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OPTIMAL CONTROL ON LIE GROUPS
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This lecture will be about two natural left invariant variational problems on semi-
simple Lie groups G that admit an involutive automorphism ¢. In such situations,
the set of fixed points of ¢ is a closed subgroup K of GG, and the Lie algebra g of G
admits a Cartan decomposition g = p & € with € equal to the Lie algebra of K, and p
a vector space subject to Lie algebraic conditions

[p,p] C &, [p, €] = p. (1)

The above decomposition defines two natural distributions on G: the first distribu-
tion H is defined as

Hig) ={9X: X cp}, g€, (2)
while the second distribution A is affine, and is defined by an element A € p with
Alg) ={9(A+X): X €&}, geG. (3)

In this notation, g X stands for the left translate by g of an element X € g.

In the first case, any two points in G' can be connected by a horizontal curve in H
whenever p + [p,p] = g, while the same is true in the second case whenever A is
regular. In this parlance, curve ¢(t) in G is an integral curve of a distribution D, or
a horizontal curve, if dg/dt € D(g).

Then a suitable scalar multiple of the Killing form can be used to define the length
on the space of horizontal curves, which, in turn, induces a natural sub-Riemannian
metric on G that is central to the geometry of the underlying symmetric space G/K.
In the second case, a negative multiple (-, -) of the Killing form Tr(ad Ao Ad B) defines
a natural energy function (1/2) f0T<U(t),U(t)> dt associated with every horizontal
curve g(t) that is a solution of dg/dt = ¢g(t)(A+U(t)), which then induces an optimal
control problem of finding a horizontal curve that connects two given points in G
along which the energy transfer is minimal.

The solutions of this optimal control problem will be the main focus of the lecture.
In particular, I will show that the Hamiltonian for this problem, obtained by the
Maximum Principle of optimal control, leads to the class of Hamiltonians on g that
admit spectral parameter representations with important contributions to the theory
of integrable Hamiltonian systems. Particular cases provide natural explanations for
the classical results of Fock and Moser linking Kepler’s problem to the geodesics on
spaces of constant curvature, and J. Moser’s work on integrability based on isospectral
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methods, in which C. Newmann’s mechanical problem on the sphere and C. L. Jacobi’s
geodesic problem on an ellipsoid play the central role. The talk will also address the
relevance of this class of Hamiltonians to the elastic curves on spaces of constant
curvature.
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HA OCHOBE JIOTUCTUYECKOI'O YPABHEHUS C 3AITA3BIBAHNEM
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Wcciemyercs mupokuii Kiaacc MoJiesieil, BOSHUKAIOIUX B MaTeMaTHIeCKON 9KOJIO-
run. B ocHOBe UX JIEXKUT JIOTHCTHYECKOE ypaBHEHHe ¢ 3amas3/piBaHueM. OCHOBHOe
[IPEIIIOJIOXKEHIE COCTOUT B TOM, ITO PACCMATPUBAEMbBIE CUCTEMBI COJIEPKAT OOJIbIINE
MM MaJible IapaMeTpbl, 33/Ial0INe CUHIYIIPHbIE BO3MYyIlleHns. V3BecTHbIE acuMII-
TOTUYECKHE METOJIbI OKA3bIBAIOTCS HEIPUMEHUMbIMU. JljIsi n3ydeHust JUHAMIYIECKIX
CBOMICTB pelleHnii pa3paboTaH CIeNuaJIbHBIN MeTo ] 6oJbinoro napamerpa. CyTb ero
COCTOHT B CJI€JIyIOIIEM.

B dazoBoM mpocTpaHCTBE HCXOAHOM CHCTEMBI BBIIEJIAETCS HEKOTOPOE MHOYKECTBO
S(z), 3aBucdiee OT BEKTOPHOIO IAPAMETPA &. 3aTEM UCCJIELyeTCsd AaCUMIITOTHKA BCEX
pelienuii ¢ HadadbHbIME yesoBusMu u3 S(x). Yiaercsd mokasarThb, 4To 4epe3 HEeKOTO-
PBIIl IPOMEKYTOK BPEMEHU BCE ITU DEIIeHHUs TIONaJaloT B MHOXKecTBO S(T), puieMm
JyUlst T BBIIOJIHAIOTCS aCHMITOTHYECKHE paBeHcTBa Buaa T = F(x) 4+ o(1). B urore
[IPUXOJIUM K BBIBOJLY, 9TO JIMHAMUKA PelleHnii u3 S (;C) olpeendercs JUHAMUIeCKUMU
cBoiicrBamMu KoHeuHOMepHOTO oTobpakenus F'(x). Tem caMbiM 110 TpyObIM ycTORYM-
BBIM IIEPUOJIUIECKUM TPACKTOPHUSM ITOIO OTOOPaKEHUsI CTPOUTCS ACUMIITOTHKA CO-
OTBETCTBYIOIIErO IUKJIA TOM K€ yCTOINIHBOCTH.

Ob6paTuM BHUMaHUE, YTO JIJIsi HEKOTOPBIX U3 PACCMATPUBAEMBIX CUCTEM B X (Haszo-
BOM IIPOCTPaHCTBE NUMeeTCsd HECKOJIBKO MHO?KECTB THUIla S(,’E) n JJ1d KazKJI0T'0 U3 9TUX
MHOZKECTB IIOJIyY€HbI PE3yJIbTaThl O CYNIECTBOBAHUU ATTPAKTOPOB U 00 aCHMIITOTHKE
pelleHnii u3 HUX.

st oTBeTa Ha BOIpPOC 00 YCTORUMBOCTH IIEPUOANYIECKUX perternit u3 S(x) uccie-
AyeTcd aCUMIITOTUKa MYJIBTUIIJINKATOPOB MaTPUIIbI MOHOJAPOMHNHN JINHEAPU30BaAHHOT'O
(HA TIEPHOIMIECKOM DEINeHNN) YPABHEHUSI.

Hawubosree ToHKUI MOMEHT B MeTO/ie OOJIBIIIOrO ITapaMeTpa CBA3aH C Olpe e/ IeHIeM
muOKecTB S(2). 376ch HEOOXOIUMO UCIIOIB30BATH HEKOTOPYIO JOHOJIHATEIbHYIO UH-
dopmarmio o CTpyKType pelnenuil. B KaXk710M n3 paccMOTPEHHBIX YpaBHEHU! BBIOOD
TAKHX MHOXKECTB OKa3aJICs JOBOJIBHO €CTECTBEHHBIM.

OrMmernM, ITO yKa3aHHBIM METOJIOM Y/IAJI0Ch UCCIIeI0BATD PsiJl BAXKHBIX C IIPUKJIA/I-
HOI TOYKM 3pEHUd 3a/1a4.
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