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Our aim is to apply the technique of the reduction of an optimal control
problem demonstrated in [1, 2, 4] to a problem with state constraints and to
obtain a full system of stationarity conditions, including the nonnegativity of
the density of measure (the state constraint multiplier) and the signs of the
jumps of the measure at junction points, by two-stage variation approach
including the reduction from the pure state-constrained problem to a mixed
control-state constrained one.

In this work we generalize results obtained in [6, 7] to a problem with
state constraint of order 2 (i.e., with smooth contact with state boundary)
of the following base class:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ż = f(z, y, x, u), ϕs(u(t)) ≤ 0,

ẏ = x, y(t) ≥ 0,

ẋ = g(z, y, x, u),

JA → min, where JA = J(z(0), z(T ), y(0), y(T ), x(0), x(T )).

Here, z ∈ Rn, y ∈ R1 and x ∈ R1 are state variables, u ∈ Rm is a
control, the functions z(·), y(·) and x(·) are absolutely continuous, u(·) is
measurable and bounded. We will assume that the functions f , g and ϕ of
dimensions n, 1 and d(ϕ), respectively, are defined and continuous (more-
over, f and g are Lipschitz together with their first and second derivatives
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w.r.t. z, y, x, u) on an open subset Q ⊂ Rn+1+m together with their first-
order partial derivatives w.r.t. z, x, u. (The function ϕ(u) can be formally
considered as a function of the variables z, x, u.)

We consider a process w0 = (z0, y0, x0, u0) such that the trajectory y0(t)
touches the state boundary only on a segment [t01, t

0
2], where 0 < t01 < t02 < T.

In addition, we suppose the control u0 to be continuous on Δ1, Δ3 and
Lipschitz continuous on Δ2 with its derivative (for convenience, we assume
that the function u0 at the time moments t01, t

0
2 has both left and right

values); moreover, ϕs(u
0(t)) < 0 on Δ2 for all s, and the equalities

ẏ0(t01 − 0) = x0(t01 − 0) = 0, ẏ0(t02 + 0) = x0(t02 + 0) = 0

and the strict inequalities

ẋ0(t01 − 0) > 0, ẋ0(t02 + 0) > 0

hold at the moments t01, t
0
2, which means that reaching the state boundary

and leaving it occur with zero first and nonzero second time derivatives
of y(t).

We also suppose that g′u(z
0(t), y0(t), x0(t), u0(t)) �= 0 on the boundary

arc Δ2 , i.e., that the state constraint is of order 2, and the gradients
ϕ′
s(u

0(t)), s ∈ I(u0(t)), are positive independent for all t ∈ Δ1 ∪ Δ3 (i.e.,
their nontrivial linear combination with non-negative coefficients cannot
vanish). Here I(u) = {s : ϕs(u) = 0} is the set of active indices.

Reducing the state constraint y(t) ≥ 0 to the triple of terminal constraint
y(t1) ≥ 0, terminal constraint x(t1) = 0 and mixed control-state constraint
ẋ = 0 on Δ2 and replicating variables according to [3], we come to the
following optimal control problem on the time interval τ ∈ [0, 1]:

minimize JB := J (r1(0), r3(1), ξ1(0), ξ3(1) η1(0), η3(1))

under the following constraints:

dri
dτ

= ρif(ri, ξi, ηi, vi), r1(1) = r2(0), r2(1) = r3(0),

dξi
dτ

= ρiηi, ξ1(1)− ξ2(0) = 0, ξ2(1)− ξ3(0) = 0, ξ2(0) ≥ 0,

dηi
dτ

= ρig(ri, ξi, ηi, vi), η1(1)− η2(0)=0, η2(1)− η3(0)= 0, η2(0)=0,

dti
dτ

= ρi, t1(0) = 0, t1(1) = t2(0), t2(1) = t3(0), t3(1) = T,

26



g(r2, ξ2, η2, v2) ≡ 0, ϕ(v1(τ)) ≤ 0, ϕ(v3(τ)) ≤ 0.

By formulating necessary stationarity conditions [3] in problem B and
rewriting them in terms of the original problem, we perform the first stage
of our two-stage variation method. To obtain the conditions of the nonneg-
ativity of the state constraint multiplier and jumps of the adjoint variable at
the junction points t01 and t02, we perform the second stage of the variation
method, which includes variations x̄(t) concentrated on Δ2.

We prove that for a process w0 = (z0, y0, x0, u0) providing the extended
weak minimum [5] in problem A and for a solution w̄ = (z̄, ȳ, x̄, ū) of the
corresponding differential equation in variations we get

J ′(w0) w̄ = −Δψx(t
0
1) x̄(t

0
1)−Δψx(t

0
2) x̄(t

0
2)−Δψy(t

0
1) ȳ(t

0
1)

−Δψy(t
0
2) ȳ(t

0
2) +

∫
Δ2

(−m̈) ȳ dt ≥ 0

for any W 2
∞-function ȳ(t) = κ(t) > 0. Considering special κ “concentrated”

inside Δ0
2 or in the neighbourhood of t01,2, we get −m̈(t) ≥ 0 on Δ2 (i.e.,

m(t) is concave on Δ2), ψy(ti) = 0 and ψx(ti) ≤ 0, where −m̈ is the state
constraint multiplier.

Moreover, we formulate necessary conditions in the original problem using
the measure

μ(t) =

⎧⎪⎪⎨⎪⎪⎩
α1(t

0
1 − t) + ṁ(t01 + 0)t− 2m(t01 + 0) + β10 on Δ1,

[2pt]−m(t) + ṁ(t01 + 0)t on Δ2,

[2pt]ṁ(t01 + 0)t− 2m(t02 − 0) on Δ3

and write the jumps of the adjoint variables in a “symmetrical” form

Δψx(t
0
i ) = −Δμ(t0i ) = 0, Δψy(t

0
i ) = −Δμ(t0i ) ≤ 0

and nonnegativity of a state constraint multiplier in the form μ̈(t) ≥ 0.
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Рассматривается следующая пространственно-одномерная динамиче-
ская система с граничным управлением:

ytt(t, x) = yxx(t, x)− q(x)y(t, x), 0 < t < T, 0 < x < l,

−yx + σ0y |x=0 = u(t), yx + σ1y |x=l = 0, 0 < t < T,

y |t=0 = v0(x), yt |t=0 = v1(x), 0 < x < l.

∗Исследование выполнено за счет гранта Российского научного фонда (проект 14-
11-00539).
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