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Our aim is to apply the technique of the reduction of an optimal control
problem demonstrated in [1, 2, 4] to a problem with state constraints and to
obtain a full system of stationarity conditions, including the nonnegativity of
the density of measure (the state constraint multiplier) and the signs of the
jumps of the measure at junction points, by two-stage variation approach
including the reduction from the pure state-constrained problem to a mixed
control-state constrained one.

In this work we generalize results obtained in [6, 7] to a problem with
state constraint of order 2 (i.e., with smooth contact with state boundary)
of the following base class:

i=flzy,mu),  ps(ut) <0,
y==z,  yt) =20,
T = 9(75;?%337“);
Ja — min, where Ju = J(2(0),2(T), y(0), y(T), z(0), z(T)).
Here, z € R, y € R! and 2 € R! are state variables, u € R™ is a
control, the functions z(-), y(-) and z(-) are absolutely continuous, u(-) is
measurable and bounded. We will assume that the functions f, g and ¢ of

dimensions n, 1 and d(y), respectively, are defined and continuous (more-
over, f and g are Lipschitz together with their first and second derivatives
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w.r.t. z,y,7,u) on an open subset @ C R"*1™ together with their first-
order partial derivatives w.r.t. z,z,u. (The function ¢(u) can be formally
considered as a function of the variables z, z,u.)

We consider a process w’ = (2°,4°, 2%, u°) such that the trajectory y°(t)
touches the state boundary only on a segment [t9, 23], where 0 < t{ < 3 < T.
In addition, we suppose the control u° to be continuous on A;, Az and
Lipschitz continuous on As with its derivative (for convenience, we assume
that the function u° at the time moments ¢, tJ has both left and right
values); moreover, ps(u’(t)) < 0 on Ay for all s, and the equalities

gt = 0) =22t —0) =0, (5 +0) =23 +0)=0
and the strict inequalities
P2 -0)>0, 3 +0)>0

hold at the moments ¢{, 3, which means that reaching the state boundary
and leaving it occur with zero first and nonzero second time derivatives
of y(t).

We also suppose that g/, (2°(¢),4°(¢), z°(t),u°(t)) # 0 on the boundary
arc Ay, i.e., that the state constraint is of order 2, and the gradients
¢l (u¥(t)), s € I(u®(t)), are positive independent for all t € A; U Az (i.e.,
their nontrivial linear combination with non-negative coefficients cannot
vanish). Here I(u) = {s: ps(u) = 0} is the set of active indices.

Reducing the state constraint y(¢) > 0 to the triple of terminal constraint
y(t1) > 0, terminal constraint z(¢1) = 0 and mixed control-state constraint
# = 0 on Ay and replicating variables according to [3], we come to the
following optimal control problem on the time interval 7 € [0, 1]:

minimize  Jp := J (r1(0), r5(1), £&1(0), &€3(1) n1(0), n3(1))
under the following constraints:

% = pif(ri,&mi,vi), r1(1) =72(0), r2(1) =rs(0),

Li o &) -60) =0, &1)-&0) =0, &0)>0,
dn;
%ZPLQ(T’UEMUMU’L% 771(1)_772(0):07 772(1)_773(0)207 772(0):07
%:Pu t1(0) =0, (1) =12(0), t2(1) =13(0), t3(1) =T,



9(r2,&2,m2,v2) =0, e(vi1(1)) <0, p(v3(1)) < 0.

By formulating necessary stationarity conditions [3] in problem B and
rewriting them in terms of the original problem, we perform the first stage
of our two-stage variation method. To obtain the conditions of the nonneg-
ativity of the state constraint multiplier and jumps of the adjoint variable at
the junction points t{ and tJ, we perform the second stage of the variation
method, which includes variations Z(t) concentrated on As.

We prove that for a process w® = (29, 5%, 2% u°) providing the extended
weak minimum [5] in problem A and for a solution @w = (Z,¥, %, @) of the
corresponding differential equation in variations we get

T (00) @ = — Ay (1) B(E) — A (13) 2(12) — Ady (1) 5(10)
— Ay (83) 5(3) + / (—i)gdt >0

Ag

for any W2 -function §(t) = s(t) > 0. Considering special s “concentrated”
inside A or in the neighbourhood of 9 ,, we get —rn(t) > 0 on A, (i.e.,
m(t) is concave on Ag), ¥, (t;) = 0 and ¢, (t;) < 0, where —m is the state
constraint multiplier.

Moreover, we formulate necessary conditions in the original problem using
the measure

o (19 —t) + m(t) + 0)t — 2m(t9 4+ 0) + Bip on Ay,
p(t) = ¢ [2pt] — m(t) +m(t? + 0)t on Ay,
[2pt] () 4 0)t — 2m(t3 — 0) on Ag
and write the jumps of the adjoint variables in a “symmetrical” form
A (t]) = —Au(t]) =0, Ay (8)) = —Au(t]) <0
and nonnegativity of a state constraint multiplier in the form ji(t) > 0.
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PaccemarpuBaercs cieayromast mpocTpaHCTBEHHO-0THOMEPHAS JTHHAMITIE-
CKag CHUCTeMa C T'PAHUYHBIM yIIPaBJIEHHUEM:

ytt(tvx) = ymc(tvx) - Q(x)y(ta IC), 0<t< Ta 0<z< la
—Yz + 00y |:C=O = U(t), Yo + 01Y |:C=l = 0) 0<t< Ta

Y li=0 = v°(), Yt =0 = v' (), O<z <l
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