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KpOMe yIyIyOJIeHUsI KJIACCUIeCKUX METOJOB PEIleHrs, aKTUBHO BeJIETCs 0-
UCK HOBBIX 3a/a4, K KOTOPBIM NPUMEHUMBI y K€ pa3paboTaHHBIE METOJIbI.
B wacrHOCTH, B padore [4] paccMaTpuBasachk 3aj1a4a IPeCIe0BaHUS JBYX
JIAIT, OMUCHIBaEMAasi YPABHEHUSIMU C JPOOHBIMU IPOU3BOIHBIMU, TJ€ ObLIN
[IOJTyYEeHBI JIOCTATOYHBIE YCIOBUS TIOMMKH.

B mannoit pabore paccMaTpuBaeTCs 3aada IPecsie0BaHus IPYIIIoN Ipe-
CJIeJI0BATE el IPYIINBI yOEraloNiX ¢ PABHBIMUA BO3MOXKHOCTIIMU Y IACTHUKOB
U WX JBUXKEHUE OIMCHLIBAETCS YPABHEHUSAMU C JPOOHBIMU IIPOU3BOIHBIMU.
[Ipeanosaraercs, aro yberarorime UCIOAL3YIOT TPOrPAMMHBIE CTPATErHH, a
KaXKJIbIil TIpecieioBaTe b JJOBUT He Oojiee oaHoro yoerarormero. IIpusese-
HBI JIOCTATOYHBIE YCJIOBUS MHOTOKPATHOMN MMOWMKHU 3aJ]aHHOTO YHCIa yoera-
OITHX.

Omnpenenenne 1 [5]. Ilycrs f: [0,00) — R* — abcomoTrHo Hempepss-
nag byukuus, u € (0,1). [poussodnot no Kanymo nopsiaka p Gyukuuu f
nazpBaeTcs byuxmusa D f suma

(1) — 1 t f’(s) S rie = ooe_ss’ﬁ_1 S
(DW ) () )/0( ds, rtie T() / ds.

Il -« t—s)H
B mpocrpancrse RF (k > 2) pacemarpusaercs nuddepeHIuanbHast Urpa
n 4+ m Jui; n upecienoareneir Py, ..., P, u m yb6eratwommux Fi,..., FEp,.
SaKoH JBMXKEHNS KaxKI0ro U3 IpecegoBareieil P; uMeer BU,
DWWz, = az; + u;, z;(0) =2f, w; €V (1)

3akoH JBHKEHUA KazKI0ro u3 yberaionux F; nmeer Bl
DWy; = ay; +v;,  y;(0)=y), v €V (2)

Bnech m;,yj,u;v; € RE, i e I ={1,...,n},j € J={l,...om}, V —
BBITY Kb KoMTakT B R¥, @ — Bermectsennoe wncmo. Kpowme toro, 29 # y?
JUTsT BCEX 1, j.

Iless rpymie! mpeciieoBaTesieii — OCyInecTBUTh IIOUMKY He MeHee g yoe-
FaOIIUX, IPUYEM KaKJOTO yOEratomero J0JKHbI TOIIMATh He MEHee T IIpe-
cenosareneii (r > 1, 1 < ¢ < m) upu ycioun, 9T0 CHavaJsa yberaroriue
BBIOMPAIOT CBOU yIIpaBJieHus cpasy Ha [0,00), a 3aTeM HpecJiegoBaTe]n Ha
OCHOBe MH(MOPMAIINN O BBIOOpE yOEraromnx BBIOMPAIOT CBOUW YIIPABJICHUS
U, KPOME TOr0, KarKJIbIil IIpec/ie/IoBaTe/lb MOXKeT MOiiMaTh He OoJiee OIHOro
yberatorero. Camraem, 9410 1. > rq, m > q.

MHorokpaTHasi IOMMKa yOErarIero B 3ajade MpoCTOTO IPeC/IeI0BAHNS
uccienosanack B pabore [6], a B nupumepe JI.C. Ilourparuna — B pabo-
re [7]. IIpoGiiema HOMMKY 33JAHHOTO YKCJIa YOEralomuX B 3aa4e IPOCTOrO
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[IpecieJIOBaHUs IIPU YCJIOBUHU, UTO yOEeraromnue UCIoJIb3YIOT IIPOTPAMMHBIE
CTpATErnu, a Kaxk/Iblil Ipecsie/I0BaTe b JIOBUT He 60jIee OHOTO yHeraroImero,
npeJicTaBiieHa B [8], rae GbLIN 10JIy YeHbl HeOOXOANMBIE U JIOCTATOIHBIE YCI0-
BUsI PA3PENIUMOCTH 33291 [IpecyieIoBanus. JlocTaTouanbie yCaIoBus TONMKHI
3aJIAHHOTO 4Yncya yoeraromux B cranmonapuoM npumepe JI.C. TloaTpsaruna
nostyuensl B [9]. Saqada npecseoBaHus 0JHOrO yoeraromero ¢ ¢hasoBbIME
OrpaHMYeHHsIMA U JIPOOHBIME TIPOU3BOAHBIMU Topsizika i € (0,1) pacemar-
pusasacs B [10].
Bwmecro cucrem (1), (2) paccmorpum cucremy

0 0_,0
DWWz = azij +ui — vj, 2ij(0) = 2;; = x; —yj, u,v; €V

Ounpenenenne 2. B urpe npouczodum r-kpammnas noumka (nipu r = 1
noumxa) yoeraomero Eg, ecan cymecrsyer T' > 0, Ipu KOTOPOM [IIst JIIO-
OBIX JOIMyCTHMBIX ympasieHuit v;(t), j € J, t € [0,00), yberaomux Ej,

J € J, maiixyres nomyctumble yupasiaenus u;(t) = u;(t, z?j, vi(s), s€[0,00),

j € J) upecnenosareneii Py, ..., P,, MOMEHTBbl BpeMeHHU T1,...,T, € [0,T]
U TIOTAPHO PA3JUYHbIE HATYypaJbHBIE YUCTIA 11,...,%. € I Takwe, UTO
2i,8(7p) = 0 gna Becex p=1,...,7.

Onpenenenune 3. B urpe npoucrodum r-xpamnas noumka (mpu r = 1
noumka) He menee q ybezarowux, ecan cymectsyer T > 0, mpu KOTOpPOM
JyLs JTI060# COBOKYIIHOCTH JOILYCTUMBIX yrpasiienuii v;(t), t € [0,00), j € J,
yberaiomux HaiiiyTcs gomycTuMble yupasienus u;(t) = u;(t, zgj, vi(s), s €
€ [0,00), 7 € J) upecuenoBareineii P, ..., P,, objajamoiiye CIe1yonmm
CBOMCTBOM: CYIIECTBYIOT MHOKECTBA,

McJ, |M|=gq, {Nq,a€M} N,CI, |Ny=r VaeM,
NoNNg=@ Va,B:a#p,

TaKne, 9T0 rpymmna npeciaegopareneit { Py, o € Ng} ne nmoznuee momenta T’
OCYIIECTBIIAET r-KPATHYIO HOUMKY yberaomero Eg, IpUdeM ey Ipeciie-
nosarens P, nosut yberatomero Eg, To ocTaIbHBIC yOEraolye CIuTaoTCs
UM HE MOHMAHHBIMA.

Bsenem ciemytomue obosavenus: Int A, co A — cOOTBETCTBEHHO BHYT-
PEHHOCTH ¥ BBIIYKJIast 000JI0YKa MHOYXKECTBa, A,

Mz, v) =sup{A > 0] -z €V — v},
QN(p):{(ilv'-'ﬂiP)|ia€N va:la"'vpa ia¢i,3 npn a#ﬂ}v

) = mi in A\(224,0).
~(B) min max | min (2a8,0)
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Teopema 1. IIyemv m=1,a <0 u §;(1) > 0. Toeda 6 uepe npoucro-
oum T-KpamHaA NOUMKA.

Teopema 2. ITycmv a < 0 u das kascdozo p € {0,...,q — 1} ewnoa-
Heno caedyrowee yeaosue: das 106020 muooiceemea N C I, [N| = n — pr,
natidemes mmoorcecmeo M, |M| = g — p, maxoe, wmo dn(B) > 0 dasn ecex
B € M. Toeda 6 uepe npoucrodum r-Kpammas noumka ne menee q ybezaro-
WUL.

Teopema 3. Ilycmov a < 0,V — cmpozo sunykavii Komnaxm c 24a0-
Kol epanuyed u das kaoscdozo p € {0,...,q — 1} swnoaneno caedyrowee
yeaosue: Oas mobozo mmoocecmea N C I, [N| = n — pr, cywecmayem
muooiceemeo M C J, |[M| = q — p, maxoe, wmo

0e ﬂ Intco{zgﬁ, o€ A}
AeQn (n—r+1)

oas ecex B € M. Tozda 6 uzpe npoucrodum r-Kpammas NOuMKa He MeHee
ybe2a0wuT.
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ON NECESSARY CONDITIONS IN THE MAYER PROBLEM
WITH DIFFERENTIAL INCLUSION*

Evgenii Polovinkin

Moscow Institute of Physics and Technology (State University),
Moscow, Russia

polovinkin.es@mipt.ru

The author developed a direct method for obtaining necessary optimality
conditions for the solution of the Mayer problem, in which the differential
inclusion is introduced as a constraint under the conditions of unbounded-
ness and pseudo-Lipschitz property of the right-hand side of the differential
inclusion. The necessary optimality conditions are obtained in the form of a
differential inclusion of the Euler-Lagrange type and generalize the results
from the works of F. Clarke and the author (see [1, 2]).

Statement of the problem and conditions. We consider the interval
T := [0, 1], closed sets Cy, C; C R"™, alocally Lipschitz function ¢: R™ — R!
and a multivalued mapping F': T x R™ = R”, with the help of which we
have the differential inclusion of the form

Z'(t) € F(t,z(t)) for a.e. t€T. (1)

The symbol Ry (F,Cy) denotes the (possibly empty) set of all trajectories
z(-) € Rr(F,Co) C AC(T,R™) of the differential inclusion (1) with the
initial condition x(0) € Cp.

The Mayer problem is to find the minimum of the values ¢(x(1)) over all
end points z(1) € C; of the trajectories z(-) € Rp(F, Cp).

Let Z(-) € Ry (F, Cp) be a trajectory that solves the Mayer problem; i.e.,
its end value (1) € Cy is such that ¢(Z(1)) takes a minimum value for all

*Supported by the Russian Foundation for Basic Research (project no. 16-01-00259)
and by the Russian Science Foundation (project no. 18-11-00073).
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