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Dynamical symmetries, coherent states and
nonlinear realizations: The SO(2, 4) case

Andrej B. Arbuzov and Diego Julio Cirilo-Lombardo

Nonlinear realizations of the S0O(2,4) group are discussed from the point of
view of symmetries. Dynamical symmetry breaking is introduced. One
linear and one quadratic model in curvature are constructed. Coherent
states of the Klauder—Perelomov type are defined for both cases taking
into account the coset geometry. A new spontaneous compactification

mechanism is defined in the subspace invariant under the stability
subgroup. The physical implications of the symmetry rupture in the context
of nonlinear realizations and direct gauging are analyzed and briefly
discussed.
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Introduction

e Yang-Mills extension to any Lie symmetry
e Problem of general cov. transf. and pseudoriemannian metric

e As gauge potentials in YMT

e Poincare as IW contraction of S0(2,3), 50(1,4) (SU(2,2}subgroups)

e Tetrad gravitational field as a gauge field of the translation subgroup of Poincare J
* Fiber bundles not natural J

e The problem to determine which fields transform as gauge fields and which not, as wel

e Gravity as gauge theory in a pure geometrical context
|
as which fields are physical ones and which are redundant nonetheless remains.

- »principal fiber bunxlie imposing a condition of arthogonality of the generators of the fiber and base manifold.

. »Such conitions that break the symmetry of the original group are implemented by means of a particular dhoice of the metric tensor.
L »This approach was implemented in a supergroup struchre oblaining a gauge theory of supergravity.

= . =Note that the underlying geometry must be reductive {in the Cartan sense) or weakly reductive n the case of supergravity




Coset coherent states

Let us remind the definition of coset coherent states

Ho={g€G I Mg)Vo=V0}CG.
Consequently the orbit is isomorphic to the coset, e.g.

O(Vo) = G/Ho.

Analogously, if we remit to the operators, e.g.

Vo X¥o| = po

then the orbit

with O(Vo) ~ G/H

H={ge€ G | Ug)Vo=0Vo}
={ge G | Ug)pod'(g) = po} C G.

The orbits are identified with cosets spaces of G with respect to the corresponding
stability subgroups Hg and H being the vectors Vg in the second case defined withina

phase. From the quantum viewpoint | Vo>E€H {the Hilbert space) and po€F {the Fock
space) are Vq normalized fiducial vectors {embedded unit sphere in H).




Symmetry Breaking Mechanism: The SO(2,4) Case

i) Let a,b,c=1,2,3,4,5 and i,j,k=1,2,3,4 (in the six-matrix representation) then the Lie algebra
ofS0(2,4) is

iJ5,Jul = nati + ada — 1l — 1ada
i[JSi,ij] = Natsi — g/ sk-

i[JSi,JSj] = _Jg:,

flJ6a-Tbc | = NacT6p — NabSéc-

i{J6a.T66] = —Jap-

ii) Identifying the first set of commutation relations as the lie algebra of the SO{1,3) with
generatorsJik=-Jki

iii) The 1 commutation relations plus 2™ and 3" are identified as the Lie algebra SO(2,3) with
the additional generators./5i and nij=(1,-1,-1,-1).

iv) The commutation relations 1°* to 5™ is the Lie algebra SO{2,4) written in terms of the Lorentz
group SO{1,3) with the additional generators./5i, J6b, and Jab=-/ba, where nab={1,-1,-1,-1,1). It
follows that the embedding is given by the chain SO{1,3)cS0(2,3)cS0({2,4)



Fromthe six dimensional | SO(Z, 4) s SO(2.4) 30(2,3) % SO(I 3)

malrix representation SO(2.3} SO( 1.3}
parameterizing the coset
anyelement G of SO[2,4) — — 2N (X))
is written as | G e G(H)
= ¢ P Wag =PRI A ),

Consequently we have G{H):H->G is an embedding of an element of $0(2,3) into S0(2,4) where Ja={1/A)i6a
and H{A):A->H is an embedding of an element of 50(1,3) into 50(2,3} where P&={1/m}isk as follows

4 )

SO(3,1) 0

G — ¢ BV g5 @P:

v

H(A)

v

G
any element G of S0O{2,4) is written as the product of an $0(2,4) boost, an ADS boost, and a Lorentz rotation.



Goldstone Fields and Symmetries

i) Our starting point is to introduce two 6-dimensional vectors V; and V; being invariantunder SO(3,1) ina

canonical form

’

(2

> mrvariant under SO(3,1)

[ — TN — B — O — B —

.':hb',hoeoo

ii) Now we take an element of Sp{2)cMp(2) embedded in the 6-dimensional matrix representation operating over

V as follows

MV

00
00
00
a b

0 O © O O
O 0 O O O
QO 0 O O O

00 )

e

cd/.

e'!i_oooo

A

Sp(2 y-Mp{2}

.‘hé,hoooo

A’=aA-bB,-B’=cA-dB

consequently we obtain a Klauder-Perelomov generalized coherent state with the fiducial vector V.




if) The specific task to be made by the vectors is to perform the breakdown to S0(3,1). Using the transformed
vectors above [Sp(2)~ Mp{2) CS) the symmetry of G can be extended to an internal symmetry as SU{1,1) given
by G below [notice |A|%*-|n|%:=1):

Vo = GV,

( ) (

SO(3.1) 0 SO(3.1) 0

(:v"l — "‘i:”(-",”u, —i:‘k(.r)l’;: "’ o 1:"(.1’).1,,’ usz(r)l'k
" A 1 0 o U
\ Thald b \ 03
H‘;\ : 4 . H(A)
& — , G(H)

G(H)

/ 0000 g \ and if we also ask for DetM=1 then ap=1, e.g. the
0000 0 O additional phase: it will bring us the 10A{th} Goldstone
0000 O 0 field. The other nine are given by z{x} and &(x}

M= 0000 0 0 {a,b,c=1,2,3,4,5 and i,j,k=1,2,3,4) coming from the
52 parameterizations of the cosets C={{SO{2, 4)}/(50{2,3)})
0.010:0 % "l and P=((50(2,3)/(50{1.3)))
\ 0000 —pu*a Ap /



Invariant SO(2, 4) Action and Breakdown Mechanism

=  Linear in RAB

S . _R AB in this case we note at first, that the tensor
T I u AB A pias SO(2,4)-valuated acts as multiplier in S

i) if we have two diffeomorphic [or gauge) nonequivalent SO(2,4)-valuated connections, namely *{AB} and I'*{AB},
their difference transforms as a second rank six-tensor under the action of S0O(2,4)

__ 34 ~B _CD
x“B—GCGDx <

~AB
AE=T -T4
ii) now calculate the modified curvature

R" = R4 4 DycAB
where the S0(2,4) covariant derivative is defined in the usual way
D4 = dc?? + T4 AP +T7 AP
iii) Redefining the SO(2,4) six vectors as tpa and B {in order to put all in standard notation), the 2-form k can be
constructed as
1B o ylePldu.
Consequently [{U scalar function) and get
®Y = R + Dy p51dU)
= R + (y" D1 — Dy ) A dU.



The next step is to find the specific form of Las [such that will be invariant under tilde
transformation) in order to make the splitting of the transformed action S reductive as follows

iv) Let us define

with the connection I'+x, then

&' =DgA4 +K‘:gap3,
-y
0" =04+ [y*(9") —9*(y - 9) | AdU,
In the same manner we also define
7 = Dy,
T =+ [yiy - 9)- ' @) |AdU.

v) To determine UlaB we propose to cast it in the form

where (9%)" = (9 z9° ) and (y - ) = ya9® dlc

Hap € Pslay” @ €15cper(0° AP +0C A 82 + ¢ AP )+ bx*P ]

Bp € fap — ;—p,wfqrggggpdgl\ dU, where £ = (y4) (9%)" — (v - 9)”.




vi) Finally we must see the behaviour of the transformed action
S = Iﬁ s AR
_ S+I%p3axA3 AR A dE + IM’ A DicE.

We see that till this point, the SO(2,4)-valuated six-vectors p*{F} and ¢*{E} are in principle arbitrary. However, under
the conditions discussed in the first Section the vectors go to the fiducial ones modulo a phase. Consequently

ﬁ% AZBZ
and the bivector comes to

K18 - Yyl oPldU - A(4AB)e” = aPABe™ = ABe*?,  a,B: 5,6,

where we define the 2nd rank antisymmetric tensor €af} and

Ata —up . .
A = Det = aff = 1(unitary transformation)

—fra AP



A=m and B=A

* [fthe coefficients A=m and B=A play the role of constant parameters we have

dé - dA*m*) =0

D42 = d(Am)e® NdU =0

making the original action S invariante.g.:

S|, =B AR” = [pw AR =5

bemg S | 7 the restriction of § under the subspace generated by ¥

and consequently breaking the symmetry from SO(2,4)>50(1,3).



The connections after the symmetry breaking (when the mentioned conditions withA
and m constants are fulfilled) become

~AB ~ 13

~IF A~ T
I =T 4448 5 posT =T4%: T =T, T =I%9,
~56
b T =T%_ (Am)dU.

Vectors 8 and 74 afler the symmetry breaking and under the same conditions become

4 _ A c
0" =dp* +T“ A g€ +x49” = b.o.s,,

0‘
?o""=of=0+rf5m+0=of=rf5m,
P =0=0+0=0,
~A4 A C B
i =dy + T Ay€ +xy® > boos,

o4
= 0-T'A+0= 7' =-T'4,

and evidently JLis=|Li6=0.



curnvatures becomes

RY = Rf }+m‘295A9f+l‘2niA 7,
N -

RS — ml| i+ m;/\GJ} +(%)n"/\r65

" =1
R-66=_‘1—1|:Dn;_(%) ngr56:|,
R = dI%% + (mA)Y '0; A 7',

m! [mf -

m

A

n¢ AT65 ],

D is the SO{1,3) covariant derivative.

The tensor responsible of the symmetry breaking becomes to

By = 2p,almeg(0* A + 05 A0 + 1% A7p')

Hs6 = —Psb€56hﬂdU-




Consequently, with all ingredients at hand, the action will be

S = I‘"’AB A RAE =Iﬂ§/\Rg+ Iﬂs6/\R56,

S S

S1 =2 [ puacu@ Aol +0* A0+ AW) A (AmBY y+ 20" N0+ Zf Aoy )
=_2Ipsaew(9*/\q’/\Ame y+OXAO' AAmR] + " A AAmR] })
—ZIpsaew(ekAr;I/\ A9 NG +O NOALONY+ AT A %0"/\0")

—ZIp,aeW(O*Aq'A %n"/\n’#okl\ﬂ’/\ %q‘/\q’#rf‘/\n'/\ %anTli)

Sg = _)'mIpsb€56 A (dF“ + (ml)_lﬂf A nl)




At this point we can naturally associate the tetrad field with the 8-form

0% ~ ek

-  k _ a b k. b __ <o
Nap = gjkd!eb: gjk _ nabej ek: eaek - Ypo etc-)

where Njk is the Minkowski metric. That allows us to up and to down indices, and n*{i} with the
following symmetry typical of a SU(2,2) Clifford structure

'?k Nﬁmav
elfsgn =5 = —fu

that consequently allows us to introduce the electromagnetic field {that will be proportional to
fij) into the model.



wes cam re-wiite: the action as

$1 =2 [ piacu@ Au'+ O N0 + ¥ AY A (AmR] |+ A0° A0+ By Aoy )
=2 pa[am(R] y+ (es+ £A1)R] )+ (B + 2 )Py
+<%‘/§+ %ﬁ) :ld“x-

i) terms ~nARANRAD and nABABAD vanish;
i) terms ~ A A@A@and g A g A @ A8 lead to — f4f,;
iii) term ~ €;20% A 7' A R!{? y leads —>f§R’{? y

W) term ~ € (0% A 0' + ¥ A )R] |, kadsto > (g + fifiy )R] »
picking the symmetric part of the generalized Ricci tensor (containing Einstein-Hilbert plus
quadratic torsion term)

Viterms~gpAnAnAnand @ A 8 A 8 A 0 kad to the volame elements ﬁ'and‘/g

where we defined as wsual g = Det(gg) and f = Det(f) = (/%)



A=m(x) and B=A(x): Spontaneous subspace
If the coefficients A=m({x) and B=A{x) are not constants but functions of the coordinates we have
dé - d(A*m*) = 2d(Am) DB = d(Am)e™® A dU
Conseqguently
S= [ AR”| = S+ [ Lparss AR AdE+ [ pras A DA

S = S+ [[Htap + psaRapAmJe*Pd(Am) A dU.

we obtain the required condition:

S=5 if
Hap = _psaRﬂﬂlmz

then we see that Jlas takes the place of induced metric and is proportional to the curvature

Rap = Aptap
with  A=—(paim)”'.

Note that we have now a four-dimensional spacetime plus the above "intemal" space of a
constant curvature. This pointis very important as a new compactification-like mechanism



Supergravity as a gauge theory and topological QFT

we have shown, by means of a toy model, that there exists a supersymmetric analog of the above
symmetry breaking mechanism coming from the topological QFT. Here we recall some of the
above ideas in order to see clearly the analogy between the group structures of the simplest
supersymmetric case, Osp(4), and of the classical conformal group 50(2,4)

The starting point is the super SL{2C) superalgebra (strictly speaking Osp{4})

[Mus.Mcp] = ec{aMz), + el aMz)
[Muz.0c]l = €a08). {Qu.0s} =2Myp.

We define the superconnection A | 4p7 wa' - PM o+ (od-M-' + 0%0. — &°0.
due the following "gauging™ P ap ap ap Ca Oz

where (w-M) define a ten dimensional bosonic manifold {Corresponding to the number of
generators of SO{4,1) or SO(3,2) that define the group manifold) and p=multi-index, as usual.
Analogically the super-curvature is defined by F=F-T with the following detailed structure

FMY?? = R L g2 A @® = 0,
A C A
F(OY! = do +a Ao = dyo? -0,

indices 4,8,C.__ stay bra, B,y (a.B,7... ) spiorindices @, 8(a,$) — 1,2(1,2)) inthe Van der Werden spinor notation



There are a bosonic part and a fermionic one associated with the even and odd generators of
the superalgebra. Our proposal for the "toy" action was (as before for S0O{2,4)) as follows

S=|FrAp,

where the tensor pp (that plays the role of a Osp{4) diagonal metric as in the Mansouri
proposal)is defined as

Fa;';zga/\‘?j; pap = e Alp pa = via etc.

with Za anti-commuting spinors (suitable basis: In general this tensor has the same structure
that the Cartan-Killing metric of the group under consideration) and v the parameter of the

breaking of super SL{2C) (Osp(4)) to SL{2C) symmetry of |Lp. Notice that the introduction of the
parameterv means that we are not take care in the particular dynamics to break the symmetry.

Dynamical equations

58 = j'aFP A, +F? ASp,

= Idmp/\&!p +FP A dpp,

where da is the exterior derivative with respect to the super-SL{2C) connection and: 8F= da8A
have been used.



Then, as the result, the dynamics are described by

dip=0, F=0

1)The first equation claims that p is covariantly constant with respect to the super SL{2C) connection.

2) SL{2C) symmetry breaks down to SL{2C) dap=dapp+dapus =0
3)super Cartan connection to be flat A = a8 + a4

FM)?2 = R L g2 A @® = 0,
F(Q)* - do* + o, A @€ = dow” - 0,

d» B the exterior denvative with respect to the SL{2C) connection and R4? = do”+m‘c)\w 5 the SL{(2C) curvatnre

F=0oRB i1l Ad® =0 and dow? =0

The second condition says that the SL{2C) connection is super-torsion free.
The first says not that the SL{2C) connection is flat but that it is homogeneous with a cosmological constant related to
the explicit structure of the Cartan forms w”{A},



Quadratic in Ras

The previous action, linear in the generalized curvature, has some drawbacks that
make necessary the introduction of additional "subsidiary conditions"” due that the
curvatures Ri5 and Ri6 play not role into the linear/first order action. Such
curvatures have very importantinformation about the dynamics of @ and n fields.
In order to simplify the equations of motion we define

I's6 = 4
m9=0"
A,_lﬂi — 'i'-'i,

and as always

RV =RY \+m20° A0/ + A2 A1

with the SO(1,3) curvamreR'z , = do? +a)"1 AoY.



Consequently from the quadratic Lagrangian density

S — IRAB /\RAB

we obtain the following equations of motion:

S(R4p A R?)

o0
S(Raz A R*P)

ornf
S(Raz A R?)

o8
S(R4p A RY)

ba;

~ D(DB;) + 2R AT — 0 AT, AT+, A4 A4 =0,

~ D(DH,) + 2R AT T AT, AT+ T, AANA =0,
s noq_Anéi -?iiA?iis

- —DRy+DO NG+ DI AT, + B AT A4 =0




Maxwell equations and the electromagnetic field

we can identify

o' = e, dx”,
7 = fudk”
with the symmetries
r i
e,e; = Sﬂ,e eiv = Zuv — Lvp
fuli = o eumfy = = Jvu
such that the geometrical {(Bianchi) condition
Vipfiw1 = Vo =0
D(TA%,) =0

enforce to the curvatres R® and R™ to be mill. And conversely if R® and R® arezemﬂx:nD(@'i/\?)‘i) -0
or equivalently Vi) = V3" = 0.



Proof

From: R° = [D?:fi—'ii")'\I“"-‘]anth”‘i = [—Dﬁ"+?f/\I‘“]wemakc

R A%, +0; AR® =D(5iAﬁi)+ G ATSS) AT, +0; A (’é"/\r“),

RS AT+ 0; AR® = D(F AT, ).
(In the last line we used the constraintgiven by eq 9 A 0:.=7 A s

Consequently if R® and R® are zemthenD(aiA’iii) = 0 or equivakently Vi ,fn1 = Vif” = 0and vice versa.

Corollary

Note that the vanishing of the R*® curvature {that transforms as a Lorentz scalar) does not
modify the equation of motion for I’® and simultaneously defines the electromagnetic field as

R = d'%6 + (mA)'0; An* = 0,
> dA—F =0.



Equations of motion in components and symmetries

Let us define - - - , &g .
R'f iy = 3,,(03 —3,,&)3 + m;kmf = mﬁm;k,

i _ i_ i P k_ ot k
Tiw = 0pe, 6,,ej,+(oﬂke,, o ey

Sty = Onfs —Oufi+ & fi — 0] S5
Siw 5 a totally antisymmetric torsion field due the symmetry of £, dc* = %'

v,,[ el R ] + el Cm 2T + A29%) — figl (Am) 470 = 0,
Vo[ el (R{™, — m2elinel + 32 ftinpl ) |
+ el Cm 2P + A25%) — flgl(Am) A 47 = o,
Vu{ JEI 7 ) + flel (B ,—m 26 +4i47) = o,
Vu(Jlets) + Jiel (R ,— 27 + 4141} = o,
Vipdv) = Fw = (Am) ' Fp,
Vi F o= 0.




Nonlinear realizations viewpoint

Notice that in our case identify O~e and n~f being the table below completely understood. Also
the I'** is identified with the g of E. lvanov and ). Niederle

ths work cie: Ivanov:1 98 1 wn_Ivanov:198 lwm
RY RY \+m 20 NG+ A2 Ay | R ,+4ge' AF
R m[Dg — 2yl AT ] De' +2ge' A8
Rm —l_l[l)ljf—(%)_lef/\l—‘Sﬁ] lyﬁ_zgf/\g
R56 dU5% + (mA)'8; A 1 dg+ 4ge; A f
DS/ADS reduction | Yes No

Algebra and transformations in the case of the work of lvanov and Niederle are different due different
definitions of the generators of the S0{2,4) algebra, however the meaning of g that it is associated to
the connection I'*® remains obscure for us because the second Cartan structure equations RA{i5} and
RA{i6}. Notice that, although the group theoretical viewpoint in the case of the simoultaneous
nonlinear realization of the affine and conformal group Borisov:1974 to obtain Einstein gravity are
more or less clear, the pure geometrical picture is still hard to recognize due the factorization problem
and the orthogonality between coset elements and the corresponding elements of the stability

subgroup

A B Borisov and V.1 Ogievetsky, Theor.Math_Phys 21, 1179 {1975) [TeorMat_ Fiz 21, 329 {1974)];
E. A lvanov and 1. Niederle, Phys. Rev. D 25, 976 {1982}, Phys. Rev. D 25, 988 {1982).
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Discussion

In this work, we introduced two geometrical models: one linear and another one quadratic in curvature.

Both models are based on the SO{2, 4) group.

Dynamical breaking of this symmetry was considered. In both cases, we introduced coherent states of the
Klauder—Perelomov type, which as defined by the action of a group [generally a Lie group) are invariant with
respect to the stability subgroup of the corresponding coset being related to the possible extension of the
connection which maintains the proposed action invariant.

The linear action, unlike the cases of West, Kerrick or even McDowell and Mansouri [41], uses a symmeiry
breaking tensor that is dynamic and unrelated {in principle) to a particular metric.

Such a tensor depends on the introduced vectors [i.e. the coherent states) that intervene in the extension of the
permissible symmetries of the original connection.

Only some components of the curvature, defined by the second structure equation of Cartan, are involved in the
action, leaving the remaining ones as a system of independent or ignorable equations in the final dynamics.

The quadratic action, however, is independent of any additional structure or geometric artifacts and all the
curvatures [e.g. all the geometrical equations for the fields) play a role in the final action [Lagrangian of the
theory).

With regard to the parameters that come into play A and m {they play the role of a cosmological constant and a
mass, respectively), we saw that in the case of linear action if they are taken dependent on the coordinates and
under the conditions of the action invariance, a new spontaneous compactification mechanism is defined in the
subspace invariant under the stability subgroup.

Following this line of research with respect to possible physical applications, we consider scenarios of the Grand
Unified Theory, derivation of the symmetries of the Standard Model together with the gravitational ones. The
general aim is to obtain in a precisely established way the underlying fundamental theory.

This will be important, in particular, to solve the problem of hierarchies and fundamentalconstants, the masses
of physical states, and their interaction.



