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mXin f(x) (1)

subject to
(=1, ...,m.

X — Banach space, f:X - R, g: X - R™

g =09, gm)'



Projection Theorem
v E X, /Z € X, p = Pryv

v — = infllv — z
lv—pll = infllv - 2|

Theorem. A point p is the projection of a point v
onto a convex closed set Z € R" if and only if

(v—p,z—p)<0 (2)
forall zeZ.

Letv =0,, then
(z,p) = lIpll* (3)



Kuhn-Tucker Theorem

Theorem. Let x* be a solution of problem (1), and
f(x),g;(x),i =1,.., m, be continuously differentiable functions

on X. Then there ex1st nonnegative multipliers 1y, 13, ..., A,
such that
of () Z Xigix) =0, (4)
and
A =0, i=20,1,.

25+ 2,1 -1 (5)



NGO = (00, g{(0),i = 1, .., m)

K 2 Conv N(x*) = {5 ER"|E=Asf (x7) +2/1i g;(x*),

=1

m
3, 20, i=0,..,m z/h :1}

1=0



Proof
1°. X = R™,

m
of '(x) + 2 Aigi(x7) =0,
- =1

/1;;+Z/1;=1, >0,

=1




let 0, €K thenfor z=f'(x*) €K (from (3):{(z,p) = |Ipll%)

(f'(x),p) = lIpll® (6)
and for z = g;/(x*) € K, (from (3))
(g:'(x),p) = Ipll2, i=1,..,m (7)
We obtain

fx® —ap) = f(x7) —alf ' (x7),p) + o(a) <f(x7) (8)
g9i(x* —ap) = gi(x*) —a(g; (x),p) + o(a) < g;(x*) =0 (9)
a > 0, (1 =1,..,m.
(x*—ap) - is afeasible pointand f(x* —ap) < f(x™)!
_ Therefore (4) holds!



2°. Banach case of X

X —B-space and X™ is a dual of X.



Auxiliary results

Lemma. Let X beaB-spaceandleté; € X", i=1,..,m
be linear functionals. Moreover, assume that

0 ¢ Convi{éy, ..., &)

Then there exist elements 74, ...,7n,, € X such that

/ <€1!771> <€mj771> \
\mm)) \Emmm)/

where (f N j) is the action of the linear functional
$; € X” on the element n; € X.

0,, € Conv




Proof of the Kuhn-Tucker Theorem
in a Banach space

Let

Oy+ & Conv {f'(x*),g;(x*),i=1,..,m}.

Then for

&1 =f"(x"), & =91(x%), o, Ema1 = Gm (X7)
by Lemma 314, ..., 41 € X

0,,+1 € Conv

[

\

(

(f’(X*)» 771)
/) M)

(Gm' (x7), 1)

<gm’(x’.‘.)., Nm+1)

)

\

/



Ap = (1, ) Pms1)'s D =Prg Opmaq

(f ' (x),—p1M1 — = — Pm+1m+1) <O
(i (X7), =011 — =" — Pma1Mm+1) < O
(=1,..,m

P =piN1 t =+ Pm+1Mm+1
=> f(x* —ap) < f(x"), gi(x* —ap) <0,

(=1,....m, a>0.




