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min
𝑋

𝑓(𝑥) (1)

𝑔𝑖 𝑥 ≤ 0𝑚 ,

subject to

𝑋 – Banach space, 𝑓: 𝑋 → ℝ1, 𝑔: 𝑋 → ℝ𝑚

𝑔 = 𝑔1, … , 𝑔𝑚
⊤

𝑖 = 1,… ,𝑚.



Projection Theorem
𝑣 ∈ 𝑋, 𝑍 ∈ 𝑋, 𝑝 = Pr𝑍 𝑣

𝑣 − 𝑝 = inf
𝑧∈𝑍

𝑣 − 𝑧

Theorem.  A point  𝑝 is the projection of a point  𝑣
onto a  convex closed set  𝑍 ∈ ℝ𝑛 if and only if 

𝑣 − 𝑝, 𝑧 − 𝑝 ≤ 0 (2)

for all   𝑧 ∈ 𝑍 .

Let 𝑣 = 0𝑛 then

𝑧, 𝑝 ≥ 𝑝 2 (3)



Kuhn-Tucker Theorem
Theorem.  Let  𝑥∗ be a solution of problem (1),  and   
𝑓 𝑥 , 𝑔𝑖 𝑥 , 𝑖 = 1,… ,𝑚, be continuously differentiable functions 

on 𝑋. Then there exist nonnegative multipliers 𝜆0
∗ , 𝜆1

∗ , … , 𝜆𝑚
∗

such that 

𝜆0
∗𝑓′ 𝑥∗ +෍

𝑖=1

𝑚

𝜆𝑖
∗𝑔𝑖

′ 𝑥∗ = 0, (4)

and
𝜆𝑖
∗ ≥ 0, 𝑖 = 0, 1, … ,𝑚,

𝜆0
∗ +෍

𝑖=1

𝑚

𝜆𝑖
∗ = 1. (5)



𝑁 𝑥 = 𝑓′ 𝑥 , 𝑔𝑖
′ 𝑥 , 𝑖 = 1,… ,𝑚

𝐾 ≜ Conv 𝑁 𝑥∗ = ൝𝜉 ∈ ℝ𝑛 | 𝜉 = 𝜆0𝑓
′ 𝑥∗ +෍

𝑖=1

𝑚

𝜆𝑖 𝑔𝑖
′ 𝑥∗ ,

ൡ𝜆𝑖 ≥ 0, 𝑖 = 0,… ,𝑚, ෍

𝑖=0

𝑚

𝜆𝑖 = 1



𝜆0
∗𝑓′ 𝑥∗ +෍

𝑖=1

𝑚

𝜆𝑖
∗𝑔𝑖

′ 𝑥∗ = 0,

𝜆0
∗ +෍

𝑖=1

𝑚

𝜆𝑖
∗ = 1, 𝜆𝑖

∗ ≥ 0, 𝑖 = 0, 1, … ,𝑚, .

Proof

1°. 𝑋 = ℝ𝑛.

~

0𝑛 ∈ 𝐾



Let 𝑧 = 𝑓′ 𝑥∗ ∈ 𝐾

𝑓′ 𝑥∗ , 𝑝 ≥ 𝑝 2 (6)

𝑧 = 𝑔𝑖′ 𝑥
∗ ∈ 𝐾,     

𝑔𝑖′ 𝑥
∗ , 𝑝 ≥ 𝑝 2, 𝑖 = 1, … ,𝑚. (7)

𝑓 𝑥∗ − 𝛼𝑝 = 𝑓 𝑥∗ − 𝛼 𝑓′ 𝑥∗ , 𝑝 + 𝑜 𝛼 < 𝑓 𝑥∗ (8)

𝑔𝑖 𝑥
∗ − 𝛼𝑝 = 𝑔𝑖 𝑥

∗ − 𝛼 𝑔𝑖′ 𝑥
∗ , 𝑝 + 𝑜 𝛼 < 𝑔𝑖 𝑥

∗ = 0 (9)

𝛼 > 0, 𝑖 = 1,… ,𝑚.

(𝑥∗−𝛼𝑝) – is a feasible point and    𝑓 𝑥∗ − 𝛼𝑝 < 𝑓 𝑥∗ !

Therefore  (4)  holds!

0𝑛 ∉ 𝐾 then for (from (3): 𝑧, 𝑝 ≥ 𝑝 2)

and for (from (3))

We obtain



2°. Banach case of 𝑋

𝑋 – B-space and 𝑋∗ is a dual of 𝑋.



Auxiliary results
Lemma. Let 𝑋 be a B-space and let 𝜉𝑖 ∈ 𝑋∗, 𝑖 = 1, … ,𝑚
be linear functionals. Moreover, assume that 

0 ∉ Conv 𝜉1, … , 𝜉𝑚 .
Then there exist elements  𝜂1, … , 𝜂𝑚 ∈ 𝑋 such that

0𝑚 ∉ Conv
𝜉1, 𝜂1
…

𝜉1, 𝜂𝑚

, … ,
𝜉𝑚, 𝜂1
…

𝜉𝑚, 𝜂𝑚

,

where 𝜉𝑖 , 𝜂𝑗 is the action of the linear functional 

𝜉𝑖 ∈ 𝑋∗ on the element 𝜂𝑗 ∈ 𝑋.



Proof of the Kuhn-Tucker Theorem
in a Banach space

Let

0𝑋∗ ∉ Conv 𝑓′ 𝑥∗ , 𝑔𝑖
′ 𝑥∗ , 𝑖 = 1,… ,𝑚 .

Then for

𝜉1 = 𝑓′ 𝑥∗ , 𝜉2 = 𝑔1
′ 𝑥∗ , … , 𝜉𝑚+1 = 𝑔𝑚′(𝑥

∗)

by Lemma ∃ 𝜂1, … , 𝜂𝑚+1 ∈ 𝑋

0𝑚+1 ∉ Conv
𝑓′(𝑥∗), 𝜂1

…
𝑓′(𝑥∗), 𝜂𝑚+1

, … ,
𝑔𝑚′(𝑥

∗), 𝜂1
…

𝑔𝑚′(𝑥
∗), 𝜂𝑚+1

≜ ෩𝐾.



∃𝑝 = 𝑝1, … , 𝑝𝑚+1
⊤, 𝑝 = Pr෩𝐾 0𝑚+1

𝑓′ 𝑥∗ , −𝑝1𝜂1 −⋯− 𝑝𝑚+1𝜂𝑚+1 < 0

𝑔𝑖
′ 𝑥∗ , −𝑝1𝜂1 −⋯− 𝑝𝑚+1𝜂𝑚+1 < 0

𝑖 = 1, … ,𝑚

⇒ 𝑓 𝑥∗ − 𝛼𝑝 < 𝑓 𝑥∗ , 𝑔𝑖 𝑥
∗ − 𝛼𝑝 < 0,

𝑖 = 1, … ,𝑚, 𝛼 > 0.

𝑝 = 𝑝1𝜂1 +⋯+ 𝑝𝑚+1𝜂𝑚+1


