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We consider an optimal control problem that is affine in two-dimensional
control. The origin is a singular trajectory in this problem. We study the
structure of optimal solutions in a neighborhood of the origin. We use the
resolution of singularity via blow up and the invariant manifold theorems
to find a family of optimal solutions.

Consider the following optimal control problem:

/Ooo<m(t),m(t)) dt > min, (1)

=y, y =Kz +u, (2)

z(0) =2 y(0) =y", 3)

Ju(®)]] < 1. (4)

Here x,y,u € R?, K is a 2 x 2 diagonal matrix, (-,-) and ||-|| are the scalar

product and the standard Euclidean norm on R2. If (29, 5°) are sufficiently
close to the origin, then there exists a unique solution to (1)-(4). Under
additional assumptions on the matrix K, optimal solutions exist for all
(2°,9°).

We use the Pontryagin maximum principle. It can be shown that the
problem is regular; that is, we can define the Hamiltonian as

H(xayv(bvwvu) = *%<l‘,x> + <ya¢> + <K=’Ua¢> + <Ua¢>
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where ¢ and 1 are adjoint functions. The Hamiltonian system of the Pon-
tryagin maximum principle has the form

. OH . OH
¢=—5—=x— K, Yp=—7"=—09,
ox oy (5)
. OH ) 8H_K N
:r,f—(%fy, Y= 90 T+

where the optimal control 4(¢) is determined by the maximum condition

H(x(t), (1), (1), a(t)) = max H(z(t), ¢(t),d(t), u)

llu(®)lI<1
1
=—= . (6
)+ {00) (K)o (). )
Because of that, we get @(t) = ¢(¢)/||v ()| if ¥(t) # 0. If ¢ = 0, then any
admissible control meets (6). Denote z; = v, z0 = —¢, 23 = —x, 24 = —y.
We can rewrite system (5) as follows:
Z1 =122, Za=z3+ Kz,
23:,24, 734:*@4’}'{23, ﬂ:i (7)
21

Put z = (21, 22, 23,24) € R3. A solution z(t) of (7) is said to be singular on
an interval (¢1,t2) if z1(t) = 0 for all t € (t1,t2). For (1)—(4), 2(t) =0 is a
unique singular solution. It was proved [1] that optimal solutions, starting
from a small enough neigbourhood of the origin, reach zero in finite time T’
which depends on (29, 4°). Moreover, the optimal control @(t) does not have
a limit at t — T —0. It was shown in [2] that if the initial data 2° and y° are
colinear, then the solutions z(t) and y(t) are colinear for every ¢. In this case
the behavior of the optimal solutions of problem (1)—(4) in the neighourhood
of the origin is similar to the optimal synthesis of the Fuller problem with a
scalar control. More precisely, the optimal control 4 (¢) has an infinite num-
ber of switchings on a finite time interval, i.e., @(¢) is a chattering control.
In the following, we use the complex notation for vectors in R?:

Re' = (Rcosp, Rsingp).

n [2, 3] for system (7) with K = 0 a family of optimal solutions 2(t) =
( 1(t), 22(t), 25(¢), 24(¢)), 0 < t < T, was found:

2m( ) _ *BAm 1( t)5—m€ioz1n|T—t\’ m = 1747

,&(t) _ _Be’ia In |T—t\7

(8)
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where B € SO(2),i? = —1, @ = /5, Ag = 1/126, Aj 11 = —A;(4—j+ia),
ji=0,1,2.

Note that the trajectories (8) hit the origin in a finite time 7. Moreover,
the optimal control @(¢) performs an infinite number of rotations along the
circle St. If K = 0 then system (7) is homogeneous with respect to the ac-
tion of the Fuller group. In [2, 3] this property was used to find the logarith-
mic spirals (8). If K # 0 then (7) does not possess this property. However,
we will show that in this case there are similar optimal logarithmic spirals.

Theorem. In a sufficiently small neighborhood of the origin there exist
the following solutions to (7):

25 (t) = Cp (T, — t)° eIt (1 £ o(1)), m=T1,4,

m

w*(t) = Co eI T=t(1 4 0(1)), t— T, —0,

and all its possible rotations. Here 0 < T, < oo is a time at which z*(t)
hits the origin (hitting time), Cy, € C, m = 0,4. The constants T\ and C,,
depend on z*(0).
Corollary. There exist optimal solutions to problem (1)—(4) of the fol-
lowing form:
a*(t) = —C5 (T — t)?e’ ™It (1 + o(1)),

Y (t) = —Cu (T — t) (1 1 0(1)),
u*(t) = Cp e IT=t(1 4 o(1)), t—T,—0,

To prove the theorem, we use the procedure of resolution of singularity
for the Hamiltonian system (7). We use the same scheme as in [2, 4] and
a similar change of coordinates. Doing this turns (7) into a system that
is a small perturbation of the corresponding system with K = 0. In this
case in the new coordinates the logarithmical spirals (8) turn into a periodic
trajectory (cycle) for the case K = 0 as well as for K # 0. Then our main
result follows from the invariant manifold theorems for the limit cycle [5].
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3ajiaun peKOHCTPYKIINN BXOJOB JTUHAMUYIECKUX CHCTEM HA OCHOBE HETOU-
HOIT u/mwim HenosHON uHboOpMauu 0 (HA30BOM COCTOSHUM, BO3HUKAIOIIME
BO MHOI'UX HAYUYHBIX U IPUKJAIHBIX HCCIEIOBAHUSIX, KAK [IPABUJIO, SIBJIsI-
IOTCsl HEKOPPEKTHBIMU U TPeOYIOT MPUMEHEHUs! PeryJisipu3yioIX I[IpoIe-
nayp. Honxon K pertennto, npejoxkennsbiii B paborax A.B. Kpsixumckoro
u }0.C. Ocunosa [1] nuznauaubHo st OGBIKHOBEHHBIX Aud hepeHIuaibHbIX
ypasuenuii (OLY) u nonyduBmmii Ha3BaHUe METO/Ia JUHAMIYECKOTO 0Opa-
IIIEHNsI, OCHOBAH HA COYETAHUU IPHUHITUIOB TEOPUU MO3UIMOHHOTO YIIPaB-
JIEHUsI U WJIell TeOPUU HEKOPPEKTHBIX 3aJ[ad. 3aJ1a9a BOCCTAHOBJIEHUS CBO-
JIUTCS K 3aJ1a9e YIIPaBJIEHUs 110 MIPUHITUILY OOPATHON CBSI3M BCIIOMOTATE b=
HOIl JIMHAMUYIECKON cucTeMoil (MOJIEJIBIO), IPH STOM aAITAIlU MOJIEIbHBIX
yIpaBJIeHU K pe3yJbTaTaM TeKYyInX HaOJIOIeHn!l 00eCIeInBaeT AIPOK-
CUMAITIIO HEU3BECTHBIX BXOJIHBIX Bo3eiicTBuit. O630p aJropuTMoB JTHHAMU-
YeCKOTO BOCCTAHOBJIEHNs BXOZI0B st cucteM OJIY npusenen B [2].

B mokiaze ¢ mosmnumii yKasaHHOTO IOJXOJa WMCCIEIYeTCsl 3aJada Jist
cucreMbl croxacruieckux jpuddepennuanbupix ypasaenuit (CAY) ¢ mud-
dy3mueit, 3aBucsmeit or (Hasz’oBOro COCTOSHHUs, B IMOCTAHOBKE, B KOTOPOit

*Pabora BbINOIHEHA IPU (DUHAHCOBON IOJIEPXKKE KOMIUIEKCHOI nporpaMmbr ¥YpO
PAH, npoekr 18-1-1-9 “OnennBanne IUHAMUKYN HEJUHEHHBIX YIIPABIISEMBIX CHCTEM
¥ MapuIpyTHas ONTUMHA3AIUsA.
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