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Preliminaries

Classical phase space
@ (X,w) — a symplectic manifold, dim X = 2n.
@ f,g e C®(X)— {f,g} € C(X) the Poisson bracket

{fa g} = W(Xf, Xg)a

Xz is the Hamiltonian vector field of f € C>°(X).

A quantization of (X, w) is a family of maps
fe C®(X) > TN(f) e L(HM),

L(H") is the algebra of bounded linear operators in a Hilbert space H”,
satisfying the conditions:

o | T"()| = IIf| + O(h), h— 0.
o [T"(f), T"(g)] = T"({f,g}) + O(h), h— 0.
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Preliminaries

@ Geometric quantization.
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@ Berezin-Toeplitz quantization.
F. A. Berezin (1974), L. Boutet de Monvel, V. Guillemin (1981)
For compact Kahler manifolds:
M. Bordemann, E. Meinrenken, M. Schlichenmaier (1994)
@ Spin® Dirac quantization.
M. Vergne, V. Guillemin (1994)
For compact symplectic manifolds
X. Ma, G. Marinescu (2008)
@ Bochner Laplacian quantization.
V. Guillemin - A. Uribe (1988)
For compact almost-K&hler manifolds
Borthwick- A. Uribe (1996)
For compact symplectic manifolds
Yu. K. (2017), L. loos - W. Lu - X. Ma - G. Marinescu, 2017
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Preliminaries

Hermitian line bundle

(L, ht, V%) a Hermitian line bundle on a smooth manifold X:

@ L — X a complex line bundle on X:
locally, over some open Q C X, L|q = Q x C.

@ ht a Hermitian structure in the fibers of L:
s,seL—(s,§) €C,
@ V! a connection (covariant derivative): for U € C=(X, TX)
Vi C®(X,L) — C™(X, L),
which is Hermitian:

Vi(s, 8 = (VEs, ) + (5, V), 8,8 € CP(X,L).
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Preliminaries

Example

@ X=R2" | = X x C — X the trivial line bundle,
C>(X, L) = C>®(X).
@ The Hermitian structure is given by h € C®(X): for z € R2"

|s|2 = h(2)|s]?, selL,={z} xC;

@ The connection

Vb:aaUJrF(U), Ue TX,

M= 2,221 [i(z)dz € Q'(X) the connection form;
@ ViisHermitan < T +T = —h1dh.
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Preliminaries

Prequantum bundle

Let (L, ht, V%) be a Hermitian line bundle on X.
The curvature of V% is the differential two-form R on X:

RY(U,V) = ViV — VvV - Viyy, U VeTX
For the connection Vi, = % + I'(U), its curvature is given by

RL = dr.

A prequantum bundle is a Hermitian line bundle (L, ht, V%), satisfying:
i
—R=w.
2T v

(X,w) is called quantizable < a prequantum bundle exists
(& [w] € H3(X,Z)).
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Preliminaries

Example: the 2-sphere

@ X the two-dimensional sphere
s = {(x,y,2) eR3: X2+y2+22 =1},

equipped with the Riemannian metric induced by the standard
Euclidean metric in R3.

@ w is a scalar multiple of the volume 2-form dxj:
w=sdxy, SER.

@ (X,w) is quantizable < the area 4rs = n € Z.

@ The corresponding prequantum line bundle (L,, V) is a
well-known Wu-Yang magnetic monopole, which provides a
natural topological interpretation of Dirac’s monopole of magnetic
charge g = nh/2e.
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The Bochner-Laplacian

g a Riemannian metric on X.
V™ the Levi-Civita connection of g.

The Bochner-Laplacian Al associated with a Hermitian line bunide
(L, ht, V%) acts on C>(X, L):

AL — (VL)*VL
If {€}j=1,..2n is an orthonormal frame of TX, then Al is given by

L __ L2 L
at=-3%" [(Ve,) - Vv;jxe,} -

i

Yuri A. Kordyukov (Ufa, Russia) Magnetic Laplacians Dynamics in Siberia, 2018

8/37



Preliminaries

Example: magnetic Laplacian

@ X =R2" [ = X x C the trivial line bundle.
@ The Hermitian structure (h(z) = 1):

s(2)[7 = Is(2)°.

@ The connection form

M= —IiA,
where
2n
A=>"A(X)dX;
j=1

is a real-valued one form (a magnetic potential).
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Preliminaries

Example: magnetic Laplacian

@ The Bochner-Laplacian is the magnetic Schrédinger operator:
2n 9 2
L g .
Al = Z (axj /A,(X)) .
J=1
@ The curvature R-(= dI') = —/B.
B is a real-valued two form (the magnetic field):
2n )
B= > Bx(X)dXjAdXk, Bk= oy — 517
j k=1
® w(= 4R =LB.

@ So B is non-degenerate (of full rank).
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Preliminaries

The key observation in n = 2:
A= A1(X)dX1 + Ag(X)ng, B = B12(X)dX1 A dXs.

<<8‘9X1 A (X)) +i ((.fxz - /Az(X)>>* x

Yuri A. Kordyukov (Ufa, Russia) Magnetic Laplacians Dynamics in Siberia, 2018 11/37



The renormalized Bochner Laplacian

The renormalized Bochner-Laplacian

@ Jp: TX — TX a skew-adjoint linear endomorphism:
w(u,v) =g(du,v), u,veTX;
@ 7 is a smooth function on X given by
7(x) = 7 Tr[(=(x))/3], xeX.
@ LP the p-th tensor power of L, p € N;
° pr : C®(X, LP) — C>°(X, LP) the induced connection on LP:

Vi = % +prtu), UeTX.

Definition (V. Guillemin - A. Uribe, 1988)
The renormalized Bochner-Laplacian Ap acts on C*°(X, LP):

Np =AY — pr.
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The renormalized Bochner Laplacian

Magnetic Laplacian

@ X =R?" [ = X x C the trivial line bundle.
@ The Hermitian structure |s(2)|2 = |s(z)|?.

@ The connection form I' = —/A, where A = z “1Ai(X)dXis a
real-valued one form.

@ The Bochner-Laplacian

2n 8 2 1
ALP——Z(aX /pA(X)>7 p=1

j=1

@ Jo = 5-B, where B: TX — TX be a skew-adjoint operator
B(u,v) =g(Bu,v), u,veTX.

e 7(x) = 3 Tr(B*B)'/2 = Tr™(B).
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The renormalized Bochner Laplacian

Complex manifolds

@ X =C", L= X xC the trivial line bundle.

@ The Hermitian structure is given by h € C>(X): for
z=x+IiyeCn
sfh = h(2)Isl?, se Lz

@ The Hermitian connection
Vi=d+T, T+F=-h"dh

Assume that I' is compatible with the complex structure of C” (a
holomorphic Hermitian connection — the Chern connection),
then, I'is a (1,0)-form:

10h

/

[=0logh= Zh‘ 5592
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The renormalized Bochner Laplacian

Complex manifolds

@ The curvature R = dI is a purely imaginary 2-form: (1, 1)-form
R = 90 log h.

@ For the symplectic form w, we have
= iém h
27 o8

@ wis positive if h= e %, ¢ : X — C a smooth strictly
plurisubharmonic function:

n

0% i
27r Z 82,8 kdzj A A2, <azjazk>j,k:1,...,n -0
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The renormalized Bochner Laplacian

Kahler manifolds

@ A particular case: the Hermitian structure is given by
82 = h(2)Is)2,  h(z) = e 5P,
@ The connection form
n
F=0logh= —szjdzj;
j=1
@ The symplectic form w is the canonical symplectic form:
i = i & !
w=5-00logh= §Zdz,Adzj = dxAdy.
j=1 j=1

@ Jp is a complex structure, the standard complex structure on C”.
@ wis a Kahler form on C" and (C", Jp) is a Kéhler manifold.
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The renormalized Bochner Laplacian

Kahler manifolds

@ 7(2)= 7rTr[(—J§(Z))1/2] =2mn,z € X.
@ The renormalized Bochner-Laplacian:

(Va/ax)
(/0
3| (5
82
-3
j

8x2
@ For the Kodaira-Laplacian 0O
1

2
j

82
oyf

oY =
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(Va/ay) :| — 27rnp

2 P 2
7['pZ> + ( — 7rip2j> —27np
] 8}/1

s 0
p’@zj

= 93 we have

0 8
0z, ~ Pz
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Generalized Bergman projections and Toeplitz operators

The almost complex structure

@ Jy: TX — TX a skew-adjoint linear endomorphism such that
w(u,v) =g(du,v), u,veTX;
@ J: TX — TX the linear endomorphism given by
J = Jo(—J2)712.

@ Jis an almost complex structure on X, J2 = —ldry, compatible
with w and g:

w(du,dv) = w(u,v), g(Ju,dv)=g(u,v), u,veTX.
@ w is positive: foru e TX \ 0
w(u, Ju) = —g(Jdu, u) = g((—J2)"2u,u) > 0.
e If Jy = J and J is integrable, then (X, J) is a K&hler manifold.
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Spectral gap

Theorem (Guillemin-Uribe, 1988; Ma-Marinescu, 2002)
There exists C; > 0 such that for any p

U(AP) - [_CLJ CL] U [2p/~’LO - CL7 +OO)7
where the constant pq is given by

iR:(u, J(x)u)

HO = heTixoxex ulz
Example
((B*B)"/*u|? ]
= inf —————9 = inf inf(B*B(x))"/2.
HO = &Tx ulg xex (B"B(x))
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Generalized Bergman projections and Toeplitz operators

Generalized Bergman projection

@ 7, the linear subspace of L2(X, LP) spanned by the eigensections
of Ap corresponding to eigenvalues in [-Cy, Cy].

@ Py, the orthogonal projection in L2(X, LP) onto H, (generalized
Bergman projection).

Example
(X,w) a compact Kaehler manifold, L a holomorphic line bundle:
e Ap =20 where O is the Kodaira Laplacian on LP:
o(Ap) C {0} U [2ppo — Cp, +00),

@ 7, is the space H°(X, LP) of holomorphic sections of LP.
@ Py, the usual Bergman projection.
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Generalized Bergman projections and Toeplitz operators

Toeplitz operators

A Toeplitz operator is a sequence of bounded linear operators
Tp: L3(X,LP) — L3(X,LP),p e N:

@ For any p € N, we have

@ There exists a sequence g; € C*°(X) such that

Tp = Py, (Z p’g/> Py, +O(p~),
1=0
i.e. for any natural k there exists Cx > 0 such that
k

1=0
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Algebra of Toeplitz operators

Theorem (Yu.K., 2017, loos-Lu-Ma-Marinescu, 2017)
The product Ty , Tg p of the Toeplitz operators
Ttp = Pu,fPy,, Tgp= P, 9Py, f,geC>(X),
is a Toeplitz operator. It admits the asymptotic expansion
TipTgp = Z P Terg)p +OP™),
r=0

with some C,(f, g) € C>(X), where C, are bidifferential operators:

CO(fag):fga C1(f,g)—C1(f,g):l{f,g}7

where {f, g} is the Poisson bracket on (X, 2rw).
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Asymptotic expansions of Bergman kernels

Generalized Bergman kernels

@ 7, the linear subspace of L?(X, LP) spanned by the eigensections
of Ap corresponding to eigenvalues in [-Cy, Cy].

@ Py, the orthogonal projection in L2(X, LP) onto H,, (generalized
Bergman projection).

Definition

The generalized Bergman kernel of A, is the smooth kernel P, of the
operator Py, with respect to the Riemannian volume form dvy.

Example

(X,w) a compact Kaehler manifold, L a holomorphic line bundle:
e A, =20, where O is the Kodaira Laplacian on LP.
@ 7, is the space H°(X, LP) of holomorphic sections of LP.
@ P, the usual Bergman kernel.
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Asymptotic expansions of Bergman kernels

Off-diagonal estimates

Theorem (Yu. K. 2017)

There exists ¢ > 0 such that for any k € N, there exists Cx > 0 such
that forany p € N, x, x' € X, we have

IPo(X, X)| o < Crp™ e CVPPIXX)

@ p is the geodesic distance;

@ |Py(x,x")|cx denotes the pointwise CX-seminorm of the section
Ppc C®(X x X,(lP® E)R (LP ® E)*) at a point (x,x") € X x X.

Remark

The estimate holds for noncompact Riemannian manifolds of bounded
geometry (Yu. K., X. Ma, G. Marinescu, in preparation).
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Asymptotic expansions of Bergman kernels

Normal coordinates

Fix xg € X.
@ I|dentification via the exponential map:

expf(g - B™X(0,a%) c Ty, X 5 BX(xp, &) C X;

where a¥is the injectivity radius of (X, g), B™X(0, &) and
BX(xp, a¥) are the open balls.

@ A trivialization of the line bundle L over BX(xo, &), identifying the
fiber Ly of L at Z € B™X(0,aX) = BX(xo, &) with Ly, by parallel
transport with respect to the connection V' along the curve
vz :[0,1]5u— expf(g(uZ).

@ « a smooth positive function on B™X(0, aX) =~ BX(xp, a¥):

dvx(2) = k(2)dvrx(Z2), Z e B™X(0,a).

where dvy is the Riemannian volume form of (X, g) and dvrx the
Riemannian volume form (T, X, gy, )-
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Asymptotic expansions of Bergman kernels

The asymptotic expansion (Ma-Marinescu, 2008)
Forany xo € X andfor Z,Z" € T X

; PoZ.Z) ~ S FABZ.JBZ 2 M2
r=0

where |Z|,|Z'| < ¢/\/p, ¢ > 0 - near off-diagonal asymptotics
F(Z,Z") = J(Z,Z2')Px,(Z,2'),

Jr(Z,2") are polynomials in Z, Z’" with the same parity as r and
deg Jyr < 3r;
Px,(Z,Z") the Bergman kernel in the complex space T, X.

The proof is based on local index theory, in particular, analytic
localization technique due to J.-M. Bismut.
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Asymptotic expansions of Bergman kernels

The Bergman kernel P,

The function Py, (Z, Z’) is the Bergman kernel of the operator

2n 9 1 2
Lo==) (7- +5R0(Z.8)) —7(x)
par oej 2

@ {€j}j=1,.2nis an orthonormal base in Ty, X.

e .9, the ordinary differentiation operator on T, X in the direction
Ue TyX.

Thus, Py, (Z,Z’) is the smooth Schwartz kernel (with respect to
dvrx(2)) of the orthogonal projection in L?( Ty, X) to the kernel of L.
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Asymptotic expansions of Bergman kernels

The Bergman kernel P,

The almost complex structure Jy, induces a splitting
ToX @ C = T{OX @ TOVX,

where T,S 9 X and T,S(?’UX are the eigenspaces of Jy, corresponding to
eigenvalues i and —i respectively.

jxo — 727TIJO

Then Jy, : TUOX — TV 9 X is positive, and Ty, : Ty, X — Ty, X is
skew-adjoint. Denote by detc the determinant function of the complex
space T)S; 0x.

Px(Z,2')
det(c jXO
n

(2m)
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Asymptotic expansions of Bergman kernels

Off-diagonal estimates of the remainder (Yu.K., 2017)

There exists ¢ € (0, &%) such that, for any j, m, m’ € N, there exist
positive constants C, ¢ and M such that for any p > 1 and
Z,7' € Ty X, |Z|,|Z'| <&, we have

glal+l’l [ 4 p (7 7
S A7anziad \ )
i e 92007 \ i P& 2)
J
-3 F(vpZ, @Z’)MZW(Z)pé)
r=0 cm(X)

j—m+1
<Cp~ "2 (14 vp|Z| + vPIZ ) exp(—cv/ioplZ — Z'|) + O(p~),

@ C™(X) is the C™-norm for the parameter x; € X.

@ Gp=0(p~>)ifforany /,l; € N, there exists C;, > 0 such that
C-norm of G, is dominated by C;,p~".
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Asymptotic expansions of Bergman kernels

Toeplitz operators

The Toeplitz operator
Trp = Py, Py, : L2(X.LP® E) — L3(X,LP ® E).

The Schwartz kernel of T; , is given by

Tip(X,x') = / Po(x, XY E(X") Po(x", X' )l (X").
X

Off-diagonal estimates of kernels of Toeplitz operators

For any e > 0 and k € N, there exists Cx > 0 such that for any p > 1
and (x,x") € X x X with d(x, x") > ¢,

| Trp(x, X)) g < CemoVPPx),
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Asymptotic expansions of Bergman kernels

Full off-diagonal expansion

Let f € C*°(X,End(E)). There exist polynomials
Qr x,(f) € End(Eyx,)[Z, Z'] such that, for any k € N:

k

P "Tipx(Z,Z'") = Z(ano(f)??,(o)(\fpz VpPZ\p~ z 4 O(p~
r=0

k+1

2),

There exist ¢’ € (0, ax] and Cy > 0 with the following property:
for any k, ! € N, there exist C > 0 and M > 0 such that for any xy € X,
p=>1and Z,Z € Ty X, |Z|,|Z'| <€, we have

k
P T po(Z, Z)R3( ) = (QrxPr)(VPZ,/PZ )P 2
r=0 C’(X)

(1—|—f|ZH—f|Z’ exp(—+/Cop|Z — Z'|) + O(p~ ).
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Asymptotic expansions of Bergman kernels

The coefficients Qy x,(f)

The polynomials Qr x,(f) € End(Ey,)[Z, Z'] have the same parity as r
and are given by

01, Z°
Qrvx()(f) = Z IC |:FO n,Xp» 82); (0) FO I’2,X0:| ’
rn+r+lal=r

In particular,

QO,Xo(f) = f(XO)a

af
Qo (F) = F(x0) Frx, + K [Fo,xo,

oz >(0)ZiFo XO} .

Here for any polynomials F, G € C[Z, Z'], the polynomial
K[F, @] € C[Z,Z'] is given by the composition of the operators.
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Asymptotic expansions of Bergman kernels

Composition of kernels

For any polynomial F € C[Z, Z'], consider the operator FP in
L2(Ty,X) = L2(R?") with the kernel (FP)(Z, Z') with respect to dZ:

FPu(Z) = . XF(Z, ZNPy(Z,ZYu(Z)dZ!, Z € Ty X.
X0

For any polynomials F, G € C[Z, Z'], define the polynomial
K[F, G] € C[Z,Z'] by the condition

((FP)o (GP))(Z,2") = (K[F,GIP)(Z,Z),

where (FP) o (GP) is the composition of the operators FP and GP in
L2( Ty, X).
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Asymptotic expansions of Bergman kernels

Characterization of Toeplitz operators

A sequence {T, : L2(X, LP) — L3(X, LP)} of bounded linear operators
is a Toeplitz operator if and only if:
@ Forany p € N, we have
Tp - P’Hp TpP’HP
@ There exists ¢ > 0 such that, for any ¢ > 0 and k € N, there exists
Ck > 0 such that for any p > 1 and (x, x’) € X x X with
d(x,x") > e,
| Trp(X, X')| ox < Ce™VPPxX),
@ There exist a family of polynomials Q; x, € End(Ey,)[Z, Z],
depending smoothly on xp, of the same parity as r and
e’ € (0,ax/4) such that, forany k e N, xo € X, Z,Z' € Ty, X,
|Z],1Z'| < €', we have
k

P " Toso(Z.2) 2 3 (Qry P )(VBZ,V/BZ )P % + O(p~ 7).

r=0
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Perspectives

The algebra of Toeplitz operators is an analogue of the algebra of
semiclassical pseudodifferential operators in R”:

h d
A_a(x’idx>’ ae S(1).

The magnetic pseudodifferential calculus in R”:

Iftimie, V.; Mantoiu, M.; Purice, R.

Magnetic pseudodifferential operators. Publ. Res. Inst. Math. Sci. 43
(2007), no. 3, 585623

or with deformation quantization:

Karasev, M. V.; Osborn, T. A.

Cotangent bundle quantization: entangling of metric and magnetic
field. J. Phys. A 38 (2005), no. 40, 8549-8578.
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Asymptotic expansions of Bergman kernels

Perspectives

Semiclassical eigenvalue asymptotics (Kahler manifolds):

@ Deleporte, A., Low-energy spectrum of Toeplitz operators: the
case of wells, arXiv:1609.05680, to appear in J. Spectral Theory.

@ Deleporte, A., Low-energy spectrum of Toeplitz operators with a
miniwell, arXiv:1610.05902.

Quasimodes constructions:

@ loos, L., Quantization and isotropic submanifolds,
arXiv:1802.09930.
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Perspectives

Applications to the Bochner Laplacian:
The Bochner-Laplacian

ALP - (VLP)*VLP _ Ap+p7',

where the renormalized Bochner-Laplacian A, satisfies the gap
property: for any p

a(Ap) C [=Cr, C ] U [2ppo — Cp, +00),

Hp corresponds to the lowest Landau levels.
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