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Network
Connected undirected graph G = (V ,E ),
where V is a set of m nodes and E is a set of edges

∀ i = 1 . . .m pi ∈ Vi , pi ∈ Rn stacked column vector p = [pT1 , p
T
2 , . . . , p

T
m ]T ,

dmax and dmin are the maximum and the minimum degree of nodes in the
network.
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Network
Laplacian matrix

W̄ = D − A,

where D is a degree matrix, A is an adjacency matrix.

W̄ij =


−1, if (i , j) ∈ E

deg(i), if i = j

0, otherwise

p ∈ Rn −→ define W = W̄ ⊗ In, Wij = W̄ij ⊗ In,
where ⊗ is the Kronecker product.

I W̄ is singular =⇒ λ = 0 is an eigenvalue and p = [1, 1, . . . , 1] is a
solution W̄ p = 0.

I dim
(
Ker(W̄ )

)
is equal to the number of connected components in the

graph G

Graph is connected then

Wp = 0 ⇐⇒ p1 = · · · = pm and
√
Wp = 0 ⇐⇒ p1 = · · · = pm
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Multi-agent network system
I task is separated between agents
I agents exchange the informations with their neighbors

For problems of the form: min
x

f (x) :=

m∑
i=1

fi (x)

min
x1=···=xm

f (x) :=

m∑
i=1

fi (xi ), x = [xT1 , x
T
2 . . . , xTm ]

min√
Wx=0

f (x) :=

m∑
i=1

fi (xi )
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What is optimal transport?

A geometric toolbox to compare probability measures
supported on a metric space
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Wasserstein metric for discrete probability measures
Wasserstein distance

W(p, q) = min
X∈U(p,q)

〈C ,X 〉,

where p and q are discrete probability measures,
X is a transport plan,
C is a cost matrix,
U(p, q) = {X ∈ Rn×n

+ , X1 = p, XT1 = q}.

Regularized Wasserstein distance, γ ≥ 0

Wγ(p, q) = min
X∈U(p,q)

〈C ,X 〉 − γE (X ),

E = −
∑n

i,j=1 Xij logXij — entropy.

Wasserstein barycenter

min
p∈S1(n)

m∑
k=1

λkWγ,qk (p),

where S1(n) is a probability symplex.
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Wasserstein barycenter on the network
min

p∈S1(n)

m∑
i=1

Wγ,qi (p).

Stacked column vector p = [pT1 , p
T
2 , . . . , p

T
m ]T ∈ Rnm.

min
p1,...,pm∈S1(n),

p1=···=pm

m∑
i=1

Wγ,qk (pi ).

min
p1,...,pm∈S1(n),√

Wp=0

m∑
i=1

Wγ,qi (pi ) = − max
p1,...,pm∈S1(n),√

Wp=0

−
m∑

k=1

Wγ,qi (pi ) =

= min
y

max
p1,...,pm∈S1(n)

{
〈y ,
√
Wp〉 −

m∑
i=1

Wγ,qi (pi )

}
= min

y

m∑
i=1

W∗γ,qi ([
√
Wy ]i ),

where y = [yT
1 , y

T
2 , . . . , y

T
m ]T ∈ Rnm.

min
y

m∑
i=1

W∗γ,qi ([
√
Wy ]i ).
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Computation of the gradient
Reminder: U(p, q) = {X ∈ Rn×n

+ , X1 = p, XT1 = q}.

W∗γ,qi ([
√
Wy ]i ) = max

pi∈S1(n)

{
〈[
√
Wy ]i , pi 〉 − min

X∈U(pi ,qi )
{〈C ,X 〉 − γE (X )}

}

= max
pi∈S1(n)

〈[√Wy ]i , pi 〉 − max
λi ,µi

〈λi , pi 〉+ 〈µi , qi 〉 − γ
n∑
t,k

exp
(
λit − Ctk + µik

γ
− 1
)

= max
pi∈S1(n)

−max
λi ,µi

〈λi − [
√
Wy ]i , pi 〉+ 〈µi , qi 〉 − γ

n∑
t,k

exp
(
λit − Ctk + µik

γ
− 1
) =

= /C n = C − [
√
Wy ]i1T / = min

pi∈S1(n)
−Wγ,qi (pi ) =

= − min
pi∈S1(n)

min
X∈U(pi ,qi )

{〈C n,X 〉 − γE (X )} = − min
X≥0,XT 1=qi

{
〈C − [

√
Wy ]i1T ,X 〉 − γE (X )

}
=

= 〈C − [
√
Wy ]i1T ,X∗〉 − γE (X∗)

∇yW∗γ,qi ([
√
Wy ]i ) = [

√
WX∗1]i
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Computation of the gradient

∇yW∗γ,qi ([
√
Wy ]i ) =[

√
WX ∗1]i = [

√
Wp∗]i =

m∑
j

√
W ijp

∗
j ,

where p∗ is a solution of maxp1,...,pm∈S1(n)

{
〈y ,
√
Wp〉 −

∑m
i=1Wγ,qi (pi )

}
Reminder: p = [pT1 , p

T
2 , . . . , p

T
m ]T ∈ Rnm is a stacked column vector.

The solution of i th transport problem is following

Xtk = qik

exp
(
[
√
Wy ]it−Ctk

γ

)
∑n

t=1 exp
(
[
√
Wy ]it−Ctk

γ

)
Then using the change ỹ =

√
Wy

p∗i =X ∗1 =

n∑
k=1

qik

exp
(

ỹit−Ctk

γ

)
∑n

t=1 exp
(

ỹit−Ctk

γ

) ∀ t =

n∑
k=1

qik∇fik , qi ∈ S1(n).

Darina Dvinskikh/ MIPT, Skoltech Randomized distributed computation of Wasserstein barycenter 10 / 21



Distributed optimization
Optimal transport

Method and results

Mini-batch technique
Algorithm and results

Idea of mini-batch

f (x) =

n∑
k=1

qk fk(x),

where qk is a weight of function fk and
∑n

k=1 qk = 1 (q ∈ S1(n)).

Stochastic approximation of ∇f (x) with mini-batch

∇̃f (x) =
1
b

b∑
k=1

∇fξk (x), {ξ}bk=1 — i.i.d.

Gradient unbiased condition is equal to

E{ξk}bi=1

[
1
b

b∑
i=1

∇fξk (x)

]
=

n∑
i=1

qk∇fk(x) and P(ξk = i) =


q1, i = 1
q2, i = 2
...
qn, i = n

D{ξk}bk=1

[
1
b

b∑
k=1

∇fξk (x)

]
=

1
b2

b∑
k=1

Dξk
[
∇fξk (x)

]
=

1
b
Dξ
[
∇fξ(x)

]
≤ D

b
.
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Estimation of the variance

Dξ
[
∇fξ(x)

]
= Eξ

∥∥∥∥∥∇fξ(x)−
n∑

i=1

qk∇fk(x)

∥∥∥∥∥
2

2

= Eξ
∥∥∇fξ(x)

∥∥2
2 −

∥∥∥∥∥
n∑

k=1

qk∇fk(x)

∥∥∥∥∥
2

2

=

n∑
i=1

qk‖∇fk(x)‖22 −

∥∥∥∥∥
n∑

k=1

qk∇fi (x)

∥∥∥∥∥
2

2

≤
n∑

k=1

qk‖∇fk(x)‖22 ≤ G2,

where ‖∇fk(x)‖ ≤ G ∀ k = 1, . . . , n.
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Estimation of smoothness parameter
Wγ,q(p) is γ strongly convex =⇒

W∗γ,q([
√
Wy ]) = max

p1,...,pm∈S1(n)

{
〈y ,
√
Wp〉 −Wγ,q(p)

}
is L-smooth.

L =
‖
√
W ‖2l1→l2

γ

‖
√
W ‖2l1→l2 = max

i=1,··· ,m
‖
√
W i‖22 = max

i=1,··· ,m

√
W

T
i

√
W i

= max
i=1,··· ,m

[W ]ii = dmax,

where
√
W i is a i th column of

√
W .

L =
dmax

γ
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Algorithm: Similar Triangles Method
Require: λ0 – starting point, ε – desired accuracy, N — number of iteration.
1: Set k = 0, A0 = α0 = 0, η0 = ζ0 = λ0 = 0, Mk = 2L
2: For each agent i ∈ V
3: for k = 0, . . . ,N − 1 do
4: αk+1 = (1 +

√
1 + 4Mkα2

k)/2Mk , Ak+1 = Ak + αk+1

5: λi
k+1 =

αk+1ζ
i
k + Akη

i
k

Ak=1

6: Randomly choose mini-batch Ik ⊂ {1, ..., n} of size l with probability
equal to weights

7: Compute a stochastic estimate p̃∗j (λj
k+1) = 1

b

∑
t∈Ik ∇ft(λ

j
k+1)

8:
ζ ik+1 = ζ ik − αk+1

m∑
j=1

Wij p̃
∗
j (λj

k+1)

9:
ηik+1 =

αk+1ζ
i
k+1 + Akη

i
k

Ak+1

10:
(p∗k+1)i =

αk+1p
∗
i (λk+1) + Ak(p̃∗k )i

Ak+1

11: (y∗n )i = ηN ∀ i ∈ V
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Approximation error of the gradient
Use Fenchel inequality 〈g , x〉 ≤ 1

2ζ ‖g‖
2
∗ + ζ

2‖x‖
2, estimate the error of

approximation (ζ = L)

〈∇f (x)− ∇̃f (x), y − x〉 ≤ 1
2L
‖∇f (x)− ∇̃f (x)‖22 +

L
2
‖y − x‖22

Assume f is L-smooth: f (y) ≤ f (x) + 〈∇f (x), y − x〉+ L
2‖y − x‖22.

Adding the term 〈−∇̃f (x), y − x〉, we get

f (y)− 〈∇̃f (x), y − x〉 ≤ f (x) + 〈∇f (x)− ∇̃f (x), y − x〉+
L
2
‖y − x‖22.

Then using Fenchel inequality, we obtain

f (y) ≤ f (x) + 〈∇̃f (x), y − x〉+
2L
2
‖y − x‖22 +

1
2L
‖∇f (x)− ∇̃f (x)‖22. (1)

Inequality (1) is equivalent to (δ, 2L)-oracle with δ = 1
2L‖∇f (x)− ∇̃f (x)‖22.
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Randomized computation of gradient with mini-batch

E{ξk}bk=1
δ = O

(
ε

N(ε)

)
=

Cε
N(ε)

.

For similar triangles method C = 3
2 (follows from stochastic estimation of

complexity bounds of algorithm).

E{ξk}bk=1
δ = E{ξk}bk=1

[ 1
2L
‖∇f (x)− ∇̃f (x)‖22

]
≤ G2

2Lb

Considering the number of iteration for similar triangles method

N(ε) =

√
16LR2

ε

The number of function for gradient estimation

b = max

{
1,G2

√
16R2

9Lε3

}
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Overall complexity

The number of iteration is N,
arithmetical complexity of calculating the gradient is O(n),
the number of gradients is b and n (respect to with and without mini-batch)

With mini-batch Without mini-batch
N · n · b N · n · n

O
(
nG2R2

ε2

)
O

(
n2
√

LR2

ε

)
To compare

n
ε̃2

n2
√
ε̃

where G2R
ε ∼ 1/ε̃ and LR2

ε ∼ 1/ε̃ are relative errors.

Darina Dvinskikh/ MIPT, Skoltech Randomized distributed computation of Wasserstein barycenter 17 / 21



Distributed optimization
Optimal transport

Method and results

Mini-batch technique
Algorithm and results

Comparing of the approach

For real image ∼ 1024× 1024 pixels:
I The size of histogram n = 10242 ∼ 106

n
ε̃2 vs n2

√
ε̃

If ε̃ ≥ 10−4 then n/ε̃2 ≤ n2/
√
ε̃.

Conclusion:

If the size of image n is large and the accuracy ε is not high then mini-batch
works!
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Results publication

I César A. Uribe, Darina Dvinskikh, Pavel Dvurechensky, Alexander Gasnikov,
and Angelia Nedić.
Distributed Computation of Wasserstein Barycenters over Networks.
arXiv preprint:1803.02933, 2018.
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MNIST
3 agents on the different stage of iteration for finding the barycenters of all
digits (from 0 to 9).

N
=

0
N

=
15

N
=

60
N

=
30
0
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