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Analysis of data on manifolds

Modern data lives in manifolds:
underlying geometry
non-linearity of the space

Source: ps.is.tuebingen.mpg.de
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I. Motivation
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Example 1: pattern extraction by averaging

Healthy brains, m + f, age of 21 to 72
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Example 1: pattern extraction by averaging

Typical ageing pattern, f
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Example 1: pattern extraction by averaging

Given (X , d) and IP on X and iidY1, ..., Yn , Yi v IP :
Template:

X∗
def= argmin

X∈X

∫
X
d2(X,Y )IP (dY )

Recovered object:

Xn
def= argmin

X∈X

1
n

n∑
i=1

d2(X,Yi).

how to chose d
confidence sets around Xn
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Example 2: stem cell differentiation

Mesenchymal stem cells, µ0 Chondrogenesis, t ∈ [0, 1]
Detect time t when a cell specifies its "type".
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Example 2: stem cell differentiation

{
H0 : data is homogeneous⇐⇒ t is not a change point
H1 : data is non-homogeneous⇐⇒ t is a change point

1. compute some cumulative statistics, e.g. means µl(t) and µr(t)
2. compare them, e.g. dist

(
µl(t), µr(t)

)
3. if dist

(
µl(t), µr(t)

)
≥ zα(t) , then H0 is rejected

Goal: non-asymptotic data driven rejection level zα
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Common features

All above mentioned examples have a common problem: data sets possess inner
geometry

Q : what is a good way to define a distance between such objects?

Image source: Marco Cuturi’s OT tutorial
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Common features

All above mentioned examples have a common problem: data sets possess inner
geometry

A : 2 -Wasserstein distance might be a solution

Image source: Marco Cuturi’s OT tutorial
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II. Introduction to OT
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What is Optimal Transport?

The natural geometry for probability measures

Image source: Marco Cuturi’s OT tutorial
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The natural geometry for probability measures
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Wasserstein distance and optimal transport

W -distance − minimum amount of work that is necessary to convert µ into ν
D(x, y) − cost of transportation of unit mass from x to y
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Space of images (P(IRd),W2)
P2(IRd) = {Probability measures ν on IRd} ,
metrizied by 2 -W distance:

W 2
2 (µ, ν) def= inf

π∈Π(µ,ν)

∫
IRd×IRd

‖x− y‖2dπ(x, y)

Π(µ, ν) – set of all prob. measures π on IRd × IRd with marginals µ and ν{∫
Ω×Ω π(x, y)dy = µ(x)∫
Ω×Ω π(x, y)dx = ν(y)
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Recommended literature

Villani, C. (2008). Optimal transport: old and new (Vol. 338). Springer Science &
Business Media.
Santambrogio, F. (2015). Optimal transport for applied mathematicians.
Birkaeuser, NY, 99-102.
Ambrosio, L. (2003). Lecture notes on optimal transport problems. In
Mathematical aspects of evolving interfaces (pp. 1-52). Springer Berlin
Heidelberg.

and many more...
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III. Some obtained results
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III.a Non-asymptotic confidence
sets
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Non-asymptotic confidence sets, problem statement

P2(IRd),W2 – metric space and IP ∈ IP
(
P2(IRd)

)

Wasserstein population barycenter

µ∗ ⊆ argmin
µ∈P2(IRd)

∫
P2(IRd)

W 2
2 (µ, ν)IP (dν)

ν1, ..., νn – observed random iid sample, νi v IP
Wasserstein empirical barycenter

µn ⊆ argmin
µ∈P2(IRd)

1
n

n∑
i=1

W 2
2 (µ, νi).
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Confidence set around µn

Real world

Tn
def=
√
nW2(µ∗, µn)

we do not know z(α) :

z(α) def= argmin
z>0

{
IP
(
Tn ≥ z

)
≤ α

}

Bootstrap world (mimics Tn )

T [
n

def=
√
nW2(µn, µ[n)

we know z[(α) :

z[(α) def= argmin
z>0

{
IP [(T [

n ≥ z) ≤ α
}

Goal: replace z(α) with z[(α)

Result: Under some technical assumptions it holds with h.p. IP , IP [∣∣IP (Tn ≥ z[(α)
)
− α

∣∣ ≤ C/
√
n.
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Multiplier bootstrap

Real world

Observed sample νi
iid
v IP

W -population barycenter:

µ∗ = argmin
µ

∫
W 2

2 (µ, ν)IP (dν),

W -empirical barycenter:

µn = argmin
µ

1
n

∑
W 2

2 (µ, νi),

Tn =
√
nW2(µ∗, µn)

Bootstrap world, ui v Po(1)
Training sample ν ′i

iid
v IP

W [ -population barycenter:

µn = argmin
µ

1
n

∑
W 2

2 (µ, ν ′i),

W [ -empirical barycenter:

µ[n = argmin
µ

1
n

∑
W 2

2 (µ, ν ′i)ui,

T [
n =
√
nW2(µn, µ[n)
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III.b Non-parametric 2-sample
test
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Two-sample testing

T-statistics: William S. Gosset (1908),
economical way to monitor the quality
of stout for Guinness

Two-sample test

X = (X1, ..., Xn), Xi
iid
v µX,

Y = (Y1, ..., Ym), Yj
iid
v µY

Goal

H0 : µX = µY , H1 : µX 6= µY

A 1904 brand poster (Guinness)
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Underlying idea

Find some transformation T of µX , µY :

measure-preserving,
yields universal critical level znm , which does not depend on µX , µY .

Test:
dist
(
T#µnX, T#µmY

)
≥ znm −→ H1

1-D case: T is a ranking or quantile map (OT to U [0, 1] )

d-D case: T is a Monge map (optimal transport with c(x, y) = ‖x− y‖2 )

T := argmin
T ′#µ=ν

∫
supp(µ)

∥∥T ′(x)− x
∥∥2
µ(dx),

where ν some fixed reference measure and

µ := αµX + (1− α)µY
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Intuition: a kind of d -dim quantile map

Observed distribution: µ = αµX + (1− α)µY

Reference distribution: ν = U [B0(1)] , B0(1) ⊂ IRd
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Idea of the method

Observed distribution: µ = αµX + (1− α)µY

Reference distribution: ν = U [B0(1)] , B0(1) ⊂ IRd

Monge map:
T#µ = ν, ν = ανX + (1− α)νY ,

νX
(
T (B)

)
= µX(B), νY

(
T (B)

)
= µY (B), ∀B ∈ B.

Under H0 :

νX = νY = U [B0(1)]
Test:

DT
nm

def= W2(νnX, νmY ) ≥ znm ⇒ H1
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IV. Open problems
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What we are currently doing

The list of open problems and related literature: http://strlearn.ru/topics/
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Thank you for your attention!
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