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Distributed optimization Nt SysieEm
Problems over network of agents

Network
Connected undirected graph G = (V, E),
where V is a set of m nodes and E is a set of edges

Vi=1...m p;eV; pi € R" stacked column vector p = [p{,pg,...,p;]T,
dmax and dpj, are the maximum and the minimum degree of nodes in the

network.
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Distributed optimization Nt SysieEm
Problems over network of agents

Network

Laplacian matrix

W=D-A,
where D is a degree matrix, A is an adjacency matrix.
-1, if (i,j) € E
Wi = < deg(i), ifi=j
0, otherwise

pER" — define W =W I, Wj=W;& I,

where ® is the Kronecker product.

> Wis singular = A = 0 is an eigenvalue and p =[1,1,...,1] is a
solution Wp = 0.

> dim (Ker( W)) is equal to the number of connected components in the
graph G

Graph is connected then

Wp=0 <= pi1=---=pm and VvWp=0 <= p1=-=pm
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Distributed optimization

Network system
Problems over network of agents

Multi-agent network system

> task is separated between agents
> agents exchange the informations with their neighbors

For problems of the form: = Z fi(x)
x i=1
min  f(x) = Z fi(x;), x= [xlT,X2T . 7X,,T,]
e i=1
min  f(x) := fi(xi
i £ := 3 55)
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Obptimal transport Wasserstein metric
P P Wasserstein barycenter on the network

What is optimal transport?

A geometric toolbox to compare probability measures
supported on a metric space

/N
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Obptimal transport Wasserstein metric
P P Wasserstein barycenter on the network

Wasserstein metric for discrete probability measures

Wasserstein distance
W(p,q) = min (C,X),
X€eU(p,q)
where p and q are discrete probability measures,
X is a transport plan,
C is a cost matrix, ;
Ulp,q) ={X eR}*", X1=p, X"1=gq}.

Regularized Wasserstein distance, v > 0

W’Y(p7 q): min <C’X>_7E(X)7

XeU(p,q)
E =371 Xjlog X;j — entropy.

Wasserstein barycenter

min ZAkWA
p€51 Y>4k

where S1(n) is a probability symplex.
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Obptimal transport Wasserstein metric
P P Wasserstein barycenter on the network

Wasserstein barycenter on the network

m

min We . q:(P)-
p651(n); a1 (P)

Stacked column vector p = [p{ ,pd,...,ph]" € R™.

min E W’Y,Qk(pl
P1,-.,PmESL(N
p1=-- _pm

m

min " ZW%q,.(p,-) =— max —ZW%q,(P: =
; k=1

P Pm€Sa(n), = p1,---,Pm€S1(n),

VWp=0 VWp=0
= min max {(y, VWp) — ZW%q,.(p;)} = mym ZW:J,/ (VWyl),
= i=1

Y p1,.-sPmES1(n)

where y = [le,sz7 . ,ym]T € R"™.
myinZW?,q;([VWy]f)-
i=1
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Obptimal transport Wasserstein metric
P P Wasserstein barycenter on the network

Computation of the gradient
Reminder: U(p,q) = {X e R7*", X1=p, X"1=gq}.

W VW) = moe LV Fhp) = in 1€.X) 7€)} }

PiES: i,q7)

Ai. — Co + u
— vW 0P — i, pi i\ i t tk k1
piemsar((n) {([ yli, pi) /\m:axi (Aiy pi) + (i, giy — v g exp

n
C
= max —max {O\i — VWyli,pi) + (i qi) =7 Y exp (7“ et i 1) } =
tk

pi€S1(n) A, Y

/O = C—VWIAT/ = min W, q(p) =
pi€S1(n)

=~ min _min {(C",X)—~E(X)}=—  min {(C-[\/Wy],-lT,x>_~,E(X)}

pi€S1(n) XeU(pj,qi) X>0,XT1=q;

= (C— [VWy]i1",X") - yE(X")

W; o (VWyli) = VWX*1];
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Obptimal transport Wasserstein metric
P P Wasserstein barycenter on the network

Computation of the gradient

VoW o (VWy]) =IVWX* 1] = VWp™]: = > VWyp;,
J

Reminder: p = [p{,pg,... 7pm]T R”’" is a stacked column vector.

The solution of /" transport problem is following

exp (7[\/Wyn]yir —Cu )
Sty exp (=)

Then using the change y = vVWYy

i Crk
E P (yr >
Y
*:X*]:Zq/k n 7 —Cu
k=1 thleXP< = )
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Mini-batch technique
Method and results Algorithm and results

Idea of mini-batch

=) afi(x)
k=1

where gy is a weight of function f, and Y] _; g« =1 (g € S1(n)).

Stochastic approximation of V(x) with mini-batch

b
1 .
VF(x) = E; fo (%), {€}p_—iid.

Gradient unbiased condition is equal to

q, i=1
1< " ) G2, =2
Efee, BZV}‘&(X) =Y aVf(x) and P(&=i)=1.
i=1 i=1
dn, 1 =n

b b
D{fk}le I:Z;LV)C&k(X):| = [;;ng [Vfgk(x)] = E]D)f [Vﬁf(x)] <
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Mini-batch technique
Method and results Algorithm and results

Estimation of the variance

n 2 n 2
2
Dg [VA(x)] = Be |VE(x) = > auVAK)|| =Ee VR, — | D anVh(x)
i=1 2 k=1 2
n n 2 n
=Y allVAEIE - > aVi)| <D adVAX)IE < 67,
i=1 k=1 2 k=1

where |[VA4(X)| <GV k=1,...,n
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Mini-batch technique
Method and results Algorithm and results

Estimation of smoothness parameter
Wy ,q(p) is 7 strongly convex =

Wia(VWy) = max_ {ly, VWp) = Wy4(p) |

P1s-+sPm€S1(n)

is L-smooth.

2
VW

~

L

IVWIAoe = max [VWil3= max VW VW,

[EETIN

= max
=1,

[W]ii = dmax,

)

where VW, is a it" column of vV W.
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Mini-batch technique
Method and results Algorithm and results

Algorithm: Similar Triangles Method
Require: )\ — starting point, € — desired accuracy, N — number of iteration.
1: Set k=0, Ao =0 =0, 770:C0:/\0:0, M, = 2L
2: For each agent i € V
3: for k=0,...,N—1do
4. gyl = (1 +4/14+ 4-/Wk()zi)/2/\/lk7 Aki1 = Ak + apqa

5 Moy = ak+1Gk + Ak

Ak=1
6: Randomly choose mini-batch Iy C {1, ..., n} of size / with probability
equal to weights

7 Compute a stochastic estimate ,r.'if(X,'(H) =13 Vft()\J,'{H)
8: ) . m ;

Chyr = Chk — Q4 Z VVUﬁf()\JkH)

=1
9: j ak1Ghg1 + AxTli
Ml = = A
k1

10: « 1P (Mrn) + Ac(Br)i

(Pk1)i = A

k+1

11: (y;) =mwVieV
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Mini-batch technique
Method and results Algorithm and results

Approximation error of the gradient

Use Fenchel inequality (g, x) < %Hg“i + %HXHZ estimate the error of
approximation (¢ = L)

(VF(x) — T (x),y = x) < o V560 = FFGIB + 2y — xI3

1
2L
Assume f is L-smooth: f(y) < f(x) + (Vf(x),y —x) + éHy —x|3.
Adding the term (=Vf(x),y — x), we get
- ~ L

F(y) = (VE(x),y = x) < F(x) + {VF(x) = VE(x),y —x) + Iy — x3.

Then using Fenchel inequality, we obtain
~ 2L 2 1 = 2
F(y) < F00)+(FF(x),y = x)+ S lly = xIB + 57 IVF6) — T8 (1)

Inequality (1) is equivalent to (6, 2L)-oracle with § = 2|V f(x) — VF(x)|3.
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Mini-batch technique
Method and results Algorithm and results

Randomized computation of gradient with mini-batch

Bray,0=0 (ﬁ) - %

For similar triangles method C = % (follows from stochastic estimation of
complexity bounds of algorithm).

E §=F Livr V)3 < G?
(60 = Eree, [5pIVF00 = VFIB) < o7

Considering the number of iteration for similar triangles method

The number of function for gradient estimation

» [16R2
b:max{l,G oL3

[DETTER VI VA V1128 BS{ 1 X W Randomized distributed computation of Wasserstein barycenter 16 / 21




Mini-batch technique
Method and results Algorithm and results

Overall complexity

The number of iteration is N,
arithmetical complexity of calculating the gradient is O(n),
the number of gradients is b and n (respect to with and without mini-batch)

With mini-batch | Without mini-batch
N-n-b N-n-n

0(n=E) | o(myE)

To compare

2 2 .
where % ~ 1/& and % ~ 1/& are relative errors.
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Mini-batch technique
Method and results Algorithm and results

Comparing of the approach

For real image ~ 1024 x 1024 pixels:
> The size of histogram n = 10242 ~ 10°

n I72

mr\sl
<
wn
S

If £ > 107* then n/&2 < n?/\/E.

Conclusion:

If the size of image n is large and the accuracy ¢ is not high then mini-batch
works!
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Mini-batch technique
Method and results Algorithm and results

Results publication

» César A. Uribe, Darina Dvinskikh, Pavel Dvurechensky, Alexander Gasnikov,
and Angelia Nedi¢.
Distributed Computation of Wasserstein Barycenters over Networks.
arXiv preprint:1803.02933, 2018.
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Method and results

MNIST

3 agents on the different stage of iteration for finding the barycenters of all

digits (from 0 to 9).
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Mini-batch technique

Algorithm and results

1 s 3 . 477 " ¢
0+r 23 ,5 6272+ ¢
° 1-2‘5‘/: G 1 ,8
7 o 500 677 %y
00v B Y gF 620 9
o 84V W s 89 »,8
'@g@f & § & 7 ]
@ » 49 . ® o 9 5
D ¢ &P & g @ P &

/I 3 3 9 5§ é6 7 ¢ 9
O I 2 3 4 8 & 7 8 9
0 I a4 3 4 85 6 7 ¢ 9

20/ 21



Distributed optimization
Optimal transport
Method and results

Mini-batch technique
Algorithm and results
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