f to M2 is conjugated with an Anosov automorphism
of the torus.

Remark

The two-dimensional torus may be no smooth at any point
(Kaplan J, Mallet-Parret J, Yorke J, 1984).



C. Bonatti problem. Topological structure of basic set of
dimension 2

Solenoid

Theorem (A. Brown, 2010)

Any connected two-dimensional basic sets of diffeomorphisms
of three-dimensional manifold is exactly one of the following:

1 expanding attractor
2 attracting repeller
3 two-dimensional torus.



The structure of the ambient manifold M3

Denote by Mτ quotient space obtained from T2 × [0, 1] by
identifying the points (z, 1) and (τ(z), 0), where τ : T2 → T2 be a
homeomorphism.

Theorem (V.Z. Grines, V.S. Medvedev, Ya. A. Levchenko
(2010))

Let nonwandering set of f : M3 → M3 consists of a
two-dimensional surface basic sets. Then there is a
homeomorphism τ : T2 → T2 such that M3 is diffeomorphic to
Mτ .



The structure of the ambient manifold M3

Denote by Mτ quotient space obtained from T2 × [0, 1] by
identifying the points (z, 1) and (τ(z), 0), where τ : T2 → T2 be a
homeomorphism.

Theorem (V.Z. Grines, V.S. Medvedev, Ya. A. Levchenko
(2010))

Let nonwandering set of f : M3 → M3 consists of a
two-dimensional surface basic sets. Then there is a
homeomorphism τ : T2 → T2 such that M3 is diffeomorphic to
Mτ .



The structure of the ambient manifold M3, specification

Theorem (V. Grines, Yu. Levchenko, O. Pochinka
2012-2014)

Let a closed oriented 3-manifold M3 admits A-diffeomorphism f
such that nonwandering set NW(f ) consists of 2-dimensional
surface attractors and repellers.
Then M3 is diffeomorphic to MĴ, where Ĵ algebraic
automorphism of the torus given by the matrix J, which is either

hyperbolic or coincides with the matrix I =

(
1 0
0 1

)
or with the

matrix −I =

(
−1 0
0 −1

)
.



Topological classification of structurally stable
diffeomorphisms with two-dimensional nonwanderin set

on M3

Theorem (Corallary from V. Grines, E. Zhuzoma, A. Brown
results.)

Let f : M3 → M3 be structurally stable diffeomorphism whose
nonwandering set Ω(f ) has topological dimension 2. Then Ω(f )
consists of surface basic sets.

Let us denote by Φ the class of model diffeomorphisms given
on mapping tori MĴ.

Theorem (V. Grines,Yu. Levchenko, V. Medvedev, O.
Pochinka, Nonlinearity, 2015)

Any sructurally stable diffeomorphism on M3 with two
dimensional nonwandering set is topologically conjugated with
some model diffeomorphism from class Φ.



THANK YOU!



Structurally stable diffeomorphism on M2m+1 does not
admit non-orientable attractors

Theorem (Zhuzhoma E., Medvedev V. (2005))

Let f : M → M be a structurally stable diffeomorphism on a
closed manifold M2m+1, m ≥ 1. Then f has no codimension one
non-orientable expanding attractors.

Corollary (Grines, Zhuzhoma, Medvedev)

Let f : M2m+1 → M2m+1(m ≥ 1) is structurally stable
diffeomorphism, nonwandering set of which contains
two-dimension expanding attractor. Then the manifoldM2m+1 is
diffeomorphic to the torus T3 and f is topologically conjugated
with the diffeomorphism obtained from 3-Anosov
diffeomorphism by the generalized surgery operation.
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Suspension for a Morse-Smale diffeomorphism

Let f : Mn → Mn be Morse-Smale diffeomorphism. Denote by
Wn+1 the manifold which is obtained from Cartesian product
Mn × [0, 1] by identification of pairs of points (x, 1) and (f (x), 0)
for x ∈ Mn. Define suspension ξf as “vertical” vector field ∂

∂t on
Wn+1. By the construction ξf is a Morse-Smale vector field.

(x,1)

(f(x),0)
Mx0

Mx1

back
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