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Eulerian positions where two di�erent trajectories min-
imize (2.5); they form Eulerian manifolds of dimension
(d � 1): in one dimension the shocks are isolated points,
in two dimensions they are lines, in three dimensions
surfaces, etc. There also exist Eulerian manifolds with
three di�erent minimizing trajectories. In one dimen-
sion, they are isolated space-time events corresponding
to the merger of two shocks. In two dimensions, they are
triple points where three shock lines meet. In three di-
mensions they are filaments corresponding to the inter-
section of three shock surfaces. There also exist Eulerian
locations where the minimum in (2.5) is reached for four
di�erent trajectories, etc.
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Fig. 2. Typical aspect of the singularities present at a fixed
time in the solution for (a) d = 2 and (b) d = 3.

The generic form of such singularities and their typi-
cal metamorphoses occurring in the course of time were
studied in details and classified for d = 2 and d = 3 by
Arnold, Baryshnikov and Bogaevsky in the Appendix
of [62] and in a more detailed paper by Bogaevsky [17].
This classification is based on two criteria: (i) the num-
ber of trajectories minimizing (2.5) and (ii) the multi-
plicity of each of these minima. The shocks correspond-
ing to locations with two distinct minimizers are hence
denoted by A2

1. At a fixed time, the A2
1 singularities are

discrete points in one dimension. In two dimensions (see
figure 2(a)) they form curve segments with extremities
that can be either triple points A3

1 or isolated termina-

tion points of the type A3 corresponding to a degenerate
minimum. In three dimensions (see figure 2(b)) the sin-
gular manifold is formed by shock surfaces of A2

1 points.
The boundaries of these surfaces are either made of de-
generate A3 points or of triple lines made of A3

1 points.
The triple lines intersect at isolated A4

1 points or inter-
sect shock boundaries at particular singularities called
A1A3 where the minimum is attained in two points, one
of which is degenerate.

It is important to remark here that degenerate singu-
larities (of the type A3 or of higher orders A5, A7, etc.)
introduce in the solution points where the velocity gra-
dients becomes arbitrarily large. This is not the case of
the An

1 singularities which correspond to discontinuities
of the velocity but are associated to bounded values of
its gradients. As we will see in sections 4 and 7, these
degenerate singularities are responsible for an algebraic
behavior of the probability density function of velocity
gradients, velocity increments and of the mass density.
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Fig. 3. Illustration of the similarities between the singular
manifold in space time for d = 1 and at fixed time for d = 2
(b). The two manifolds contain the same type of singularities
with the same co-dimensions. The restrictions on the possible
metamorphoses in dimension d = 1 are the following: a point
of the type A3 can only exist at the bottom extremity of
a shock trajectory; the A3

1 points necessarily correspond to
the merger of two shocks; shock trajectories cannot have a
horizontal tangent.

The singularities with co-dimensions (d + 1) generically
appear in the solution at isolated times. They corre-
spond to instantaneous changes in the topological struc-
ture of the singular manifold, called metamorphoses and
can be also classified (see [17]). In one dimension, there
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