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Taylor Approximation

Let x € int (dom f). Then
f(x+h) = &, p(h)+o(]|h|P), x+hedomf,

P . .
where &, ,(y) ef f(x)+ > £D'f(x)[ly — x]', y € E, and
i=1

DPF(x)[he, ... hy]

is the directional derivative of f at x along directions h; € E, i =1,...

Note:
1. DPf(x)[] is a symmetric p-linear form.
2. If hy = --- = hp, we use notation DPf(x)[h]”.
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And What? Note that:

1. For p > 3, &, ,(y) is a non-convex multivariate polynomial.

2. Up to now, Algebraic Geometry cannot provide us with efficient tools
for computing its stationary points (not speaking about global minimum).

Consequence: Practical Optimization goes up to the 2nd-order methods.



Let us look ...



Let us look ...

Letusfix B=B*-0:E — E*



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms
x|l = (Bx,x)}/?, x€E, |gll. = (g,B7'g)

1/2
)

gecE"



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms
x|l = (Bx,x)}/?, x€E, |gll. = (g,B7'g)

Let us introduce the power function

1/2
)

gecE"



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms

x|l = (Bx,x)!/?, x€E, gl = (g,B7'g)"/? gekE"

Let us introduce the power function — d,(x) = %HXHP, p>2.



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms

x|l = (Bx,x)!/?, x€E, gl = (g,B7'g)"/? gekE"

Let us introduce the power function — d,(x) = %HXHP, p>2.

Note that



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms

x|l = (Bx,x)!/?, x€E, gl = (g,B7'g)"/? gekE"

Let us introduce the power function — d,(x) = %HXHP, p>2.

Note that
Vdp(x) = [|x[[P~?Bx,



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms
x|l = (Bx, )2, x€E, |gll. = (g,B 'g)"?

1

Let us introduce the power function — dp(x) = =||x||?,

Note that

V2d,(x) =

)

Vd,(x) = [[x[[P~2Bx,

x[[P72B + (p — 2)|Ix||P~*Bxx*B

g€ E™
p=>2.



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms
x|l = (Bx,x)'/?, x€E, |gll. = (g.B 'g)"/?, gekE"
1

Let us introduce the power function — dy(x) = Z||x[|P, p=2.

Note that
Vdp(x) = [|x[[P~?Bx,

V2dy(x) = ||x[|P72B + (p — 2)|[x[|P~*Bxx* B = ||x||P~2B.



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms

x|l = (Bx,x)!/?, x€E, gl = (g,B7'g)"/? gekE"

Let us introduce the power function — d,(x) = %HXHP, p>2.
Note that

Vd,(x) = [[x[[P~2Bx,
V2dy(x) = ||x[|P72B + (p — 2)|[x[|P~*Bxx* B = ||x||P~2B.

Define Qy pm(y) = Pxp(y) + (pTMl)]Hy — x||PTL.



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms

x|l = (Bx,x)!/?, x€E, gl = (g,B7'g)"/? gekE"

Let us introduce the power function — d,(x) = %HXHP, p>2.

Note that
Vdp(x) = [|x[[P~?Bx,

V2dy(x) = ||x[|P72B + (p — 2)|[x[|P~*Bxx* B = ||x||P~2B.

Define Q, p m(y) = Pxp(y) + (FTMU]HY — x|[PF1.

NB:



Let us look ...

Let us fix B=B* = 0:E — E* and define the norms

x|l = (Bx,x)!/?, x€E, gl = (g,B7'g)"/? gekE"

Let us introduce the power function — d,(x) = %HXHP, p>2.
Note that

Vd,(x) = [[x[[P~2Bx,
V2dy(x) = ||x[|P72B + (p — 2)|[x[|P~*Bxx* B = ||x||P~2B.

Define Q, p m(y) = Pxp(y) + (FTMU]HY — x|[PF1.

(A)
NB: 1. If M > L,, then f(y) < Qupm(y) forallyeE.



Let us look ...

Let us fix B = B* > 0:E — E* and define the norms

Il = (Bx,x) "2, x<€E, gl = (g,B7)"? g€k
Let us introduce the power function — d,(x) = %HXHP, p>2.
Note that

Vd,(x) = [[x[[P~2Bx,
V2dy(x) = ||x[|P72B + (p — 2)|[x[|P~*Bxx* B = ||x||P~2B.

Define Q, p m(y) = Pxp(y) + (FTMU!HY — x|[PF1.

(4
NB: 1. If M > L,, then f(y) < Qupm(y) forallyeE.
2. The epigraph {(x,t): t > f(x)} is a convex set.



Let us look ...

Let us fix B = B* > 0:E — E* and define the norms

Il = (Bx,x) "2, x<€E, gl = (g,B7)"? g€k
Let us introduce the power function — d,(x) = %HXHP, p>2.
Note that

Vdy(x) = |Ix[P2Bx,
V2dp(x) = [[x[[P72B + (p — 2)[Ix[|P~*Bxx* B = || x||P~2B.
Define Qu pm(y) = Pxp(y) + iy ly — X117
(4
NB: 1. If M > L,, then f(y) < Qupm(y) forallyeE.
2. The epigraph {(x,t): t > f(x)} is a convex set.

Question:



Let us look ...

Let us fix B = B* > 0:E — E* and define the norms

[x] = (Bx, X>1/2’ xeE, gl = (s B_1g>1/27 g€k
Let us introduce the power function — d,(x) = %HXHP, p>2.
Note that

Vd,(x) = [[x[[P~2Bx,
V2dy(x) = ||x[|P72B + (p — 2)|[x[|P~*Bxx* B = ||x||P~2B.

Define Q, p m(y) = Pxp(y) + (FTMU!HY — x|[PF1.

(4
NB: 1. If M > L,, then f(y) < Qupm(y) forallyeE.
2. The epigraph {(x,t): t > f(x)} is a convex set.

Question: Is it easy to put a nonconvex object



Let us look ...

Let us fix B = B* > 0:E — E* and define the norms

Il = (Bx,x) "2, x<€E, gl = (g,B7)"? g€k
Let us introduce the power function — d,(x) = %HXHP, p>2.
Note that

Vd,(x) = [[x[[P~2Bx,
V2dy(x) = ||x[|P72B + (p — 2)|[x[|P~*Bxx* B = ||x||P~2B.

Define Q, p m(y) = Pxp(y) + (FTMU!HY — x|[PF1.

(4
NB: 1. If M > L,, then f(y) < Qupm(y) forallyeE.
2. The epigraph {(x,t): t > f(x)} is a convex set.

Question: Is it easy to put a nonconvex object into the convex one?



Let us look ...

Let us fix B = B* > 0:E — E* and define the norms

Il = (Bx,x) "2, x<€E, gl = (g,B7)"? g€k
Let us introduce the power function — d,(x) = %HXHP, p>2.
Note that

Vdy(x) = |Ix[P2Bx,
V2dp(x) = [[x[[P72B + (p — 2)[Ix[|P~*Bxx* B = || x||P~2B.
Define Qu pm(y) = Pxp(y) + iy ly — X117
(4
NB: 1. If M > L,, then f(y) < Qupm(y) forallyeE.
2. The epigraph {(x,t): t > f(x)} is a convex set.

Question: Is it easy to put a nonconvex object into the convex one?

Answer:



Let us look ...

Let us fix B = B* > 0:E — E* and define the norms

Il = (Bx,x) "2, x<€E, gl = (g,B7)"? g€k
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Question: Is it easy to put a nonconvex object into the convex one?
Answer: NO!
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1. V2®, , m(+) is a Taylor approximation of V2f(-).

2. Therefore, for any y € E we have
0 =< V2f(y) X V20, ,(y) + gy ly — xIIP B
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Consequences:

1. For M > pL,, the point T, m(x) = arg mi£ Qu p,m(y) is well defined.
ye

2. It can be computed by the techniques of Convex Optimization.

3. It can be used for solving the problem f, = mi£ f(x)
X€

in the case L,(f) < 4o0.
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For M > pL,, consider the process

‘ Xey1 = Tpm(xe), t>0. ‘

Theorem 2. For all t > 0 we have f(x¢+1) < f(x).

At the same time,

Fxe) — £ < WO (22)P ¢ >,

where
D= mag{Hx —x*||: f(x) < f(x)}-
x€

6
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NB: We apply the standard technique of estimating sequences

(see the theory of 1st and 2nd-order methods).
We choose M > pL, and recursively update the following sequences.
1. Sequence of estimating functions
Yk(x) = () + fdpra(x —x0), k=1,
where £, (+) are linear functions in x € E, and C > 0.
2. Minimizing sequence {xx}72;.
3. Sequence of scaling parameters {Ac}721: Akq1 def Ax+ ak, k> 1.
For these objects, we are going to maintain the following relations:
Ri: Auf(x) <o = min ¢ (x),
Ri . Q/Jk(X) S Akf(X) + %dp+l(}( — X()), Vx € E, k Z 1.

(In nonconvex setting, a similar approach was analyzed in an unpublished
report by M. Baes (ETHZ, 2009).)
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Initialization: Choose xo € E and M > pL,. Compute x; = T, m(x0).

Define C = g\/(p+1)(M2 — p2L2) and P1(x) = f(x1) + %dpﬂ(x — Xp).

Iteration k, (k > 1):

_ : _ A ak
1. Compute v, = arg Xm€|£ Yk(x) and choose y, = Ao Xk 2 Ve

2. Compute xxy1 = Tpm(yk) and update

Yr1(x) = Yr(x) + aklf (xur1) + (VF(xur1)s x = xet1)]-

Convergence:

P
% M+L,+C M? 2 p+1 %
Fxe) = F(x7) < M || T (252)7 I — x7l1P+,
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min f(xc) — f. < Lollxo—x t> 1.
<k<t

0<k< (p+1)! k(t)

Then for all t: 2t +1 < n we have s(t) < %2"*1 (2t+2)#_

NB: 1. Our proof is simpler, but we need some natural assumptions on
the rules of M.

2. The most general construction was justified in a sequence of papers
(see Y.Arjevani, O.Shamir, R.Shiff in arXiv (2017) for the last one).
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Conclusion: "Optimal methods” with expensive line search do not work
in practice. (E.g. Monteiro, Svaiter, SIOPT (2013), for p = 2.)
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Conclusion: For any h € EE, the Hessian V2®,(h) is similar to the
Hessian of the function

px(h) = 3(1 = D)(VZF(x)h, h) + P58 Al*

with some 7 > 1.
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1V2p(x) = V2f(x) = LV?p(x).
(Upper bounding was suggested by Bauschke, Bolte, Teboulle (2017).)

Define the Bregman distance 8,(x,y) = p(y) — p(x) — (Vp(x),y — x).
Consider the method:

Xkp1 = arg Qﬂei]g{wf(Xk),y —xk) + LB, (%, ¥)}- (%)

Theorem 4 (LFN 2018):  f(x) — f* < %
L) -
NB: 1. For 3rd-order method with p = py, we have p =1, L = :—ﬂ

2. Solution of problem (*) is simple:
i 1 4
min{{g, h) + 5(Gh, h) +~|lA[*},

especially after an appropriate factorization of matrix G = 0.
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