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Analysis of data on manifolds

Modern data lives in manifolds:
= underlying geometry
= non-linearity of the space
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(a) Data on a manifold (b) Data covariances

c(t) = exp(tlog(p™'q))

(c) Linear translation (d) Covariance Transport

Source: ps.is.tuebingen.mpg.de
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|. Motivation
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Example 1: pattern extraction by averaging
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Example 1: pattern extraction by averaging
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Example 1: pattern extraction by averaging

RECOVERY OF THE TEMPLATE OBJECT

0 &g ©

TEMPLATE

RECOVERED OBJECT

OBSERVED SAMPLE

Given (X,d) and IP on X andiidYi,....Y,, Y, «~ IP:
Template:

x4 argmin/ d*(X,Y)IP(dY)
Xex Jx

Recovered object:

def 2
Xn—armln—EdXY
Xex 1N

= how to chose d
= confidence sets around X,
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Example 2: stem cell differentiation

Mesenchymal stem cells, 11 Chondrogenesis, ¢ € [0, 1]

Detect time ¢ when a cell specifies its "type".
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Example 2: stem cell differentiation
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H, : data is homogeneous <> t is not a change point
H, . datais non-homogeneous <= t is a change point

1. compute some cumulative statistics, e.g. means ;(¢) and (%)
2. compare them, e.g. dist(u;(t), u.(t))
3. if dist(u(t), 11 (t)) > 34(t), then Hy is rejected

Goal: non-asymptotic data driven rejection level 3,
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Common features

All above mentioned examples have a common problem: data sets possess inner
geometry

O : what is a good way to define a distance between such objects?
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Common features

All above mentioned examples have a common problem: data sets possess inner
geometry

A : 2-Wasserstein distance might be a solution
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Image source: Marco Cuturi’s OT tutorial
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ll. Introduction to OT
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What is Optimal Transport?

The natural geometry for probability measures

Monge Kantorovich Koopmans Dantzig Brenier Otto McCann Villani

Nobel '75

Image source: Marco Cuturi’s OT tutorial
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The natural geometry for probability measures

AVERAGING OF IMAGES

2-WASSERSTEIN MEAN
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Wasserstein distance and optimal transport

= W-distance — minimum amount of work that is necessary to convert 1. into v
= D(x,y) — cost of transportation of unit mass from x to y

(L

(82, D)

| N »
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Space of images (P(IR%), W>)

Po(IR?) = {Probability measures v on IR"}
metrizied by 2-W distance:

def .
Wi) ™ nt [ e ylPantey
RIXIR?

well(p,v)

II(11,v) — set of all prob. measures 7 on IR? x IR? with marginals 11 and v

{fgxmﬂs’wdy = u(a)

fo(Z m(z,y)dx = v(y)

\\\\\s"i’;';n/
bl "‘5-'1’4’!’

e vl
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Recommended literature

= Villani, C. (2008). Optimal transport: old and new (Vol. 338). Springer Science &
Business Media.

= Santambrogio, F. (2015). Optimal transport for applied mathematicians.
Birkaeuser, NY, 99-102.

= Ambrosio, L. (2003). Lecture notes on optimal transport problems. In
Mathematical aspects of evolving interfaces (pp. 1-52). Springer Berlin
Heidelberg.

and many more...
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lll. Some obtained results
ILOVEMATH
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lll.a Non-asymptotic confidence
sets
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Non-asymptotic confidence sets, problem statement

Po(IRY), Wy — metric space and IP € 173(772(Bd>)

RECOVERY OF THE TEMPLATE OBJECT

O 3%

TEMPLATE

RECOVERED OBJECT

OBSERVED SAMPLE

Wasserstein population barycenter

u C argmin/ W3 (1, v)IP(dv)
,LLGPQ(RCZ) PQ(Rd)

V1, ..., Uy, — observed random iid sample, v; «~ IP
Wasserstein empirical barycenter

i, C argmin — Y Wi(u, vy).
M€P2(1Rd) Z
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Confidence set around i,

Real world Bootstrap world (mimics 1;,)
def e
VWi, jin) )= Wt 1))
we do not know 3(a): we know 3’()
def
3la) = aragi%m{lp(T” >3) < af 3 (@) o argmm{P’(Tg >3) < a}l
3>0

Goal: replace 3(a) with 3”(a)

Result: Under some technical assumptions it holds with h.p. P, IP’

P (T, > 3'(a a)) —a| < C/v/n.

21/1 Stat Inference with OT W i é

vvvvvvv



Multiplier bootstrap

Real world

Observed sample v; ap
W -population barycenter:

p* = argmin / W (1, v) IP(dv),
0

W -empirical barycenter:

|
n — In — W2 y Y1)
" arg;nmnz 3 (1, i)

1, = \/EWQ(M*y Mn)

Bootstrap world, u; -« Po(1)

Training sample v A

W' -population barycenter:
1 9
fin = argmmin = > Wi(p, 1),
W’ -empirical barycenter:

1
b . 2 /

— _— . ij
M, = argmin - g W (, v;)u

T, = /nWa(pun, 1)
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lll.b Non-parametric 2-sample
test
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Two-sample testing

T-statistics: William S. Gosset (1908),
economical way to monitor the quality
of stout for Guinness

Two-sample test

X = (Xla "'7Xn>7 X’L ch\i:uXa

Y = (va AR YTrL>7 Y] Z\Z/‘\j 0%

Goal
Hy: px =py, Hi: px # py

A 1904 brand poster (Guinness)
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Underlying idea

Find some transformation 7" of pux, py:

= measure-preserving,
= yields universal critical level 3,,,, , which does not depend on (i x, Ly .

Test:
diSt(T#/L&,T#/L?}) > jnm — Hi

1-D case: T is a ranking or quantile map (OT to /0, 1])

d-D case: T is a Monge map (optimal transport with c(x,y) = ||z — y||*)

T = argmin/ T () — ZIZ’H%IL(CZCIZ‘),
supp(1)

Typ=v
where v some fixed reference measure and

poo=apx + (1 —a)py
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le map

f

im quan

a kind of d -d
Observed distribution: 11 = aux + (1 — a)uy

Intuition

= Z/{[Bo(l)] : Bg(l) C Rd

Reference distribution: v
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|dea of the method

Observed distribution: 11 = aux + (1 — a)uy

Reference distribution: v = U[By(1)], By(1) C IR?

Monge map:
Typ=v, v=avx+(l—auvy,

vx(T(B)) = px(B), w(T(B)) = uy(B), VB eB.

Under Hy:
vx = vy =U|[By(1)]
Test:
T det no.,m
Dnm — WQ(”X?”Y) Z dnm = Hl
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IV. Open problems
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What we are currently doing

The list of open problems and related literature: http://strlearn.ru/topics/

Hypothesis testing with Hellinger-Kantorovich distance

Responsible persons: Alexanda Suvorikova, Pavel Dvurechensky, Alexey Kroshnin, Andrey Sobolevskii,
Vladimir Spokoiny

Domain adaptation using optimal transportation

Responsible persons: Alexanda Suvorikova, Pavel Dvurechensky, Alexey Kroshnin, Andrey Sobolevskii,
Vladimir Spokoiny

Bootstrap for empirical barycenters

Responsible persons: Alexanda Suvorikova, Alexey Kroshnin, Andrey Sobolevskii, Vladimir Spokoiny

Two sample test for high dimensional data using Monge-Kantorovich transform

Responsible persons: Alexanda Suvorikova, Alexey Kroshnin, Andrey Sobolevskii, Vladimir Spokoiny

References:
[SAN15] Santambrogio F. Optimal transport for applied mathematicians. Birkduser, NY, 2015.
[VILo8] Villani, C. Optimal transport: old and new. Springer Science and Business Media, 2008.
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Thank you for your attention!
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