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Hermite—Padé polynomials and analytic
continuation: new approach and some results

We discuss a new approach to realization of the well-known Weierstrass’s
programme on efficient continuation of an analytic element corresponding to
a multivalued analytic function with finite number of branch points. Our
approach is based on the use of Hermite-Padé polynomials.
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§ 1. Introduction and statement of the problem

1.1. The problem of analytic continuation of power series beyond its disc of
convergence is a well-known problem in complex analysis, which also has important
applications. In the present paper, we discuss this problem from the point of view of
Weierstrass’s approach to the concept of analytic functions, which depends on the
local representation of an analytic function as a power series with centre at some
point of the Riemann sphere C. For more on this approach, see, prima facie, the
book [10], and also [11], [34], [28; Ch. 8], [7], [8], [9].

The purpose of the present paper is to introduce and briefly discuss a new ap-
proach to the efficient solution of the analytic continuation problem for power series
residing on the use of Hermite-Padé polynomials and some extensions thereof. In
86 2 and 3 we formulate some new theoretical results in this direction which we
have been able to derive so far. In § 5 we briefly discuss the most straightforward,
to our opinion, applications of our theoretical results in the study of applied prob-
lems. In particular, in § 5 we illustrate our approach and theoretical results on some
numerical examples pertaining to the model class of multivalued analytic functions
considered in the present paper (see §1.2 below).

This research was carried out with partial financial support of the Russian Foundation for Basic
Research (grant no. 18-01-00764).
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We plan to prove the theoretical results of the present study in the separate
papers [50] and [51]. We also intend to give a more detailed analysis of possible
applications of the method proposed here in applied problems involving analytic
continuation.

The new approach proposed below to efficient solution of the analytic continua-
tion problem for power series beyond its disc of convergence will be demonstrated
(from the theoretical as well as the numerical standpoints) on an example of some
“model” class of multivalued analytic functions based on the use of the inverse of
the Zhukovskii function (see representation (1) below). This class was first intro-
duced in [45] (see also the papers [46], [48]), where it was denoted by 2. Below,
this notation will be retained, but when required the parameters in representation
(1) will be refined.

1.2, Let A; := [-1,1], ¢(2) := 2z + (22 = 1)V/2, 2 ¢ Ay, be the inverse of the
Zhukovskii function; here and in what follows we choose the branch of the root
function such that (22 —1)'/2/z — 1 as z — oco. The function ¢(z) is meromorphic
in the domain Dy := C\ A; (¢ maps D; conformally and univalently onto the
exterior C \ D of the unit disc D := {z : [2| < 1}). In the domain C\ {—1,1} the
function ¢ is already a multivalued (more precisely, two-valued) analytic function.

Let A; € C, j =1,...,m, be arbitrary pairwise distinct complex numbers such
that |A;| > 1. Consider the function

£(2) =1f[(A—@(1)) sen, ()

where a; € C\Z, 37, a; € Z (note that for the above branch of the root function
we have 1/¢(2) = z — (22 — 1)1/2). Since (A; — 1/¢(2)) # 0 for z € D; under the
above conditions on A; and with the above choice of the branch of the root function,
we can find a holomorphic (i.e., singlevalued analytic) branch f € 2 (D;) of the
function f in the domain D;. In the domain C\{—1,1} the analytic function f is not
anymore singlevalued. In addition to the second-order branch points z = +1, this
function has branches at the points a; = (4;+1/4,)/2 € C\Ay,j =1,...,m,of (in
general) infinite order (if a; € C\Q for the corresponding A;). Thus, the total set of
branch points of a function f of the form (1) is ¥ = X(f) = {£1,a,,j =1,...,m}.

In what follows, for an arbitrary n € N, we denote by P,, := C|z] the space of all
algebraic polynomials of degree < n, P¥ := P, \ {0}. Given an arbitrary polynomial

Q € Clz], Q £ 0, we let
X@:= Y &

¢:QR(O)=0

demote the measure counting the zeros (with multiplicities) of the polynomial Q.
The weak convergence in the space of measures will be denoted by “——7.
For an arbitrary (positive Borel) measure u, supp u C C, we denote by V# the
logarithmic potential of p,

13 — fe) 1
Vi) = o = du(0).
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By «ZP» we shall denote the convergence with respect to the (logarithmic)
capacity on compact subsets of some domain.

Below, “y/-” means the principle square root of a nonnegative real number,
Va2 =lal, a € R.

Given a function f € #(D;), we fix some germ®

_ya
oo T k’
k=0~
holomorphic at the point z = 00, foo € H(00).
For a fixed germ fo, € J(c0) and an arbitrary n € N, we denote by P, and
Qn, Pn,Qn € P, :=Clz], @, # 0, the polynomials defined (not uniquely) from the
relation

(@b =P =0 (557 ) 2o @)

The rational function [n/n]s_ = P,/Q,, which is uniquely determined, is called
the diagonal Padé approzimant (the “diagonal PA” or simply “PA”) of the germ
fso at the point z = oo.
The next facts (3)-(5) follow from Stahl’s theory (see [42], [43], and also [4]
and [44]):
() o x(@n) < 7ay om0, (

w
=

1 dx
T/l —a?

const = ya,, and ya, is the Robin constant for the interval Ay;

here 7, = is the unit Robin measure of the interval Ay; i.e., V1 (z) =

[n/n]fw(z)ﬂ () € #(D1), n— oo, z€ Dy (

N
S—

the convergence in (4) can be characterized by the relation
17(2) = In/nlp (2)|" S8 em2055°9 < 1 oo, z €Dy, (5)

where ga, (z,00) is the Green function of the domain D; with singularity at the
point at infinity z = co. Relation (5) means that the PA [n/n]s_ converges to the
function f € (D;) with the rate of a geometric progression with ratio 6(z) :=
em29a1(2,00) <,

So, from (3)—(5) it follows that the diagonal PA, which are constructed only
from local data (the germ fo of the function f at the point z = oo), recover the
function f in the entire domain D;. From the viewpoint of Stahl’s theory, the
domain D = Diax(foo) is a “maximal” domain in which the diagonal PA converge
(in capacity). The “maximality” of D; is understood in the sense that the boundary
0D1 = A; has minimal capacity among the boundaries of all admissible domains G
for the germ fo; i.e.,

cap(0D1) = min{cap(9G) : G 3 o0, foo € H(G)}.

IThroughout, the terms “germ”, “analytic element” and “power series” are used to denote the

same object: a convergent power series with centre at some point of the extended complex plane
C and nonzero convergence radius.
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From (3) it follows that “almost all” zeros and poles? of the diagonal PA [n/n]s.
accumulate to the closed interval A; = dD;. In the above context, the interval A
is called the Stahl compact set, and the domain Dy, the Stahl domain. Of course, in
the framework of the general Stahl theory, which holds for an arbitrary multivalued
analytic function with finite number of branch points, these two concepts are more
meaningful than in the very particular case considered here.

Thus, the example of this particular class 2 shows that the diagonal PA, as
constructed only from local data, are capable of solving the following problems:

1) recover the Stahl compact set, and therefore, the Stahl domain D; = C \ A;
at which fo, € (D), from limit distribution of its zeros and poles;

2) provide an efficient (singlevalued) analytic continuation of a given germ fo, €
H(00) to the domain D; as a holomorphic function f(z), z € D;.

It follows from what has been said that for all functions f from the class 2 the
Stahl compact set S(fs) is equal to A; (i.e., it is independent® of the function
f € Z) and that the so-called “active” branch points of the germ f,, are the
points z = +1 (for the definition of active branch points, see [43]). Note that for
a; € C\ Q the Riemann surface (or, simply, R.s.) & = R(f) of a function f € 2 is
infinitely-sheeted. The Stahl domain D; can be looked upon as the “first” sheet of
this R.s. R(f). Hence the result of the application of Stahl’s theory to the germ foo
of the function f € £ can be interpreted as follows. The diagonal PA [n/n];s,_, as
constructed from the germ f.o, recover the function f only on the first sheet of the
R.s. PR(f), while all inactive branch points {a;,j = 1,...,m} of the function f lie
on the “other” sheets of this R.s. R(f). Therefore, in contrast to the points z = £1,
the remaining branch points {a;,j = 1,...,m} turn out to be inaccessible in the
sense of their recovery from zeros and poles of the diagonal Padé approximants.

This suggests the following fairly natural questions.

1) Is it possible, from a given germ fo € H(00) of a multivalued analytic func-
tion f (in particular, from the class & ), to recover the remaining branch points of f
which are inactive for the germ fo in the framework of Stahl’s theory?

2) Is it possible, from a given germ foo, to recover the function f on “other
sheets” of its R.s. R(f), rather than only on the first sheet, as is inherent in Stahl’s
theory?

Note that the above questions fit well the lines of the general Weierstrass pro-
gramme (see [7], [8], [9] and the references given there), which is aimed at extracting
all properties of the so-called global analytic function directly in terms of its specific
germ (i.e., in the actual fact, in terms of the corresponding Taylor coefficients of
power series).

In the present paper we consider a very special class of multivalued analytic func-
tions: the analytic functions given by the explicit representation (1). Nevertheless,
this class is fairly representative in the sense that it shows exactly which advantages
come from the use of rational approximants based on Hermite-Padé polynomials in
comparison with Padé diagonal approximants. Namely, below we shall formulate
some theoretical results from which it follows that at least in the class 2 the above
questions 1)-2) can be answered affirmatively.

2More precisely, all but at most o(n) many zeros and poles.
3For the already chosen branch of the inverse of the Zhukovskii function ((z).
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§ 2. The real case

2.1. Assume that in (1) m =2, a3 = ag = —1/2, and Aj, Ay are real numbers
such that 1 < A; < As. In what follows, it is convenient to put A; = A, Ay =
Hence 1 < A < B, and

-l ) o )] e

S(f) = {£1,a,b}, where a = (A+1/4)/2, b= (B+1/B)/2,1 < a < b. We set
Ag = [a, b]

For a function f defined by (6), the Riemann surface R(f) of the function f
can be looked upon as a four-sheeted covering of the Riemann sphere C with the
branch? points z = +1,a,b. Let m4: Ry — C, Ry = R4(f) be the corresponding
canonical projection. We shall assume that the R.s. R4(f) is realized as follows
(see Fig. 1). The first (open) sheet® 9‘{4 of the R.s. R4(f) is the Riemann sphere
cutted along the interval A;. The second 9‘{4 and the third 9‘{513) sheets are the
Riemann spheres with cuts, respectively, along the intervals Ay and As. Further,
the fourth sheet %514) is the Riemann sphere with cut along the interval As. We
follow the standard assumption that each cut along the corresponding interval has
two “edges” (the upper and bottom ones). The four sheets are “glued” into the
surface by the standard crosswise identification of the upper and bottom edges of
the corresponding cuts of different sheets. According to this rule, the first sheet
is connected to the second one by the cut corresponding to the interval Aq, after
this the second sheet is glued to the third sheet along the cut corresponding to the
interval Ao, and lastly, the third sheet is glued to the fourth sheet along the cut
corresponding to the interval A;. The genus of the R.s. 584 (/f) thus obtained is zero,
which means that this R.s. is topologically equivalent to the Riemann sphere C.

The points lying on the sheets 9{511), 9‘{42 , 9‘1(3) and ER (W of this R.s. will be
denoted by 2z, 2() 23) and 24, respectlvely We set T(12) = 89%(1) N 89%(2)

s = 89%512)089{43), ré4 = 89%513)089{4 . For a function f € 2 of the form (6),
we have m4(21)) = 2 € D1\ Ay, j = 1,2,3,4, ny(TH2)) = 1, (TGY) = Ay, and
7T4( 23)) AQ

In the above notation, the aforementioned results of Stahl’s theory (see (4)—(5))
for a function f € £ defined by (6) can be interpreted as follows:

(n/nlr.(2) = f(z9), z€ Dy, (7)
1£(zD) = [n/n]y. (2)]" = e29m ) 2 e Dy (8)

as n — oo; the convergence in (7) and (8) is uniform inside the domain D; (i.e.,
on compact subsets of D). Note that in (7) and (8) the convergence in capacity
can be replaced by the uniform convergence, because a function f of the form (6)
is easily seen to be a Markov function; i.e., it can be represented as

1 A
f(z) = %4“7(2%

4Note that all branch points of this covering are of second order.
5Throughout, by sheets of the R.s. we mean open sheets.
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where

5(z) = /1 do(z)

1 Z—
is the Cauchy transform of a measure o supported on the interval A;.

Thus, the maximal Stahl domain D; corresponds to the first sheet 9%4(11) of the
R.s. R4(f), which, as was noted above, is topologically equivalent to the Riemann
sphere C. On this Riemann sphere the domain corresponding to the first sheet
occupies, in a sense, only the fourth part of the sphere. Therefore, the maximality of
the Stahl domain should be understood as the maximality related only to diagonal
Padé approximants: these rational approximants do not converge on any larger
domain. The question of the efficient analytic continuation of a given germ f, to the
other sheets of the R.s. 54(f) is shown to be solvable using rational approximants
based on Hermite—Padé polynomials.

Until the end of §2 we assume that f € 2 is given by representation (6), f €
H(D1), and fo € H(o0) is the corresponding germ defined at the point z = oo.

2.2. For the system of three germs foo, f2, f3, and an arbitrary n € N, we define
the type II Hermite-Padé polynomials Qss, Psn. 1, Psn,2, Pan,3 € Pan, @3, Z 0, by
the relations® (see [33], [31]):

(QSnfoo - PSn,l)(Z) - O (anﬂ) ) z — 00, (9)
(anfgo — Pgn’g)(z) =0 <an+1) N z — 00, (10)

It is easily checked that for the function f defined in (6) the system f, f2, 3 is
a Nikishin system (regarding the definition and properties of Nikishin systems, see
[30], [31], [16]). Namely, the following representations hold (see [50]):

1 1 1

f(z) = ViB +35(z), [(z)= 1B + \/ﬁ&(z) —51(2),
F2) = e+ 25 (2) - =5 (2) ~ Ba(2), (12)

— _|_
V(AB)3  AB VAB
where s1:=(0,09), s2:=(0,09,0)

(for the notation used in (12), see [19]). Hence, since a Nikishin system is perfect
(see [16]), we have deg Qs = 3n, deg P3,, ; = 3n, j = 1,2,3. Therefore, by normal-
izing the polynomials @3, all these four polynomials are determined uniquely.

We introduce now the necessary notation.

By ga,(2,¢) we shall denote the Green function of the domain D; = C\ A,
j = 1,2, with singularity at the point z = (. The corresponding Green potential of
a measure pu, supp p C C, is denoted by sz (2),

Gh, ()= [ 95,62 u), €D

6The polynomial Q3, plays the principal role in this construction. From this polynomial, the
remaining polynomials Psy, j, j = 1,2, 3, can be determined uniquely.
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By M;i(A;) we denote the space of all unit (positive Borel) measures with support
on Aj, j = 1,2. Further, 8a,(u) denotes the balayage of an arbitrary measure p
from the domain D; onto its boundary A; = 9D;.

LEMMA 1. In the class My (As), there exists a unique measure A such that on Asg
V)‘(xQ) + Ggl(arg) + ga, (x2,00) = const = y(A), x2 € Ag, (13)

with some constant v = y(\).

Relation (13) will be called the equilibrium relation, X is the equilibrium measure,
and y(\) is the equilibrium constant.

REMARK 1. It is worth pointing out that the equilibrium relation (13) holds
for the mixed Green-logarithmic potential V*(2) + G (2) with the external field

P(2) = ga, (z,00); cf. [17], [18], [35], [13].
Let A1 := fBa, (A) € M1(A1) be the balayage of the measure A from D; onto Ay,

Az = = (275, + A1) € Mi(Ay) (14)

Wl =

(recall that 7, is the Robin measure of the interval Aq).
The following result holds.

THEOREM 1. The degree of the polynomial Q3 is 3n, all zeros of the polynomial
Q3n are simple and lie in the interval AS := (—1,1). Moreover, if n — oo, then

1 *
~X(Qzn) — 3 (15)
P
—2t(z) = f(zW), 2 € Dy; (16)
QBn
the convergence rate in (16) can be characterized by the relation
ay _ Pana Y
fE)=—==()|  —di(2), ze€D, (17)

Q3n

where
61(z) :==e€" (63, (214208, 0) <1, zeD

(cf. (7) and (8)). The convergence in (16) and (17) is uniform inside’ the do-
main Dy.

REMARK 2. Note that if n — oo, then

%(z) - fQ(Z(l))a %(z) — f3(z(1)), z € D;.

However, these relations provide no additional information about the values of the
function f(z(M) for z € Dj.

"That is, on compact subset of the domain; cf. [28].
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2.3. For the family of germs [1, fx, f2, f3] and an arbitrary n € N, the type I
Hermite-Padé polynomials Q,,; € P, Qn; # 0, j = 0,1,2,3, are defined (not
uniquely) by the relation®

(for more details, see [33], [31]).
The following result holds.

THEOREM 2. For any n € N degQ,; = n, j = 0,1,2,3. All zeros of the
polynomials Q,, ; are simple and lie in the interval AY. Moreover, if n — oo,
then

1 X .
ﬁX(Qn,j) — N EM(A), 7=0,1,2,3; (19)
2 s ~[fD) + ) + £GO)], 2 Dy (20)
n,3
the convergence rate in (20) is characterized by the relation
Q ) 1/n
[FED) +fE) + fEO)] + 52 ()| —8s(2), 2 €Dy, (21)

Qn,3

where N
53(2) = e 294, <1, ze D

(c¢f. (7) and (8)). The convergence in (20) and (21) is uniform inside the do-
main Dy.

REMARK 3. Note that convergence in (20) follows directly from more general
results of [25]. The description of the measures Ay and A; that characterize the
limit distribution of the zeros of the polynomials @3, and @), ; in terms of the
scalar equilibrium problem (13) seems to be new. Usually such a description is
given in terms of the wvector equilibrium problem (see, prima facie, [17], [19], and
also [3; § 5]). This remark also applies to assertion (15) of Theorem 1 on the limit
distribution of the zeros of the type II Hermite-Padé polynomials Q)3,,. Namely, as
was pointed out above, the system of functions f, 2, f3 forms a Nikishin system.
In this case, the vector equilibrium problem with the Nikishin interaction matrix
(see, above all, [30], and also [31], [19], [3; § 5]) is traditionally used to describe the
limit distribution of the zeros of type II Hermite-Padé polynomials. For the system
of functions f, f2, f3 such a matrix is a 3 x 3-matrix. In contrast to the traditional
vector approach, we have succeeded in obtaining a complete characterization of the
limit distribution of the zeros of type I and type II Hermite-Padé polynomials in
terms of the scalar equilibrium problem (13). It is quite likely that, for an arbitrary
Nikishin system consisting of any number of functions, the description of the limit
distribution of the zeros of the corresponding Hermite-Padé polynomials can be
phrased in terms of an appropriate scalar equilibrium problem. This assumption
pertains, of course, only to the diagonal case. The off-diagonal case has some special
features (see, for example, [26] and the references given therein).

8In this construction the polynomials Q.,1, Qn,2, Qn,3 play the principal role. From this
polynomials the polynomial @y o is determined uniquely.
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2.4. In relation (18) it was assumed that deg@,; < n for all j = 0,1,2,3.
Following the standard approach (see [33], [31]), we now introduce the three-dimen-
sional multiindices n; := (n,n—1,n—1), ng := (n,n,n—1), and the corresponding
type I Hermite-Padé polynomials Qn, ; and Qn, ;, 7 =0,1,2,3.

For the multiindex n;, the polynomials Qn, 0, @n,,1 lie in P}, the polynomials
Qn, 2, Qn, 3 lie in P! _,, and moreover (see (13)),

1
Rn1 (Z) = (in,O + an,lfoo + Qn1,2f§o + Qn1,3f§o)('z) =0 <Z?’n+1> ) z — 00,
(22)
deg Qn,,0 = degQn, 1 = n, degQn, 2 = degQn, 3 = n — 1, all zeros of the polyno-
mials Qn,,j, j = 0,1,2,3, are simple and lie in the interval A§.
For the multiindex njy, the polynomials Qn,,0, @n,,1, @n,,2 lie in P;,, the polyno-

mial Qn, 3 lies in P} _;, and moreover,

1
Rn2(2’) = (an,o + an,lfoo + Qn272f020 + Qn2,3f§o)(z) =0 (W) ) z — 00,
(23)
deg Qn,,0 = degQn, 1 = degQn,,2 = n, deg Qn,,3 = n — 1, all zeros of the polyno-
mials Qn,,j, j = 0,1,2,3, are simple and lie in the interval A§.
We now set

Szn,1(2) _ in,l(Z) Qn1,3(z) _ (Qn1,1Qn2,3 — in,?anz,l)(Z) c ]P)2n—17
an,l(z) Qn2,3(z) (24)
in 2(2) in 3(2)
S n L= ’ ’ = ni, nz,3 = wWni, nz, P n—L-
i ’2(2) ‘anﬂ(z) Qng,S(z) (Q 2Q ’ Q 3Q 2)<Z) B

The following result holds.

THEOREM 3. The interval Ay attracts as n — oo all zeros of the polynomials
Som,j» 7 =1,2, and moreover,

1 *
%X(S%,j) — A€ M;i(Az); (25)
BL) CE[f0) 4 fP)), zeD=T\Ay  (2)
2n,2

the convergence rate in (26) can be characterized by the relation

1/n
cap

FED) + SO + 526 (), s €Dy, @7)

2n,2

where
52(2) = 62(VA(Z)+G21 (Z)+9A1 (2700)77()‘)) < 1, = D2.

Note that in (26)—(27) we assert the convergence in capacity, rather than the
uniform convergence as in (16)—(17) and (20)—(21). However, this constraint, which
depends only on our method of the proof of Theorem 3, is not related to the essence
of the matter, The crux here is that, although various extensions of Hermite—Padé
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polynomials are well-known (see [40], [15]), it seems that the polynomials S, ;
were not considered earlier and their properties have not been not studied. Rela-
tions (24) are explicit representations of the polynomials Sy, ; in terms of type I
Hermite-Padé polynomials corresponding to two neighbouring multiindices. There
is a natural formal definition of these polynomials which is quite similar to the def-
initions (9)—(11) and (18) of type I and II Hermite-Padé polynomials, respectively.
Such definition will be given in the paper [50]. From this definition and the above
Theorem 3 it follows that the polynomials S, ; are intermediate between the type I
Hermite-Padé polynomials and the type II Hermite—Padé polynomials.

For a meaningful definition of the polynomials S5, ;1 and Ss,, 2 in terms of deter-
minants (24), whose entries are type I Hermite-Padé polynomials, it is necessary
that these determinants be not identically zero. To satisfy this requirement, the
multiindices n; and ny should obey a condition more restrictive than the normality
condition for the standard PA. In case of (6) (i.e., for real A and B), this condi-
tion is satisfied. However, in a more general setting with complex A and B, this
condition ceases to be true (see § 3 below).

In this connection, we recall the following well-known fact (see [33], [31]).

Consider the multiindices nj = (n,n — 1,n — 1), nj = (n — 1,n,n — 1) and
n; = (n — 1,n — 1,n) (the multiindex n} coincides with the above multiindex n;).
Let Qn;,j, 7 =0,1,2,3, k = 1,2,3, be the corresponding type I Hermite-Padé
polynomials. Then we have the following explicit representations for the type II
Hermite-Padé polynomials defined by relations (9)—(11)

Qn’l,l(z) Qn/l,Z(Z) Qn’l,S(’z)
Q3n(2) = |Qny1(2) Qny2(2) Qny3(2)],
Qn;1(2) Quy2(2) Qn,3(2) (28)
Qny0(2) Qny2(2) Qn3(2)
P3p1(2) = = |@Quyo(2) Qny2(2) Qnys(z)
Qn,0(2) @ny2(2) Quy3(2)

under the assumption that the determinants do not vanish identically. Similar rep-
resentations under the same nondegeneracy conditions also hold for the polynomials
Pgn,g and P3n73.

We emphasize once again that definition (9)—(11) of a type II Hermite-Padé
polynomials is much more general than the explicit representation (28). Namely,
according to (9)—(11) such polynomials Qs,, # 0, Ps, ; # 0 always exist, whereas
representation (28) does not always hold. The situation with the above polynomials
Son j is quite similar. As was already mentioned above, we plan to discuss these
polynomials in detail in the separate paper [50]. Nevertheless, we mention however
that from the above it follows that the type I Hermite-Padé polynomials themselves
play in a sense a key role in the efficient solution of the problem of analytic con-
tinuation of a given germ of a multivalued analytic function. Indeed, all rational
approximants involved in this procedure can in principle be calculated in terms of
such polynomials corresponding to various multiindices.
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2.5. Thus, relations (16), (26) and (20) collectively compose the set from which
one can recover in succession, from local data (a germ fo, ), the values of a multival-
ued function f(z) on the first, second, and third sheets of the R.s. R4(f). Of course,
here we speak about the limit procedure, in which, for a given germ f,, € 5 (c0),
the number of Laurent coefficients involved in the construction of appropriate ra-
tional approximants grows unboundedly, because an analytic function cannot be
given by a finite number of its Laurent coefficients. Note that for each n € N the
number of Laurent coefficients involved in the construction of the three functions
under consideration is at most 3n + 4.

It is also worth pointing out that f(z) cannot be extended to the last fourth
sheet 9‘{514) of the R.s. R4(f) by the above procedure. This is in full accord with
the fact that the diagonal Padé approximants extend the germ wq, € 5 (00) of the
hyperelliptic function w, w? = Py(z) = 22* + --- € Py, only on the first sheet of
the corresponding two-sheeted hyperelliptic surface. This seems to be quite natural,
because, in simple terms, the values of the hyperelliptic function w differ on two
sheets of the corresponding R.s. only by the sign.

We also emphasize the following fact. The reader may well have formed the
impression that on the first sheet 9‘{4(11) of the R.s. Ry(f) the function f can be
always recovered from the germ f. using the diagonal PA [n/n];_. But this is
not so. The thing is that when speaking about the partition of the R.s. R4(f)
into “sheets” we have tacitly meant an intuitive (but never formalized) perception
about the sheets of the R.s. R4(f) based on the cuts drawn along the already
specified intervals Ay = [—1,1] and Ay = [a,b]. But in the general case, even for
a simple function of the form (6), this is no longer the case and the thing is more
complicated. Namely, the situation changes drastically if at least one of the two
points a = (A+1/A)/2 or b = (B+1/B)/2 moves from the real line into the complex
plane: the natural (for the Hermite—Padé polynomials) partition of the R.s. R4(f)
into sheets will proceed not along the original intervals A; and As, but along some
arcs 1 and /5 that joint the points —1,1 and a,b, respectively. More precisely,
here we speak about the so-called canonical or the Nuttall partition of the R.s.
into sheets, which is uniquely determined by the real part of some Abelian integral
with logarithmic singularities and purely imaginary periods (see [33; Sect. 3], [25;
formula (3) and Lemma 5], and also §3 below). In particular, for such partition
into sheets, to the first sheet there corresponds a domain C \ 1, which in general is
distinct from the domain D; = C\ A; corresponding to the first sheet of the Stahl
surface.

It can be shown that in the case when the quantities A and B in (6) are real,
the Nuttall partition of the R.s. 24(f) into sheets is in accord with the intuitive
perception about this partition.

Indeed, it can be easily shown that the real function u,

u(zM): =3V>*2(2) ze Dy,

w(z®) : =2VAN2) —3V*2(2) +2¢;, z€C\ (A UAy), (29)
w(z3) = VM (2) —2VA(2) + 2¢1 + 2, 2€C\ (A1 UAy),

w(zW) = —VM(2) 4+ 2¢) + o + 2¢3, z€ Dy,
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which is defined in terms of the above (see (13) and (14)) measures A\, A\; and
A2, where c¢1, ¢a, c3 are appropriately chosen constants, is a (singlevalued) harmonic
function on the R.s. R4(f) everywhere except the four points 7, !(c0) at which it
has logarithmic singularities:

u(z(l)) = —3log|z| + O(1), 2z — oo,
U(Z(J)):10g|2|+0(1), z— 00, j=2,34.

Moreover,
u(zM) < u(z?) <u(z®) <u(z"), z2eT\ (A UA,). (30)

But inequalities (30) mean that our adopted (on an intuitive level) partition of the
R.s. R4(f) into sheets is in fact the Nuttall partition [33; Sect. 3, relation (3.1.3)];
see also [1], [29] and Fig. 1.

The next section will be dedicated to the complex case—in this setting the dom-
inant role is now played the Nuttall partition of the R.s. R4(f) into sheets. The
properties of this partition in the complex case are far from being evident [33;
Sect. 3], [25; Lemma 5].

§ 3. The complex case

3.1. In this section, we formulate and discuss some theoretical results which we
have obtained in the case when in (1) all exponents «; are equal to £1/2 and m is
an even number. The complex quantities A; are subject to no other constraints
than the condition that they are pairwise distinct and |A4;| > 1 for any j. In this
setting, for such functions f from the class 2 with the four-sheeted R.s., we shall
establish some properties of the Nuttall partition of this R.s. $34(f); such properties
do not hold in a general case®. Moreover, in this particular case, our alternative
approach to the characterization of the Nuttall partition of the R.s. RR4(f) into
sheets is capable of delivering some additional information about the properties of
such a partition.

In the case m = 2 (under the same conditions on the exponents a; o = +1/2)
we shall formulate analogues of Theorems 1-3, which hold, in contrast to the real
case, under some additional assumptions on the remainder functions Ry,, Rn,,
and Rp,. It should be noted that these constrains on the remainder functions are
not related to the essence of the matter, but are rather due to the imperfection
of the currently available methods of dealing with asymptotical properties of the
Hermite—Padé polynomials. In particular, many conjectures in this direction (see
[33], [41], [2]) remain unjustified at present.

First fairly general results on the convergence (in capacity) of diagonal PA were
obtained by Nuttall (see [32], [33]) in the class of hyperelliptic functions (in particu-
lar, these are the functions whose branch points are only of the second order). It is
in this case in which in the early 1980s (i.e., before Stahl’s works of 1985-1986) the

9The general Nuttall conjecture [33; Sect. 3] stating that under the canonical partition into
sheets of any m-sheeted surface the complement of the last mth sheet is always connected was
recently proved in [25; Lemma 5].
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Nuttall partition of the hyperelliptic surface Ro(w) into sheets was introduced using
the real part of an Abelian integral of the third kind with purely imaginary periods
and appropriate logarithmic singularities at the two points 7, *(c0) (see also (33)
and (34)). In this particular case, each of the two Nuttall sheets is a domain. In
1984 Nuttall [33; Sect. 3] put forward the conjecture that for any m > 3 and for the
partition of an m-sheeted R.s. into Nuttall sheets, the complement of the closure
of the last “uppermost” (cf. (30)) sheet is a domain on the original R.s. R,,. In
its complete form this conjecture was proved very recently (see Lemma 5 of [25]).
In the present paper, for the above class of multivalued analytic functions of the
form (1), we prove, under the condition o; = +1/2, some additional properties of

such a partition; in particular, we show that the first sheet 9‘{4(11)( f) is connected.

3.2. So, let
m 1 OLJ'
f(z) == E (Aj - w(2>> , z€ Dy, (31)

where a; = £1/2 for any j, m = 0 (mod 2), all A; are pairwise distinct, and
|A;] > 1. The class of such functions will be denoted by Z7 /5.

Consider the two-sheeted R.s. Ra(w) of the function w defined by the equality
w? = 22 — 1. We shall assume that the R.s. Ry(w) is realized as a two-sheeted
covering of the Riemann sphere C using the explicitly given uniformization

=5 (erd) w=g(c-7)s cete (32)

Accordingly, the first sheet 9‘{;1), on which w = (22 — 1)Y/2/z — 1 as z — oo,
corresponds to the exterior {¢ : |¢| > 1} of the unit disc D¢ := {¢ : [{| < 1} in the

¢-plane, and the second sheet 9%52), on which w = —(22 = 1)1/2/2 — —1 as z — oo,
corresponds to the unit disc itself. By a point z on the R.s. Ra(w), z € Ra(w),
we shall mean the pair z := (2,w) = (2,£(2? — 1)}/2). The canonical projection

my: Ra(w) — C is defined by 73(z) := z. By the point z = co)) € My(w) we mean
the point on the R.s. My(w) such that 75 (co) = 0o and w/z — 1 as z — ooV,
Similarly, for z = 00 we have m(c0®?) = 0o and w/z — —1 as z — oco(?,
A passage from the first sheet i)%él) to the second sheet 9‘{%2) proceeds along the cut
interval Ay (here we assume as usual that an interval has two edges, the upper and
bottom ones) and that the sheets are “glued” by identifying crosswisely the edges
of cuts; i.e., by identifying the upper edge of one cut with the lower edge of the
other, and vice versa. It can be easily shown that the above partition into sheets is
a Nuttall partition. Indeed, let

— = log(z +w) =log(z % (* — 1)!/?) (33)

be an Abelian integral of the third kind with purely imaginary periods and loga-
rithmic singularities only at the points z = co(1),00). Then uy(z) := —Re G(z)
is a harmonic function on the R.s. Ry (w) \ {oo), 00},

us(z) = Flog |2 + O(1), 2z — 0oV, 00?,
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and
us(z2M) < ug(2?), ze Dy, (34)

Moreover, uz(z) = 0 for z € T, T := 75 (A;). So, —uz(2V) = ga,(z,00) is
the Green function of the domain D;. An arbitrary germ fo, € 5#(00) of the
function f € 25, f € H(D1), is lifted to the point z = ooV € My(w) and
extends to the entire first sheet D‘{gl)(w) as a singlevalued holomorphic function
(recall that 7o (E)‘igl)(w)) = D; = C\ A). A further singlevalued extension of this
function to the entire second sheet of the R.s. Ra(w) is hindered by the branch
points a§»2) € 9%9 (w) such that 772(&5»2)) =aj, j =1,...,m. In order that such
a singlevalued analytic (meromorphic) extension of the germ f,, be possible one
should make appropriate cuts on the second sheet 9%§2)(w).

DEFINITION 1 (cf. [45], Definition 2). A compact set K = K2 C 9‘1&2) (w) is
called admissible for a germ fo, € (coM) of a function f € 27 if this germ
foo extends as a singlevalued meromorphic function to the domain Q. ) (K®?)),
which is the connected component of the complement of K2 containing the point
z =00, foo € M (Do (KP)).

oo(1)

The class of all admissible compact sets for a germ f, will be denoted by R(fuo)-

Note that one can slightly reduce the class of admissible compact sets and
consider a priori only compact sets with connected complement; i.e., such that
Qo (K@) = Ry(w) \ K@, This change has not effect on subsequent consider-
ations. In what follows, we shall assume that the family £(f) consists of only
regular compact sets in the sense that the domain Q. ) (K?)) is regular with re-
spect to the solution of the Dirichlet problem (see [38], [14]).

We fix a local coordinate ¢ at the point z = oo, C(oo(l)) = 0. For an arbitrary
compact set K € £(fs), consider the Green function gk (z,00(!)) of the domain
Q1) (K) with logarithmic singularity at the point z = o001 with due account of the
choice of the local coordinate at this point; i.e., by definition gk (z, oo(l)) = 0 for
YAS 8900(1)(K) and

1
9K (z,00M) = log 0] +y40(1), z— oo, (35)
where v = 7(K) is the Robin constant for the domain €.1)(K) at the point
z = ool with respect to the chosen local coordinate ¢ (see [38; Ch. 8, § 4]).
The following lemma follows from general results of [38].

LEMMA 2. The class R(fso) contains a unique compact set F such that

v(F) = x| 7(K). (36)

This extremal compact set F does not split the R.s. Ro(w) (i.e., QD (F) = Ro(w)\F

is a domain), consists of a finite number of analytic arcs, and has the following
S-property:

dgr (2, 00M) _ Ogr(z, ooM)

ont N on~ ’

z € F°; (37)
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here F° is the union of open arcs whose closures constitute F, 8/0On* and 9/0n~
are the normal derivatives to F° at the point z taken in opposite directions to the
sides of F (the validity of (37) does not depend on the local coordinate chosen at
the point z € F°).

Lemma 2 is proved using Schiffer’s method of interior variations in accordance
with the general idea proposed in [38; Ch. 8, § 4].

The quantity e~ 7¥) is naturally called the capacity of a compact set K (this
quantity depends on the local coordinate chosen at the point z = oo(l)). So, F €
R(fxo) is an admissible compact set of minimal capacity (this property is already
independent of the choice of a local coordinate).

In the actual fact, the genus of the R.s. Ra(w) is zero, and hence Lemma 2 can be
reduced to the planar case and the corresponding compact set of minimal capacity
on the plane. Indeed, a uniformization of fRy(w) is defined using the Zhukovskii
function as follows:

=3(crg) w=g(c-2). cete (39)

To the first sheet of S)%gl)(w) there corresponds the exterior C \ D of the unit disc
D := {¢ : [¢] < 1}, while the second sheet is the unit disc D. The function f(z) €
242 of the form (31) is transformed to the function f(¢) of the form

Fo=T(4-5) =M(s-7) " (39)

j=1 j=1

where all aij = £1/2. All A; € C\D, and hence all singular points of the function f
are of the form ¢ = a; = 1/A; € D. So, to the extremal compact set F for
the function f on the R.s. Mo (w) there corresponds an admissible compact set of
minimal capacity F for the function f, as given by the element foo €H (00) (note
that f € .#(C\F) and at the point ¢ = 0 the function f has a pole). By well-known
properties of a compact set of minimal capacity, FcD (or, more precisely, the
compact set F lies in the convex hull of the set {a; = 1/A;, j = 1,...,m}),
F consists of a finite number of analytic arcs (trajectories of quadratic differentials),
F does not split the complex plane and has the S-property (37). Moreover,

¢ €C:Re dt—O (40)
Fefceome [

where Ay, (t) := [}, (t=a;5), Vin—2(t) := (t—=v1) ... (t —vm—2) is the corresponding
Chebotarev polynomial, v;, j = 1,...,m, are pomts of the Chebotarev compact
set F. All these properties of a compact set of minimal capacity are well known in
a general case and were obtained by Stahl already in 1985 (see [42], [43], as well as
[4] and [44]).

In the case under consideration here, all branch points of the function f are of
the second order. In this setting, the existence and description of a compact set
of minimal capacity were proved already by Nuttall [32], [33]. In particular, in the
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case of general position, all zeros of the polynomial V,,_ > have even multiplicity,
all v #ag for j=1,...,m—2,k=1,...,m, and the compact set F' consists of
m/2 € N disjoint analytic arcs that joint pairwisely the points of the set {a;,j =
1,...,m}.

Thus, on the second sheet of the R.s. Ra(w) we have obtained a system of
analytic arcs which compose the compact set F, do not split the R.s. Rq(w), have
the S-property (37), and are such that foo € # (Ra2(w) \ F).

We now proceed as follows. Given z € Ro(w) \ F, consider the function

u(z) := —2gr (z,00) - g(2),

where g(z) = log|z + w| = log|¢|. The function v(z) is harmonic in the domain

Mo (w) \ F except for the points at infinity z = co(!) and z = 0o(?), where it behaves
as

—31 o(1), )

(z:{ ogl2| +0(1), 2 — o0 (1)

log |z| + O(1), z — oo(?)

(here and in what follows we assume for simplicity that co(®) ¢ F; otherwise a more
accurate analysis is required quite similar to that of [25]).
We set
E:={z e Ry(w): u(zM) = u(z(Q))}; (42)

here by z(1) € 9%(21)(11)) and 2(?) € %éz)(w) we mean, as before, the Nuttall partition
of the R.s. Ra(w) into sheets. It is easily checked that E is a closed arc on the
R.s. Ro(w) passing through the points z = £1, not crossing the compact set F,
and splitting Ra(w) into two domains, of which one contains F, and the other one,
the point z = co"). Let us now take the second copy of the R.s. Ro(w) (which we
denote by R, (w)) with cuts drawn along the arcs of the compact set F, and glue it
to the first copy with the same cuts using the standard crosswise identification of
the opposite edges of a cut. This gives us a four-sheeted R.s. on which the original
germ foo € 7 (c0M)) extends as a singlevalued meromorphic function, because this
four-sheeted R.s. coincides with the R.s. R4(f). We have gg(z,00(!)) = 0 for z € F,
and hence the function gg(z, 00")) extends continuously to the glued R.s. 2% (w) by
continuity with the sign change. The S-property (37) guarantees that this extension
is a harmonic function on the four-sheeted R.s. thus obtained. The function g(z)
is harmonic in a neighbourhood of the compact set F, and hence f extends to
the second copy of the R.s. Ra(w) by duplication of its values from the first copy
of Ra(w). By E’ we denote the closed curve lying on the second copy of Ra(w)
and corresponding to the curve E; by co(®) we denote the point lying on the second
copy of My (w) and corresponding to the point z = ooV,

We now partition the four-sheeted R.s. R4 thus obtained into sheets as follows.
The first sheet 9‘{511) is the domain containing the point z = co(*) with boundary
8%511) = E. The second sheet 9‘{512) is the domain with boundary E UF. The third
sheet 9%513) is the domain with boundary F UE’. And the fourth sheet 9%514) is the
domain with boundary E’. Given z € R, (w), we now set

u(z) == —2gr(z, 00" — g(z); (43)
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the meaning of the functions gp(z,00)) and g(z) for z € R, (w) was already ex-
plained above. It is easily checked that u(z) is a harmonic function in the domain
Ra(f) \ {oo™, 00 003 00®}. Moreover,

—3log|z| + O(1), z— oo,

1 o1 @

sy = S0, 2o, "
log |z + O(1), z — oo,
log|z| + O(1), z — oo,

and besides, for the above partition of the R.s. 2R4(f) into sheets,
u(zM) < u(z®) < u(z®) <u(zW). (45)

So, the partition of the R.s. $4(f) into sheets, which we introduced using the Green
function gg(z, 0o0) corresponding to the compact set of minimal capacity F C Ra(w),
turned out to be a Nuttall partition; for more details, see [50].

3.3. In the remaining part of the present section we shall content ourselves with
the case m = 2 in representation (31). To be more precise, we shall assume as in
§ 2 that f € 2 has the form

o) )

where, as before, |A| > 1, |B| > 1, but in contrast to § 2, A and B are not supposed
to be real.

We fix a germ fo, € J(c0) of a function f € (D) of the form (46) (two
possible germs differ only by the sign). By the original assumption about the inverse
of the Zhukovskii function (namely, |[p(z)| > 1 for z ¢ A1) we have foo € (D).
We recall that, from the viewpoint of Stahl’s theory, the first sheet of the two-sheeted
R.s. associated with the germ fo is the first sheet %gl)(w) > 2™ of the R.s. Ro(w)
of the function w? = 22 — 1 defined by the inequality (see (34))

—9(z") < —g(z?)

with the canonical projection mo: Ro(w) — C, m2(z) = 2z, where z = (2, w) under
the assumption that w/z — 1 for z € D‘igl)(w), z — ooV and w/z — —1 for
z € R (w), z — 0o,

From what has already been said above in §3.2 of this section it follows that,
in the case when at least one of the numbers A or B does not lie on the real
line, the Nuttall partition of the R.s. R4(f) into sheets proceeds in a nontrivial
manner —namely, not along closed curves on Ry (f) (corresponding, from the view-
point of the canonical projection m4: Ry(f) — C, to the intervals A; and Ay),
but rather along the curves E, F and E’, to which, for a given canonical projec-
tion, there correspond some arcs E, F and E’ connecting pairwise the points —1,1,
a,b and again the point —1,1. Correspondingly the first sheet 9‘{511) of the Nut-
tall partition into sheets of the R.s. R4(f) is now different from the first sheet
of the Stahl surface Ra(w) (even though the active branch points z = +1 ly-
ing on the boundary of these two sheets are the same). More precisely, we have
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wz(ﬁ‘iél)(w)) =C\A; #C\E= W4(9%511)), because in a general case E # A;. Ad-
ditionally, as is easily seen from the results of § 3.2, we have ENF =@, FNE = @
(E = E’ in the real case). These facts are of uttermost importance in the use of
Hermite-Padé polynomials in applications that will be discussed in the concluding
§ 5 of the present paper (see Figs. 10-13).

Let Ry, , Rn, and Ry, be the remainder functions for the three-dimensional multi-
indexes'® n; := (n,n—1,n—1), ny := (n,n,n—1) and n3 := (n,n,n), respectively
(see (22), (23) and (18)). For A,B € R, all these multiindices are normal (for
the definition of a normal multiindex, see [31]). This result is a corollary of the
fact of [16] that an arbitrary Nikishin system is perfect (see also [31] and [15]).
Therefore, we have as z — oo

Ch, Ch, Ch
Buy(2) = sy Bma(2) = i+, R2)= i+ (47)

where Cp,, Cp,,Cn, # 0. For complex A and B this fact ceases to be true.

All three functions Ry, , Ry, and Ry, are (singlevalued) meromorphic functions
on the R.s. R4(f). One can easily find their divisors (of zeros and poles). Namely,
the following explicit representations hold:

5
(Rn,) = (3n 4 1)oo™ — noo® — noo® — noo™ — 3(a+b) + Z p1,;(n),
j=1
4
(Rn,) = (3n + 2)00)) = noo — noo® —noo™ —3(a+b) + Y pa;(n), (48)

j=1

3
(Rn,) = (3n 4 3)oc™ — noo® — noo® — noo™ — 3(a+b) + Z ps,(n).

Jj=1

In the real case, since a Nikishin system is perfect, there can be no cancelations (of
zeros and poles) in (48); i.e., all pg j(n) # a, b. Besides, it follows directly from (47)
that all pg ;(n) # o001, Moreover, in can be shown that, for any n € N,

Pk, (1) € Ra(f) \ =, (49)

However, this is not so in the complex case. It might happen that some of the
above results also hold in the case of a “general position”, but this requires special
consideration and as yet remains unjustified. Unfortunately, by now the theory
of Hermite-Padé polynomials is not capable of providing meaningful and pretty
general results on the asymptotic behaviour of such polynomials in the complex case.
Many of particular results obtained in the complex case depend, to a greater or lesser
degree, on the possibility of reduction of this particular problem to the real setting
(see, for example, [12], [27]). Due to the imperfections of the presently developed
methods in the theory of Hermite—Padé polynomials, practically all fairly general
and well-known conjectures on the asymptotic behaviour of such polynomials remain
unsolved for a long time (for various conjectures in this direction, see [33], [41],

10Tn this section, the notation for multiindices is different from that used before in § 2.
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[2], and also [36], [37], [48], [47]). It is worth pointing out that the conjecture
on topological properties of the canonical partition (presently called the Nuttall
partition) of an arbitrary Riemann surface into sheets posed by Nuttall [33; Sect. 3]
in 1984 was proved very recently in 2017 in [25].

For the validity of the analogue of Theorem 2 in the complex case considered here,
no additional constraints are required, because the required result follows directly
from a more general recent result (see Theorem 2 of [25]).

THEOREM 4. Let @y, j = 0,1,2,3, be the Hermite-Padé polynomials defined
by (18). Then, for any j, the compact set E' = m4(E') attracts as n — oo all zeros
of the polynomials Q. ;, except possibly a finite number (independent of n) of zeros.
Moreover,

Qn,2
Qn,B

Let us now introduce the multiindices!! n; = (n,n—1,n—1), ny = (n—1,n,n—1)
and n3 = (n —1,n—1,n). Let Qn,j, 7 = 0,1,2,3 be the corresponding type I
Hermite-Padé polynomials for the tuple [1, foo, f2, f3.], and Ry, (2), k = 1,2,3, be
the corresponding remainder functions

(2) =% ~[fE) + f2) + f()], 2€CT\E" (50)

1
Rnk (Z) = (an,O + an,lfoo + an,Qfgo + an,Sfé))o)(Z) = O (Z?m—i-l> ) z — Q.
(51)
The functions Ry, are singlevalued meromorphic functions on the R.s. R4 (f), which
are completely defined by its divisor,
5
(Ru,) = (3n + 1)oo —noo® — noo® — noo™ — 3(a+b) + Zpk](n) (52)
j=1
Given two arbitrary distinct points z, and zs, 71,22 € R4(f), we denote by
G(z1,22;2) an Abelian integral of the third kind on the R.s. R4(f) with purely
imaginary periods and logarithmic singularities only at the points z; and z9, which
in the corresponding local coordinate read as

G(z1,22;2) = —log( + O(1), z— z,

53
G(z1,22;2) =log¢+ O(1), z— 2o. (53)

Consequently,
W(z1,29;2) := exp{G(z1,22;2) } (54)

is a multivalued analytic function on the R.s. R4(f) with singlevalued modulus,
a pole at the point z = z;, and a zero at the point z = z5. According to (52)
and (54), for any k = 1,2, 3 the remainder function Ry, can be written as

5
Ry, = C exp{ ZG @), ;2Z) + ZG(aj,p;w'(n);z) + G(aﬁ,oo(l);z)},

j=1

(55)

11n § 2 such multiindices were denoted by n}, n), and nj}, respectively. In the present section
many auxiliary notations are different from those introduced above.
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where C1,Cs,C3 # 0 are the normalized constants and for convenience we have
denoted the poles of the function f3 on the R.s. R4(f) by {ai,...,as}, where each
pole appears as many times as its multiplicity.

To prove analogues of Theorems 2 and 3 we shall require some additional con-
ditions. As was already pointed out, these conditions, which are not related to the
essence of the matter, appear only due to the imperfections of the presently devel-
oped methods for the study of asymptotic properties of Hermite—Padé polynomials.
It is also worth noting that the imposed additional conditions are similar to (49),
but it seems that they cannot be expressed directly in terms of the original germ

foo

THEOREM 5. Assume that for some infinite sequence A C N there exists a neigh-
bourhood U of the point z = 0o such that all points Pk,j(n), as defined by (48),
lie outside this neighbourhood, pi. j(n) € Ra(f) \ U. Then the following assertions
hold:

1) the compact set F = mw4(F) attracts as n — oo, n € A, all zeros of the
polynomials S2n,1 = in,lan,Zi *in,SQn%l and S2n,2 = in,Qan,S 7Qn2,2Qn1,3
except possibly a finite number (independent of n) of zeros;

2) if n — o0, n € A, then

o (2) 2B [fW) + f(z®)], zeC\F (56)
2n,2

The proof of Theorem 5 is based, first, on the determinant representation of the
polynomials Sa,, ; (see (24)), which in the present paper we used as a definition
of these polynomials, and second, on an explicit representation of the remainder
function (55) in terms of Abelian integrals of the third kind with purely imaginary
periods. These representations follows from (48) and from explicit formulae for
type I Hermite—Padé polynomials which follow from such a representation of the
remainder functions (see [33], [25; formula (38)]).

Since due to the lack of general methods capable of dealing with asymptotic
properties of type II Hermite-Padé polynomials in the complex case which are based
directly on definition (9)—(11) of these polynomials, we use here the determinant
representation (28); the singularity of some determinants related to the explicit
representation of the remainder functions (55) will be of key importance for us.
Namely, we set

5
U, 1(z) = exp{z G(aj, pk,;(n); z)}, k=1,2,3. (57)

j=1

The functions ¥, ;, are multivalued analytic functions on the R.s. R4(f) with sin-
glevalued modulus and multivaluedness of the same character —all three functions
become singlevalued after multiplication by the same factor

4
exp{z G(00™ 00 z) + G(ag, coV; z)}
k=2

We set

A, (z) = det [\I/mk(z(j))] (58)

§=1,2,3;k=1,2,3"
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The following result holds.

THEOREM 6. Assume that there exists an infinite sequence A C N such that, for
some finite set of points M := {z1,...,zyp} C Ra(f) independent of n € A and an
arbitrary compact set K C Rq(f) \ M,

0<Ci(K) < |An(z)]| < Co(K) < oo, z€eK, neA. (59)

Then the following assertions hold:

1) if n — oo, n € A, then the compact set E = m4(E) attracts all zeros of the
polynomials Qs, (%), except possibly a finite number (independent of n) of zeros.

2) if n — 00, n € A, then

P3n,1
QSTL

As in the real case, relations (50), (56) and (60) guarantee the possibility to

(2) =5 f(2V), 2€C\E. (60)

recover the function f(z) in the domain Ry4(f)\ 9%4(14) by successive recoveries of the
values f(z™M), f(2?) and f(2®) of this function on the first, second, and third
sheets of the R.s. Ry (f) ordered in accordance to the Nuttall partition.

REMARK 4. It is worth pointing out that the Nuttall partition is related to
a selected point at which a germ of the original function f is defined. Here we
consider a germ f,, defined at the point z = co. Both the Padé polynomials and
all Hermite-Padé polynomials considered here were defined in accordance with this
germ at the point z = oco. However, if the original germ is given at some other
point zy € C, then all the corresponding constructions of Padé polynomials and
Hermite-Padé polynomials should be adopted appropriately to the point zg. Now
the Nuttall partition is given with the help of an Abelian integral with purely
imaginary periods and having suitable logarithmic singularities of the form (44) at
points of the set 7r471(z0), as written in the local coordinate (.

§ 4. Concluding remarks

4.1. Let us summarize to some extent what has been said above.

Given a function f € 2 of the form (46), we have the following results (here
we retain the above notation, but for convenience we introduce new labeling). If
n — oo, then

P3n,1

oh(2) ), e TVE: (61
2L () S8 _[c0) + ()], 2T\, (62)
3”;2 (2) 2B —[F(D) + F(z) + f(z)], z€T\E. (63)

For real parameters A and B, these results hold as n — oo for all n € N; for complex
parameters A and B these results are known at present to be true only along
some subsequences. Clearly, using the limit relations (61)—(63) it is possible, when
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considering them as a whole, to recover in succession the values of the function f(z)

at the three Nuttall sheets of its R.s. RR4(f), and hence, in the domain QR4 (f) \9%514)
lying on the R.s. R4(f). As has already been mentioned, on the last fourth sheet
it is not possible to recover the function f by the above procedure. Nevertheless,
it follows from (61)—(63) that our new approach to the solution of the problem of
efficient analytic continuation of a given germ is vastly superior to the approach
based on Padé approximants. Indeed, using this approach one can extend the

original germ to the domain R4(f) \ 9‘1514) lying on the Riemann surface of the
multivalued analytic function corresponding to this germ. At the same time, with
the help of Padé approximants, the analytic continuation can be carried out only
to the domain lying on the Riemann sphere. Note that in some sense the domain

Ra(f) \%514) is a three-sheeted covering of the Stahl domain (see Fig. 1).
The theoretical results presented here have a very special character, but in spite
of this they are fairly typical to demonstrate the advantages of the new approach.
We note once again that for any n € N the number of Laurent coefficients involved

in the construction consisting of three rational functions under consideration (see
(61)—(63)) is at most 3n + 4.

4.2. It would be natural to compare the approach proposed here not only with
the diagonal PA, but also with other available methods of analytic continuation.

4.2.1. Universal matrix method of summation of power series. An account of
these methods may be found in [7], [8], [9] and in the references given therein.

The most well known of these methods is the Mittag-Leffler method, which we
now briefly discuss. This a linear method of extension (summation) of an element f,,
to the Mittag-Lefller star.

A domain G C C is called star-shaped with respect to a point 2y € G if, for any
point ¢ € G, the interval [zg, (] also lies in G.

THEOREM (MITTAG-LEFFLER). There exists a table of numbers {b(()"), bg"), ce
bgi)}, n=0,1,..., such that the following property holds for any domain G star-shaped
with respect to some point zo € G and for any function f holomorphic in the do-
main G.

12

Assume that a function f € H(G) is given by a power series? at the point

Z =20
f2) =) fulz—2)",  |z—2|<Ro. (64)
v=0

Then

1) =3 {0 S+ b fuz = 20) o+ W e (- 20) 2 € Gy (69)

n=0

uniformly inside the domain G.

120nly in this section 4.2.1 we follow the tradition of the book [10] to use the same letter to
denote the Taylor coefficients of an analytic function and the function itself.



ANALYTIC CONTINUATION 23

REMARK 5. Assume that at a point z = zg we are given two power series g =
o0 o0
S gu(z—20)” and d = > d,(z — z9)”. Then the series
v=0 v=0

h(z) = (9o d)(= Zgw - (66)

is called the Hadamard composition of the series g and d; see [10]. The expression
in the curly brackets under the summation sign in (65) is a Hadamard composition
fo P, of the original function f(z) and the polynomial P, (z — z¢) := b(()n) + bgn)(z —
20) + ... bfcz)(z — 20)*". So, (65) can be written as

=Y (foP.)(z—2x), z€G. (67)
n=0

We have thus obtained (see (65)) an expansion of the function f(z) in a series of
polynomials uniformly convergent on the set K, and therefore, inside G, since K is
arbitrary. The coefficients bé" ,bgn), N b,(cz), n =10,1,2,..., are independent of f
and can be evaluated once for all. In addition to them, the formula involves only the
coefficients {f,,v =0,1,2,...}, i.e., the coefficients of the power series (64) defining
the analytic element f., = {f(2),|2—20| < Ro} that extends to the entire domain G
as a holomorphic (singlevalued analytic) function; see (65). This expansion (known
as the Mittag-Leffler expansion) clearly solves the extension problem of the element
fzo along straight rays (see [28; Ch. 8, § 5.5.3]).

In [28; Ch. 8, § 5.5.4] a suitable sequence of polynomials { P, (w)} was constructed
explicitly. This construction is based on the method proposed by Painlevé [34].

The Mittag-Leffler method is a linear method of summation of power series in
the Mittag-Lefller star. The Mittag-Lefller star itself cannot be recovered using the
Mittag-Leffler representation'®. Thus, as in the Stahl theory, summation of power
series takes place in some domain lying on the Riemann sphere C.

4.2.2. Shafer quadratic approximants. For a tuple [1, fs, f2] and an arbitrary
n € N, the Shafer approxzimants (see [39]) are defined in terms of type I Hermite-Padé
polynomials for the two-dimensional multiindex n := (n,n) (see (69)) as follows:

~Qua(2) £ [(QL) — 4Qu0Qu2)(2)]
2Qn,2(z) ’

Sometimes Shafer approximants are called Hermite-Padé approximants. The diffi-
culties with Shafer quadratic approximants in finding the analytic continuation of
power series are obvious from definition (68). First, this is the necessity of taking
the root of the discriminant Dy (z) := (Q3 | — 4Qn,0Qn,2)(2), which is a polyno-
mial of degree 2n having 2n (complex) roots. Second, the sign “4” or “—” of the
square root in (68) should be chosen appropriately. After all, Shafer approximants
are clearly capable of delivering in principle the values of a multivalued analytic
function only on the first two sheets of the three-sheeted Nuttall surface associated

Shn;m(z) = (68)

13 At least the authors are unaware on any results in this direction.
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with this function. Clearly, in view of (71) and (72) (see §4.3 below), the type II
and I Hermite-Padé polynomials with the two-dimensional multiindex n := (n,n)
are much better in coping with this problem.

Some, seemingly first, theoretical results on the limit distribution of the zeros of
the discriminant D,, and on the convergence of Shafer approximants can be found
in [24].

4.3. The Weierstrass approach leads to the following natural problem: find the
value of the Weierstrass extension of the element fy along some curve without
reexpansion of power series. From the results of the present paper it follows that
this can surely be achieved with the help of Hermite-Padé polynomials associated
with multiindices of large dimension.

The results formulated in the present paper (see Theorems 1-6) will be used for
the numerical solution of the above problem in Example 3.

Without going into further details we show here how the problem associated
with the construction of the analytic continuation using PA can be circumvented
by invoking type I and II polynomials defined similarly to (9)—(11) and (18), but,
respectively, for the tuple [1, fo, f2] and the pair of germs foo, f% (note that in
this case the type I and II Hermite-Padé polynomials can be looked upon as two
variants of a natural extension of Padé polynomials). Such polynomials are well
known (see, first of all, [33], and also [31]).

We recall the following fact, which is a fairly special case of one general fact
resulting from Stahl’s theory.

For an arbitrary function f € 27, the Stahl compact set is the closed interval
[-1,1]. The Riemann surface of the function f € 2 has at least four sheets.
But in accordance with Stahl’s theory, with an arbitrary function f € 2 one can
associate in a certain sense the two-sheeted R.s. Ra(w) of the function w, where
w? = 22 — 1. Such a R.s. will be called the Stahl surface of a function f € 2 or the
Stahl surface associated with the function f € 2. The fact this definition is quite
meaningful follows from the paper [5] by Aptekarev and Yattselev, which proves
that the problem of strong asymptotics of Padé polynomials can be solved in a fairly
wide class of multivalued analytic functions exactly in the terms associated with the
two-sheeted Stahl surface (see also [33]). Note that in general the two-sheeted Stahl
surface is a hyperelliptic R.s.

The original germ f,, € 4 (c0) extends to the first sheet of the Stahl surface
(i.e., the R.s. Ry (w) of the function w) as a singlevalued holomorphic function. But
for a singlevalued extension of this germ to the second sheet of this surface suitable
cuts should be drawn on this sheet. On the entire first (open) sheet of the Stahl
surface the function f(z) is recovered using diagonal PA.

In some cases, for a function f € Z (see [50] and cf. [35]) it proves possible to
show that with a germ f,, € 5 (c0) of f one can associate a three-sheeted Riemann
surface M3 = M3(w) defined by some irreducible cubic equation (see (73)) and
such that, for the Nuttall partition of this surface into sheets (see [33], [35], [29],
[25]) and when the points z = oo € C and z = co(!) € Mz(w) are identified, the

original germ f. of the function f € £ extends to the domain MRz(w) \ S)‘igs) as
a singlevalued meromorphic function. For a singlevalued extension of this germ to
the third sheet 9%:(53) of this R.s. R3(w) one should draw appropriate cuts on this
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sheet. In contrast to Stahl’s theory, so far the existence of such a three-sheeted
R.s. was established only for rather special cases of multivalued analytic functions.
Following [35] and [25], such a three-sheeted R.s. will be called a Nuttall surface
associated with the germ fo, or simply, a Nuttall surface.

Let m3: R3(w) — C be the canonical projection, F(1:2) be the boundary between
the first and second sheets, F(23) be the boundary between the second and third
sheets of the Nuttall partition of the R.s. Rz(w). We set Fy := m3(F12), F, :=
7T3(F(2’3)).

For a germ f., € ##(00), the tuple of germs'? [1, fo, f2], an arbitrary n €
N, and the two-dimensional multiindex n := (n,n), we define (not uniquely) the
type I Hermite-Padé polynomials Qn 0, @n,1 and Qn 2, @n,j € Pr, Qn,; # 0, by the
relation

1
(@n0+ Qn1foo + Qnaf2)(z) =0 <22n+2> ;&2 00. (69)
For a pair of germs fu, f2 and n € N, the type II Hermite-Padé polynomials

Q2n, Pon,1 and Poy 2, Qon, Ponj € Pay, Qan, Popj # 0, are defined (not uniquely)
by the relations

(Qanoo_PQn,l)(Z):O<Zn1+1> ) z — 00,

1 (70)
(Qanf3 — Pan2)(z) = O (z"‘*‘l> ;200
In some cases it proves possible (see [50], [51]) to show that as n — co
Pong( \cap o ) =
—=(2) — f(z'"), zeC\E;,, (71)
QQn
Gn, ca =
o : (2) =B —[f) + ()], 2€C\F. (72)

Note that if n — oo, then the compact set Fy attracts “almost all”!® zeros of the
polynomials @2, and P, 1 and the compact set F, attracts “almost all” zeros of
the polynomials Qyn 1 and Qn,2. Similarly to (17) and (21), the rate of convergence
in (71) and (72) can be characterized in terms related to the scalar potential theory
equilibrium problem. From relations (71) and (72) one can recover in succession
the values of the function f. € 4 (Rz(w) \ 9{:(33)) on the first two sheets of the
Nuttall surface. It is worth pointing out that in (71) and (72) we mean the Nuttall
partition into sheets of the R.s. R = Rg(w), where the function w satisfies the
irreducible third-degree equation

w? + ro(2)w? + r1(2)w +1(2) =0, (73)

here g, 71,72 € C(2) are some rational functions of z (cf. the equation w?—(2%2—1) =
0, which defines the Stahl surface for an arbitrary function f € 2). In a manner

l4Here and in what follows we assume that the three functions 1, f, f2 are independent over
the field C(z).

15 As before, here we speak about the limit distribution of zeros, which means that o(n) many
zeros remain uncontrolled as n — co.
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completely similar to (17) and (21), the rate of convergence in (71) and (72) can
be characterized in terms of some scalar potential theory equilibrium problem (see
[35], [29], [51] and cf. [6], [26]).

REMARK 6. Note that Es N Fy = & and, generally speaking, the compact set Fs
is different from the above compact set E, and F is different from the analogous
compact set F' (see (56) and (60)). More precisely, m3(F(12) = By # E = my(T'(12))
and m3(F®?3)) = Fy # F = 74(T'®3) (the coincidence may take place only in
exceptional cases, for example, for real A and B in representation (46)). This fact
has great value in the applications of our theoretical results that we shall discuss
below; see, for instance, Example 3 and Figs. 10-13.

REMARK 7. In definitions (69) and (70) the following changes are required in
the case when the original germ of an analytic function f is given not at the point
z = 00, but at some point zg € C, f,, € 5 (z). The Nuttall partition into sheets
of the three-sheeted R.s. associated with this germ is now defined with respect to
the highlighted point 2.

In what follows, when discussing possible applications of the method proposed
here, we shall consider the germs given at the point z = 0.

8 5. Some possible applications

5.1. In this section we shall discuss some possible of applications of the above
theoretical results in numerical mathematics for approximate solution of problems
based on the analytic continuation of the original data (for example, the analytic
continuation with respect to the small parameter). We give three examples based
on functions of the form (46), in which the quantities A and B have the same
imaginary part and opposite real parts; i.e.,

F(z) = KA1 idy — 90<1Z)> <A1 +idy — w(lz)ﬂ 71/2, (74)

where A1, A2 € R\ {0}. Here, from the variable z we change to the variable Z,
where z = (Z — a)i/b and a,b € R\ {0} (clearly, such a transform rotates the
interval [—1, 1] clockwise by the angle 7/2 with magnification by |b| and translation
by |a| of the rotated and expanded interval to the right or left half-plane depending
on the sign of a). Correspondingly, instead of 1 in the plane Cs there appears
a pair of complex conjugate second-order branch points z; = a=¢b. The second pair
of branch points (also of order two) corresponds to the choice of the other branch of
the inverse of the Zhukovskii function; it also consists of a pair of complex conjugate
points 21 2 = z1 2(a, b) lying outside the interval [a — b, a + ib] and corresponding to
Ay +iAs and —A; + iAs. In Examples 1-3 we choose concrete values of A1, Ao, a
and b. In the first case, a < 0, and in the second and third cases, a > 0 (|a| remains
unchanged). Concrete values of Ay, Ay, a and b are immaterial, and hence are not
given. At last, we change the variable { = 1/Z] transforming the point zZ = oo into
the point ¢ = 0, the Stahl compact set and the compact sets Es, Fs, E, F and E’
are transformed accordingly (see § 3, Remark 4, and § 4, Remark 7). In particular,
the Stahl compact set, which is the interval [a — ib, a + ib] in the Z-plane, is moved
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into a circular arc passing through the point ¢ = 0 and the points ¢ = 1/(a — b),
¢ =1/(a+1ib). Thus, in view of (74), the function considered in the present section
reads as

fz)=f(¢) =

. i¢
<A1 e O T a0 T <2>

—1/2
(75)

. 18
—A 1A
( o 2+<1—ao/bw«l—ac)/b)u@)

Let us explain which properties of Hermite-Padé polynomials will be demonstrated
on these three examples.

So, an original function of the form (75) is defined by its series fo, which converges
near the point ¢ = 0, fo € # (0). We are concerned with the problem of Weierstrass
analytic continuation of the given power series ﬁ) from the point z = 0 along the
real line to the point z = 6 (it will be clear later that the choice of the point
r = 6 as an end-point of the extension is immaterial). Since the point z = 6 is
outside of the disc of convergence of the power series fo, the value f(6) cannot
be (approximately) evaluated using partial sums of the series f; of arbitrarily high
order. Of course, this fact is a direct consequence of the Cauchy-Hadamard formula.
However, there is another more transparent method to illustrate this fact in the
framework of the approach discussed here. Namely, we analyze the limit distribution
of free zeros and poles of rational approximants. Figure 2 depicts the numerically
obtained distribution of the zeros of the partial sum Ssg of the series ]?0. It is
transparent that the zeros of the partial sum S50 model the circle (the boundary
of the convergence disc of the power series fp). This is in full accord with the
classical Jentzsch—Szegd theorem (see [23], [49]), according to which, along some
subsequence depending on the function, the limit distribution of the zeros of partial
sums exists and coincides with the Lebesgue measure of this circle. Looking ahead,
we point out that Fig. 3 depicts the zeros of the partial sum Sigp and the zeros
and poles of the diagonal PA [50/50]7 for the function from Example 1. It is
transparent that using zeros and poles of the diagonal PA one can find the branch
points of a multivalued analytic function, but this cannot be done using the zeros of
partial sums. Even the radius of convergence of power series can be evaluated more
accurately using the diagonal PA, rather than with the help of partial sums. It
should be pointed out here that the same number of the coefficients of Taylor series
was used to calculate the partial sum Sigo and the diagonal PA [50/50] 7 (namely,
101 coefficients cg, ¢, - - ., c100 were used). Figure 2, which is formally unrelated to
PA and Hermite-Padé polynomials, completely fits the general idea underlying the
use of constructive rational approximants: the limit distribution of their free zeros
and poles is most immediately related to the boundary of that domain in which
these rational approximants realize an efficient analytic continuation of the original
power series. Indeed, all poles of the partial sums of the power series are fixed at
the infinity point. Hence the boundary of the convergence domain of partial sums
is controlled by the limit distribution of free zeros of these partial sums.

To be more precise, let us clarify what is meant by a (singlevalued) analytic
continuation of the power series fg from the point z = 0 to the right along the
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real line to the point x = 6. Here we speak about the Weierstrass approach to
the concept of an analytic function, which leads to the concept of a global analytic
function. This approach resides on the concept of an analytic element (or simply
an element) of an analytic function, which is defined as the convergent power series
defined at a fixed point (o and having the radius of convergence Ro > 0. This will be
briefly written as fo = (¢o,D(o, Ro)), where D((o, Ro) := {¢ € C: [ — (o| < Ro}.
An element f; = (¢1,D(Cy, Ry)) is called the direct analytic continuation of an fo
if D := D((o,Ro) ND(C1, R1) # @ and fo(¢) = fi(¢) for € D. An element
fn = (Cn,D(¢wn, Ry)) is called the analytic continuation of an element fo along
the path T C C (in particular, along the interval [0,6]) if there exists a chain of
elements f; = (¢;,D(¢;, R;)), j =1,...,N, such that {; € T for all j and each f;41
is a direct analytic continuation of the element fj, j=0,...,N—1. Clearly, in our
examples the Weierstrass extension from the point £ = 0 to the point x = 6 along
the positive real half-line is possible because all four branch points of the function
f lie away from the real line R.

5.2. We now proceed with numerically obtained Examples 1-3.

ExAMPLE 1. In this example, the value of the parameter a in representation
(75) is negative, a < 0. Correspondingly, both complex conjugate branch points
a £ ib lie in the left half-plane. Figure 4 depicts the zeros and poles (dark blue and
red points) of the PA [50/50]%, as constructed from an element f, € (0). In
this case, the cut corresponding to the Stahl compact set lies entirely in the left
half-plane. Thus, the values of the Weierstrass extension of the element fy at the
point = = 6 can be approximately evaluated using the PA [50/50] 7 (6). Increasing

the order of the PA [n/n]7 , we will increase the accuracy of calculation of the value

fo(6) in accordance with (8) and following well-known rules for evaluating PA.

EXAMPLE 2. In this example we choose a positive a in representation (75). Thus,
the pair of branch points a & ib of the element fy now lies in the right half-plane.
Evaluation of zeros and poles of the diagonal PA [50/50] 7, of the germ fo shows
(see Fig. 5) that the cut corresponding to the Stahl compact set intersects the real
line between the points z = 0 and x = 6. Therefore, the value of the multivalued
function f at the point z = 6, as obtained from the PA [n/n]fo as n — oo, does not

agree with the value of the Weierstrass extension of the power series ﬁ) from the
point z = 0 to the point z = 6.

Let us now employ the results of §4.3. We employ in our setting relations (71)
and (72) and the above results on the limit distribution of the zeros of Hermite—Padé
polynomials. They will be used to study the topology of the Nuttall partition into
sheets of that three-sheeted R.s. R3(w) which is associated to the germ fy of the
function (75) (such a surface is called a Nuttall surface). As was pointed out in §4.3,
relations (71) and (72) were obtained for a germ given at the point at infinity.
For a germ defined at the point ¢ = 0, all these results remain valid under the
corresponding modification of the Nuttall partition into sheets to the case under
consideration of a germ defined at the point ¢ = 0.

Using this example, we shall show how the Hermite-Padé polynomials, as given
by (69) and (70) and relations (71) and (72) can be used in the case when the
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diagonal PA are unfit for numerical realization of the procedure for Weierstrass
extension of a given germ.

We cannot in fact study the structure of the boundaries F(2) and F(23) between
three sheets of the R.s. Rz (w) directly with the help of Hermite-Padé polynomials.
However, based on (71) and (72) we can understand the structure of the projections
By = m3(F12) and Fy = 73(F??)) of these boundaries to the Riemann sphere,
derive necessary information from this knowledge, and make appropriate conclusions
on this basis.

Figure 6 shows the zeros (light blue points) of the type II Hermite-Padé polyno-
mial Qs,, for n = 50. By (71), the corresponding cut is the compact set Ey modeled
by 100 zeros of this polynomial. This compact set Fs, as well as the Stahl compact
set, intersects the real line between the points z = 0 and x = 6. This being so,
using (71) one cannot find the required value of the function fo(6). At first sight,
the situation is similar to that encountered in an attempt to employ the diagonal
PA to find the value f(6). However this is not so. From the above it follows that
with the help of (71) we can find the value fo(z")) at 2 = 6 (we note once again
that this value does not agree with the sought-for Weierstrass value fo(6)).

Let us now proceed to the type I Hermite-Padé polynomials @ ; with n =
(50,50). Their zeros (red, dark blue, and black points) are depicted in Fig. 7.
Figure 8 combines Figs. 6 and 7. For the compact set Fy, which attracts the
zeros of type I Hermite—Padé polynomials, Fig. 8 shows that even though this set
intersects the real line between the points = 0 and = = 6, but it still lies to the left
of the compact set Fy. These compact sets Es and Fb, which are projections of the
boundaries between the sheets of the Nuttall surface Rg(w), reflect the following
properties of the Nuttall partition of the R.s. R3 (vw) into sheets from the viewpoint
of the Weierstrass extension of the original germ fo. When realizing the Weierstrass
extension of the germ fy from the point x = 0 to the point x = 6 along the positive
real half-line, we will cross at some point © = x; € (0,6) the compact set Fs.
Thus, at this instant a transition from the first sheet %gl) of the R.s. Rs(w) to the
second sheet 9‘{?) of this R.s. takes place. Further motion in accordance with the
Weierstrass procedure to the point x = 6 proceeds already along the second sheet
mgz) of the R.s. R3(w). The compact set Fy = m3(F(?3)) lies to the left of the
compact set Ey = m3(F(1?). Hence, when moving further to the right along the
second sheet E)%;(f) to the point (), where z = 6, we will always be only on the
second sheet and will not cross the boundary F(23) between the second and third
sheets of the R.s. R3(w). As a result, the sought-for Weierstrass extension fo(6)
coincides with the value f(x@)) at x = 6. Consequently, this value can be evaluated
by a repeated application of relations (71) and (72).

EXAMPLE 3. Let us now proceed with the third example. In this example, the
parameters a and b in representation (75) are the same as in Example 2. However,
the parameter A; is now altered. As in Example 2, the Stahl compact set for the
germ ﬁ) is the same circular arc passing through the three points ¢ = 0,1/(a £ ib).
As before, this arc intersects the positive real half-line between the points © = 0
and x = 6.

Proceeding as in Example 2, let us find for the germ ﬁ) the zeros of the type II
Hermite—Padé polynomial @, for n = 50 and the zeros of the type I Hermite-Padé
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polynomials Qn j;, 7 = 0,1,2, for n = (50,50). Using these data and employing
relations (71) and (72), we analyze the structure of the Nuttall partition into sheets
associated with the germ fy of the three-sheeted R.s. R3(w). In accordance to (71),
the zeros of the polynomial @Qg, model the compact set Ey = 73(F(1?), while
the zeros of the polynomials @, ; model the compact set Fy = m3(F??)). As in
Example 2, both these compact sets intersect the positive real half-line between
the points = 0 and = = 6. But now, in contrast to Example 2, the compact
set Fy lies to the right of the compact set Fy (see Fig. 10). For the problem
under consideration this means the following. In the realization of the Weierstrass
extension, when moving to the right of the point z = 0 along the real line to the point
2z = 6, we meet the compact set Fy at some'® x = z1, and hence, the subsequent
realization of the Weierstrass extension will in fact proceed on the second sheet
9%5,2) of the Nuttall surface Rz(w). As the motion continues further to the right
from the point x = z; to the point x = 6, we intersect the compact set F» at some
point x = x5. This means that at this time we moved from the second sheet of the
R.s. R3(w) to its third sheet D%gg). Further realization of the Weierstrass procedure
means that the actual motion now proceeds already along the third sheet S‘igf) of
the R.s. R3(w). However, as was already pointed out above, the original germ fo
cannot be continued on this third sheet as a singlevalued analytic function, because
for such a continuation appropriate cuts should be drawn on the third sheet. Due
to this obstacle, which is inherent in the realization of the Weierstrass procedure
by the compact set F(>3) (the boundary between the second and third sheets of
R.s. R3(w)), we cannot find the required value of fo(6) using the Hermite-Padé
polynomials Q2, and @Qn; for n = (n,n) in the way we did it in Example 2,
because on the third sheet 9{:(),3) of the R.s. R3(w) relations (71) and (72) do not
apply anymore.

Clearly, in this situation to realize the Weierstrass extension one needs to aug-
ment the family of germs [l,fo,fg] with the germ fg, increase the dimension of
multiindices by 1, and proceed with constructions (9)—(11), (18) and (24) corre-
sponding to the multiindices n = (n,n,n), n; = (n,n—1,n—1), ng = (n,n,n —1)
and n3 = (n,n,n). As a result, on the four-sheeted R.s. R4(f) there appears the
Nuttall partition into sheets corresponding to the point ¢ = 0 at which the origi-
nal germ fy is given. The results of the corresponding numerical calculations with
n = 50 are shown in Fig. 10-13 (the zeros and poles of the diagonal PA [50/50]
are located quite similarly to Example 2, and hence are not shown here).

Figure 11 depicts the zeros of the type II Hermite-Padé polynomial @3, for
n = 50 (yellow points), which model in accordance with Theorem 5 the compact
set B = 774(I‘(1’2)~), where I'(1:2) i the boundary between the first and second sheets
of the R.s. R4(f). Besides, Figure 11 shows (light blue points) the zeros of the
polynomial Sy, 1 for n = 50, modeling the compact set F' = 7T4(F(2’3)), where I'(2:3)
is the boundary between the second and third sheets of the R.s. 9‘14(]7). Figure 12
depicts (black points) the zeros of the polynomial Qn 3, n = (n,n,n), for n = 50,
which model the compact set £/ = m, (1“(3’4)~)7 where I'®4%) is the boundary between
the third and fourth sheets of the R.s. R4(f). Figure 13 combines Figs. 11 and 12.
In this case, the realization of the Weierstrass extension from the point x = 0 to the

fo

16This point #; is distinct from the point z; from Example 2.
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point z = 6 along the positive real half-line means in fact the following. Moving to
the right from the point x = 0 to the point x = 6 we meet the compact set F at
some point!” x = x;. This means that when realizing the Weierstrass extension our
further motion proceeds now along the second sheet 9‘{512) of the R.s. 9%4(]?). This
continues until at some point x = x5 we intersect the compact set F', which is the
projection of the boundary I'(2:3) between the second and third sheets of the R.s.
R4(f). From this point on, our motion to the right takes place already along the
third sheet 9‘{513) of the R.s. Ry(f). The fact that the compact set E’, which is the

projection of the boundary between the third and fourth sheets of the R.s. Ry(f),
lies to the left of the compact set F' (see Fig. 13, which combines Figs. 11 and 12),
means for us that when moving to the right along the third sheet 9‘%513) of the R.s.
9%4(]?) we shall not meet the boundary between the third and fourth 9%514) sheets of
the R.s. R4(f). So, during the remaining time (until the point = = 6 is reached)
we shall in fact move along the third sheet. Note that the compact set E’, as well
as the compact sets E' and F', intersects the real line between the points z = 0 and
x = 6 and lies to the left of the compact set . This, however, has no effect on
the implementation of the Weierstrass procedure, because the compact set E’ is the
projection of the boundary I'®%) between the third and fourth sheets, which “is
not seen” on the first and second sheets of the R.s. R4 (f). N

Thus, according to what has been said, the required Weierstrass value fy(6)
coincides with the value f(z(®)) of the function at z = 6. According to the above
Theorems 4-6, the required value of ]%(6) is evaluated by successive application of
relations'® (60), (56) and (50) (see also (61)—(63)).

REMARK 8. To conclude we note that the new method proposed here of efficient
continuation of a power series beyond its disc of convergence guarantees the pos-
sibility, in the class of multivalued analytic functions with finite number of branch
points, to realize the Weierstrass procedure arbitrarily far'® beyond the disc of con-
vergence. To this end one needs to appropriately increase the dimensions of the
employed multiindices.

By now there are practically no theoretical results justifying the use of the method
of analytic continuation proposed here. We plan to offer the proofs of the above
Theorems 1-3 and Theorems 4-6 in the separate papers [50] and [51], respectively.
We propose to carry out numerical analysis of applied problems on the basis of the
method proposed in the present paper.

It is worth pointing out that the new approach to the solution of the problem of
efficient analytic continuation of power series was inspired not only by theoretical
results and conjectures mentioned above, but also by the numerical experiments,
whose results are given in the papers [20], [21] and [22].

7This point 1 and the point xo are in general different from those points z1 and x5 used
above in the present paper and in Example 2.

!8Recall that all Hermite-Padé polynomials involved in these relations should be calculated
from the germ fo of the function f of the form (46) at the point ¢ = 0.

190f course, if one is concerned with a specific continuation, for example, along the positive
real half-line, then such a continuation is possible only up to the nearest branch point.
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FIGURE 1. The four-sheeted Riemann surface 94 (f) of the function f given
by (6).
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FIGURE 2. Example 1. The zeros (dark blue points) of the partial sum Sso
for the function f from Example 1. In complete accord with the classical
Jentzsch—Szegd’s theorem (see [23], [49]), these zeros model the circle (the
boundary of the convergence disc of the power series fo € #(0)).
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FIGURE 3. Example 1. The zeros of the partial sum Sigo (dark blue
points) and the poles of the diagonal PA [50/50] 7 (red points). It is clearly
seen that from the zeros and poles of PA one can find the branch points
of a multivalued analytic function, while this cannot be achieved using the
zeros of the partial sums. The convergence radius of power series can be
evaluated more accurately using the diagonal PA, rather than by employing
the partial sums. The same number of Taylor coefficients of this series (101
coeflicients c¢o, c1, ..., c100) were used to find the partial sum Sigo and the
diagonal PA [50/50]7 .
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FIGURE 4. Example 1. The zeros and poles (dark blue and red points) of
the diagonal PA [50/50] 7 , as constructed from the element fo € #(0) from
Example 1. In this case, the cut corresponding to the Stahl compact set lies
entirely in the left half-plane. As a result, the value of the Weierstrass ex-
tension of the element fo at the point £ = 6 can be approximately evaluated
using the PA [50/50]7 (6).
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4 2 0

FIGURE 5.
of the diagonal PA [50/50]

fo?

2 4 6

Example 2. The zeros and poles (dark blue and red points)
as constructed from the element fo € (0)

from Example 2. In this case, the cut corresponding to the Stahl compact

set intersects the real line between the points z = 0 and z = 6. Hence, the

value of the multivalued function f at the point z = 6, as calculated from
the PA [n/n]; as n — oo, is different from the value of the Weierstrass

extension of the power series J?o from the point = 0 to the point = = 6.
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FIGURE 6. Example 2. The zeros (light blue points) of the type II
Hermite-Padé polynomial Q2. for n = 50. By (71), the corresponding cut is
the compact set E2 modelled by 100 zeros of this polynomial. This compact
set Fo, as well as the Stahl compact set, intersects the real line between the
points x = 0 and z = 6. Thus, from representation (71) one cannot find the
sought-for value fo(6) of the function. But from the above it follows that
from (71) one can evaluate fo(z(")) at 2 = 6 (we note once again that this
value is distinct from the sought-for Weierstrass value fo(6)).
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FIGURE 7. Example 2. The zeros (red, dark blue and black points) of the
type I Hermite—Padé polynomial Qn ; for n = (50, 50).
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Ficure 8. Example 2. The figure combines Figs. 6 and 7. It is seen
that even though the compact set Fa, which attracts the zeros of the type I
Hermite—Padé polynomials, intersects the real line between the points x = 0
and z = 6, it still lies to the left of the compact set Ea. It follows that the
sought-for Weierstrass value fo(6) agrees with the value f(z®) for z = 6.
Hence this value can be evaluated by successive applications of relations (71)
and (72).
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FIGURE 9. Example 2. The zeros and poles (dark blue and red points)
of the PA [50/50]7 , as constructed from the element fo € #(0) from Ex-
ample 2. The figure also shows the zeros (light blue points) of the type II
Hermite—Padé polynomial Q2. for n = 50 and the zeros (red, dark blue and
black points) of the type I Hermite-Padé polynomials @y, ; for n = (50, 50).
It is seen that all three compact sets S, F2, and F> are distinct from each
other.
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F1Gure 10. Example 3. The zeros of the type II Hermite-Padé polynomial
Q2n (light blue points) for n = 50 and the zeros (red, dark blue and black
points) of the type I Hermite-Padé polynomials Qn,j, 7 = 0,1,2, for n =
(50,50). From these data and with the help of relations (71) and (72) the
structure of the Nuttall partition into sheets of the the three-sheeted R.s.
Rs(w) with the germ fo is analyzed. In accordance with (71), the zeros of
the polynomial @2, model the compact set Fo = 73 (F(1’2>) and the zeros
of the polynomials Qn ; model the compact set Fy = m3(F*?)). Both these
compact sets intersect the real line, but, in contrast to Example 2 (Fig. 8),
the compact set F> lies to the right of the compact set Fa.
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FiGure 11. Example 3. The zeros (yellow points) of the type II
Hermite—Padé polynomial Qs,, for n = 50, which model in accordance with
Theorem 5 the compact set £ = 7r4(F(1‘2)). Moreover, the figure depicts the
zeros (light blue points) of the polynomials Sa,,1 for n = 50, which model
the compact set F = mq(D%),
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FIGURE 12. Example 3. The zeros (black points) of the polynomial Qn,2,
n = (n,n,n), for n = 50, which model the compact set ' = 7T4(F<3’4)).
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Ficure 13. Example 3. The figure combines Figs. 11 and 12. It shows that
all three compact sets E, F and E’ intersect the real line between the points
2 =0 and z = 6. But the compact set E’ lies to the left of the compact sets
E and F.
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FIGURE 14. Example 3. The zeros and poles (dark blue and red points)
PA [50/50] 7. , as constructed from the element fo € #(0) from Example 3.
Moreover, the figure depicts the zeros (light blue points) of the type II
Hermite—Padé polynomial Q2, for n = 50 and the zeros (red, dark blue
and black points) of the type I Hermite-Padé polynomials Qn,; for n =
(50,50) (Fig. 10). Besides, it shows the zeros (yellow points) of the type II
Hermite-Padé polynomial Qs,, the zeros (yellow points) of the polynomial
San,1, and the zeros (black points) of the type I Hermite-Padé polynomial
Q@n,2 for n = (n,n,n), where n = 50. It is clear that all six compact sets S,
B, Fy, E,F and E’ are distinct from each other.
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