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CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: OCHOBHBIE MOMEHTHI

» JNODPEPEHUNPYEMOCTb

» CTPYKTYPHBIE CBOVICTBA



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

3apava Oe3ycnoBHOW MUHMMU3AUMY
f(x) — min,
x € R".
Heobxogumoe ycnosue ontumansHoctu (Teopema ®Pepma)
f'(x) =0 (VFf(x) =0).
\

Heobxoguma guddepeHumnpyemocts (=rnagkocts) f



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

Mpumep.
2x% +x?sin(L), x#0,
f) = 0 x = 0.
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CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

Mpumep. lNMpoussogHas

yoovf Ax+2xsin(L) —cos(), x#0,
Filx) = { 0, x =0.

[Be nocnefgoBaTebHOCTY, CXOAALLMECS K PELLUEHUIO,

1
X = -0, yy = — — 0.

7+ 2wk 2wk

Tem He meHee:
f’(Xk) —1 7& 0, f’(yk) ——1 75 0!



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

Mpumep. Neomerpuyeckas nntepnpetauus '(x)

o s

) — 1, f'(yk) = —1



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

Mpumep. f anddepeHunpyema, Ho f’ He sBASETCA HENpPepbIBHOIA.



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

Mpumep. f anddbepeHuupyema, Ho f’ He sBAsETCA HeNpepbIBHOIA.

4

C meToguyeckoil ToukM 3peHus f fomkHa bbiTe HenpepbiBHO fuddepeHunpyemMor,
fecCl



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

Mpumep. f auddeperumnpyema, Ho f/ He ABNAETCA HeNpepbIBHOI.

4

C meToanyeckoii ToUkM 3peHunst £ fomkHa BT HermpepbiBHO And depeHunpyemoii,
fecCl
4

Jliobasi npegensHasi To4ka MeToga Hauckopeiiero cnycka ans f € C1 spasercs
craymoHapHoi (ygosnetsopsieT Teopeme Pepma)



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

3apava 6e3ycnoBHOM MUHMMMU3ALUK
f(x) — min,
x € R",

fecCl

MeToaunyeckuii noaxog,
NrepaTuenas undopmauns: f(xk), f'(x¥), k =0,1,...

FapaHTus: HaxoXAeHMe CTaunmoHapHoRi Toukn x*: f/(x*) = ol

Bonpoc: Ha ckonbKo cuibHO oTnnyaertcs 3HadeHue f(x*) ot (rnobansHo)
MUHMMANbHOTO 3HAaYeHns !

1 Ecnun Takas Touka CyLLeCTBYeT.



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

3apava 6e3ycnoBHOM MUHMMMU3ALUK
f(x) — min,

x € R",
fect

MeToaunyeckuii noaxog,
NrepaTuenas undopmauns: f(xk), f'(x¥), k =0,1,...

FapaHTus: HaxoXAeHMe CTaunmoHapHoRi Toukn x*: f/(x*) = ol

Bonpoc: Ha ckonbKo cuibHO oTnnyaertcs 3HadeHue f(x*) ot (rnobansHo)
MUHMMANbHOTO 3HAaYeHns !

OteeT: Ha ckonbko yrogHo!!!

1 Ecnun Takas Touka CyLLeCTBYeT.
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AHIJAPTHAST OIITUMHWU3ALINSA

L

17



CTAHIAPTHASI ONITUMUW3BALIUS

-10 4

18



CTAHIAPTHASI ONITUMUW3BALIUS

-10 4

19
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CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

3apaya 6e3ycnoBHON MUHUMU3ALUK
f(x) = min,
x € R".
Namenntcs nn cutyaums, ecnn npegnonoxuts £ € CK, k> 17

OTtgeT: Het!!!

Teopema YutHu. lycte A C R" — 3aMkHyTOe MHOXecTBO. Torfa cyuiecTsyeT
yrkuyus h € C* Takas, 4To

A={xeR": h(x)=0}.

22



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

3apaya 6e3ycnoBHON MUHUMU3ALUK
f(x) = min,
x € R".
Namenntcs nn cutyaums, ecnn npegnonoxuts £ € CK, k> 17

OTtgeT: Het!!!

Teopema YutHu. lycte A C R" — 3aMkHyTOe MHOXecTBO. Torfa cyuiecTsyeT
yrkuyus h € C* Takas, 4To

A={xeR": h(x)=0}.
I
h?(x) — min.
23



CTAHIOAPTHASI ONITUMU3ALIUS

OIITUMUBALINSA: 1MOPEPEHIIMPYEMOCTD

Teopema Yuthu. lMycte A C R" — 3amKHyTOe MHOXeCTBO. Torga cywiectByer
dyHkuma h € C* Takas, 4To

A={xeR": h(x) =0}.

de

H. Whitney Koeép Cepnurckoro  B. CepnuHckuii
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CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINA: CTPYKTYPUPYEMOCTE

lhaBsHbIvi BbIBOA: HeODxoaMMa AonosiHMTeNbHast MHopmauus (CTPYKTypHble
CBOWCTBA)
Hanpumep:

> JINHENHOCTb

> KBagpaTUYHOCTb

> BbIMYKJIOCTb

> .7

4

Knacchl (Tak Ha3blBaeMbIX) XOPOLLO CTPYKTYpPUPOBaHHbBIX 3aAa4
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CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINA: CTPYKTYPUPYEMOCTE

3agava 6e3ycnoBHO MUHUMU3aALUYK
f(x) — min,

x € R",

f e C2 3x*: VF(x*) =0, V2f(x*) = 0, sasnaetca nn x* Toukoii rnobanbHoro
MUHUMYMa?

26



CTAHIAPTHASI ONITUMUW3ALIMS

OIITUMUBALINA: CTPYKTYPUPYEMOCTE

3agava 6e3ycnoBHO MUHUMU3AUNYK
f(x) — min,

x € R",

f e C?,3x*: VF(x*) =0,V2f(x*) = 0, saBnaeTca nm x* Toukoii rnobanbHOro
MuHumyma?

» Oa, ecnu n=1.

» Her, echnu n > 1.
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CTAHIOAPTHASI ONITUMU3ALIUS

OIITUMUBALINA: CTPYKTYPUPYEMOCTE

MPAMEP.

f(Xl,Xg) = e — 3x1e™ +X1,
= (1,0),Vf(xf,x§) =0,

f(x1,0) =1-3x —I—Xf’.

28



CTAHIAPTHASI ONITUMUW3BALIUS

O,EI,HOBKCTpeMaJ'IbeIe HeBblINyKble 3aga4n

CBOICTBO BBINYKONA rNagKoi pyHKUMM
f(x) = f(y) = F'(y)"(x —y) Vx,y €R".
3amena: (x —y) = n(x,y), n: R" x R" — R"
4

F(x) = fly) = f'(y) "n(x,y) Vx,y € R".

Torpal

f'(y) =0 = y — Touka rnobanbHoro MUHUMymMa?

f — nHBekcHas dyHkums (invariant convex)

2Hanson M.A. On sufficiency of the Kuhn-Tucker conditions. Journal of Math. Analysis Appl. 80:
545-550, 1981
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CTAHIAPTHASI ONITUMUW3BALIUS

O,D,HO3KCTpeMaJ'IbeIe HeBbINyK/ble 3a4a4n

e Kak pacno3HaTb MHBEKCHOCTb?

f(x) = g(w(x)) = g(wi(x), ..., wm(x)),
g — Bbinyknas auddeperuupyemas dyHKLUS.

Beinyknocte g: g(w(x)) —g(w(y)) > Ve(w(y)) " (w(x) — w(y)).

f(x) f(y)
Nusekcrocts: f(x) — f(y) > VF(y) n(x,y), rpagnent

VF(y) = Vw(y) Vg(w(y))
Ecnn
Vw(y)n(x,y) = w(x) — w(y),

To f — nHBekcHas dyHkuus. JaHHoe ycnosue He 3aBucut ot g !
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CTAHIAPTHASI ONITUMUW3BALIUS

OAHOBKCTPEMaﬂbeIe HeBbiNyKJible 3aga4un

e Mpumep.

f(x) = sin?(x), g(w) = w?, w(x) = sin(x).

HocTatouHoe ycnosue: w'(x)n(x,y) = w(x) — w(y)

_sin(x) —sin(y) cos

n(x,y) =

31



CTAHIAPTHASI ONITUMUW3BALIUS

O)J,HOBKCTpeMa.ﬂbeIe HeBbiNyKJible 3a4a4un

PyHkuyms PoseHbpoka
f(x1,x2) = 100(x2 — x12)2 + (a1 — 1)2,

g(w) = W12 + W22, wi(x) = 10(x2 — x12), wa(x) = xg — 1.

poctatoyHoe ycnosne Vw(y)n(x,y) = w(x) — w(y) (det(w(y) # 0) :

(—20y1 10> (m) _ (10(X2 —x7) = 10(y2 — yf))
1 0 2 X1—n

(2
771(X,}/) =X1— V¥,
772(X;}/) =X2—Y2— (X1 - Y1)2-
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AHIJAPTHAST OIITUMHWU3ALINSA

O,EI,HO3KCTpeMaJ'IbeIe HeBblINyKble 3a4a4n

Teopema (Hanson, 1981). MNycte f : R” — R — audpcpeperumpyemas dyHKumsi.
Torga f siBnsieTCs MHBEKCHOMN PyHKLMeEN TOrga n TONbKO TOrga, KOoraa Kaxgas
CTauuMoHapHasi Todka f ecTb Touka robasbHOrO MUHUMYMA.

4

Cneacteue. Ecnin f He umeeT cTaumoHapHbIx Touek, To £ — MHBEKCHast yHKLMS.
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CTAHIOAPTHASI ONITUMU3ALIUS

OJITHOSKCTPEMAJIbHBIE HEBHIIIYKJIBIE 3AJTAYN

NPUMEP. X = {(x1, %) : x > 0}

F(x1, %) = x> — 1)2

f —invex on X

{x: VF(x) =0} =

= {(1,%),% >0}
{(~1,%), % > 0}

MHoxecTBo CTAaUMNOHAPHbIX TOYEK HE ABNAETCA BbINYK/bIM
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AHIJAPTHAST OIITUMHWU3ALINSA

OAH03KCTpeMa.ﬂbeIe HeBbINyK/ble 3aa4n

3afayn MHBEKCHOrO NMPOrpaMMypoOBaHus
fo(x) — min,
filx)<0,i=1,...,m,
fi(x) = fily) > Vfi(y) "n(x,y), i=0,1,....m.
7 — ofiHa n Ta xe ans ece f;!

Teopema. [Tyctb x* — To4Ka, B KOTOPOIA BbIMOJIHAETCS Kakoe-nnbo ycnosme
PErYASIPHOCTY 1 HEODXOAMMbIE YCNIOBMSI MEPBOrO Mopsifka. Torga x™ — To4ka
rnobanbHOro MMHUMYMa 3afa4yn NHBEKCHOTO MPOrpaMMMUPOBaHNS.
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CTAHIAPTHASI ONITUMUW3BALIUS

O,D,HO3KCTP€M3J'IbeIe HeBblINyK/ble 3a4a4n

Mpumep.
fo(x1, x2) = x1 — sin(x2) — min,

fi(x1,x2) = sin(xy) — 4sin(x2) <0,
fo(x1,x2) = 2sin(x1) + 7sin(x2) +x1 — 6 <0,
f3(x1,x2) = 2x1 +2x —3 <0,
fa(x1,x2) = 4x2 +4x3 —9 <0,
fs(x1) = —sin(x1) < 0.
sin(x1)—sin(y1)
n(x,y) = (sin(}fzo)S(}ng(yg)>

cos(y2)
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CTAHIAPTHASI ONITUMU3ALIMS

0AH03KCTpEMaJ1bH ble HeBbINyK/ible 3a4a4un

Mpumep.
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AHIJAPTHAST OIITUMHWU3ALINSA

O,D,H03KCTpeMa.ﬂbele HeBbiNyKJible 3aaa4un

[NeccumuncTnyecknii pesynbTaT.

Teopema.3 Ecnn Bce cbyrkumn fi,i = 1, ..., m acpcuHHbl, To Takas 3agaqa byget
3aja4eil NHBEKCHOMO MPOrpaMMUPOBaHNsSt B TOM U TOJILKO TOM C/lydae, Korga Lesesast
dyHkunsa fy ects Boinyknas auddeperyupyemas dyHKLUS.

3Martin D. The essence of invexity. JOTA, v. 47, Nel, p.65-76, 1982
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CTAHIAPTHASI ONITUMUW3ALIMS

OJITHOSKCTPEMAJIbHBIE HEBHIIIYKJIBIE 3AJTAYN

Mishra S.K. , Giorgi G. Invexity and Optimization. — Springer-Verlag,
Berlin, 2008. — 266 p.
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CTAHIAPTHASI ONITUMUW3BALIUS

» 3agaqu rnobansHoi onTummsauum kak npasuno NP-TpyaHbl.
x"Qx + ¢"x — min,

x e X ={xeR": Ax < b},

Q nmeeT x0Ts Obl OAHO OTpULATENBHOE CODCTBEHHOE HUCIIO.
Mpumep 1. (“npoctas” NP-TpyaHas 3agaua)*

x| — X3 — min,

x e X ={xeR": Ax < b}.

*P.M. Pardalos, S.V. Vavasis Quadratic programming with one negative eigenvalue is NP-hard //
JOGO. - 1991. — Vol.1, Nel — P.15-22
40



CTAHIAPTHASI ONITUMUW3BALIUS

» 3agaqu rnobansHoi onTummsauum kak npasuno NP-TpyaHbl.
x"Qx + ¢"x — min,

x e X ={xeR": Ax < b},

Q nmeeT x0Ts Obl OAHO OTpULATENBHOE CODCTBEHHOE HUCIIO.
Mpumep 2. (“npoctas” NP-TpyaHas 3agaua)®

X1X2 — min,

x e X ={xeR": Ax < b}.

3T. Matsui NP-hardness of linear multiplicative programming and related problems // JOGO. —
1996. — Vol.9, Ne2. — P.113-119
41



CTAHIAPTHASI ONITUMUW3BALIUS

Mpumep 3. (“npoctas’” NP-Tpyaras 3agaua)®

X{ — — — min,
X2

xeX={xeR":Ax < b, xo > 0}.
Mpumep 4. (“npoctas” NP-TpyaHas 3agaua)®

1 1
— + — — max,
X1 X2

xeX={xeR":Ax < b, x3 >0, xo > 0}.

8T. Matsui NP-hardness of linear multiplicative programming and related problems // JOGO. —
1996. — Vol.9, Ne2. — P.113-119
42



CTAHIAPTHASI ONITUMUW3BALIUS

Mpumep 5. (“ctanpapthas’ NP-TpyaHas 3agava)’
xTQx + c"x — min,
n
XESZ{XGR?’_ZZXJ':].},
j=1
Q@ nmeeT x0Ts Obl OAHO OTpULATENBHOE CODCTBEHHOE HUCIIO.
Mpumep 6. (“cTanpaptHas” NP-TpyaHas 3agada)’
xTQx + ¢"x — min,
xeM={xeR":0<x; <1, j=1,...,n},

Q # | nmeet x0T Obl OLHO OTpULATENBHOE CODCTBEHHOE HMCIO.

’S. Vavasis Nonlinear optimization. Complexity issues Oxford University Press, 1991.
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CTAHIAPTHASI ONITUMUW3BALIUS

e MuHumMusaums KBagpaTuyHoli yHKLMM Ha Wwape

xTQx + ¢c"x — min,
[[x[] <r.

(1)

Mycte U : UT QU = diag()1,...,A\n), p= UTc. Torga (1) skBusanentHa 3agave
BbIMyKIOrO NPOrPaMMUPOBAHUSS:

n
> Ay — 2lpily/y; — min,
j=1

()

n
Zngr, yi=0,j=1,...,n
j=1
Coothowenus: x* = sign(p;),/yi.j=1,....n.

8A. Ben-Tal, M. Teboulle Hidden convexity in some nonconvex quadratically constrained quadratic

programming problems // Mathematical Programming. — 1996. — Vol.72. — P.51-63
44



CTAHIAPTHASI ONITUMUW3BALIUS

e MuHuMU3aLumMs KBagpaTNYHON (OYHKLMMU NMPU OFHOM KBaAPaTUHHOM OrpaHUYEHUN

go(x) = xT Ax + c"x — min,

3
qi(x) =x"Bx+p'x+r<o. G)
Teopema 1°. MMycte B # 0 u —oc0 < inﬂg g1(x) < 0. Touka X : q1(X) < 0 byger TouKOI
x€R"
rn106anbHOr0 MUHUMYMa TOrAa M TONILKO TOrAa, Koraa CylectsyetT A > 0:
» 2(A+AB)x +c+Ap=0;
> Aqi(x) =0

> A+ AB nonoxutensHo nonyonpeseneHa.

°J.J. More Generalization of the trust region problem // Optim. Meth. and Software. — 1993. —
Vol.2. — P.189-209
45



AHJAPTHAST OIITUMHW3ALINSA

° MI/IHI/IMI/I3aLI,I/I$| KBa/J,paTI/I‘-iHOI7I beHKLI,VIVI npn OByX KBaApPaTU4YHbIX OrPaHUHYEHNAX

go(x) = xTAx 4 ¢ x — min,
q(x)=x"Bx+p'x+r<0, (4)
@(x) =x"x+d x+s<0.

CyuiecTByeT paspbiB MeXay HeODXOAMMBIMM N LOCTATOYHLIMU YCAOBUSMU r10DanbHON
ONTUMANBHOCTHU.

46



CTAHIAPTHASI ONITUMUW3BALIUS

Teopema Il (aoctatounbie ycnosus ). MMycte X : q1(X) < 0,q2(X) <0 u
cywectsyroT A\ > 0 1 Xy > 0:
> Vao() + M Vaqi(X) + X2Vaa(X) = 0;
> Mai(X) = doq(X) =0,
> A+ \1B + \2Q nonoxutensHo nosyonpeseneHa.
Torga X — rnobanbHbiti MuHUMYM 33za4n (4).
Teopema Il (Heobxoaumsble ycnoeus)iO. Mycts X — rnobanbHblii MuHumym B 3aga4e

(4), q1(x) = 0, q2(X) = 0 u rpaguentsl Vqi(X), Vqz(X) uneiino Hesasucumsl. Toraa
CYLYECTBYIOT €AMHCTBEHHbIE A1 > 0 1 Ap > 0:

> Vao(X) + M Vai(X) + A2Vaa(x) = 0;
> A+ \1B + \2Q umeet He bosiee 0fHOro OTpULIATENLHOrO COBCTBEHHOMO YNCAA.

10J M. Peng, Y. Yuan Optimality conditions for the minimization of a quadratic with two quadratic
constraints // SIAM J. Optimization. — 1997. — Vol.7,Ne3. — P.579-594
47



C,T;\H,EL;\PTHA\}'I OINTUMUBALIUA

v

B obuiem cnydae 3agaun rnobansHoli ONTUMW3aUMM He NOAAAtOTCS
3(pheKTMBHOMY pELLEHNIO.

» TeMm He MeHee, HekoTOpble (CneumanbHble) 3agaqmn rnobanbHoONR
(MHOro3KCTpeManbHOIA) onTuMmM3auny obnagatoT CBONCTBOM ' CKPbITOM
BbIMYKIOCTHU .

v

Tepmun “ckpbitasi Boinykaocts' BeegeH B.M. Tuxomuposbim B8 1989 .

v

B HacTosilee BpeMsi MHOFO3KCTpeMasibHble 3aga4m, obnagatolwme CBORCTBOM
“ckpeiToli BbinyknocTv', noppatoTcs acpdpekTuBHOMY pewueHuto. Ans atux 3agay

> HaiifeHbl KpUuTepun rnobasbHON ONTUMANLHOCTY;
> XapaKTepHO OTCYTCTBUME Pa3pbiBa KAacCUyeckoli (narpaHxeBoii) 4BORCTBEHHOCTH;

48



C,T;\H,EL;\PTHA\}'I OINTUMUBALIUA

» W B 3apaye c ofHUM KBagpaTUYHbIM OFpaHUYeHNEM U B 3aja4e C ABYMs
KBaZpaTUYHBLIMU OrPaHNYEHUSIMUN Pa3pbIB JBOMCTBEHHOCTU PABEH HYJIHO!

» BosmoxHas cxema B R”

VcnoBust ONTUMANbLHOCTM
Teopembl 06 anbTepHaTUBE

T

Teopembl 06 oTaEAUMOCTH

49



AHIJAPTHAST OIITUMHWU3ALINSA

Knaccnueckasi 4BONCTBEHHOCTb: * - ONTUMabHOE 3HaYeHME NPSIMOli 3aAaqn
fo(x) — min,

fi(x)<0,i=1,....,m,
xec X CR".

©* - onTUMaNbHOEe 3HaYeHne ABOWCTBEHHOW 3a4a4n

o* —supmm{fb +Z)\f

A>0 xeX

Cnabas Teopema ppoiicteeHHocTu: ©F < F*.
Paspeis gsoiicteenHocTn (duality gap): f* — ©* > 0.

50



CTAHIAPTHASI ONITUMUW3BALIUS

Teopema (®ana)'l. Mlycte X — Boinyknoe mHoxectso 8 R", fi,. .. fi — BbinyK/bIE
pyrkymn Ha X. [Mpegnonoxum, 4to cucrema

fi(x) <0,i=1,....k

He umeeT pewienusi Ha X. Torga cywectByroT A1 > 0,..., A\ > 0, He paBHbie Hy/tO
OZHOBPEMEHHO!

k
E Aifi(x) > 0Vx € X.
i=1
[loka3aTenbCTBO OCHOBAHO Ha pa3feNeHnmn NAOCKOCTBIO BbIMyKJIbIX MHOXECTB B
“npocTpaHcTee obpazos”
U = {u € R : fi(x) < u; npu nekoTopom x € X}

Up={ueRF: u<0,i=1,... kb

AT, Cyxapes, A.B. Tumoxos, B.B. ®énopos Kypc metogos ontumusauyun.— M.: Hayka, 1996. —
328 c.
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CTAHIAPTHASI ONITUMUW3BALIUS

3apaya
fo(x) — min,

fi(x)<0,i=1,...,m,

xeX
Ha3blBaeTCs 3afaveil “C BbInykabiM obpasom? ecnn Vxt, x% € X, Ya € [0,1] Ix, € X:

filxa) < (1 — a)fi(x}) + afi(x?), i=0,...,m,

3apybexHbiii aHanor: convexlike — BoinyknonogobHas

BeinyknonogobHeie 3a4aqym u TOLKO OHU JOMYCKAOT Pa3feneHmne niockocTbio ‘obpasa

33,43'-/1/]” C OTpnyaTesibHbIM OpTaHTOMla.

12B.M. Tuxomupos Teopusi 3KCTpeMyMa 1 SKCTpeMasibHble 3a[a4n KAaCCUYeCKoro aHanusa |/
Ntorm Haykn n TexHuku. TemaTuyeckne obsopel. — M.: BUHUTW, 1998. — T.60. — C.188-258
13F_ Gianessi Constrained Optimization and Image Space Analysis. Volume 1: Separation of Sets and
Optimality Conditions. - Springer, 2005. - 396 p.
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CTAHIAPTHASI ONITUMUW3BALIUS

*—60">0 f*—0*
f* — onTuManbHOE 3HAYeHME NPsAMOI 3a4a4n
0* — onTnmanbHOE 3Ha4YeHNe ABONCTBEHHON 3a4a4u
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CTAHIAPTHASI ONITUMUW3BALIUS

» Pabotbl Akybosuya B.A. n @pagkosa A.Jl.

» Polyak B.T. Convexity of quadratic transformations and its use in control and
optimization. - JOTA, 1998, vol. 99, No. 3, pp. 553-583

» lonak B.T. JlokanbHoe nporpammuposanme. - XMXBMuM®, 2001, 1.41, Ne9, c.
1324-1331
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HOAPTHAST OIITUMHWU3ALINSA

B&B
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B&B

WHY B&B?

Example 1. Shubert function

5
f(x1,x2) = (Z icos[(i+1)x1 + ,]) . (
i=1

5

Z icos[(i+ 1)x + i

i=1

760 local minima, 18 global minima

)
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B&B

WHY B&B?

Example 2.
6

f(x1,x0) = 4x2 — 2.1x7 + % + Xx1%0 — 4x3 + 4x3,

—3<x <3, -15<x <15

6 local minima, 2 global minima
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B&B

CONVEX ENVELOPES

e Univariate concave function

—ax? = h(x) = —a(X1 + x1)x + ax1xq,
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B&B

CONVEX ENVELOPES

e Bilinear function

x1x2 = b(x1, x2) = max(xoXx1 + X1X2 — X1Xp, X2X1 + X1X2 — X1X2)
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BOUNDING

B&B

6
f(Xl,Xg) = 4-X12*2.].Xil + % + X1X2*4-X22 + 4X§l =

6
> 4x2 + %1 + 4x3 + h(x1) 4+ h(x2) + b(x1, x2).
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BOUNDING

B&B
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B&B

B&B

6
X1

6 + x1x2 — 4x3 + 4x5 — min,

4x? — 2.1x} +
x1x2 < 2,
0.5(x1 +2)% 4 1.8(x2 + 0.5)% > 1,

-3 < X1 < 3, —-1.5 < X2 < 1.5.
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f*=-20.98
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f*=-20.98
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f*=-20.98
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f*=-20.98
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f*=-20.98
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f*=-20.98
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—b3.7

f*=-20.98
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f*=-20.98
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B&B

B&B

e Main points

v

Lower bounding

Partition

v

v

Upper bounding

Selection rule

v

v

Fathoming

e Global continuous optimization put strong assumption on B&B methods in order to
guarantee convergence.
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B&B

LIPSCHITZ OPTIMIZATION

[F(x) = FW)I < Llix =yl
4
fly) = LlIx —yl < f(x) < fly) + LlIx -y

support minorant support majorant
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LIPSCHITZ OPTIMIZATION

B&B
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LIPSCHITZ OPTIMIZATION

B&B
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LIPSCHITZ OPTIMIZATION

B&B
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B&B

D.C. OPTIMIZATION (f(x) = p(x) — q(x))
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o
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— 40000




B&B
1. Reduction to Concave Programming Problem:
p(x) = q(x) — min,
x e X.
\
z — g(x) — min,
p(x) <z, x e X.

T EEL T
W sy

o
Pt

7o

J{?,fl:tll’;’i‘. AL TH
77y
'l"'t"t

27 Z77
v "IIIII Ty
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B&B
2. Convex minorants:
p(x) —q(x) > p(x) — I(x),
N————
convex function
—q(x) > I(x), I(x)=a"x+b, x€ S,

S is a simplex or parallelepiped.
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B&B with convex majorants

B&B

- 10+

-204

-30+
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B&B with convex majorants

B&B

- 10+

-204

-30+
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B&B with convex majorants

B&B

- 10+

-204

-30+
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B&B

» Horst R., Tuy H. Global Optimization. (Deterministic Approaches), 3rd, revised
and enlarged edition. — Berlin: Springer-Verlag, 1996.

» Horst R., Pardalos P.M., Thoai N.V. Introduction to Global Optimization. —
Dordrecht: Kluwer Academic Publishers, 1995.
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B&B

e Not very often used underestimator'*:

Assumption Al
IV2£(x) = V2 (y)| < Nl|x — vl

then

)~ F(y) = V) (x — y) = 506~ TV y)| < 5 lx =y

and 2-minorant

Ua(x,y) = Fly) + VE(y) (x —y) + %(X —y) V2 (y)(x —y) — %IIX —y|P?

M Khamisov O.V. Optimization with quadratic support functions in nonconvex smooth optimization.
— Numerical Computations: Theory and Algorithms (NUMTA-2016), AIP Conf. Proc. 1776,

050010-1-050010-4, 2016; doi: 10.1063/1.4965331
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B&B

e Modification: from 2-minorant to g-minorant

Determine d : ||x — y|| < d Vx,y € X, then

Pa(x,y) = Fly) + VF(y) (x — y) + %(X —y) V2 (y)(x —y) — %IIX —ylP >

> (1) + VAT (= y) 500 ) PR 0x = ) = ey =
> F() + T 0 = 9) + 50 TV = T 11— ) = thglx,1),

| — unit matrix.
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B&B

e Main property of g-minorant:

Yalx,y) = F0) + VFO)T 6= ) 5 (= 0TIV ) -

Let y € X be a local minimum:
Lf(y) (x—y)>0VxeX;
2. V2f(y) = 0.

If d is small enough then

and t4(x, y) is convex in x.
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B&B

e Main property of g-minorant:
— As soon as d N\, 0 94(x, y) transforms from concave to convex in x function

.t
N-d
VAH(y) = =510

then y is global minimum over
Seg={xeR": |x—y| <d}.

— Sufficient d can be calculated

3- )‘min(v2f()’))

d= N
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B&B

Simplifying the objective (a trick)'®

5Khamisov O.V. Objective Function Decomposition in Global Optimization. in: R. Battiti, D.E.
Kvasov, Y.D. Sergeev (Eds.) LION 2017, LNCS 10556, pp. 338-344, 2017,
https://doi.org/10/1007 /978-3-319-69404-7 28
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SIMPLIFYING THE OBJECTIVE

Statement of the problem:
min g(x),x € X, (5)

where g is a continuous composite function
g(X) = F(fl(X), R fP(X))a

F:RP - R, f;: X = R are continuous functions, X C R” is a compact set.

Obvious reduction:
min F(y),

yi=fi(x), i=1,...,p, x € X.
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SIMPLIFYING THE OBJECTIVE

For the reduced problem

min F(y), (6)
yi="fi(x), i=1,...,p, (7)
x € X. (8)

we assume
e F is "less complicated" (or p < n);

e Equations (7) are computationally tractable in x for fixed y .
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Reduced problem:
min F(y),

yi=fi(x), i=1,....p, x € X.
For f(x) = (fi(x), ..., fp(x)) define

Y ={y € RP:y = f(x) for some x € X},

y, < fi=minfi(x), maxfi(x) =f; <y;, i=1,...,p.
i xeX

= xeX

Problem in y
min F(y),

Z,-gyigy,') i:17"‘7p7
yey.

Inclusion (13) - Induced Constraint.

SIMPLIFYING THE OBJECTIVE
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SIMPLIFYING THE OBJECTIVE

Reduced problem:

Agreed decomposition

g(x) = F(A(XY), ..., £,(xP)), (14)
x'eX'CRM i=1,...,p, (15)
Xx. .. xXP=X (16)
Y
min F(y),

93



SIMPLIFYING THE OBJECTIVE

Reduced agreed problem:

min F(y), (17)
f,’ < Yi < ?iv = 17 » Py (18)
Yi = f;(Xl)a x' € Xia = 1a P (19)

Three stage approach
I. Bounding stage. Determine f; and f; through (10).
Il. Optimality stage. Solve the problem (17)-(18) and find optimal point y*.

I1l. Feasibility stage. Solve the feasibility problem (19) for y = y* and obtain (all)
optimal point(s) x* for the initial problem.
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Example 1.

Let

g(x) = —(a — 1) +2)(x +1)(x2 — 2)x3,
X =[=2,2] % [<2,2] x [-2,2].

F(y1,y2,y3) = —y1y2y3,

fi(xa) = (a — 1)(x +2),
h(x2) = (2 +1)(x2 — 2),
f(x3) =3,

SIMPLIFYING THE OBJECTIVE
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SIMPLIFYING THE OBJECTIVE

I. Bounding stage. Each function f; is convex, so
£1:£2:—2.25, £3:O, ?1 :?2:?3:4.
Il. Optimality stage.

min{F(y) = —y1y2y3},
—225<y1 <4, 2255 <y <4, 0< y3 <4,

y* =(4,4,4), F(y*) = —64.
Il. Feasibility stage.
(a—1)(x1+2)=4, —2<x1 <2, =X =2,
(e+1)(xe—2)=4, —2<x <2, =>x =-2,
X2 =4, —2<x3<2, = x5 =2V -2

Two global minimum points: (2, -2,2), (2,—2,-2).
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SIMPLIFYING THE OBJECTIVE

Example 2. (Schubert function).

g(x1,x) = fi(x1) - (xe) =

5 5
= (Z icos|[(i+ 1)x1 + /]) : (Z icos[(i+1)x + 1]) ,

i=1

i=1

X = X1 X XQ, X1 = X2 = [*10, 10].

It is obvious that

F(y1,y2) = y1iy»,
y1 = fi(x1), y2 = f(x).
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SIMPLIFYING THE OBJECTIVE

Additional assumption: we can efficiently solve (explicit) univariate global
optimization problems.

I. Bounding stage.
fi =f, = —12.87088549, f; = f, = 14.50800793.

Il. Optimality stage.
min{F(y1,y2) = y1y2},
—12.87088549 < y; < 14.50800793,
i=1,2.

Two global minimum points y*’1 = (}/Tlvy;’l) = (
y*2 = (', yi') = (14.50800793, —12.87088549),
F(y*!) = F(y*?) = —186.7309088.
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SIMPLIFYING THE OBJECTIVE

I1l. Feasibility stage. For every i = 1,2 each equation yj*’i = fj(xj), j = 1,2 has three
solutions in x;. Hence, for every i = 1,2 we have 9 solutions that gives 18 global
minimum points in total.

In this way we can fight against multiplicity of global minima.
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SIMPLIFYING THE OBJECTIVE

Example 3. (Goldstein-Price function), (using linear transformation).

g(x1,x2) = (1 + (x4 x2 + 1) (19 — 14x; + 3x — 14x, + 6x10 + 3x22)> x

X (30 + (21 — 3x)% (18 — 32x; + 1252 + 48x, — 36x1x0 + 27x22)> :
X =[-2,2] x [-2,2].

By linear transformation of variables, g can be rewritten:

glxi, %) = (1 +(a+x+ 1)2 (3(X1 +x0 4+ 1) =20(xg + x0 + 1) + 36)) X

X (30 + (2X1 - 3X2)2 (3(2X1 - 3X2) - 16(2X1 - 3X2) + 18)) .

Then
yi=x1+x2+1, yo=2x; — 3x. (20)

For fixed (y1, y2) system (20) always has a unique solution in (x1, x2).
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SIMPLIFYING THE OBJECTIVE

Example 3. (Goldstein-Price function), (using linear transformation).
F(y1,y2) = (1 +y2 (3y2 — 20y1 +36)) - (30 + y2 (3y2 — 16y, + 18))

— product of two univariate functions.
I. Bounding stage.

Y= —3,12 =—-10,y; =5,y, = 10.
Il. Optimality stage.
min F(y1, y2),

-3<xyn <5 —-10< y2 < 10.

Global minimum y* = (0, 3).
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SIMPLIFYING THE OBJEC!

I1l. Feasibility stage.

x1+x+1=0=y,
2x1 — 3xp =3 = y;,

Solution x* = (0, —1).
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SIMPLIFYING THE OBJE

Thank you for attention
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